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Those who wonder why such a knowledgeable author has suddenly appeared
with no previous record of publications will find that he is a relative of
N. Bourbaki, if they inquire in the right circles.
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Physicists have enthusiastically embraced percolation models, and a dramatic
explosion of physics literature on percolation has occurrred in recent years.
This literature is rich in simulations, conjectures, heuristic methods, and a wide
variety of applications and variations of the basic models. Mathematicians who
experience frustration in tracing the thread of fact through this tangle of
conjecture and empirical evidence will appreciate the mathematical rigor in
Percolation theory for mathematicians.

Percolation models originated in discussions between Broadbent and Ham-
mersley (1957) on the excluded volume problem in polymer chemistry and the
design of coal miners’ masks. Such topics suggested a probabilistic model for
fluid flow in a medium with randomness associated with the medium rather
than the fluid. Hence, percolation theory arose as an alternative to the more
familiar diffusion models, in which randomness is associated with the fluid.

Models. In a percolation model, the medium is represented by a graph G,
which is usually an infinite graph with some regularity of structure. Familiar
examples are the square, triangular, and hexagonal lattices in two dimensions,
and the cubic lattice in three dimensions. The fluid flow is determined by a
random network of vertices and edges in the graph.

The random mechanism may be associated with either the vertices or the
edges, so two standard models arise: In the bond percolation model, each edge
is “occupied” by fluid with probability p and “ vacant” with probability 1 — p,
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independently of all other edges. In the site percolation model, each vertex is
occupied with probability p and vacant with probability 1 — p, while an edge
is occupied only if both its endpoint vertices are occupied. Actually, the bond
percolation model on a graph G may be transformed into an equivalent site
percolation model on a graph G°, known as the line graph or covering graph of
G. For this reason, Percolation theory for mathematicians is set in the more
general framework of site percolation models.

Critical probability. The extent of fluid flow possible from a single source site
depends on the parameter p, and description of this dependence is the goal of
the theory. While the flow is local when p is near zero, fluid spreads throughout
the medium when p is near one.

The central concept in percolation theory is the critical probability, which is
a threshold at which the transition from local flow to penetration of the
medium occurs. Physicists studying phase transitions are greatly interested in
this threshold phenomenon, which is uncharacteristic of diffusion models. In
modeling a dilute ferromagnet, the critical probability represents the threshold
between the presence or absence of spontaneous magnetization.

The use of different definitions of critical probability in the nonmathemati-
cal percolation literature has been a source of confusion. There are two
definitions of primary interest: For a fixed site v in an infinite graph G, let C,
denote the number of sites wetted by fluid from a source at v. Denote the
probability measure and expectation operator for the percolation model with
parameter p by P, and E, respectively. The most common interpretation of the
critical probability concept is in terms of existence of infinite clusters of
occupied sites:

py = inf{ p €[0,1]: P,(C,) > 0}.
The main alternative is based on the expected size of an occupied cluster:
pr=inf{ p € [0,1]: E,(C,) = o }.

If G is a connected graph, the definitions are independent of the choice of the
source site v. While one intuitively expects that p; = p, this is not always
true, but p, > pr easily follows from the definitions.

Duality. Harris (1960) derived a lower bound of 1/2 for the square lattice
bond model critical probability pg, using the notion of a dual percolation
model. For a planar graph G, the dual graph G* is constructed by placing a
site of G* in each face of G and inserting a bond connecting each pair of sites
of G* which lie in neighboring faces of G. Each bond of G* crosses exactly one
bond of G, establishing a one-to-one correspondence between bonds of G and
bonds of G*. Given a bond percolation model on G, create the dual model on
G* by assigning each bond of G* to be occupied or vacant if the bond it
crosses is occupied or vacant respectively. If G is the square lattice, the dual
model is also a square lattice bond percolation model with the same parameter
value, a situation described as “self-duality”. Since an edge is in a finite cluster
of open edges if and only if it is surrounded by a circuit of closed edges in the
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dual model, the construction of circuits is important in determining critical
probabilities in planar graph models.

Matching. Sykes and Essam (1964) derived critical probability values for a
few planar lattice bond percolation models by a heuristic method. Motivated
by the use of duality by Harris, they identified the concept of a matching
graph, which plays the same role for site models. Suppose G is constructed
from a planar graph M by inserting all the diagonal bonds in each face F in a
subset Z of faces of M. The matching graph of G, denoted G*, is constructed
from M by inserting all diagonal bonds in faces F which are not in #.

