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INTRODUCTION

Although the title of this article is almost the same as that of an earlier paper
in this journal, The classification of the finite simple groups [75), with the added
similarity that each is divided into four chapters, nevertheless there is almost
no overlap between the two, beyond the fact that both concern the recently
completed determination of the finite simple groups.

My earlier paper focused on the past: its primary aim was to describe the
finite simple groups (Chapters II and III) and also to present a picture of the
principal techniques underlying the classification theorem (Chapter 1V), with a
brief global overview of the proof itself (Chapter I), added to put the entire
discussion in perspective.

In contrast, the present paper looks to the future: its concern is, on the one
hand, with the significance of the classification theorem both to future research
in finite group theory and to its range of applicability in other areas of
mathematics (topics discussed in Chapter I) and, on the other hand, to the
fundamental task of constructing a shorter and more readily accessible “sec-
ond generation” classification proof (this is the content of the remaining three
chapters).

In preparation for a discussion of the meaning of a “satisfactory classifica-
tion proof,” in Chapter II we first illustrate the partially haphazard and
partially inexorable evolution of the existing proof, developed as it was over a
thirty-year period without benefit of a predetermined plan. Under such cir-
cumstances, it was inevitable that the final global design included considerable
inefficiencies and, with hindsight, some avoidable duplications of effort. In
Chapter III we present a critique of the present proof and discuss alternative
strategies for constructing a satisfactory proof.

My own close examination of the present proof over the past several years,
largely with Richard Lyons, and more recently with Ronald Solomon as well,
has led to a particular global strategy which, utilizing only presently known
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group-theoretic techniques, holds out the prospect of achieving as much as a
five-fold reduction in length, with a commensurate over-all conceptual simplifi-
cation. Chapter IV is devoted to a detailed outline of this proposed plan,
whose implementation is well under way as of this writing.

Finally, for completeness, we have included in Chapter I a brief discussion
of the known simple groups—in particular, the sporadic groups— which are, of
course, also (more fully) described in [75]. However, concerning the sporadic
groups, we have focused here on the distinction between the group-theoretic
context in which each first arose and the specific method by which each was
subsequently constructed, a point not stressed in the earlier article.

Although the present paper is self-contained, we should add that the
nonexpert will certainly find the material in [75] helpful as background for
understanding this discussion of the finite simple groups.

CHAPTER I. STATEMENT AND SIGNIFICANCE OF THE THEOREM

The classification theorem of the finite simple groups asserts that every finite
simple group is on a completely specified list. Clearly, before we can discuss its
proof, we must at least briefly describe the groups composing that list.

Since this classification theorem is generally regarded as a milestone of
twentieth-century mathematics, I would also like to give some feeling for its
profound impact on finite group theory and at the same time indicate the
strong prospects, already partially realized, of its significant application to
widely diverse areas of mathematics. Finally, in the last section of this part, I
shall take a more philosophical perspective, discussing its significance within
the broader context of classification theorems, in general, and shall also
attempt to explain the inherent complexity of the theorem.

Our notation will be standard. However, terms unfamiliar to the nonexpert
will be defined here. In particular, for any group X and subset or subgroup Y
of X, Cy(Y) = centralizer of Y in X={x€ X|xy=yx for all ye Y},
Z(X) = center of X = Cyx(X), and Ny(Y) = normalizerof Y in X = {x € X|
x~'Yx = Y'}. Additional terminology will be introduced as we go along.

1. Statement of the theorem. We first state the classification theorem in a
general form and shall then amplify its statement.

CLASSIFICATION THEOREM. Every finite simple group is isomorphic to one of
the following:

(1) A cyclic group of prime order;

(2) An alternating group;

(3) A member of one of sixteen infinite families of groups of Lie type; or

(4) One of twenty-six sporadic groups not isomorphic to any of the above
groups.

The group Z, of prime order p is, of course, commutative. For brevity, the
term “simple group” usually refers to a nonabelian simple group.

The alternating group A, is the subgroup of even permutations of the
symmetric group =, on n letters. A4, is simple for all n > 5.
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It is the groups of Lie type and the sporadic groups that require fuller
descriptions.

A. The groups of Lie type. The sixteen families of simple groups of Lie type
are finite analogues of (complex) Lie groups. They divide into three general
types.

1. The Chevalley groups. There are four infinite families of Lie groups: the
linear groups A,, the symplectic groups C,, and the orthogonal groups B,, D,,
plus five exceptional Lie groups G,, F,, E;, E;, and Eg, the subscripts
referring to their Lie rank—i.e., to the number of fundamental reflections
generating their Weyl groups. [It is standard to use the notation A4, for both
the alternating and linear groups. The context will make clear which group is
intended.]

Each of these groups has representations by complex matrices. The finite
analogues are obtained by using matrices over a finite field GF(q) with ¢
elements.

For example, the general linear group GL,,(q) is the group of all nonsingular
m X m matrices with coefficients in GF(q). Its normal subgroup SL,,(¢q) of
matrices of determinant 1 is the special linear group, and the factor group
PSL,(q)= SL,,(q)/(group of scalar matrices) is the projective special linear
group.

PSL, (q) is the finite analogue of the Lie group 4, forn = m — 1.

PSL,(q) is simple for all m > 2 except for m = 2 and ¢ < 3 (in which
cases it is solvable [just as the alternating groups of degree < 4 are solvable]).

