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Then follows the interesting story of how Dirichlet, a young student in Paris
in 1825, tried his hand on Fermat’s equation with exponent 5. He used an
identity known since Euler’s days and the infinite descent to show that the
equation has no solution where one of the numbers is a multiple of 10. “This is
where Legendre, then well over 70 years old, stepped in. After presenting
Dirichlet’s paper to the Academy in July 1825, it took him only a few weeks to
deal with the remaining case.” “As to Dirichlet, he was soon to take his flight
and soar to heights undreamt of by Legendre..”

One of Legendre’s influential contributions was the treatise on numbers
which he prepared for more than thirty years. “He sought to give a compre-
hensive account of number theory, as he saw it at the time, including, besides
his own research, all the main discoveries of Euler and Lagrange, as well as
numerical evidence (in the form of extensive tables) for many results whose
proofs he felt to be shaky.”

The Théorie des Nombres, published in 1830, is the final form given to two
previous editions, appropriately called Essais. Yet, “by then, as his younger
contemporaries well knew, Gauss’s Disquisitiones had made it almost wholly
obsolete.”

An indispensable part of Weil’s book is the long series of appendices
attached to the three main chapters. Their purpose is to show, from a modern
point of view, how to consider certain classical questions, to indicate develop-
ments of importance originated in the ideas of that period, but sometimes also
to give proofs of results described in the main text. Thus, we may read an
illuminating appendix under the title “The Descent and Mordell’s Theorem”,
another about “The Addition Theorem for Elliptic Curves”, or also “Hasse’s
Principle for Ternary Quadratic Forms”, etc.

Here I reach the point when it is appropriate to refer to the physical
characteristics of the book. Should I say that it is a medium-sized volume, well
bound and pleasantly printed, with large size type, greatly facilitating the
reading? Should I add that it is well organized, has good indices, and no
misprints? I just want to say that the hand holds it well, and does not wish to
let it go.

Professor Weil, hear as a distant echo from younger days: Rico é o seu livro
que nos revela uma gloriosa exploragao intelectual pelos verdadeiros herois.

PAULO RIBENBOIM

BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 13, Number 2, October 1985

© 1985 American Mathematical Society
0273-0979/85 $1.00 + $.25 per page

Fundamentals of generalized recursion theory, by M. C. Fitting, Studies in Logic
and The Foundations of Mathematics, Volume 105, North-Holland Publish-
ing Company, Amsterdam, 1981, xx + 302 pp., $63.75 U.S./Dfl. 150.00.

0. The time seems ripe for a broad look at generalized recursion theory
(g.r.t.) against the background of ordinary recursion theory (o.r.t.), with
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so-called relativizations of o.r.t. at the border. O.r.t. started some 50 years ago.
The more infinitistic part of g.r.t., the main subject of the book under review,
goes back almost 30 years, with a kind of half-time score on pp. 139-198 of
Logic ’69 [GY].

Below, the emphasis will be shifted; away from differences within the—real-
istically speaking, quite narrow—Ilogical tradition with its flashy metatheorems
to its differences from the broad mathematical tradition. Correspondingly,
combining elements of logic with specific subject matter will be opposed to
elaborating undiluted logical notions relentlessly. Implications of these points
are here set out for o.r.t. and the passage(s) to g.r.t., but they extend to most
other branches of logic. The same applies to the following elementary distinc-
tions, which will be needed throughout the review.

1. Fundamentals and generalizations. Notions can be fundamental or, equiva-
lently, basic in the sense of striking our untutored attention. Any uses they
may have at an early stage will naturally require only quite elementary
properties of such notions. Almost as a corollary, elaborations of them are
liable to reach quite soon the point of diminishing returns (for the uses in
question). These truisms are illustrated very well by the basic notion of natural
number and its uses for counting or ordering finite sets; most dramatically by
reference to elaborate “lower” arithmetic of perfect or amicable numbers,
comparable to certain labor-intensive parts of o.r.t. Less obviously, such
elaborations may draw attention away from other mathematics that is much
more effective in the broad area of those original uses. Counting provides yet
another memorable illustration. Generally—with such obvious exceptions as
counting primes or other darlings of the queen of mathematics—Higher
Arithmetic has little bearing on what or how to count; Higher Statistics often
has more bearing, for example, when the collections involved are large, and
function theory helps count zeros of the zeta function.

Now, at least in science there is a second sense of basic. It applies to things
and properties that are discovered, usually by long experience, to lend them-
selves to extended or even systematic study. They may be abstract properties of
the first kind of basic notion, as in basic number theory and the natural
numbers above or the—by p. 194, 1.16-17 of [Cl]—Iless basic rational
numbers. Abstract properties are usually formulated axiomatically. Instant
choices of such axiomatizations are common in the logical tradition for the
sake of the logical ideal of axiomatic precision. The distinction between the
two kinds of basic notions has some implications for generalizations.

