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1. Introduction. Riemannian differential geometry originated in attempts to
generalize the highly successful theory of compact surfaces. From the earliest
days, conformal changes of metric (multiplication of the metric by a positive
function) have played an important role in surface theory. For example, one
consequence of the famous uniformization theorem of complex analysis is the
fact that every surface has a conformal metric of constant (Gaussian) curva-
ture. This provides a “standard model” for each homeomorphism class of
surfaces, and reduces topological questions to differential geometric ones.

Life would be simple if the naive generalization of this theorem held in
higher dimensions: every n-manifold would have a conformal metric of con-
stant curvature, and questions in differential topology would be reduced to
geometric questions about the constant-curvature models. However, it is easy
to see that this cannot be true. In general the problem is highly overde-
termined: the curvature tensor has on the order of n* independent compo-
nents, while a conformal change of metric allows us to choose only one
unknown function. For example, if n > 4, the Weyl tensor, formed from the
components of the Riemannian curvature tensor, is conformally invariant and
vanishes if and only if the metric is locally conformally equivalent to the
Euclidean metric. From this point of view it seems natural instead to seek a
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conformal change of metric that makes only the scalar curvature (the complete
contraction of the curvature tensor) constant, for then we are looking for one
unknown function to satisfy one condition. Thus we are led to:

The Yamabe Problem. Given a compact Riemannian manifold (M, g) of
dimension n > 3, find a metric conformal to g with constant scalar curvature.

In 1960, H. Yamabe [Y] attempted to solve this problem using techniques of
calculus of variations and elliptic partial differential equations. He claimed
that every compact Riemannian n-manifold M has a conformal metric of
constant scalar curvature. Unfortunately, his proof contained an error, dis-
covered in 1968 by Neil Trudinger [T]. Trudinger was able to repair the proof,
but only with a rather restrictive assumption on the manifold M. In order to
understand the restriction, let us describe Yamabe’s approach.

Suppose (M, g) is a compact Riemannian manifold of dimension » > 3
(which we will always assume is connected). Any metric conformal to g can be
written § = e?/g, where f is a smooth real-valued function on M. If S and §
denote the scalar curvatures of g and g, respectively, they satisfy the transfor-
mation law:

§=e (s +2n-1)af~(n—1)(n-2)|v/]),

in which Af denotes the Laplacian of f and Vf its covariant derivative,
defined with respect to the metric g. This formula is considerably simplified if
we make the substitution e?/ = @?~2, with p = 2n/(n — 2) and § = ¢? ’g:
(1.1) §=(p1_p(4z__—;Atp+ Sqo).

NOTATION. Throughout this paper, we will use the following notations:

. 2n n—1
n=dimM > 3; p—m, a—4n_2,
Thus § = p?~2g has constant scalar curvature A iff ¢ satisfies the Yamabe
equation:
(1.2) Op = Ap? L.

This is a sort of “nonlinear eigenvalue problem.” The analytic properties of
the equation O¢ = A@? depend critically on the value of the exponent ¢: when
g = 1, the equation is just the linear eigenvalue problem for 0. When g is close
to 1, as we will see in §4, its analytic behavior is quite similar to that of the
linear case, and the problem is easily solved. When ¢ is very large, the methods
based on linear theory break down altogether. It happens that the exponent
qg=p—1=(n+ 2)/(n— 2) that occurs in the Yamabe equation is precisely
the critical value, below which the equation is easy to solve and above which it
may be impossible. This accounts for the analytic complexity of the Yamabe
problem.

Yamabe observed that equation (1.2) is the Euler-Lagrange equation for the
functional

(1.3) 0(8) =",

O=aA+ S.
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where g is allowed to vary over metrics conformally equivalent to g. To see
this, observe that Q can be written Q(g) = Q(¢? %g) = Q,(¢), where

0,(9) = E(0)/llol3,

1/p
— 2 2 — 7
E(o) = [ avol +se'av,, loly= ([ lof ar,] .
Then for any ¢ € C*(M), integration by parts yields

d 2 -p
= + ¢ = alp + Sp — E Py dv,.
a2e )| ol fM( ¢+ Sp ~llol, E(e)e? )y av,
Thus ¢ is a critical point of Q, if and only if it satisfies the Yamabe equation

(1.2) with A = E()/ll9ll2.
Since by Holder’s inequality |/, S¢?| is bounded by a multiple of ||@||3, it
follows easily that O, (and thus Q) is bounded below. We set

(1.5)  A(M)=inf{Q(g): & conformalto g}
= inf{Q,(¢): @ a smooth, positive function on M }.