It was Chevalley [42] who proved the existence of finite analogues of the
simple Lie groups over any field—in particular over GF(q), q any prime
power—at the same time establishing their simplicity and showing that they
have internal structures very similar to those of the corresponding Lie groups.
Thus we have nine families of finite simple

CHEVALLEY GROUPS

4,(q), B,(q9), C,(q), D,(9), G,(q), Fi(q), Es(q), E;(q), and Ey(q).

2. The Steinberg groups. The Lie groups possess so-called real forms and
those Lie groups with a symmetric Dynkin diagram have extra such forms:
namely,

O0—0—0 ¢« + « 0—0

Dn 0—0—00—({3
0

o]

Eg 0—0—5—0—0

which have symmetries of period 2. [The diagram of D, also has a symmetry of
period 3, but as the complex numbers do not have an automorphism of period
3 over the reals, there is no corresponding real form.]

and
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The unitary groups are such real forms of the linear groups.
A matrix X € GL,(C) is unitary if

(X' =X,

where ~ denotes complex conjugation and t denotes transpose. The set of
unitary matrices form a subgroup GU,(C), the general unitary group, of
GL,(C). One can then consider the corresponding groups SU,(C), and
PSU,(C) = SU,,(C)/scalars, and one has

PSU,(C) = real form of 4, forn =m — 1.

Note also that the map a: X — (X*)™! is an automorphism of GL,(C) of
period 2, and the group GU,,(C) is precisely the subgroup of matrices fixed
by a.

The unitary groups have finite analogues when g = r2, for then the underly-
ing field GF(q) possesses an automorphism of period 2 (again denoted by ~),
in which each element is raised to the rth power. Using this automorphism in
place of complex conjugation, one obtains the finite unitary groups in the same
way as the complex unitary groups (one usually writes GU,,(r), etc., instead of
GU,(9)).

It was Steinberg [126] who showed that Chevalley’s arguments carry over to
produce finite analogues of real forms of 4,, D,, E; whenever q is a square,
as groups of fixed points of appropriate automorphisms of period 2 of the
corresponding Chevalley groups. Moreover, when g = r3, the cubing map gives
an automorphism of GF(q) of period 3, which can be used in place of complex
conjugation to produce a second “real form” of D,(q), known as triality D,. In
this way we obtain four families of simple groups which are designated as
follows:

STEINBERG GROUPS
’4,(q), *D,(q), *D4(q), and ZE¢(q).

Here the exponent indicates the order of the given symmetry, and the corre-
sponding Chevalley groups are defined over GF(q?), GF(q?), GF(q*), GF(q?),
respectively.

The linear, symplectic, orthogonal groups, and unitary groups are also
known as the classical groups. We shall use the notation PSL,,(q), PSp,(q),
PSO;(q), and PSU,(q) for them; here ¢ = +1 and according as m is even or
odd and ¢ = +1 or -1, PSO:(q) corresponds to B,, D,, or D, for suitable n.

3. The Suzuki and Ree groups. When g = 2°, 3% and 2° respectively, the
groups B,(q), G,(q), and F,(q) possess an automorphism group twice as large
as that predicted by the general Lie theory. Moreover, when a is odd, there is,
in fact, an extra automorphism of period 2. Taking fixed points with respect to
these involutory automorphisms yields three further families of simple groups
for which there exist no complex analogues. Suzuki [132] had constructed the
first of these families (usually denoted by Sz(g)) without being aware of their
connection with the Lie theory. However, later Ree [112, 113] realized that
connection and went on to apply the Steinberg method to the G, and F, cases.
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Thus we have the three additional families of
Suzuki AND REe GROUPS

Sz(q) =?B,(q), q=12% 2G,(q), q=73%
’F,(q), ¢=2% aodd.

Together the Chevalley, Steinberg, and Suzuki-Ree groups constitute the
(finite) groups of Lie type. They are all simple except in very low Lie rank and
over small fields. Moreover, all isomorphisms among them, as well as with
alternating groups, have been determined.

It should be mentioned that the three kinds of groups of Lie type all arise
from a uniform construction, elucidated by Steinberg [129]: namely, if G
denotes the Chevalley analogue over an algebraically closed field F;, of
characteristic p of a complex simple Lie group, then G is, in fact a linear
algebraic group. Moreover, if o is a surjective endomorphism of G (as an
algebraic group) whose fixed points C;( o) form a finite group (e.g., 6: x = x9,
x € Fp, g = p"), then every nonabelian composition factor of C;(o) is a
(finite) group of Lie type, and all groups of Lie type arise this way for some o.

B. The sporadic groups. The sporadic groups were discovered in the course of
investigating several quite independent problems. As a result, even a minimal
description of their origins requires a number of necessary terms, which we
prefer to introduce at the same time.

Let X be an arbitrary finite group.

An element of X of order 2 is called an involution.

If X is a subgroup of Z, for some n, X is called a permutation group (of
degree n).

We regard 2, as acting on the set € = {1,2,...,n}.

X is k-fold transitive on § if any ordered k-tuple of distinct points of € can
be transformed into any other by an element of X. One writes transitive,
doubly transitive, etc. for 1-fold transitive, 2-fold transitive, etc.

The stabilizer X, in X of the point a € € is the subgroup of all elements of
X leaving a fixed. If X is transitive, then X, is determined up to conjugacy
(and hence up to isomorphism) by a.

If X is transitive on £, then the permutation rank r of X is the number of
distinct orbits of X, in its action on @ (ie., the number of transitive
constituents of X, on ). r is independent of the choice of a € Q. We have
r > 2 (assuming n > 2) with r = 2 if and only if X is doubly transitive.

