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COMPLEXIFICATION, TWISTOR THEORY, 
AND HARMONIC MAPS FROM RIEMANN SURFACES 

BY MICHAEL G. EASTWOOD1 

ABSTRACT. Penrose's twistor theory and many other ideas of mathematical 
physics are based on the notion of complexification. This notion is explained 
and examples of its apphcation in physics and mathematics are described. In 
particular, the well-known analogy between Yang-Mills fields and harmonic 
maps of Riemann surfaces becomes rather stronger after complexification. 
This strengthening is the main point of this paper. 

Introduction. Throughout Penrose's development of twistor theory [25, 28], 
complexification is omnipresent, albeit often only implicitly. This technique is 
probably more familiar to physicists than mathematicians, especially its infor­
mal use in quantum field theory. It is, however, a quite precise construction 
which can probably find greater apphcation in mathematics than it presently 
enjoys. The idea is that many structures based on real numbers become more 
understandable if viewed in a complex environment. Familiar examples are 
algebraic varieties and trigonometric or elliptic functions. In §1 a brief exposi­
tion of the complexification of real-analytic structures is given, together with a 
few examples. 

The main examples of this article, however, come from twistor theory and 
the theory of harmonic maps as discussed in §§2 and 3 respectively. As regards 
twistor theory, the Ward correspondence for self-dual Yang-Mills fields emerges 
as a direct analogue of the Cauchy-Riemann equations for Riemann surfaces. 
The harmonic maps of §3 will be from a Riemann surface into complex 
projective space. The construction of such mappings due to Din and Zakrzew-
ski [7, 8] and, independently, Burns [4] (see also Eells and Wood [11, 12]) 
becomes rather clearer after complexification. This clarification and the 
strengthening of the well-known analogy between Yang-Mills fields and 
harmonic maps are two of the aims of this article. Also, this gives an 
illustration of the utility of complexification. 

This utility is well known to those who know and in particular to Roger 
Penrose and Claude LeBrun (see [18-20]), to whom I am grateful for many 
useful conversations. I would also like to thank the Institut des Hautes Études 
Scientifiques for hospitality during the work described in this paper. 

1. Complexification. Suppose M is a real-analytic manifold. Each coordinate 
patch £/c Un can be enlarged to a neighbourhood C [ / c C . Since the 
coordinate changes are real analytic functions, they may be extended to these 
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enlarged neighbourhoods (assumed sufficiently small for the relevant power 
series still to converge) and, as shown by Bruhat and Whitney [2], if care is 
taken to ensure the Hausdorff condition then the result is a complexification of 
M. More precisely, this process creates a complex manifold CM equipped with 
a conjugate holomorphic mapping : CM-»CM called complex conjugation, 
whose fixed point set is M. As a germ around M, CM is unique and can be 
called the complexification. Infinitesimal constructions on M complexify as 
tensoring with C so that, for example, TCM\M = CTM, where T means 
tangent bundle and CTM = C ®R TM. Real-analytic structures on M extend 
uniquely to the complexification by first expressing them in terms of power 
series transition rules. For example, a real-analytic connection on a real-
analytic vector bundle will become a holomorphic connection on a holomor­
phic vector bundle on CM. The original structure can always be recovered by 
means of a complex conjugation or reality structure. Some examples of com­
plexification are as follows. 