(1.4)

This constant A(M) is an invariant of the conformal class of (M, g), called the
Yamabe invariant. Its value is central to the analysis of the Yamabe problem.

The solution of the Yamabe problem follows its historical development. It is
summarized by three main theorems.

Trudinger’s modification of Yamabe’s proof worked whenever A(M) < 0.
In fact, he showed that there is a positive constant a( M) such that the proof
works when A(M) < a(M). Now it is easy to show (see §3) that A(M) <
A(S™), where S” is the sphere with its standard metric. In 1976, Thierry Aubin
[A2] extended Trudinger’s result by showing, in effect, that a(M) = A(S") for
every M. This established:

THEOREM A (YAMABE, TRUDINGER, AUBIN). The Yamabe problem can be
solved on any compact manifold M with A\(M) < A(S™), where S" is the sphere
with its standard metric.

This result shifts the focus of the proof from analysis to the problem of
understanding the essentially geometric invariant A(M). The obvious ap-
proach to showing that A(M) < A(S") is to find a “test function” ¢ with
Q,(®) < A(S™). Aubin [A2] sought such a function compactly supported in a
small neighborhood of a point P € M. By carefully studying the local geome-
try of M near P in normal coordinates, he was able to construct such test
functions in many cases, proving the following theorem.

THEOREM B (AUBIN). If M has dimension n > 6 and is not locally conformally
flat then A\(M) < A(S™).

The remaining cases are more difficult because the local conformal geometry
does not contain sufficient information to conclude that A(M) < A(S™). These
cases thus require the construction of a global test function. This was done by
Richard Schoen [S] in 1984. His theorem completes the solution of the
Y amabe problem.
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THEOREM C (SCHOEN). If M has dimension 3, 4, or 5, or if M is locally
conformally flat, then N\(M) < A(S") unless M is conformal to the standard
sphere.

Schoen’s proof introduced two important new ideas. First, he recognized the
key role of the Green function for the operator 00; in fact, his test function was
simply the Green function with its singularity smoothed out. Second, he
discovered the unexpected relevance of the positive mass theorem of general
relativity, which had recently been proved in dimensions 3 and 4 by Schoen
and S.-T. Tau [SY1, SY2, SY4]. A curious feature of Schoen’s proof is that it
works only in the cases not covered by Aubin’s theorem.

The proof of Theorem C actually requires an n-dimensional version (as yet
unpublished) of the positive mass theorem, which was announced by Schoen in
[S]. The 5-dimensional case appears to be a straightforward generalization of
the 4-dimensional proof in [SY2]. The higher-dimensional case is more dif-
ficult. However, for n > 6 the result is needed only for locally conformally flat
manifolds; Schoen and Yau [SY6] have recently given an alternate proof for
this case (see §10).

The solution of the Yamabe problem marks a milestone in the development
of the theory of nonlinear partial differential equations. Semilinear equations
of the form (1.2) with critical exponent arise in many contexts and have long
been studied by analysts. This is the first time that such an equation has been
completely solved.

The aim of the present paper is to provide a unified expository account of
the proof of the Yamabe theorem, presenting for the first time the complete
solution in one place. This account should be accessible to anyone familiar
with enough differential geometry to feel comfortable with tensors, covariant
derivatives, and normal coordinates; and enough analysis to follow arguments
involving Sobolev and Holder spaces and basic elliptic regularity theory for the
Laplace operator.

The proof we present is self-contained (except for a central step in the
positive mass theorem), and incorporates several improvements over the proofs
currently available in the literature. Most importantly, we show how to recast
the local proof of Aubin and the global proof of Schoen in a single framework.

