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CHAPTER 1

1. Introduction. This is an expanded version of the Jaqueline Lewis talks I
gave at Rutgers in April 1984. It is partly an exposition of recent results and
new open problems. Also, some new proofs are given here. The subject is the
global analysis of algorithms of linear and calculus mathematics, especially in
regard to efficiency. This is part of the subject called computational complex-
ity. However, in the past, computational complexity has usually referred to the
study of algorithms for discrete problems. In what follows, the problems come
from numerical analysis, operations research, and classical mathematics (“con-
tinuous” classical mathematics). It is sometimes forgotten how close numerical
analysis and classical mathematics are to each other. But to confirm this
relationship one can note the frequent appearance of the names of Newton,
Lagrange, Gauss in numerical analysis texts, and look at Goldstine.
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The development of computational complexity theory for continuous
mathematics may well raise questions for the foundations of computer science.
My point of view on this is not new. It is close to that expressed by Von
Neumann (“The General and Logical Theory of Automata™) who wrote:

We are very far from possessing a theory of automata which deserves that
name, that is, a properly mathematical-logical theory.

There exists today a very elaborate system of formal logic, and, specifically,
of logic as applied to mathematics. This is a discipline with many good sides,
but also with certain serious weaknesses. This is not the occasion to enlarge
upon the good sides, which I have certainly no intention to belittle. About the
inadequacies, however, this may be said: Everybody who has worked in
formal logic will confirm that it is one of the technically most refractory parts
of mathematics. The reason for this is that it deals with rigid, all-or-none
concepts, and has very little contact with the continuous concept of the real
or of the complex number, that is, with mathematical analysis. Yet analysis is
the technically most successful and best-elaborated part of mathematics. Thus
formal logic is, by the nature of its approach, cut off from the best cultivated
portions of mathematics, and forced onto the most difficult part of the
mathematical terrain, into combinatorics.

The theory of automata, of the digital, all-or-none type, as discussed up to
now, is certainly a chapter in formal logic. It would, therefore, seem that it
will have to share this unattractive property of formal logic. It will have to be,
from the mathematical point of view, combinatorial rather than analytical.

And Von Neumann went on to say: “...a detailed, highly mathematical and
more specifically analytical, theory of automata and of information is needed”.

Certainly the numerical analysts have studied speed of computation. How-
ever, this has usually been in terms of a rate of convergence, or the cost in
asymptotic terms. This contrasts with understanding the total cost, as in the
subject of computational complexity.

A study of total cost for algorithms of numerical analysis yields side
benefits. It forces one to consider global questions of speed of convergence,
and in so doing one introduces topology and geometry in a natural way into
that subject. I believe that this will have a tendency to systematize numerical
analysis. This development could turn out to be comparable to the systematiz-
ing effect of dynamical systems on the subject of ordinary differential equa-
tions over the last twenty-five years.

The rest of Chapter I is organized around four theorems, named A, B, C and
D. The goals and perspectives of these theorems are the same. Experience in
the use of algorithms, especially with the computer in recent decades, has given
rise to certain practices and beliefs. To give a deeper understanding of this
culture, we try to give reasonable underlying mathematical formulations, and
eventually to prove theorems, usually confirming the experience of the practi-
tioners. Idealizations and simplifications are made, but we try to keep the
essence of the observed phenomena. There is a kind of parallel in this
approach to that of theoretical physics. Our primary goal is not the design of
new algorithms, but we hope that this deeper understanding will eventually be
constructive in that domain too.
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2. On efficient zero-finding. Let me discuss an example a numerical analyst
might give against the theoretization of his subject. To solve on the machine a
system of nonlinear equations, the usual procedure is the following. Choose a
starting point at random (but using previous experience in this choice if
possible). Then apply some variation of Newton’s method iteratively for a
while. If that does not work, pick another starting point at random and repeat.
This ad hoc procedure seems not to lend itself to the usual kind of theorizing.
On the other hand a mixture of probability and global analysis might eventu-
ally yield a good understanding of this practice.

At this time Mike Shub and I (Shub-Smale I1I') have a result which shows
that for a polynomial of one complex variable, this method works in fact
relatively quickly; six random choices are sufficient on the average. Of course,
one must spell out the appropriate modification of Newton’s method, the
number of iterations, etc.

In the following, I use the general idea of Shub-Smale 11, but simplify and
sharpen the result by altering the algorithm.