Suppose M is a two-dimensional Riemannian manifold. Gauss considered 
the question of whether one could always find local coordinates x and y in 
which the metric took the form/(x, y)(dx2 + dy2) for some positive function 
ƒ. He was motivated by the question of whether one can make a map of a piece 
of countryside so that angles are preserved. The affirmative answer in the 
smooth case, due to Korn and Lichtenstein, is not simple (see Chern [5]), but 
Gauss proved only the real-analytic version, in which case complexification 
provides an elegant and geometric proof. To motivate this proof first consider 
the case in which M is Lorentzian, i.e. suppose M has a metric of signature 
( + , - ) and ask whether it locally takes the form/(x, y)(dx2 - dy2). In this 
case there are at each point of M two directions singled out by the metric, 
namely the null directions, where the corresponding tangent vectors have zero 
length. Locally one can make a consistent choice (indeed, globally, if M is 
orientable) to obtain two direction fields which integrate to give two transverse 
foliations by curves. Using these curves as local coordinates (w, v% the metric 
takes the form ƒ du du, and then set u = x + y9 v = x - y. To mimic this proof 
in the Riemannian case choose an orientation and define J e Aut(7"*M) to be 
rotation through TT/2 in the sense of the orientation. The problem is to find 
local coordinates so that J(dx)= —dy and J(dy) = dx. J is the Hodge 
* -operator. For the corresponding construction in the Lorentzian case, J2 = 1 
and the null covectors are the ± 1-eigenspaces. In the Riemannian case 
J2 = - 1 so / has no real eigenvectors. If, however, M and J are real-analytic 
then ƒ extends to some neighbourhood of M in its complexification CM where 
it now has genuine eigenvectors. J has eigenvalues ± i since this is the case on 
M. Just as in the Lorentzian case the eigenspaces induce foliations by curves, 
in this case holomorphic foliations by holomorphic curves. Hence there is a 
holomorphic coordinate z such that J(dz) = i dz. Restricting to M and writing 
z = x + iy gives J(dx) = -dy and J(dy) = dx as required. 

To summarize Gauss' theorem: an oriented real-analytic manifold M with 
conformai structure (a Riemannian metric defined only up to scale) is equiva­
lent to a Riemann surface. In retrospect it is possible to be more expücit about 
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CM, namely CM = M X M, where M denotes M but with the conjugate 
holomorphic structure. The real slice M is embedded as the (antiholomorphic) 
diagonal M 3 m >-> (m, m) e M X M, and the usual decomposition of the 
complexified tangent bundle of M according to type, CTM = Tl'°M © r01M, 
becomes exactly the splitting of the tangent bundle to CM as TCM = TM © 
TM. This geometric interpretation of Tp>qM gives a simple way of seeing that a 
vector bundle on M may be given a holomorphic structure by means of a 
B-operator. To be more precise, suppose E is a real analytic complex vector 
bundle on M and D: T(E) -> T(£ <8> r % ) satisfies D(Js) =fDs + s®df 
for s e r(2?) and ƒ a smooth function. Supposing also that Z> is real analytic, E 
and Z> extend to some neighbourhood of M in CM where one can interpret D 
as a connection in the M direction.JSince M is one dimensional, D is flat so E 
is canonically trivialized in the M direction and hence identified with a 
holomorphic vector bundle on M as required. 

Similar arguments apply to manifolds of higher dimension as follows. An 
almost complex manifold is a smooth manifold N together with an automor­
phism / : TN -> TN such that J2 = -1. If N is a complex manifold then one 
can take / to be multiplication by /. Conversely, under suitable integrability 
conditions, J defines a complex structure on N. Although the proof, in general, 
due to Newlander and Nirenberg [22] is difficult, the case of N and / 
real-analytic is clear after complexification (as noted by Eckmann and 
Fröhlicher [9]). Just as for surfaces consider the ± /-eigenspaces of / extended 
to CTN. On N this is the sphtting CTN = Th0N © T^N. The only difference 
in the general case is that these distributions may not be integrable in the sense 
of Frobenius. Thus / defines a complex structure when [T°^N, T°>lN] c T01iV. 
A consequence of the Newlander-Nirenberg theorem is that an integrable 
almost complex structure is real analytic, i.e. there is an analytic structure for 
N subordinate to the given smooth structure such that / is real-analytic. 
Malgrange has shown how to deduce this directly from the theory of nonlinear 
elliptic systems, so the above proof by complexification is valid for the smooth 
case (see Nirenberg [24]). Just_as for surfaces it is clear retrospectively that if N 
is complex then CN = N X N (the complex structure on JV being prescribed 
by - / ) . A holomorphic vector bundle on iV may be regarded as a holomor­
phic vector bundle onCN with a flat connection in the TV direction. This may 
be recovered from data on the real slice, namely a real-analytic complex vector 
bundle on N together with D: T(E) -> T(E <8> T°>lN) satisfying 