For a rectangular region R, Sykes and Essam defined a function A z( p) as
the expected number of connected clusters of occupied sites in R divided by
the number of sites in R. Taking the thermodynamic limit as R expands
through a sequence of rectangular regions, the “clusters-per-site function”
A( p) for the graph G is obtained. Reasoning using Euler’s law concludes that
A(p) and A*(1 — p) differ by a polynomial, where A* is the clusters-per-site
function for the matching graph G*. If singularities of A and A* exist, they
must occur at complementary values. Assuming that the clusters-per-site
function for each graph has a unique singularity, Sykes and Essam defined a
critical probability to be the location of the singularity. Their argument then
implies that critical probabilities of matching graphs sum to one.

Since the covering graphs of a dual pair of planar graphs form a matching
pair, the critical probabilities of bond models on a dual pair of graphs also sum
to one. Thus, the critical probability of a site model on a self-matching graph
or the bond model on a self-dual graph should equal 1/2. The method did
produce the correct common value for py and p; of 1/2 for the triangular
lattice site model and the square lattice bond percolation model, and 2 sin( /18)
and 1 — 2sin(7/18) for the triangular and hexagonal lattice bond percolation
models, respectively. However, self-matching graphs exist for which the site
percolation critical probabilities py and p; are not 1/2, and for which the
clusters-per-site function has no singularity.

Revival. In contrast to the activity in physics, after the initial flurry of work
in the late 1950s and early 1960s, mathematical percolation theory lay dormant
until a revival in the late 1970s. Significant progress was made by Seymour and
Welsh (1978). Considering the square lattice bond model, they let S,(p)
denote the probability that a path of occupied bonds crosses the rectangle
[1,n + 1] X [1, n] from left to right. A critical probability pg, based on
crossing probabilities, was defined by pg = inf{ p € [0,1]: limsup S,(n) > 0}.
Either an occupied path crosses a rectangle from left to right, or a vacant path
crosses the dual rectangle from top to bottom, so, by self-duality,

S,(p)+8,(1-p)=1

Intricate arguments constructing circuits used this fact to bound the probabil-
ity of existence of circuits, leading to the results that p; + p; =1 and p, = ps.
A key lemma in the circuit construction required that the model have two axes
of symmetry, although it is not clear if any symmetry is necessary. While
Seymour and Welsh did not determine the critical probability, the crossing
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probability concept provided the breakthrough that led to a rigorous de-
termination. Using crossing probability techniques, Kesten (1980) supplied a
clever method of sequentially closing bonds to cut occupied paths across the
rectangles when p < 1/2, thereby evaluating pg for the square lattice, conclud-
ing that

Ps=Pr=py=1/2.

Sykes’ and Essam’s values for the triangular and hexagonal lattice bond
models have been rigorously verified by Wierman (1981).

Contributions. Kesten’s results are proved in the setting of multiparameter
site percolation models on periodic graphs. In a multiparameter percolation
model, the vertices of G are partitioned into sets which have different parame-
ters representing their occupation probabilities. The “percolative region” in a
multiparameter model is the subset of the parameter space corresponding to
models where fluid penetrates the medium. The boundary of the percolative
region is the “critical surface”, which is the counterpart of the critical probabil-
ity in a one-parameter model. The essential feature of a periodic graph is that
it is invariant under translation by each member of a set of basis vectors for
the space. In Percolation theory for mathematicians, Kesten characterizes the
percolative region for multiparameter site models on two-dimensional periodic
graphs with one axis of symmetry. The principal theorems are proved in
Chapters 5-7. Chapter 6 relaxes the symmetry requirement from two axes to
one, a major advance.

For a broad class of graphs, the principal theorems provide a rigorous
verification of Sykes’ and Essam’s claim that critical probabilities of matching
graphs sum to one (for the py, p;, and pg definitions). They allow the explicit
determination of the critical surface in several multiparameter models. How-
ever, the results still do not provide explicit values of the critical probability for
a wide class of graphs.

One of the few dimension-free results in percolation, that the critical
probabilities p; and pg are equal for a periodic graph of any dimension, is
proved in Chapter 5. This previously published result was proved using a block
renormalization approach. Renormalization methods are popular in the physics
literature, but have led to few other rigorous results in percolation.

Empirical evidence suggests that the probability of existence of an infinite
occupied cluster or the expected size of an occupied cluster behave as powers
of p — py. The exponents, if they exist, are known as “critical exponents”.
Such “critical exponents” are estimated in the physics literature by renormali-
zation methods, but their existence is an open question. Chapter 8 presents
upper and lower bounds for the exponent for square lattice models.

Other new results for percolation models are treated in the remaining
chapters. In Chapter 9 the Sykes and Essam clusters-per-site function is shown
to exist and proved to be analytic in p for p # py for matching pairs of graphs
to which the principal theorems apply. However, it has not yet been shown
that a singularity exists at pj for any periodic graph. A new result in Chapter
10 provides conditions under which the critical probability of a subgraph is