X is primitive on € if X is transitive on £ and Q cannot be decomposed as
the union of k > 2 disjoint subsets Q;, Q,,...,§, that are transformed into
each other by X. X is primitive on € if and only if X is transitive on Q and X,
is a maximal subgroup of X for a € Q.

The set 2 of all transpositions (ij), i # j, 1 < i,j < n has the following
properties:

(1) The elements of 2 form a conjugacy class of involutions of 2 ;

(2) =, is generated by the elements of 2; and

3) If x, y € 9, then the order |xy| of xy is 1, 2, or 3.
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Motivated by these properties, Fischer made the following definition [56).

The abstract group X is called a 3-transposition group if X is generated by a
(union) of conjugacy classes 2 of involutions such that the product of any two
elements of 2 has order 1, 2, and 3.

Extending the definition, X is similarly called a {3, 4}-transposition group if
the product of any two involutions of the generating classes & has order 1, 2,
3,0r4.

Finally, a lattice A is a free abelian group of finite rank n together with a
real-valued symmetric nonsingular bilinear form (, ). If (, ) is positive definite,
then A can be embedded in R". A is integral if (x, y) is an integer for all
x, y € A, and A is even if, in addition, (x, x) is an even integer for all x € A.
Moreover, A is unimodular if for some (any) basis w;, w,,...,w, of A, the
determinant of the matrix ((w;, w;)) is £ 1.

The Leech lattice [98, 99] is a particular 24-dimensional lattice, which we
shall not describe explicitly. We note, however, that Conway [43] has shown
that it is the unique 24-dimensional positive definite unimodular even lattice in
which no vector has square norm 2 (i.e., (x, x) # 2 for all x € A).

s > s WM he Math

117127 M50 50y The Mathieu groups

J_ ,d_,d_,d anko's

129579379, dJ groups

.1,.2,.3 Conway's groups

M(22),M(23),M(24)" The Fischer groups [M(24)' is
the derived group of index 2
in M(24).1]

HS The Higman-Sims group

Mc McLaughlin's group

Suz Suzuki's (sporadic) group

Ru The Rudvalis group

He Held's group

Ly Lyons' group

ON 0'Nan's group

F5 Harada's group

F3 Thompson's group

FZ Fischer's "baby monster" group

F The Fischer-Griess "friendly

giant" or "monster" group

TABLE 1. The sporadic groups.
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Likewise I shall not give the exact definition of the Griess-Norton algebra—a
certain 196,883-dimensional commutative, nonassociative complex algebra,
equipped with an associative form, which underlies the construction of Griess’
“friendly giant,” otherwise known as “the monster” [85].

Now we can give a schematic picture of the group-theoretic origins of the
twenty-six sporadic groups and the terms in which they were initially con-
structed (Table 2). It should be pointed out that many were constructed only
after a lengthy analysis of the particular group-theoretic context in which they
arose. In fact, in some instances, the individual who found the initial evidence
for the group was not the same one(s) who carried out the actual construction
(primarily in those cases requiring computer calculations). Therefore, where
appropriate, we list separately the original context and the basis for construc-
tion, likewise indicating by the term “(computer)” its dependence on computer
calculations.

For brevity, we make no systematic attempt to give full attributions. In
general, our notation refers to the individual(s) who found the initial evidence
for the group, except for those cases in which other notation has become
standard.

[Although F; itself is not one of the Fischer transposition groups and the
initial evidence for its existence arose from a centralizer-of-involution problem,
we prefer to include it with the transposition groups because of its close
dependency on F,, whose properties were crucial for its discovery. Note also
that it is the commutator subgroup M(24)" of index 2 in M(24) that is a
sporadic simple group.]

Griess’ remarkable construction of F; was carried out entirely by hand,
depending only upon the prior existence of .1 (which occurs as the homomor-
phic image of the centralizer of one of the involutions of F;). In turn,
construction of .1 requires only prior existence of M,,. Hence, as a corollary of
his existence theorem, Griess immediately obtained a noncomputer proof of the
existence of the following seven additional sporadic groups, each of which is
involved in some fashion in F!

He, M(22), M(23), M(24)Y, F,, F, F,.

[J5, HS, and Mc are also in F), but occur as subgroups of .1.]
Since the completion of the classification, Ru and J; have also been given
noncomputer constructions, so that at the present time only the three groups

Ly, ON, J,
depend on computer calculations for their existence.

2. Applications of the theorem. Some have suggested that the classification of
the finite simple groups is an essentially isolated result that will have only a
limited mathematical impact. The problem was there, it was interesting, so we
solved it—much the same as the four-color problem. I believe this to be a
serious misreading of the situation, for the evidence to date indicates, to the
contrary, that the classification theorem is destined to have profound mathe-
matical impact. Indeed, it has already found significant application in such



diverse fields as number theory, automorphic functions, finite geometry, model
theory, algorithms, and coding theory as well as to finite group theory itself,
and as the result becomes more widely understood and its usefulness appreci-
ated, the number and range of such applications can certainly be expected to
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increase.
Qrigin Construction
1. Multiply transitive groups

M M 5-fold transitive groups
127 24 group

M.oLM

11 point stabilizers

WM
22 23

Centralizers of involutions

J1 Subgroup of GL7(11)
J Rank 3 primitive permutation

2 group
J_,Ly,He,ON Rank > 3 primitive

3 permutation groups (computer)
J Subgro of GL 2 comput

4 ubgroup 112( ) (computer)
F Subgro f GL compute

5 ubgroup o 133(C) (computer)
F3 Subgroup of E8(3) (computer)

Rank 3 primitive permutation groups

HS ,Mc,Suz Rank 3 primitive permutation
groups
Ru Subgroup of GLZB(C) (computer)

Automorphism groups of integral lattices

.1 Automorphisms of Leech
lattice
.2,.3 Stabilizers of suitable

Leech lattice vectors

Transposition groups

M(22),M(23),M(24) Rank 3 primitive
(3-transposition groups) permutation groups
F_ ({3,4)-transposition Rank > 3 primitive
group) permutation group
(computer)
F. ("double cover" of Automorphism group of
1 F as centralizer of Griess-Norton algebra
2 involution)

TABLE 2
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Here I shall limit myself to some selected applications of a general nature
that will indicate the scope of the theorem.

