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A recent book contained the dedication
Hommage 4 André Weil

pour sa Legon: gofut,

rigueur et pénétration.
The author thus expressed his appreciation for Weil’s refined mathematical
taste, his rigor in exposition, and the depth of his work. The present book
displays once more all these qualities. It is written in a prose which is precise,
with a pleasant rhythm, very agreeable to read.

To state that the subject matter has been very well researched and the author
has found the relevant documents—is obvious, but insufficient to express the
lifelong familiarity of Weil with the historical development of number theory.
Nourished in the mathematics of the past, Weil propelled the future. In
number theory and algebraic geometry his well-known discoveries and conjec-
tures have their roots in genuinely classical work.

Weil has chosen to develop his book around four mathematicians among
past giants, Fermat, Euler, Lagrange and Legendre—the period to be covered
excluded a priori their successors Gauss, Dirichlet, Kummer, Riemann, and
others.

In reviewing this book, I have decided that, rather than paraphrase what is
already so well written, I’'d quote directly from the text—a good “collage”
should be worthier than a bad painting.

A protohistory precedes the main chapters, alluding to some significant
developments of number theory since antiquity.

“It is not prehistory, since it depends on written sources; protohistory seems
more appropriate.”

“The modern theory of numbers, like the god Bacchus. . .seems to have been
twice-born.” The first birth is ascribed to the period when Fermat studied the
book of Diophantus, translated into Latin and published by Bachet in
1621—*the same one, no doubt, into whose margins [alas, too narrow] he was
later to jot down some of his best discoveries.” The rebirth took place when
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“on the first of December 1729, Goldbach asked Euler for his views about
Fermat’s statement that all integers 2*" + 1 are primes” and on the next
“fourth of June, when Euler reports that he has...been greatly impressed by
Fermat’s assertion that every integer is a sum of four squares (and also of 3
triangular numbers, of 5 pentagonal numbers, etc....).”

The chapter on protohistory deals first with the work treated in Euclid’s
books VII, VIII and IX; “it is generally agreed upon that much, if not all of
the contents of those books is of earlier origin.” The Euclidean algorithm and

the irrationality of v2 are discussed; “if Aristotle. . .hints at one proof for [the
irrationality of] v2 , this hardly gives us a right to credit it to some hypothetical
‘Pythagoreans’.” It is a bit surprising to read: “Even in Euclid, we fail to find a
general statement about the uniqueness of the factorization of an integer into
primes,” and “...the proof for the existence of infinitely many primes repre-
sents undoubtedly a major advance, but there is no compelling reason either
for attributing it to Euclid or for dating it back to earlier times”.

Next, in this chapter, there is a brief mention of Euclid’s theorem that
27(2"*1 — 1) is perfect if the second factor is a prime.

Indeterminate equations of the first degree, to be solved in integers, were
considered in China; and the general method of solution is essentially identical
to the Euclidean algorithm for finding the greatest common divisor of two
numbers. Aside from China, “the first explicit description of the general
solution occurs in the mathematical portion of the Sanskrit astronomical work
Aryabhatiya of the fifth-sixth century A.D.” “In 1621, Bachet, blissfully
unaware (of course) of his Indian predecessors, but also of the connection with
the seventh book of Euclid, claimed the same method emphatically as his own
in his comments in Diophantus.”

Results about sums of arithmetical or geometric progressions or sums of
squares of successive integers, as well as results about “pythagorean” triangles
“must have become fairly universally known at a comparatively early date;
invoking the name of Pythagoras adds little to our understanding of the
matter”. Indeed, the old Babylonian tablet, Plimpton 322 (reproduced as an
illustration in this book), shows fifteen pythagorean triples; it is dated by
Neugebauer and Sachs to between 1900 and 1600 B.C.

Pythagorean triples appeared in Euclid’s book X, and were very familiar to
Diophantus; they emerge again in Bombelli’s Algebra (1572) and in Viéte’s
books.

The identity (x2 + y2)(z% + t?) = (xz + yt)? + (xt F yz)?, useful for con-
structing numbers which can be written as sums of two squares in more than
one way, appears “with an elaborate proof [...] in Fibonacci’s Liber
Quadratorum of 1225; Fibonacci claims no credit for it...” A copy of this
book, not like the popular Liber Abaci, was located and published in 1856 by
the prince Boncompagni. The identity “must have been familiar to Diophan-
tus”. Viéte applied the identity for the construction of two new rectangular
triangles from two given ones.

In the Liber Quadratorum Fibonacci considered the problem of finding three
squares in arithmetic progression. An interesting discussion revolves around
whether Leonardo could have known a Byzantine manuscript of the eleventh
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or twelfth century, where there occurs the related problem: To find a pytha-
gorean triangle of area 5m>.

“One is on somewhat firmer ground in assuming that problems of the type
of x2 — Ny? = +m, for given positive integers N and m, must have occurred
rather early in Greek mathematics, presumably in connection with the problem
of obtaining good rational approximations for YN , when N is not a square.” In
particular, this method is used by Archimedes to give the approximations
265:153 and 1351: 780 for V3.