The key simplification is achieved by introducing a special coordinate
system, called “conformal normal coordinates”. These are analogous to geo-
desic normal coordinates on a Riemannian manifold, and greatly simplify local
analysis on conformal manifolds. (A related coordinate system was invented by
Robin Graham [G] to study conformal invariant theory.)

Using the Green function for O, we define a “stereographic projection” from
M minus a point to a noncompact manifold M with zero scalar curvature. We
then construct a test function on M whose Yamabe quotient is very close to
that of the sphere. Conformal normal coordinates allow us to obtain a precise
estimate of this Yamabe quotient. This shows that A(M) < A(S") provided a
certain quantity called the “distortion coefficient” is positive. This coefficient
measures the average behavior of the metric on M near infinity. In the case of
Theorem B, it is readily computed from the local conformal geometry of M,
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while in the case of Theorem C its positivity follows from the positive mass
theorem.

This approach, we feel, sheds considerable light on the relationship between
Theorems B and C, and eliminates the need for the “delicate perturbation
argument” that Schoen used to handle dimensions 4 and 5. It also shows that
the expansion of the Green function contains all the information needed to
prove that A(M) < A(S").

In §2 of this paper, we recall the notation and background material from
differential geometry and analysis that we will be using throughout the paper.
§3 is a discussion of the “model case” for the Yamabe problem, the sphere
with its standard metric. In §4, we complete the analytic part of the proof by
showing that the problem can be solved if A(M) < A(S").

Conformal normal coordinates are introduced in §5, and used to give a very
simple proof of Aubin’s theorem. In §6, we define a stereographic projection
for a compact manifold with positive Yamabe invariant, and derive the
asymptotic expansion of its metric explicitly to high order. In §7 we construct a
test function on M and compute its Yamabe quotient.

§88, 9, and 10 give a brief treatment of the positive mass theorem. In §8, we
introduce the physicists’ notion of mass of an asymptotically flat manifold,
and describe the physical motivation for the positive mass and positive action
conjectures. §9 discusses some analytic tools for asymptotically flat manifolds,
and §10 sketches a proof of the n-dimensional positive mass theorem. Finally,
in §11 we complete the proof of the Yamabe theorem.

We are indebted to Karen Uhlenbeck, who first introduced us to the
Yamabe problem, and to David Jerison, whose ideas about the expansion of
the Green function were very helpful in early conversations. We would also
like to thank Jean-Pierre Bourguignon for helpful comments on the manuscript.

2. Geometric and analytic preliminaries. In this section we collect some
notations and well-known facts from differential geometry and the theory of
linear partial differential equations on manifolds. Most of the results stated
here without proof can be found in [KN, A3, or GT].

Geometric notations. We use standard index notation for tensors. If g, are
the components of the metric tensor with respect to a coordinate system { x'},
g« and its inverse g’* are used to raise and lower indices: T/, = gf’T -« The
metric extends to an inner product on tensors of any type: for example, the
norm of the 2-tensor T with components T}, is |T|* = T, T/* = g/'g*"T, T,,.

Covariant differentiation is denoted by v. If f is a function on M, its
covariant derivative is the 1-tensor v/ whose components we will write f,. The
mth covariant derivative of f is the m-tensor v "f, with components f,l,2
If T is a tensor, indices of V™7 that result from differentiation will be
separated by a comma: for example, if 7}, are the components of a 2-tensor T
as above, then the components of ¥ *T are denoted by T}, .

The Euclidean volume form dx! A --- Adx" on R” w111 be denoted by dx.
The standard volume form on the unit (n — 1)-sphere in R”* will be denoted by
dw, and we write dw, = r" 'dw for the volume form on the sphere S, of
radius r. We let w denote the volume of the unit sphere, and w, = r" 1. If g
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is a Riemannian metric, dV, denotes its Riemannian density, which is defined
whether or not M is oriented. In local coordinates, dV, = (det g)'/?|dx|.

The divergence operator is the formal adjoint ¥ * of v, given on 1-forms by
V*» = —w,; . On a compact manifold with boundary it satisfies the diver-
gence theorem

[ vredr,= = [ w(N)an,

where g is the induced metric on 9M and N is the outward unit normal. (If M
is oriented this is just Stokes’ theorem. If not, it follows from Stokes’ theorem
on the oriented double cover of M.) The Laplacian is the second-order
differential operator A given on functions by

(2.1) Au=v*vu= —(det g)_l/za,.(g‘f(det g)l/laju).