A. Finite group theory. Many general questions about finite groups can be
reduced to questions concerning simple groups, so that one would certainly
expect the classification theorem to have important consequences for finite
group theory. Here are five such applications.

1. The Schreier conjecture. The automorphism group of every simple group
has been calculated, so that as a direct consequence of the classification
theorem one obtains a proof of the celebrated Schreier conjecture:

THEOREM. Every simple group has a solvable outer automorphism group.

2. Multiply transitive permutation groups. Likewise one can easily determine
which simple groups possess highly transitive permutation representations,
which yields the following further consequence of the theorem:

THEOREM. Every quadruply transitive permutation group is either an alternat-
ing, symmetric, or Mathieu group. In particular, the alternating and symmetric
groups are the only 6-fold transitive permutation groups.

3. The Sims conjecture. Some years ago Sims proved the following result
[119]:

THEOREM. If G is a primitive permutation group on a set § and if a one-point
stabilizer G| has an orbit of length 3 on 1, then |G| = 2° - 3 for some a < 4.

Sims’ proof was very interesting, reducing the problem to properties of
so-called “cubic graphs,” previously established by Tutte [148, 149]. [Subse-
quently, Warren Wong [153], using Sims’ result, completely classified the
possibilities for G.]

From this example, Sims was led to make the following important conjec-
ture.

SIMS’ CONJECTURE. There exists a function f(d) such that if G is a primitive
permutation group on a set & in which a one-point stabilizer G, has an orbit
of length d, then |G| is bounded by f(d).

In effect, the conjecture gives a general property of the embedding of
maximal subgroups of finite groups.

Using the classification theorem, Cameron, Praeger, Saxl, and Seitz [39] have
verified the Sims conjecture. An interesting feature of their proof is that it
involves a result of Godel on logical compactness.

4. Algorithms. Given a subgroup G of X, generated by a set & of
permutations, one is interested in properties of G that can be computed from
& in polynomial time—i.e., in which the number of steps in the calculation is a
polynomial in n.

A fundamental algorithm of Sims [120] (independent of the classification)
asserts that |G| can be determined in polynomial time. Using the classification
theorem, Kantor [95] and Luks [100] have established the following further
result.
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THEOREM. A composition series for G and an element of prime order p dividing
|G| can be determined in polynomial time.

[Standard proofs of Cauchy’s theorem require exponential time for de-
termining an element of order p when p is large. We also note that there are
many questions about subgroups of a group G for which the question of the
existence of polynomial-time algorithms remains open.]

5. The groups of Lie type. Finally, we wish to mention Seitz’s work on the
groups of Lie type, which involves a beautiful interplay between the classifica-
tion theorem, on the one hand, and algebraic group theory, on the other. His
first investigations focused on conditions which force a given subgroup to be
contained in a proper parabolic [115]. However, as the statements of most of
these general results include some exceptional cases, we shall not state them
here. But in the next section we shall describe his subsequent work on maximal
subgroups of the groups of Lie type.

B. Number theory. The classification theorem has already had a number of
significant applications to number theory and automorphic forms. We describe
three.

1. Brauer groups. If L and K are fields with L D K, the relative Brauer
group B(L/K) of L over K consists of all “Brauer classes of finite-dimen-
sional central simple K-algebras split by L.” Moreover, K is a global field if K
is either an algebraic number field or an algebraic function field in one variable
over a finite field.

Fein, Kantor, and Schacher have established the following general result
[51], which utilizes the classification theorem in a critical way.

THEOREM. If K is a global field and L is a nontrivial finite extension of K, then
B(L/K) is infinite.

That the proof should require the classification theorem is remarkable since
B(L/K) is an abelian group. However, the theorem reduces to verification of
the following purely group-theoretic assertion, the only known proof of which
depends upon the classification theorem.

THEOREM. If G is a transitive permutation group on a set @ of cardinality
> 1, then there exists a prime p such that some element of G of order a power of
p fixes no point of Q.

2. Galois groups. Emmy Noether [109] was the first mathematician to
establish a significant sufficient condition for a finite group to be realizable as
the Galois group of some finite algebraic extension of the rationals Q, and the
fundamental question of whether every finite group is so realizable is often
referred to as “Noether’s problem.” In a long and difficult paper Shafarevich
[133] has verified the desired conclusion for arbitrary solvable groups.

However, very little positive was known about the realizability of (non-
abelian) simple groups. Apart from the alternating groups, as recently as 1983
only the single family PSL,(q) (and then only for certain congruences on g)
and the one group Sp¢(2) had been shown to be Galois groups over Q. [The
case of M;; was not completed until mid-1984, by Matzat.]
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It is certainly conceivable that-by sophisticated general methods of algebraic
number theory and function theory, without recourse to any specific properties
of groups, one could demonstrate that every finite group generated by involu-
tions—in particular, every simple group—is a Galois group over Q. However,
such a wonderful result appears to be still far off.

