92 BOOK REVIEWS

BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 18, Number 1, January 1988
©1988 American Mathematical Society
0273-0979/88 $1.00 + $.25 per page

Geometric theory of foliations, by César Camacho and Alcides Lins Neto.
Translated from Portuguese by Sue E. Goodman. Birkhauser, Boston,
Basel and Stuttgart, 1985, 205 pp., $42.00. ISBN 0-8176-3139-9

The word “foliation” stands out in the title of the book under review as
requiring explanation. For those who are predisposed to botanical terminology
(this definitely includes the reviewer) this term conjures up images which
are perhaps reminiscent of Desargues [20]. The term “structure feuilletée”
was coined by Georges Reeb [2, 16]. Later authors began using the briefer
“feuilletage” which was translated as “foliation.” Reeb winces at the botanical
interpretation and offers instead a gastronomic motivation [18]:

“A défaut de botaniste 1’assemblée comptera peut-étre un
patissier. La pate feuilletée—j’ai de bonnes raisons de le
croire—donne une bonne idée d'un feuilletage (de codimen-
sion 1 dans R3) dont elle dessine bien les feuilles et en suggere
des propriétés.”

Of course the more mundane translation to “sheeted” or “layered” shows
that the terminology is appropriate since it suggests the image of pages in a
book. Unlike the ill-fated terminology of Desargues, “foliation” has become a
mathematical household word.

A foliation is simply a decomposition of a manifold into a disjoint union
of immersed submanifolds (called leaves) of constant dimension such that
the decomposition is locally homeomorphic to the decomposition of R"® =
Rk x R™~* into the parallel submanifolds R* x {point}. The most classical
version of this is the “flow box” neighborhood of a point at which a vector
field is nonzero (k = 1). With this case in mind the study of foliations may
be thought of as a generalization of Poincaré’s study of differential equations
from the dynamic viewpoint [14]. One of the charming aspects of this subject
is that there are several sources of historical motivation. Reeb, for example,
derives inspiration from the study of differential equations in the complex
domain inaugurated by Painlevé. Differential equations is not the only field
which can claim the study of foliations. Geometers and topologists can also
participate and claim antecedents such as E. Cartan, C. Ehresmann, H. Hopf,
and H. Kneser.

The book under review deals with the principal results obtained in the
theory of foliations during the period 1947-1965. The earliest of these results
were the discovery of the Reeb foliation and the Reeb stability theorems [17].
H. Hopf had asked whether there is a completely integrable plane field on the
3-sphere. Reeb answered this question by constructing the now well-known
foliation having a single toral leaf with all other leaves planar and spiralling
towards the toral leaf. This example provided the justification for the further
qualitative study of foliations. Furthermore, its significance in motivating
later work of Haefliger and Novikov cannot be overstated.
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The Reeb stability theorems give information about leaves near a compact
leaf. The local version, which is true for any codimension, says that some
neighborhood of a compact leaf having finite fundamental group consists en-
tirely of compact leaves having finite fundamental groups. The arguments
used in the proof are variants of those associated with the theory of cov-
ering spaces. For foliations of codimension one of a compact manifold the
neighborhood can be taken to be the entire manifold; that is, every leaf of
the foliation is compact. Reeb also showed that similar statements hold for
perturbations of the original foliation. In [3] Ehresmann and Shih observed
that the hypothesis of having a finite fundamental group for the leaf can be
weakened. This involved the notion of holonomy. Based loops in the original
leaf can be lifted to nearby leaves in an obvious way which turns out to be
independent of the homotopy class of the loop. This procedure is a general-
ization of the classical Poincaré map of a periodic orbit of a flow, where the
periodic orbit is the loop and the lifted path is a nearby (generally not closed)
trajectory of approximately the same length. In this way, the fundamental
group of a leaf determines, by homomorphic image, a group of germs of local
homeomorphisms of R"~* which fix the origin. This image group (actually
its isomorphism class) is called the holonomy group of the leaf. The term
holonomy is from differential geometry and goes back to E. Cartan. Ehres-
mann’s motivation in selecting this term is the analogy between a foliation
and an integrable (i.e., flat) connection. With these refinements the local
Reeb stability theorem takes the following form.

