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PREFACE 

This article was widely circulated as a preprint, about 12 years ago. At that 
time the Bulletin did not accept research announcements, and after a couple 
of attempts to publish it, I gave up, and the preprint did not find a home. I 
very soon saw that there were many ramifications of this theory, and I talked 
extensively about it in a number of places. One year I devoted my graduate 
course to this theory, and notes of Bill Floyd and Michael Handel from that 
course were circulated for a while. The participants in a seminar at Orsay in 
1976-1977 went over this material, and wrote a volume [FLP] including some 
original material as well. Another good general reference, from a somewhat 
different point of view, is a set of notes of lectures by A. Casson, taken by 
S. Bleiler [CasBlei]. 

There are by now several alternative ways to develop the classification 
of diffeomorphisms of surfaces described here. At the time I originally dis­
covered the classification of diffeomorphism of surfaces, I was unfamiliar with 
two bodies of mathematics which were quite relevant: first, Riemann surfaces, 
quasiconformal maps and Teichmiiller's theory; and second, Nielsen's theory 
of the dynamical behavior of surface at infinity, and his near-understanding of 
geodesic laminations. After hearing about the classification of surface auto­
morphisms from the point of view of the space of measured foliations, Lipman 
Bers [Bersl] developed a proof of the classification of surface automorphisms 
from the point of view of Teichmüller theory, generalizing Teichmiiller's the­
orem by allowing the Riemann surface to vary as well as the map. Dennis 
Sullivan first told me of some neglected articles by Nielsen which might be 
relevant. This point of view has been discussed by R. Miller, J. Gilman, 
M. Handel and me. 

The analogous theory, of measured laminations and 2-dimensional train 
tracks in three dimensions, has been considerable development. This has 
been applied to reinterpret some of Haken's work, to classify incompressible 
surfaces in particular classes of 3-manifolds in papers by me, Hatcher, Floyd, 
Oertel and others in various combinations. Shalen, Morgan, Culler and others 
have developed the related theory of groups acting on trees, and its relation 
to measured laminations, to define and analyze compactifications of represen­
tation spaces of groups in SL(2, C) and SO(n, 1); this has many interesting 
applications, including the theory of incompressible surfaces in 3-manifolds. 
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Recently, Bestvina and Handel have developed a classification of automor­
phisms of the free group analogous to the classification of automorphisms of 
the fundamental group of a surface. 

Kerckhoff proved in his thesis that the modular group does not in general 
extend continuously to the Teichmüller boundary of Teichmüller space. Ker­
ckhoff and I later proved that the modular group does not in general extend 
continuously to the Bers boundary for Teichmüller space. In particular, it 
follows that the measured foliation compactification defined here is in general 
different from these two compactifications. 

The literature on this subject is now quite large, and I cannot even touch on 
all aspects of it here, such as algorithms, noncompact surfaces, handlebodies, 
measure theory, hyperbolic three-manifolds, etc. 

There would be no simple stopping point if I began to incorporate the more 
recent developments in the original paper, so it is being published here in the 
original form. 

The bibliography below is not exhaustive, and was not systematically as­
sembled, so that inclusion or noninclusion of a paper should not be taken as 
an indication of quality or relevance of the content. Nonetheless, I hope that 
it will be useful. 
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1. This paper is a description of some results about diffeomorphisms of 
surfaces, and the topology of surfaces. "Surface", in this paper, will mean a 
compact, connected surface, unless otherwise noted. Most of the proofs are 
deferred to the future. 

If M is a surface, we will denote by S^{M) the set of all isotopy classes of 
two-sided simple closed curves on M, not bounding a disk and not isotopic 
to M. It is easy to see that, for most surfaces, elements of <5^{M) can be 
quite complicated (cf. Figure 1). In working with simple closed curves, one 
gets the sense of some geometric concept of "nearness" among them, not 
closely related to the homotopy class, but having to do with how many strands 
pass around in a certain direction. We will shortly formalize such a concept, 
defining a completion of J5^(M), to be denoted £P<5*(M). It turns out that 
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&S?{M) is homeomorphic to a sphere, and S* (M) consists of a dense set of 
"rational" points on this sphere. From the coordinates of such a point, the 
corresponding simple closed curve can be drawn, rather mechanically, and 
quickly by a computer. 

FIGURE 1. A typical simple closed curve on a surface is 
complicated, from the point of view of someone tracing 
out the curve. 

^L5^(M) has two other interpretations. First, it is the space consisting of 
all equivalence classes of "measured foliations" on M (see §3). Second, it forms 
a boundary for the Teichmüller space of M, to which the action of the group 
of diffeomorphisms of M extends. 

With the aid of this tool, a canonical representative is found for every 
isotopy class of diffeomorphisms of M, well-defined up to conjugacy by dif­
feomorphisms isotopic to the identity. 

2. We denote by Mh,b,c the surface obtained from the sphere S2 by con­
nected sum with h tori, b disks and c projective spaces. We will sometimes 
use M% to mean M% 0 0. 

The classification of surfaces says that every surface is an M% b c ; that 
M2

yz+1+2k is synonymous with M^+fe + 1 ; and that these are all the rela­
tions. 

If a and /? are two members of J5^, we let i(a,f3) denote their geometric in­
tersection number, i.e., the minimum number of intersections of simple curves 
representing a and ft. 

PROPOSITION. (1) For every aeS* there is a f3 e 5? such that i(a, 0) ^ 
0. 

(2) For every pair of distinct a, o?2 G S*, there is a (3 G S? such that 

The map i: S? x S? —• R gives a map u : & ~• R ^ . In light of the 
proposition, i* (S") c R ^ — 0. We regard R ^ as a topological vector space 
with the product topology. There is an associated projective space P ( R ^ ) , 
with a projection 

P : R ^ - 0 - + P ( R ^ ) . 

P ( R ^ ) is given the quotient topology. 