The classification theorem thus provides added stimulus for considering the
problem with a fresh eye. Indeed, in the last few years Thompson has brought
his deep understanding of finite groups to bear on the question and his work
has already produced striking results. He realized the importance of the
concept of “rigidity” (previously introduced by Belyi [24]) and saw that it
could be used in many explicit cases to show that a given group G is a Galois
group over Q (“rational” rigidity) or over some cyclotomic extension of Q
(general rigidity).

The definition of rigidity is slightly simpler when G has a trivial center, so
we limit ourselves to this case.

First, a conjugacy class X of elements of G is said to be rational if for
x € X, x(x) € Q for every irreducible (ordinary) character x of G.

Next, let X;, X,,..., X, be conjugacy classes of elements of G and set

A=As(X,X,5,..., X)) = {(xl,xz,...,xk)| X, €X,, XXy -0 Xy = 1}.

With this terminology, we say that 4 = A (X;, X,,..., X}) is rigid pro-
vided:

(1) |4 = |G} and

Q) If (x4, x5,...,%,) € A, then G = (X, X5,..., X, ).

Moreover, we call A rationally rigid if, in addition,

(3) X, is rational forall i,1 < i < k.

The importance of rigidity is shown by the following resuit.

THEOREM. If G is a group with trivial center which is rigid with respect to
A =Az(X, X,,..., X,) for suitable conjugacy classes X, X,,..., X, then G
is a Galois group over some well-specified cyclotomic extension of Q, and if G is
rationally rigid with respect to A, then G is a Galois group over Q.

In all known cases in which rigidity has been verified, £ = 3.
Using this result, Thompson has proved [137].

THEOREM. The Fischer-Griess monster F, is a Galois group over Q.

Thompson [138, 139] and Feit and Fong [53] have applied the theorem to
obtain the following Galois realizations.

THEOREM. The groups PSL,(p), p a prime, p =1 (mod4), and G,(p), p a
prime are Galois groups over Q.

Feit, Fong, and Srinivasan [52, 54], Thompson [140], and Walter [150] have
shown that certain other classical groups, in suitable dimensions and over some
fields, are Galois groups over Q.
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Finally, the combined work of Hunt, Hoyden, Matzat, Thompson, and Zeh
[87, 88, 89, 107] has now shown that no less than eighteen of the sporadic
groups are Galois groups over Q [namely, M,,, M,,, M,,, J,, J,, HS, Suz,
ON, .3, .2,.1, M(22), M(23), M(24), Fi, F;, F,, F|].

Strictly speaking, these Galois group results do not constitute applications of
the classification theorem per se, but rather of the knowledge of the finite
simple groups gained in the course of establishing the theorem. However, it
should be mentioned that Matzat [106] has recently obtained some partial
results on the “extension problem”, proving under certain conditions that if X
and Y are Galois groups over Q, then so is an extension of X by Y. Thus, if in
the future all simple groups were to be shown to be Galois groups over Q and
if the extension problem were fully resolved as well, then the classification
theorem would come to play a crucial role in deriving a solution of Noether’s
problem concerning the realizability of every finite group as a Galois group
of Q.

3. Modular forms, graded Lie algebras, and the group F,. Despite the fact
that the theory of elliptic functions has been thoroughly investigated over some
150 years, no one seems to have even guessed that the coefficients of the
expansion of the Jacobi modular function at co had any special significance:

J(q) = q™' + 744 + 196,884q + 21,493,7604> + 864,299,970g> + - - - ;

but shortly after the monster F; had been discovered, John McKay noticed
that

196,884 = 1 + 196,883,

the sum of the degrees of the trivial representation and of the smallest faithful
irreducible complex representation of F;. Thompson then checked that the
next few coefficients were likewise sums of degrees of irreducible representa-
tions of F; [136]: thus,

21,493,760 = 1 + 196,883 + 21,296,876
864,299,970 =2 -1 + 2 - 196,883 + 21,296,876 + 842,609,326.

Obviously something more than coincidence must be at work here!

The ultimate meaning of these connections remains to be determined, but
deep relationships between the group F; and automorphic forms, on the one
hand, and infinite-dimensional graded Lie algebras, on the other, have already
been established. We should like to indicate the general nature of these results,
without getting into technicalities.

There is a natural action of the group GL; (R), the group of 2 X 2 real
matrices of positive determinant, on the upper half plane /= {z| imz > 0},
given by

az+ b a
2o for(c )EGL (R).

One also sets I' = SL,(Z), and To(N) = (¢%4) € T with ¢ = 0 (mod N) for
any positive integer N.
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If G is a subgroup of GL; (R) whose intersection with T is of finite index in
both G and T, then the orbit space of G on 5 can be completed to a compact
Riemann surface X;. Thus associated to G is a field of meromorphic functions
on X;. Moreover, this field amounts to the field of G-invariant meromorphic
functions on J#—i.e., such functions f(z) on S satisfying

f(gz) =f(z) forallgeG.
We denote this field by %,( X;;).
In particular, this applies with G = I')(N) and, for brevity, we set #,(N) =
Fo( X1, (n))-
Now consider the group F,. Given “generalized” characters p,,, n > 1, of F}
(i.e., differences of ordinary characters), we form the formal power series
Mg =M=1.9"+ Y pg"
n>1
where 1, denotes the trivial character of F. We can evaluate this formal series
for each x € F}, obtaining in each case a power series
M(x) =g+ ¥ p(x)q"
n>1
Beginning with John McKay’s serendipitous observation and continuing
with Thompson’s observations, as well as the remarkable numerology of
Conway and Norton [44], the following result linking F; to such “meromor-
phic forms” My has now been established (cf. Fong [57], S. Smith [125] and
G. Mason [105)).