First the version of Newton’s method, which is a little different from that of
Smale III, Shub-Smale I and I1, is specified. Suppose one is given a complex
polynomial f, complex numbers, z and w, where w is considered as a parame-
ter. Define G,: S — S, where S is the Riemann sphere, S = C U o0, by

e
Gule) =2+ =500

Thus G, is precisely Newton’s method. If one uses Newton’s method to solve
f(2) — w = 0, then one obtains the iteration G,. Consider the problem

Prob(e, f): Given (¢, f), 0 < & < 1, f a complex polynomial, find z € C such
that |f(z)| <.

Write f(z) = X% ,a;z' and suppose that a, =1, |a;/ < 1. In any case an
easy change of variables can put f into this form.

THEOREM A. On the average six returns of the following algorithm is sufficient
to solve Prob(e, f) for any € and any f (normalized as above).

Let K = 98.
Alg(e, f):
(1) Choose z, € C satisfying |z,| = 3 at random.
(2) Define n as the smallest integer greater than K(dlog3 + |loge|) and
z;=G,(2,_1), w;= Mf(2y),i =1,...,n,where M = 1 — (1/K).
(3) If1f(z,)| < &, terminate. Otherwise return to (1).

COROLLARY. (i) On the average 6K(dlog3 + |log €|) is a sufficient number of
iterations to solve Prob(e, f) by Alg(e, f).

(il) The number of arithmetic operations for the same is proportional to
6Kd(dlog3 + [log €]). See Shub-Smale II for the counting involved.
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“On the average” in all of the above is given in terms of a probability
measure on the space of all sequences of choices z, with |zy| = 3. To obtain
this measure, start with normalized Lebesgue measure on the set {z € C|
|z| = 3}, and then take the infinite product measure.

The proof of Theorem A will be given in §5 of Chapter II below.

ADDED IN PROOF. I subsequently noticed that the number of iterations in
Theorem A and the corollary could be reduced substantially by simply taking
|zo| = € instead of 3 and in §5 (Chapter II) changing the condition @ 2>
x/12 to @ s> 7/4. Then K comes out to about 32, the number of returns
close to 2 and the average number of iterations about 2 times 32(3d + [log &]).

On the other hand the example f(z) = z¢ shows that one can’t do better
than the number of iterations being linear in d with Newton’s method, even
when it is globally convergent.

ProBLEM 1. Extend the result of Theorem A to two (or more) variables.
Renegar 111 seems to have made a breakthrough on this problem, as this paper
was being finished.

PROBLEM 2. Prove an analogous result for |z,| < 1 rather than |z,| = 3.

This would seem to be a more natural way to start the algorithm and one
would expect a sharper estimate. However, the analysis seems difficult; see §5
of Chapter II below and Shub-Smale 11 for more on this problem.

3. On the efficiency of linear programming. We review very briefly certain
recent results on the average speed of simplex type methods for the linear
programming problem (LPP). One of the standard forms of this problem is

LPP: Find x € R" subjéct to x > 0, Ax > b such that x minimizes c - x.

Here (A, b, ¢) are the data, where 4 is an m X n matrix, b € R" and ¢ € R".

The simplex method of Dantzig is a fast algorithm for exhibiting an answer
to the LPP or showing that no minimum exists. In his book (Dantzig) on this
subject he wrote (p. 160) these often-quoted lines: “Some believe that for a
randomly chosen problem with fixed m (the number of constraints), the
number of iterations grows in proportion to n (the number of variables).”

I proved that this was indeed the case (in Smale IV, V') using Dantzig’s
self-dual parametric variant of the simplex method (p. 245 of Danizig). Here is
the result in more detail.

The space of the data (4, b, ¢) of LPP is Cartesian space 2 = R™" X R™ X
R". For defining the average of functions on this space, just take the normal (or
Gaussian) distribution on Cartesian space. Let p, , . be the number of steps of
the self-dual method, defined almost everywhere on 2. Then the average of
P4..c On Dis defined and yields a function p(m, n).

THEOREM B. Fix m and & > 0. Then there is a number K > 0 depending on
m, € and

p(m,n) < Kn®.

Thus the number of steps for a fixed number of constraints grows more
slowly than any prescribed root of the number of variables. Take ¢ = 1 to
obtain Dantzig’s conjecture, above.






