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MAXIMUM ENTROPY AND THE MOMENT PROBLEM 

H. J. LANDAU 

Introduction. The trigonometric moment problem stands at the source of 
several major streams in analysis. From it flow developments in function 
theory, in spectral representation of operators, in probability, in approxima­
tion, and in the study of inverse problems. Here we connect it also with a 
group of questions centering on entropy and prediction. In turn, this will 
suggest a simple approach, by way of orthogonal decomposition, to the 
moment problem itself. 

In statistical estimation, one often wants to guess an unknown probability 
distribution, given certain observations based on it. There are generally in­
finitely many distributions consistent with the data, and the question of which 
of these to select is an important one. The notion of entropy has been proposed 
here as the basis of a principle of salience which has received considerable 
attention. We will show that, in the context of spectral analysis, this idea is 
linked to a certain question of prediction by the trigonometric moment 
problem, and that all three strongly illuminate one another. The phenomena 
we describe are known, but our object is to unify them conceptually and to 
reduce the analytic intricacy of the arguments. To this end, we give a 
completely elementary discussion, virtually free of calculation, which shows 
that all the facts, including those concerning the moment problem, can be 
understood as direct consequences of orthogonal decomposition in a finite-di­
mensional space. We then describe how, in its continuous version, this leads to 
a view of second-order Sturm-Liouville differential equations, and conclude 
with some questions concerning the connection between combinatorial ideas 
and orthogonality in this problem. 

Entropy and statistical inference. Suppose that we are interested in the 
distribution of some quantity, but know only the values of certain averages 
defined by that distribution, which are insufficient to specify it uniquely. For 
example, we might have tossed a six-sided die fifty times, wishing to find how 
often each face appeared, but were able to observe only the average value of 
these faces. What should we select as an appropriate distribution, on the 
strength of the available information? Various criteria have been proposed to 

Received by the editors May 21,1986. 
1980 Mathematics Subject Classification (1985 Revision). Primary 42A70; Secondary 42A05, 

62M15, 94A17, 60G25. 

©1987 American Mathematical Society 
0273-0979/87 $1,00 + $.25 per page 

47 



48 H. J. LANDAU 

guide the choice; we focus on the following argument, which brings into play 
the notion of entropy, prominent in information theory. 

Suppose that an experiment, which can have k different results, is performed 
in a (long) run of N repetitions. If the z'th result occurred nt times in the run, 
we denote by f = nt/N its realized frequency', clearly, f ^ 0, £ ƒ, = 1. A set 
{/J of such numbers is called a distribution ƒ, and the quantity Hf = 
-£f=i ft log/) is termed the entropy of that distribution. 

There are kN distinct possible outcomes for a run of N trials of the 
experiment. Of these, the number which give rise to a particular distribution of 
frequencies f v . . . , fk is W = N\/(Nf1)\ • • • (Nfk)\, whence, for large N, 
Stirling's formula shows (\ogW)/N to be asymptotic to Hf. Thus distributions 
having entropy close to the maximum are realized in the greatest number of 
ways, hence occur most often in the list of all possible outcomes. Suppose now 
that we cannot directly observe the realized frequencies f v . . . , fk in a run, but 
that some process of measurement has fixed the values of certain functions of 
the {ƒ)}. If, correspondingly, we restrict consideration to only those runs in 
which the frequencies satisfy these prescribed constraints, the same counting 
argument again shows that the vast majority have frequency distributions for 
which the entropy is close to the maximum attainable under the constraints. 

In its limiting asymptotic form, this phenomenon was known already to 
Laplace. For constraints that are linear in the { ƒ,}, a more precise quantitative 
description, as a function of N and of the number of constraints, has been 
given by E. T. Jaynes in the entropy concentration theorem [20]. This result 
allows an accurate estimate of how sharply the entropy is concentrated, and 
shows that distributions whose entropy is close to the maximum predominate 
among all the possible outcomes even for relatively small values of N. Thus the 
frequency distribution having greatest entropy, subject to the constraints, can 
be viewed as the most representative of the class of candidates, and therefore a 
good guess for the unknown frequencies underlying the observed data. 

One can also express this in the language of information theory where, 
intuitively, the information associated with an outcome measures how surpris­
ing its occurrence is among the various possible outcomes. In these terms, as 
the entropy-maximizing distribution is encountered most often in the ensem­
ble, it is the least informative, for a different one would exclude the bulk of 
possibilities and thereby convey more information—indeed, the argument 
goes, more than the data warrant. 

In sum, the distribution with largest entropy, which fits the observations, is 
recommended as the most typical of the possibilities or, equivalently, as the 
most appropriate to the available information. The formulation here is de­
liberately combinatorial, so as to yield clear-cut conclusions, free of the 
complications attendant on interpreting probability as frequency. Nevertheless, 
it seems sensible—albeit with less precise justification—to use this distribution 
also to represent the probabilities in a probabilistic model of the experiment. 

The reasonableness of entropy maximization as a selection mechanism is 
independently supported by the axiomatic analysis of J. E. Shore and R. W. 
Johnson [36], which establishes that criterion as the only method of inference 
satisfying certain consistency conditions. Moreover, the principle that nature 
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favors the states of largest entropy was introduced with striking success by 
Maxwell, Boltzmann, and Gibbs into statistical mechanics, where it continues 
to play an important role. The observation [38] that all of the probability 
distributions commonly encountered in statistics maximize the entropy, under 
suitable choice of linear constraints, further buttresses these ideas. 