THEOREM. There exist generalized characters p,, n > 1, of F, such that the

corresponding formal power series M has the following properties:
(i) For each x € F,, there exists a positive integer N, such that M(x) €

Fo(N,)—i.e., M(x) is a Iy(N,)-invariant meromorphic function on 5

(i1) N, = |x| - h, where h is a divisor of g.c.d. (24, |x|), depending on x; and

(i) If x =1, then M(1) = J(q) — 744, where J(q) denotes the Jacobi
modular function.

Furthermore, for each x € G, there is a subgroup T'y(N,) < H, < GL; (R)
such that

(1) Xy_has genus zero (i.e., is topologically a sphere);

(2) M(x) is meromorphic on Xy, ; and

(3) Every meromorphic function on Xy, is a rational function of M(x) (so that
M(x) is a normalized generator of the field of meromorphic functions on Xy, ).

There is very strong evidence that the p, are, in fact, ordinary characters.

In a major recent work, Frenkel, Lepowsky, and Meurman [59] have
succeeded in relating F, and its associated Griess-Norton algebra B to
so-called “vertex operators” on infinite-dimensional graded vector spaces.
Here we can only give a conceptual description of their results.

First, with each even lattice A, they associate in a natural way an infinite-di-
mensional graded symmetric algebra, which they then tensor with the group
algebra of A over a field of characteristic 0 containing suitable roots of unity.
This yields a graded vector space V,. For each a € A, the vertex operator
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X(a,§) is a precisely defined map from ¥, to the set V,{{} of all formal
Laurent series 3___ v,{", v, € V,, in the indeterminate {, defined in terms of
suitable exponential series. The coefficient x,(n) of {” is an operator on V, for
each n. Frenkel, Lepowsky and Meurman refer to this as the homogeneous
representation Or picture.

A variation of this construction leads to a second space V), using a slight
modification of the infinite-dimensional graded symmetric algebra from which
V, was defined as well as a suitable finite-dimensional module T for a central
extension A of A. The x,(n) also operate on ¥}, and they refer to this as the
twisted representation or picture.

Finally, they define X *(a,{) = X(a,{) + X(-a,{) and denote the coeffi-
cient of {" in X *(a, $) by x2(n).

This describes the formal context in which Frenkel, Lepowsky, and Meur-
man operate. Their first result, which is the key to their work, is quite general:
with suitable restrictions on A and its module 7, they are able to determine the
operator

[x:(m), x;(n)] fora, € Aand m,neZ

in either the homogeneous or twisted picture when the inner product (a, 8) of
a, B is 0, -1, -2, or -4, with the stipulation that 8 = —a in the last case. [Here
[x(m), xz (n)] denotes the Lie product of x;(m) and xz(n).]

They then apply this entire machinery to the case A = Leech lattice, with T
the uniquely determined 2'?-dimensional irreducible module for the 2-fold
cover A of A. [In its action on 7, A/ker(A) is an “extra-special” group of
order 2] In this case there is an involution # acting on ¥, and V}, whose
+ 1-eigenspaces split V,, V} into Vi + V7, Vi* + V™, respectively, and the
crucial space for the action of F; and its Griess-Norton algebra B is

V="Vi+ V.
V is a graded vector space with gradings running from +1 to — co:
(o o]
v= Y V.,
n=-1

Furthermore, from the definition of 8, it is immediate that the x} (n) act on V.
Here are the two principal results which Frenkel, Lepowsky, and Meurman
prove. First, let f,,(q) be the formal power series

fr(q) = il(dimV_,,)q'ﬂ

THEOREM. We have f,(q) = J(q) — 744.

Thus dim ¥V, = 0 and for n # 0, dimV_, is precisely the coefficient of ¢" in
the expansion of J(g). Hence the theorem gives a functorially described
graded module associated with the modular function J(gq).
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Next, we write (F,, B) for F| acting on B.
THEOREM. V is a graded module for (F, B) in a precisely defined sense.

There then is the marvelous infinite-dimensional Lie algebra connection of
F, with the modular function. It is clear that it will take some time for the full
significance of these spectacular results to be understood.

C. Model Theory. The classification theorem has already found two striking
applications in model theory. The first of these was proved by Cherlin,
Harrington, and Lachlan [40] and independently by B. L. Zilber [154].

THEOREM. A totally categorical theory with no finite models cannot be finitely
axiomatized.

A theory is said to be totally categorical if any two models of the theory of
the same cardinality are necessarily isomorphic.

The proof of the theorem involves a study of so-called ““strongly minimal
sets” (which I shall not define) and their automorphism groups, which in turn
reduces to the classification of certain types of primitive Jordan groups. Here a
group G acting faithfully as permutations of a set & (of arbitrary cardinality)
is said to be a Jordan group provided there exists a finite subset X of £ with
|X| > 1and | — X| > 1 such that the subgroup G of elements of G leaving
X set-wise invariant acts transitively on £ — X. [Double transitivity corre-
sponds, of course, to the case in which the given condition holds with | X| = 1.]