On a compact manifold without boundary the divergence theorem yields the
“integration by parts” formula

[ (vo.vuyav, = [ vhuav,.

The Riemannian curvature tensor is the tensor with components R,
computed in a coordinate system {x’'} by:

Rijkl = <R(ak>al)aj’ai>’
where R is the curvature operator R(V, W) = [V, V] — V(- It satisfies
the Ricci identity

(2-2) Wikt~ Wik = Rijklwi

for any one-form w, dx’, and the Bianchi identities:

(2~3) Rijkl + Riklj + Riljk =0, Rijkl,m + Rijlm,k + R 0.

ijmk, —
The Ricci tensor is the contraction R, = R"jk, of the curvature tensor, and
the scalar curvature is the trace S = R/ of the Ricci tensor. M is said to be
Einstein if its Ricci tensor is a scalar multiple of the metric, or equivalently if
the traceless Ricci tensor B;; = R;; — (S/n)g;; vanishes. Contracting the
second equation in (2.3) on the indices i, k and again on j, /, we obtain:

(2.4) S, — 2R .=0.

It follows that an Einstein manifold has constant scalar curvature.
The remaining components of the curvature tensor constitute the Weyl tensor
W, with components:

1
Wikt = Riju — 'm(Rikgﬂ = R 8j+ R;8i — R,g.)

S
+ . e ).
T = 1) (n = 2) (88 ~ 8uB)



THE YAMABE PROBLEM 43

(This formula is chosen so that the trace of W on any pair of indices vanishes.
W vanishes identically if n = 3.) Using the definitions of W and B, we can
write the curvature tensor as a sum of three parts:

1
Rijui= Wi + m(Bikgjl = B8+ B8 — Bjkgil)
S
+ m(gikgj: ~ 8u&r)-

In particular, if W =0 and B = 0, the curvature tensor is completely de-
termined by the (constant) scalar curvature S, and M is said to have constant
curvature. It is well known that a complete, simply connected manifold of
constant curvature is isometric to R”, S, or n-dimensional hyperbolic space.

If g = e*/g is a metric conformal to g, one can compute the components of
the curvature tensor R of § in terms of those of the curvature of g. The results
we will need are the transformation laws for the Ricci and scalar curvatures:

(2.5) Ru=Ry—(n=2)fu+(n=2)ffi +(Af =(n = 2)ff) g5
(2.6) S=e(S+2n-1)Af—(n—1)(n-2)ff).

As in the introduction, this can be rewritten in the form (1.1). One computes
also that the Weyl tensor is conformally invariant: W', = W',,.

A Riemannian manifold M is said to be locally conformally flat if it is locally
conformal to Euclidean space. It is a classical result (see for example [E, §28])
that for n > 4 the Weyl tensor vanishes identically if and only if M is locally
conformally flat.

The operator O = aA + S, where a = 4(n — 1)/(n — 2), is called the con-
formal Laplacian. 1t is conformally invariant in the following sense. If § =
@”? %g (with p = 2n/(n — 2)) is a metric conformal to g, and O is similarly
defined with respect to g, then computing A in terms of A and using the
transformation law (1.1) for scalar curvature, one finds that

(2.7) O(e~tu) = ¢ P0Ou.

Analytic preliminaries. Suppose P is a linear partial differential operator on
a manifold M. If u and f are locally integrable functions on M, we say u is a
weak (or distribution) solution to the equation Pu = f if, for every smooth
compactly supported function g,

jM uP*pdV, = fM fodv,,

in which P* is the formal adjoint of P, obtained from P by formally
integrating by parts. (In particular, A* = A.)

There are many function spaces used in solving differential equations; a
nonlinear problem such as the Yamabe problem requires the use of a number
of them. Therefore, we begin by defining the spaces we will be using.
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If ¢ > 1, the Lebesgue space LI(M) is the set of locally integrable functions
u on M for which the norm

1/q
q
lull = ([, 1",
is finite.