D(fs) = fDs + s ® 3ƒ and D2 = 0, 

where D: T(E ® T°^N) -> T(£ <8> T°>2N) is characterized by 

D(s $ o)) = Ds A w + s <8> 3w 

for s e T(E) and w G T(T°^N). 
The passage from smooth to real analytic is not always possible. For 

example, a smooth hypersurface in a complex manifold acquires the remnants 
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of a complex structure, namely a CR-structure (see, for example, [29]). If such a 
structure is given and is real-analytic then, conversely, it is easy to show by 
complexification that it is realizable as such a hypersurface. This conclusion is 
false even locally in the smooth category (e.g. [24, 29, 20]). 

In §3 the example of complexification as applied to a Kàhler manifold 
(specifically, complex projective space) will be needed. The extra structure 
present on such a complexification is as follows. The manifold itself complexi­
fies as CJV = N X N. Letting 0 1 0 (resp. 00,1) denote the holomorphic tangent 
bundle of N (resp. N), the tangent bundle to CN is 0 1 0 e 0 0 1 . The Hermitian 
metric on N is best regarded as a real Riemannian metric ( , ) compatible with 
the complex structure in that (JX, Y) + (X, JY) = 0. Therefore, upon com­
plexification, ( , ) becomes a holomorphic metric and compatibility becomes 
that 01 '0 and 00 '1 should be isotropic. The Kàhler condition on TV can be 
stated as v / = 0, where V is the Levi-Civita connection for ( , ). Upon 
complexification this is the condition that the holomorphic connection V 
preserve the splitting 01,0 © 00 '1, i.e. V is the direct sum of an affine 
connection on each of 0 1 0 and 0 0 1 . 

Other important examples of complexification are for compactified 
Minkowski space and the sphere S4 together with their conformai structures. 
These examples are the basis of twistor theory and are discussed in §2. 

Complexification as used in mathematics occurs, for example, in Grauert's 
[13] proof that a real-analytic manifold may be embedded in some RN as a 
closed real-analytic submanifold. The main step in this proof is in showing that 
the complexification can always be taken to be Stein. Complexification is also 
a first step in hyperfunction technology [30]. 

In physics, complexification is employed repeatedly in quantum field theory 
and especially in Hawking's [14] path-integral approach to quantum gravity. 
The idea is that if the time coordinate t is formally replaced by imaginary time 
/ X t9 then many previously ill-defined and divergent procedures become 
convergent and the answers can then be analytically continued back to real 
time. For example, the Schrödinger equation 

A* + V* = idV/dt 
becomes the heat equation with potential, 

A* + VV = 3*/3f, 
which is mathematically much easier to handle. In general relativity the 
procedure is somewhat more vague but the idea is to replace the Lorentzian 
metric by a Euclidean one, which is again mathematically more convenient. In 
this context it is interesting to note the recent theorem of DeTurck and Kazdan 
[6], which states that, parallel with Malgrange's theorem on the real analyticity 
of integrable almost complex structures, any smooth Riemannian solution of 
the Einstein vacuum equations admits a complexification. Other parallels 
between complex structures and Einstein manifolds are discussed by Koiso 
[17]. 

2. Twistor theory. Let F be a complex vector space and P(V) the corre­
sponding projective space. Denote by Q the nonsingular quadric in P(V) 
defined by ƒ (Z, Z) = 0 for ƒ e &V*. A hyperplane tangent to Q intersects in 