And how about the interesting Greek “epigram” in 22 distichs, discovered
by Lessing (1773) in a manuscript of the famous Wolfenbiittel library? It states
a problem in eight unknown integers involving linear algebra, but also squares
and triangular numbers. The author says that he who can solve the problem
wins the prize for supreme wisdom. “He may well say so; it can be shown that
the smallest solution is of the order of magnitude of 10193275 “There is. ..ev-
ery reason to accept the attribution [of this epigram] to Archimedes, and none
for putting it in doubt.”

Viéte, and now I quote Fermat (as quoted by Weil—a second degree collage,
if you like): “ ‘ Viéte, by extending Diophantus’s work to continuous quantities,
has made it clear that it does not really belong to number theory.” For us, Viéte
is an algebraist, both in notations and in contents; his Zetetica. ..in our views
pertains to algebraic geometry.” The problems by Diophantus and Viéte
involve the two main cases of (in our modern terminology) curves of genus 0
and curves of genus 1, with “visible” rational points or pairs (to begin the
search for rational solutions). Plane cubics fall within the scope of the
methods.

So goes the protohistory. Despite my great pleasure in reviewing what Weil
wrote, I have to refrain from describing the section on Xylander (alias
Holzmann, hellenized) Bombelli, and later Bachet, translators of Diophantus.
It is not out of place to quote the recently reprinted book by Heath, Di-
ophantus of Alexandria, which is a source of reliable information.

Fermat, my favorite, is treated well by Weil—how could it be otherwise? It
is well known that the proof of only one of Fermat’s theorems in number
theory has been preserved for posterity. It is the famous proof, by the method
of infinite descent, that the area of a pythagorean triangle cannot be the square
of an integer. This is deduced from the fact that the equation x* — y*4 = 22
cannot have solutions in nonzero integers. And how about the other penetrat-
ing statements made by Fermat, for which he claimed to have proofs? Had he
indeed? By which methods? From Weil’s careful analysis of Fermat’s corre-
spondence, and in the light of what was known at the time, it is possible to
imagine how Fermat might have proceeded. Such speculations, which may be
risky if not well founded, are intriguing. In a situation where documents are
lacking, they constitute a valid procedure to evaluate the methods which were
used.

Fermat’s earlier attention in number theory was directed to binomial coeffi-
cients, like the triangular and pyramidal numbers; he succeeded also in finding
theorems on sums of powers of consecutive integers—*“ the same approach was
rediscovered by Jacob Bernoulli (and is described in his posthumous Ars
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Conjectandi of 1713), leading him to the definition of the ‘Bernoulli numbers’
and ‘Bernoulli polynomials’ whose importance for number theory did not
begin to appear until later at the hands of Euler”. An interesting discussion of
8111 concerns the proofs by induction and contains Fermat’s statement, “The
essence of a proof is that it compels belief”. So Weil writes: “In view of the
above quotation, when Fermat asserts that he has a proof for some statement,
such a claim has to be taken seriously.”

“It is difficult to take magic squares seriously, in spite of Fermat’s professed
enthusiasm for it and of E. Lucas’s intriguing suggestion that they may have
led to the discovery of the fundamental identity for sums of four squares”.

Not only was Fermat attracted by magic squares, but he also studied perfect
numbers. “Actually, not a little ingenuity is required in order to obtain all the
perfect, amicable and submultiple numbers which turn up in the letters
exchanged at that time between Fermat, Mersenne, Frenicle and Descartes.”
These investigations led to the study, among others, of Mersenne numbers
27 — 1 (p a prime), and Fermat was able to show that 237 — 1 is not a prime.
His factorization method involved what is now called the “little Fermat
theorem”. Even though it may be safely assumed that Fermat had actually
proved it, his proof is not available, and we had to wait for Euler.

Fermat also considered the numbers of the form 22" + 1, which he believed
to be always primes. It is again Euler who showed that 22° + 1 admits 641 as a
factor. In this respect, Fermat turned out to be wrong, because apart from the
first few Fermat numbers, no other is known to be prime.

Between 1636 and 1640, Fermat looked more closely at diophantine equa-
tions and sums of squares—questions like: If an integer is a sum of two
(respectively three) rational squares is it also a sum of the same number of
integral squares? In a letter to Mersenne on 15 July, 1636, Fermat implies that
he thinks he had proved it; in a second letter of September 2, he only asserts
that he is working at it. Did he ever prove that the answer to the problem is the
affirmative? An elementary proof, which Fermat would have understood, was
published by L. Aubry in 1912. “It is idle, of course, to ask whether he could
have found it; had he done so, occasions would not have been lacking for him
to mention it to his correspondents, but the matter never turns up again in his
letters.”

In a letter of 1638 to Mersenne, Fermat made “the celebrated statement
about every integer being the sum of three triangular numbers, of four squares,
of five pentagonal numbers, and so on... Also in a letter of 1638, Fermat
challenges Sainte-Croix to find two cubes whose sum is a cube, or two fourth
powers whose sum is a fourth power, with the implication that he already knew
or suspected that there are none. We shall never know for sure when, or
whether, Fermat proved all these results.”

It should be noted that even though Fermat also wrote, in his famous margin
annotation to his copy of Diophantus, that a sum of two nth powers is not a
nth power for any integer n > 3, he never actually asked any of his correspon-
dents to prove it, except for n = 3 or 4.

In subsequent sections, Weil describes Fermat’s work on quadratic residues,
anticipating the work of Euler, as well as his discovery about sums of two
squares.