If in addition k is a nonnegative integer, the Sobolev space L}(M) is the set
of u € LY(M) such that Pu = f € LIY(M) (in the weak sense) whenever P is a
smooth differential operator of order < k. We define the Sobolev norm || ||, ,
on L}(M) by:

1/q

k
i9
Jullos = (EO/M vl ay,

The space C¥(M) is the set of k times continuously differentiable functions
on M, for which the norm

k

lullek = X sup |v'ul
i=0 M

is finite. Then the Holder space C**(M) is defined for 0 < « < 1 as the set of
u € C¥(M) for which the norm
k _ ok
Julls = Jule + sup 1774 =V 2el2)]
x.y |x =yl

is finite, where the supremum is over all x # y such that y is contained in a
normal coordinate neighborhood of x, and v “u( y) is taken to mean the tensor
at x obtained by parallel transport along the radial geodesic from x to y. As
usual, C*(M) and C*(M) denote the spaces of smooth functions and smooth
compactly supported functions on M, respectively. We note that if M is
complete, C*(M) is dense in Lj(M).

The relations among these spaces are expressed in the following theorems.

THEOREM 2.1 (SOBOLEV EMBEDDING THEOREMS FOR R").
(a) Suppose

r q n’
Then L}(R") is continuously embedded in L'(R"). In particular, for q =2,
k=1,r=p = 2n/(n — 2), we have the following Sobolev inequality:
2 2
(28) lols <o.f [voldr, e Li®).

We will call the smallest such constant o, the n-dimensional Sobolev constant.
(b) Suppose 0 < a < 1, and

Then Lj(R") is continuously embedded in C*(R"). O
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We can transfer these results to a compact manifold M by covering M with
small coordinate patches, applying the above theorems in normal coordinates,
and summing the results with a partition of unity. The general results are
expressed in the following theorem.

THEOREM 2.2 (SOBOLEV EMBEDDING THEOREMS FOR COMPACT MANIFOLDS).
Suppose M is a compact Riemannian manifold of dimension n ( possibly with C*
boundary).

(@ 1f

1
-2
r

_k
n’

Q|

then LZ(M ) is continuously embedded in L'(M).

(b) (RELLICH-KONDRAKOV THEOREM) Suppose strict inequality holds in (a).
Then the inclusion Li(M) C L'(M) is a compact operator.

(c) Suppose 0 < a < 1, and

Then L} (M) is continuously embedded in C*(M). O

It is an important fact, due to Aubin, that in a certain sense the Sobolev
inequality holds with the same constant on any compact manifold M. We
present here a simple proof of this result. The technique is typical of the proofs
of Theorem 2.2.

THEOREM 2.3 (AUBIN [A1]). Let M be a compact Riemannian manifold with
metric g, p =2n/(n — 2), and let o, be the best Sobolev constant defined in
Theorem 2.1(a). Then for every € > O there exists a constant C, such that for all
¢ € C*(M),

2 2
lolls < (1 +e)o, [ Ivel'av,+C,[ o*av,.

PrROOF. Fix & > 0. Around each point P € M we can choose a neighbor-
hood U such that, in normal coordinates on U, the eigenvalues of g, are
between (1 + €)~! and (1 + ¢), and furthermore dv, = fdx where (1 + e)~!
< f< (@1 + &). Choose a finite subcover {U;} and a subordinate partition of
unity, which we may write as {a?}, where a; € C*°(M) and La? = 1. Then
we have

2
ol =191z =| S aie?
i

» 2/p
<Z([, lasl av,)

p/2

2 >\
<(1+e) /pZ(fU la,o| dx) .
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The Sobolev inequality on R” (2.8), together with our estimates on the
deviation of g and dV, from the Euclidean metric, imply

2/p
([t as| <o [vtam o,
y Y

2
<(+e)o,[ |V(ae)| dv,
U
where | |, represents the Euclidean metric in normal coordinates. Furthermore,
2 2
v(a9)| = allvel + 209(va,ve) + ¢ va,|’

< (1 +e)allvel +(1+e)elva,l;
the last line follows from the Cauchy-Schwartz inequality and the inequality
2ab < ga? + ¢~ b2 Thus for & small,

lol, < 0 +4e)0,L [ olvol'av, + C.L [ ¢Plvel av,
iy i vy

2
< (1 +4e)o,| |vol dV,+ C/| ¢*dv,. ]
(1 +4e)a, [ Vol av,+ /[ ¢av,
Next we turn to the analysis of the Laplace operator A.