Finally, we note that, when generalized in the form of Kullback-Leibler 
information, entropy is connected with other statistical problems as well, For 
example, it can guide the updating of a prior guess of an unknown distribution 
in the Ught of new evidence [37]. It also enters into the analysis of the 
interesting EM algorithm, often used to find the maximum likelihood estimate, 
namely, that probability distribution in a given family which is most likely to 
have generated the observed data [13,12,39]. 

Stationary time series. A particular estimation problem of the preceding 
type, which occurs often and in various contexts, concerns a time series: that 
is, a sequence { Xk } of random variables characterized by a family of distribu­
tions that specify probabilities for the joint occurrence of values of finite 
subsets of the variables. These probability distributions define expected value, 
denoted by $( • ), for functions of the random variables. Interpreting the index 
k as time, such a sequence is termed stationary if each of these distributions is 
independent of the choice of time-origin, that is, if 

P r o b ^ - i ^ ^ , \Xi2- v2\< e29...,\Xim- vm\< em] 

is unchanged when il9..., im are shifted to ix 4- j , i2 + j , . . . , im + j , for any 
choice of j , m, ik9 vk, and ek, 1 < k < m; it is called stationary in the wide 
sense if merely the expectation of quadratic functions, #(Xi+JXk+j), is inde­
pendent of y, for all i and k. 

Stationary time series are used successfully to model a wide range of 
fluctuating phenomena, from samples of speech to geophysical measurements 
to economic variables. Typically, what is known in such applications, or can be 
estimated from observation by averaging, consists of autocorrelation coefficients 
ck = S(XtXi+k) = S(XQXk\ for a finite set of values k = 0 , . . . , N, and the 
question is how to select an appropriate probabilistic description of the process 
on the basis of this information. 

In a remarkable, incisive analysis [6, 9], J. P. Burg introduced the criterion of 
maximum entropy into this problem and solved it explicitly: the entropy-maxi­
mizing distribution corresponds to the Gauss-Markov (autoregressive) process 
of minimal order (these terms to be defined later) having the given correla­
tions. He also noted that his process produced the poorest prediction from the 
past; this gives a different sense in which it is least informative. Much has been 
written about this method, and several proofs are available [10, 11, 18, 20, 34, 
and references therein]. 

Here we will draw on basic considerations connected with the trigonometric 
moment problem to show, from first principles, that a natural finite-dimen­
sional orthogonal decomposition underlies all of the results in this area, 
including those associated with the moment problem itself. 
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The trigonometric moment problem. The trigonometric moment problem 
asks when a given sequence 1 = c0, cl9... of complex numbers can be 
represented in the form 

ck = j-(2,,e>k°dt(0), k>0, (1) 

with some positive measure d\i(6)9 generally assumed to have an infinite 
number of points of increase. This representation illuminates an extraordinary 
range of subjects, including analytic and harmonic functions, the spectral 
theory of operators, prediction theory, and approximation; as M. G. Krein has 
pointed out, it also constitutes an archetypal inverse problem [27,14]. Defining 
c-k = Ck> clearly a necessary condition for (1) is that 

£ I ctjakcj_k > 0, (2) 

for any choice of a finite number of nonzero {cij}9 since by (1) this quadratic 
form equals (l/27r)/o

2*|Ltf£e'^|2<ijti(0). Requirement (2) turns out also to be 
sufficient. The classical proofs exploit the positivity in (2) mainly by means of 
convexity. To summarize broadly the lucid exposition of [1], one such interpre­
tation, rich in connections with function theory, was introduced by 
Carathéodory, Toeplitz, Herglotz, and F. Riesz, who showed that, on associat­
ing {ck} with f(z) = c0/2 + Lf^ickz

k
9 sequences satisfying (2) correspond 

to analytic functions in \z\ < 1 with positive real part; an integral representa­
tion of this convex family based on the Poisson formula then yields the 
desired form (1) for the coefficients. The related function g(z) = 
{f(z)-f(0)}/{f(z) + /(O)} maps the unit disk into itself. By repeatedly 
applying Schwarz's lemma and a linear fractional transformation to g(z), 
Schur derived an explicit characterization of such maps g, which in turn 
generates all moment sequences. It is interesting that this algorithm now 
figures in simulating certain physical systems, and in signal processing [21, 23]. 
Alternatively, an elegant argument due to M. Riesz begins with convexity of 
polynomials having the form \Lakz

k\2
9 uses (2) to define a positive linear 

functional on such polynomials, and extends this functional with its positivity 
preserved to the manifold of step functions, where it is given by a measure. 
Finally, the beautiful memoir of M. G. Krein [26], interpreting (2) to mean that 
the point (l9Recl9lmcl9...,Rtck,lmck) in (2k + l)-dimensional space hes 
in the convex hull of the curve generated by (1, cos 0, sin0, . . . , cos k09 sin kd\ 
0 < 0 < 2TT, obtains (1) by a representation of points in convex bodies, and 
develops this idea into the far-reaching generalization of Tchebycheff spaces 
[25]. 

Here we suggest a différent approach: we use (2) to define a scalar product 
for polynomials of degree n9 and systematically apply orthogonal decomposi­
tion. The various features—orthogonal polynomials, recursions, reflection 
coefficients, quadrature formulas, prediction—of the problem, and their inter­
relationship, emerge naturally from this geometric setting. 

A scalar product. Since the quadratic form (2) is positive definite, let us think 
of it as defining a scalar product on the linear space of finite sequences 
(a09al9...9ak) or, equivalently, on polynomials. Specifically, for n > 0, let 
1 = c 0 , . . . , cn be given and satisfy (2). Let C„ denote the (n 4- 1) X (n + 1) 