THEOREM. If L 13 a compact leaf of a foliation which has a finite holo-
nomy group then there is a neighborhood of L consisting entirely of compact
leaves having finite holonomy groups. Furthermore, in a sufficiently small
neighborhood of L the compact leaves will all be covering spaces of L.

The thesis of Haefliger (7] contains further important advances in the qual-
itative study of foliations. One of these was the first essential use of the
classical arguments of Poincaré and Bendixson to prove the following result
concerning real analytic foliations of codimension one.

THEOREM (HAEFLIGER). If a compact manifold admits a real analytic
foliation of codimension one then the manifold has infinite fundamental group.

In particular, simply connected manifolds such as the 3-sphere do not have
analytic foliations of codimension one. It was already clear that the Reeb
foliation of the 3-sphere is not analytic because the holonomy group of the
toral leaf contains germs which are nontrivial even though they are the identity
on an open subinterval. It is precisely this phenomenon which Haefliger’s proof
detects. If a simple closed curve is everywhere transverse to the foliation then
it bounds an immersed disk which can be perturbed to be in general position
with respect to the foliation. This means that the singular foliation induced
on the disk has only Morse singularities (centers and saddles). This idea of
using surfaces in general position with respect to a codimension one foliation
was a significant advance of the theory.

Another major advance was made by Novikov [12]. Novikov’s paper stands
out from the rest of the literature in this field as having an unusually high
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ratio of inspiration to perspiration. The most famous results in this paper are
the compact leaf theorems. Kneser [11] had shown that every foliation of the
Klein bottle having one-dimensional leaves must have a compact leaf (circle).
Novikov showed that a codimension one foliation of a compact 3-manifold
having finite fundamental group must have a compact leaf; in fact, such a
foliated manifold must contain a solid torus foliated in the same manner as
the Reeb foliation. The techniques used by Novikov were similar to those of
Haefliger except that the phenomenon being sought was different. Novikov
showed that the hypotheses imply the existence of a one-parameter family
of embedded circles C; (¢t > 0), each of which is contained in a single leaf,
such that for ¢ > 0, C; is homotopic to zero in its leaf whereas Cp is not. In
the subsequent literature Cy is usually called a vanishing cycle. Novikov also
showed that any codimension one foliation of a compact 3-manifold having
nonzero second homotopy group must have a compact leaf (but not necessarily
a torus). The arguments in this case start with an embedded 2-sphere in
general position with respect to the foliation. The compact leaf theorems
take the following amalgamated form.

THEOREM (NOVIKOV). If M is a compact 3-manifold whose universal
covering space 18 not contractible then every codimension one foliation of M
has a compact leaf.

Significant advances in understanding the dynamics of codimension one
foliations were made by Sacksteder [15]. A minimal set of a foliation is a
nonempty compact set which is a union of leaves and which has no proper
subset satisfying these conditions. This notion was originally introduced
by G. D. Birkhoff in the context of lows. Understanding the nature of mini-
mal sets is the first step toward describing the structure of a foliation. In [1]
A. Denjoy had shown that a flow on the 2-torus which is twice continuously
differentiable and without stationary points can only have either a single pe-
riodic orbit or the entire torus as a minimal set. Denjoy also gave a coun-
terexample for the C! case, that is, a flow containing a unique minimal set
which is homeomorphic locally to the product of a Cantor set and an interval.
Inspired by Denjoy’s work and its generalization to flows on arbitrary surfaces
by A. J. Schwartz, Sacksteder obtained the following fundamental result.

THEOREM (SACKSTEDER). Suppose that M i3 a minimal set of a codi-
mension one foliation of class C? which is neither a single compact leaf nor
the entire manifold. Then for some leaf in M there is an element in its holo-
nomy group whose derivative (at the fized point corresponding to the leaf) has
absolute value < 1. In particular, the fized point i3 contracting and isolated
and the leaf has nontrivial holonomy and fundamental groups.

In the classical case the only possibilities for the leaf are the line, which is
simply connected, and the circle, so Sacksteder’s result is a generalization of
Denjoy’s.

Activity in the study of foliations has increased dramatically since 1965.
Evidence of this is provided by the massive bibliography compiled by Godbil-
lon [5]. In the process new directions of inquiry have been pursued. Among
these are the study of characteristic classes and classifying spaces for folia-
tions, questions of existence (on a particular manifold or even in a particular