Traditionally, the first kind of basic notion has often been generalized in the
crude sense of its original domain of definition being extended. This can be
useful even if no recondite mathematical properties are preserved, only elemen-
tary ones being needed in the first place. If Cantor’s so-called generalizations
of numbers are viewed as such extensions to infinite sets and well orderings
and not as competing with Higher Arithmetic (say, of ideals or algebraic
number fields, preserving decomposition properties of primes and not only
algebraic identities), then their marginal utility is quite reasonable; not, of
course, the fuss made about them, let alone dubious doubts about their
legitimacy.
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For the second kind of basic notion the more modern axiomatic style of
generalization is popular. If, as at the end of the last paragraph but one, the
notion is an axiomatically formulated abstract property, it is a generalization,
the defining axioms being the properties to be preserved. The colorless term
‘generalization’ tends to hide the implications of this axiomatic style for a
so-to-speak mathematical proof analysis, here opposed to logical proof theory
taken up in §7. A particular choice of abstract properties constitutes a scheme
for breaking up arguments or, generally, situations into a few elements, and
hence easy to take in. These elements are described in terms of a few basic
structures, and hence easy to remember; with improved reliability as a bonus.
Without exaggeration: such choices of generalization express discretely what
would coarsely be described in terms like ‘important’, ‘relevant’, or ‘essential’
(for the body of mathematics being generalized). Viewed this way instant
choices merely express a lack of understanding of the amount of experience
needed to spot, and, above all, test generalizations. All this fits in with the
relative maturity of g.r.t. mentioned at the outset.

2. O.r.t.: background. Its elementary part concerns domains D consisting of
words on a finite alphabet, for example, w: the natural numbers generated
from 1 by the successor or ‘concatenation’. O.r.t. studies recursively enumer-
able (r.e.) subsets of D, partial and total functions: D ~— D, and simple
relations between these objects. Incidentally, though mathematically trivial the
extension, from w, to the domains D above, is involved in nonnumerical data
processing, a substantial part of the industry.

The first, still memorable descriptions of the objects treated in o.r.t. were in
terms of (a) simple properties of models for formal systems, and of (b) the
perfect computer. Of course, conversely (a) and (b) can be described in terms
of o.r.t. (though this is anathema to the foundational urge).

(a) Here the self-explanatory key words for recursive sets are: now in-
variantly definable, orginally formal entscheidungsdefinit (in Godel’s incom-
pleteness paper [G1]); cf. Note 1.!—For an arbitrary subset X of D, so-called
X-relativized o.r.t. concerns formal systems to which the diagram of X is
added, a familiar object of elementary model theory.

(b) The perfect computer requires less background than (a) above, and so
provides a more widely accessible description of o.r.t. It also seems more
popular, especially when presented as an idea(lization)—and almost certainly
the idealization if one knows nothing—of genuine computers; perhaps, how
Simple Simon or der kleine Moritz imagines them.

Be that as it may, the perfect computer embodies a novelty not even
suggested in the old literature on, say, numerical analysis. Now rules are
applied to other rules, and occasionally to themselves; in trade jargon, the
same codes are used for instructions and their arguments. According to his
autobiography [Z)] this possibility escaped Zuse who patented a sound relay
computer in 1937; but not von Neumann, whose insight has been used for
efficient software, at least, ever since the hardware passed certain thresholds of

1 The notes, at the end of the review, are intended for readers with some logical background or,
at least, interest.
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memory size and speed. Facile questions of cause and effect aside—here, and
below whenever as little is known about the phenomenon involved as here
about the genesis of bright ideas—it is certainly satisfaisant pour I’esprit that
von Neumann was familiar with, and impressed by, an objectively related
device in [G1].

The use of that insight combines a little o.r.t. with higher (electronic)
technology, an instance of a theme in §0. To be effective this use has to respect
the limitations of the hardware, and the needs of the computations in question;
key words: choice of parameters or, in fancy language, of data structures.

Logicians see the novelty above very differently; as a universal principle for
generating all objects of o.r.t. from a few instances, for example, as rule S9 in
[K2] (but overshadowed by the material there on extending o.r.t. to all finite
types over w; cf. Note 9b). Naturally, this principle is valid only if the
limitations mentioned in the last paragraph are neglected. So any glamor it
may have draws attention away from the need for respecting them.

At this point it is necessary to say a word about current complexity theory
with its would-be revolutionary separation P/NP (polynomial versus nonde-
terministic polynomial growth) in place of: recursive /nonrecursive. By impli-
cation it regards any reminders about the perfect computer, such as those
above, or generally about the computational side of o.r.t., as obsolete. They
may be. But as with many popular revolutions the coarsest elements of the old
order remain in the new. Specifically, like old o.r.t., complexity theory con-
centrates on logical classes of problems; cf. Note 2a. The bounds obtained
simply show that those classes do not lend themselves to algorithmic treatment,
and flashy theorems about ‘large’ bounds have drawn attention away from
more successful choices of problems already in the literature. Incidentally, the
significance (in the here relevant statistical sense) of many average complexity
results has not been established in the currently fashionable probabilistic
literature, especially, for those logical classes. What is needed here is, first,
some plausible distribution of problems within those classes, and then an
estimate of mean deviations. Nothing of the kind is to be found in the bulk of
the literature.

Granted all this the brutal fact remains that, in the area of computation,
elaborations of o.r.t. tend to share the weakness of Higher Arithmetic for
counting mentioned in 1.

How then is o.r.t. to diversify? A hint comes from past experience with the
idea of perfect liquids, notoriously imperfect except for a very few corners of
hydrodynamics. Progress was made by shifts of emphasis away from the
original context. The two-dimensional motion of such liquids provides a valid
description of —not merely, as is sometimes said, a metaphor for— the notion
of function of a complex variable. The latter is firmly established in mathe-
matics, even used in parts of mathematical physics, but just not primarily in
successful hydrodynamics.

Shifts of emphasis are also the subject of pious talk about preestablished
harmony, but with a difference. Stressing continuity rather than change, it
hides the progress, and, above all, the imagination involved in successful shifts.
The harmony between an early idea and its successful offshoots can be hard to