THEOREM 2.4 (LOCAL ELLIPTIC REGULARITY). Suppose (2 is an open set in R”,
A is the Laplacian with respect to any metric on Q, and u € L} (Q) is a weak
solution to Au = f.

(@) If f€ LY(RQ), then u€ L}, ,(K) for any compact set K € Q, and if
u € LY(Q) then

g 0 < C(18ulLz3cay + Ny )-

(b) (Schauder estimates). If f€ C*%(Q), then u € CK*>%(K) for any
compact subset K € Q, and ifu € C*(Q) then

”“”ck”'“(x) < C(”A””c"'ﬂ(ﬂ) + "u”C"(Q))' a

By a procedure similar to that mentioned above, these results can be
transferred to a compact manifold.

THEOREM 2.5 (GLOBAL ELLIPTIC REGULARITY). Let M be a compact Rieman-
nian manifold, and suppose u € L' (M) is a weak solution to Au = f.
(@) If f€ LY(M), thenu € L}, ,(M), and
lullg.e+2 < C(IAullge +Ilullq).
(b) If f € C**(M), thenu € C****(M), and
lullcxeze < C(lAullcre +ullce). o
THEOREM 2.6 (STRONG MAXIMUM PRINCIPLE). Suppose h is a nonnegative,

smooth function on a connected manifold M, and u € C*(M) satisfies (A + h)u
> 0. If u attains its minimum m < 0, then u is constant on M. O
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PROPOSITION 2.7 (WEAK REMOVABLE SINGULARITIES THEOREM). Let U be an
open set in M and P € U. Suppose u is a weak solution of (A + h)u =0 on
U— (P}, withh e L"*(U) and u € LYU) for some q > p/2 =n/(n — 2).
Then u satisfies (A + h)u = 0 weakly on all of U.

PrOOF. We need to show that
fU (ube + hup)dV, =0

for any ¢ € C*(U). Choose a € CX(U) with support in a ball Bi(P) of
small radius R around P, such that @ =1 in By ,(P), and define a,(x) =
a(x/e) in normal coordinates around P. Then «, is supported in B, (P).
Since (1 — a,)¢ is compactly supported in U — { P} and (A + h)u = O there,

fU (ubg + hug) dV, = fu(uA(aE(p) + huap) dV,.

We will show that the right-hand side goes to zero as ¢ — 0.
Note that hu is integrable by Holder’s inequality, and so the second term
above goes to zero as the support of «, shrinks. As for the first term, we have

A(ag) = pha, — 2(Va,, Vo) + aAg.
It is easy to check that [Va,| < C/e and |Aa,| < C/e? Therefore, if ¢! + r~!
= 1’

U ub(ag)dv,
U

< Ce‘zf |ulav,
BsR

1/r
< c8-2||u||l,(f3 dVg)
eR

< Ce/ull,

Since g > p/2 implies n/r > 2, this goes to zeroas ¢ = 0. O
Note that the example u = r>~" on Euclidean space shows that the hy-
pothesis ¢ > p/2 cannot be improved.

THEOREM 2.8 (EXISTENCE OF THE GREEN FUNCTION). Suppose M is a
compact Riemannian manifold of dimension n > 3, and h is a strictly positive
smooth function on M. For each P € M, there exists a unique smooth function T'p
on M — { P}, called the Green function for A + h at P, such that (A + h)[', = 6,
in the distribution sense, where 8y, is the Dirac measure at P. O

3. The model case: the sphere. The analysis of the Yamabe equation (1.2)
depends upon a precise understanding of the model case of the sphere S”. In
this section we will describe the solution to the Yamabe problem on S” and
prove that the infimum of the Yamabe functional (1.3) is realized by the
standard metric on the sphere. We will also show how this leads to the sharp
form of the Sobolev inequality on R". Using the extremals for this inequality
we will show that A(M) < A(S™) for any compact manifold M.