The primitive Jordan groups arising as automorphism groups of strongly
minimal sets turn out to be “geometrically locally finite” in a well-defined
sense (they arise as limits of certain sequences of finite primitive Jordan
groups). The classification of the doubly transitive finite simple groups enables
one to determine all finite primitive Jordan groups and, in turn, all infinite
such groups. [There are precisely three types of infinite primitive Jordan
groups that are geometrically locally finite, corresponding to the cases in which
Q has no structure, Q has the structure of an infinite-dimensional affine vector
space over some GF(q), or an infinite-dimensional projective space over some
GF(q) and correspondingly G = 2o, AGL(£2) < G < ATL(Q), or PGL(Q) <
G < PTL(Q)]

It should be noted that Zilber has given a (very difficult) proof of the
classification of geometrically locally finite primitive Jordan groups, using a
combination of combinatorial analysis, logic, and algebra, so that the classifi-
cation of the simple double transitive groups can be avoided here. However,
the theorem effectively illustrates how a question in logic reduces to one
concerning finite groups.

The second result, due to Cherlin and Lachlan [41], at present requires the
full simple group classification theorem and has no other proof. I shall not
state the theorem precisely; it provides a classification of “stable theories in
finite relational languages” in which it is possible to “eliminate quantifiers.”

However, I shall state the permutation-theoretic result on which the theorem
depends, the proof of which uses the classification theorem.
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PROPOSITION. Let r and s be positive integers. Then there exists a positive
integer f(r,s) such that for any transitive permutation group G on a set Q of
cardinality > f(r,s) for which the number of orbits of G on the Cartesian
product Q> = Q X @ X @ X Q X Q is less than s, there exists a subset X of Q of
cardinality r such that G/G* = =, where G* denotes the normal subgroup of
Gy of elements leaving each point of X invariant.

[Gx/G?¥ is the permutation group induced on X by its set stabilizer G .]
These results suggest that the classification of the simple groups may well
play an important role in future developments in mathematical logic.

3. Whither finite group theory? For a time there was a feeling that comple-
tion of the classification proof might well lead to the demise of finite group
theory—not to those areas of the subject such as representation and character
theory, solvable groups, nilpotent groups, etc., which had always had a life
independent of the classification theorem, but rather to those parts that had
developed out of the “local group-theoretic” techniques underlying the classifi-
cation proof. And it is true that some simple group theorists have switched
their interests to such fields as number theory, infinite group theory, or
geometry. But as the number of significant applications of the theorem has
grown, it has become increasingly apparent that the vitality of finite group
theory has remained intact, for the classification theorem and the techniques
its proof generated are opening up entire new research directions, not only of
intrinsic interest, but ones that can be expected to yield significant applications
in the future.

I shall limit myself here to two particularly active areas of current research:
the first concerns the interrelationship between representations of groups and
maximal subgroups, the second describes recent developments in the theory of
groups of “weak Lie type,” a broad generalization of the notion of a group of
Lie type, whose study involves a delicate interplay of local group-theoretic and
geometric techniques.

A. Representations and maximal subgroups. Aschbacher [17] has suggested
that, in view of the classification theorem, it is important to develop techniques
which reduce questions about arbitrary finite groups or their representations to
questions about simple groups or more precisely about “almost” simple
groups.

The latter is an important group-theoretic notion, so let me define it. First, a
group K is said to be quasisimple if K is a perfect central extension of a simple
group—i.e., K = [K, K]and K/Z(K) is simple.

In particular, simple groups are quasisimple (the case Z(K) = 1). However,
the groups K = SL,(g), n > 3 or n = 2 and ¢ > 3, for example, are quasisim-
ple, but not necessarily simple. Indeed, if, say, » is even and ¢ is odd, the
matrix —7 is a nontrivial element of Z(K).

A group X is said to be almost simple if X contains a normal quasisimple
subgroup K such that X/Z(K) is a subgroup of the automorphism group
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Aut(K/Z(K)) of the simple group K/Z(K). [Note that Z(K), being char-
acteristic in K, is normal in X, so X/Z(K) is well defined.] Thus an almost
simple group is obtained from a simple group by adding “decoration” at the
“bottom” (Z(K)) and at the “top” (outer automorphisms).

Now consider Aschbacher’s observation for permutation representations of a
group G. The indecomposable permutation representations of G are its transi-
tive such representations and these are in a natural one-one correspondence
with the conjugacy classes of its subgroups, while the irreducible permutation
representations of G are its primitive representations, which are in one-one
correspondence with the conjugacy classes of its maximal subgroups. Thus to
reduce questions about such indecomposable representations to questions
about such irreducible representations, one needs information about maximal
subgroups containing a given subgroup—i.e., maximal “overgroups” of sub-
groups. One would also like to be able to reduce questions about maximal
subgroups of G to questions about almost simple groups.

These overgroup and reduction-to-simplicity questions have direct analogues
for linear representations of groups, both over fields of characteristic 0 or
p>0.

Depending on the specific situation being studied, the analysis may involve
the classification theorem, general group-theoretic methods, the geometry of
the classical groups, the theory of algebraic groups, or properties of the
sporadic groups.

I shall describe a few of the results obtained in these directions, the first
being a theorem of O’Nan and Scott [21].

THEOREM. Let G be a primitive permutation group acting on a set  and let N
be the product of all minimal normal subgroups of G. Then one of the following
holds:

(i) N is an elementary abelian p-group for some prime p acting regularly on
(ie, N=Z,XZ,X - XZ, N is transitive on Q, and no nonidentity
element of N fixes any point of Q); or

(1)) N= N, X N, X --- XN,, for suitable isomorphic nonabelian simple
groups N, 1 < i < m.

In the case of (ii), the theorem gives much more detailed information,
asserting that G has one of three possible actions and general structures. We
mention only the first of these, for it shows how the analysis of the general
primitive permutation group reduces to the study of such almost simple
groups.

This alternative asserts that there exists a subgroup G, of the automorphism
group of N, with the following properties

(1) if |Q| = n, then n = n{" for some integer n, and G, acts as a primitive
permutation group on a set @, of cardinality »,; and

2) If Gy, G,,...,G,, denote isomorphic copies of G,, B denotes the
symmetric group on the set {G,,G,,...,G,}, and A denotes the direct
product G; X G, X --- XG,, then G is isomorphic to a subgroup of
the “semidirect product” of 4 by B [in the language of group theory,
G < (G, wreath Z,)].
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Thus (1) reduces the action of the primitive group G to that of its primitive
almost simple subgroup G,, while (2) describes the general relationship be-
tween the structure of G and that of G,. The other two possibilities of the
theorem likewise provide reductions for the analysis of primitive permutation
groups.

As a corollary of the theorem, together with the classification of the simple
groups, one obtains an essentially complete solution of a long-standing permu-
tation group problem: the determination of all primitive permutation groups of
prime power degree not containing a regular normal subgroup (in particular,
all such simple groups).

Furthermore, in this same terminology, Aschbacher and Scott [21] have
given a complete general description of the maximal subgroup M of G
determining the given permutation representation.

We turn next to linear representations. Aschbacher has obtained the follow-
ing result for the classical groups [12].

THEOREM. Let G be a finite classical group of characteristic p and let V be the
natural module for G. Then there exists a prescribed collection M(G) of
subgroups of G such that if X is any subgroup of G, one of the following holds:

(i) X is contained in some element of #(G); or
(ii) X is almost simple and acts absolutely irreducibly on V.

The set A (G) consists of stabilizers of subspaces or sets of subspaces,
normalizers of classical groups over subfields or extension fields of the field of
definition of V, normalizers of subgroups preserving a tensor product decom-
position of V, or normalizers of certain so-called “extra-special” subgroups.

Seitz has been systematically analyzing the absolutely irreducible subgroups
X of the general linear group G = GL(V'), with V of characteristic p > 0 and
X a group of Lie type of characteristic p, reducing questions to those for the
corresponding algebraic groups X and G = SL(V), where V is defined over
the algebraic closure F, of GF( p).

Here is a first result of Seitz [94] in the same spirit as the above.

THEOREM. If Y is a subgroup of G containing X, then with a finite number of
(low Lie rank) exceptions for X, the normal closure of X in Y is an elementwise
commuting product of groups Y|, Y,,...,Y,, where each Y, is either a group of
Lie type of characteristic p or an alternating group.

In essence, this reduces the general problem to the almost simple case
Y = Y;. In this case Seitz’s goal is to reduce to the following algebraic group
problem.

(1) X< Y<G=SL(V);

(2) X and Y are simply connected algebraic groups;
(3) The representation of X on V is irreducible; and
(4) The representation of ¥ on ¥ is rational.

(%)
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Concerning the algebraic group problem (*), Dynkin [47, 48] has obtained a
complete solution of the corresponding characteristic 0 problem in two long
and difficult papers. In particular, as a corollary, he has determined all
maximal connected subgroups of classical groups in characteristic 0. However,
as Seitz notes, the problem in characteristic p is considerably more involved
because some of Dynkin’s reductions fail and, in addition, there are embed-
dings with which Dynkin did not have to contend.

I conclude with one of Seitz’s algebraic group results, which is important for
his general theory [116].

THEOREM. If X and Y have the same rank as algebraic groups, then the
following holds:
(i) X = B,(F). C,(Fy). Fy(F,), or Gy(Fy);
(ii) X is generated by a suitable subsystem of root subgroups in a fixed root
system of Y; and
(ili) V is completely specified as a Y-module, determined by a suitable
dominant weight.

These results should give a good indication of the direction of current
research in this important topic.

B. Groups of weak Lie type and parabolic systems. The groups of Lie type
possess a very precise, uniformly described internal structure, determined by
generation by their parabolic subgroups. Moreover, with the set of parabolics
of such a group G there is associated a natural geometry, on which G acts as a
group of automorphisms. These geometries are examples of what Tits calls
“spherical buildings” of rank r, where r is the Lie rank of the given group
G—1i.e., the rank of the Weyl group W of G. A fundamental result of Tits [145]
gives a complete geometric classification of spherical buildings of rank > 3,
showing, in effect, that every such building arises as the associated building of
some group of Lie type.

In the course of the simple group classification proof, finite group theorists
were forced to investigate certain groups generated by a set of “parabolic
subgroups” satisfying conditions somewhat looser than those of a group of Lie
type. These groups, too, possess natural associated geometries, which were then
studied abstractly and the results fed back into the classification proof.

Moreover, beginning with the work of Buekenhout [38] and of Ronan and S.
Smith [114], there developed, quite apart from the classification proof, an
interest in finding such geometric descriptions of the sporadic groups in terms
of their subgroup structure. I might also mention here Timmesfeld’s subse-
quent lovely work on “single-bond” geometries [143] and Aschbacher’s com-
prehensive investigation of the subgroups of sporadic groups containing a
given Sylow p-subgroup and their associated geometries [19]. In fact, since
completion of the classification, there has been a very intense effort to place
this “parabolic-geometric” chapter of simple group theory in a general setting.

I shall refer here to the class of groups involved as groups of weak Lie type.
Such groups are generated by a parabolic system of subgroups. The associated
geometries are known as chamber systems.






