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presupposes a working knowledge of basic topics in dynamics such as sinks
and sources, saddle nodes and period doublings, none of which are pre-
cisely defined. There is a 12 page refresher course on manifold theory,
tangent bundles, manifolds with boundary and the like, and a 6 page sec-
tion devoted to transversality, structural stability, and genericity, but I'm
afraid that the reader will need to be previously exposed to these topics to
fully appreciate them. One can learn the preliminary material elsewhere,
as for example in the book of Guckenheimer and Holmes [GH]. Holmes
was Wiggins’ thesis advisor and, because of this, their books are naturally
complementary and provide a good “one-two punch” in applied dynamics.

Wiggins’ book is aimed primarily at the practicing applied scientist who
has encountered chaos in his or her work. It will undoubtedly give these
scientists an excellent bag of tricks necessary to recognize chaos and, more
importantly, to analyze it. In this endeavor, the book succeeds admirably.
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The modern theory of Markov processes in R? developed out of the
pioneering work of Kolmogorov, Feller, Lévy, It6, and Dynkin, and many
deep properties of the basic processes such as Brownian motion and Lévy
processes have been investigated. Moveover based on the seminal work
of Doob, the general theory of processes and stochastic calculus of semi-
martingales were systematically developed during the 1960s and 1970s (cf.
Dellacherie and Meyer [1] for a complete exposition). On the other hand,
the study of complex stochastic systems is still in its infancy. The book
under review contains two chapters each devoted to an important aspect
of this subject. The first chapter is devoted to the construction of con-
tinuous Markov processes in locally compact state spaces, including for
example manifolds of variable dimension and manifolds with boundary.
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This chapter is based on the theory of semimartingales and stochastic cal-
culus and in particular is based on a representation of continuous Markov
processes in terms of weak solutions to infinite systems of stochastic dif-
ferential equations. The second chapter “Randomly interacting systems of
particles” is a contribution the study of the collective behavior of large
interacting systems and has its origins in statistical physics. In particular
the limiting dynamics of the empirical measures of n-particle systems are
studied as the number of particles n — oc.

1. Stochastic equations for continuous Markov processes. One of the
most fully developed chapters of the theory of stochastic processes is that
concerned with continuous strong Markov processes in R?. Such a process
has an associated Feller-Dynkin semigroup {P,} of contraction operators
on Cy(R?), the Banach space of continuous functions vanishing at oo, fur-
nished with the supremum norm. If we assume that CZ(R¥) (functions of
compact support with continuous second derivatives) is contained in the
domain of the infinitesimal generator, L, of such a semigroup, then L has
the form

d d
(1.1)  Le(x) = % N bij(x)0%0/0x:i0x; + Y ai(x)0p/Ox;

i,j=1 i=1

where the coefficients are continuous (cf. Dynkin [2]). On the other hand
It6 showed that if the matrix b has a nonnegative square root ¢ and both
o and a satisfy Lipschitz and growth conditions then the corresponding
process exists and is characterized as the unique solution of the following
system of stochastic differential equations

m
(1.2) dxi(t) = a(x(1) dt + 3 ay(x(0)) dw;(2)
Jj=1
where x/(t) is the ith coordinate of the vector x(¢) and wy,..., w, are

independent standard Brownian motions. In this approach, which was
originally proposed by Lévy, the Brownian motions serve as fundamental
building blocks from which other processes are constructed. It is partic-
ularly important because it shows that locally such a process looks like a
Brownian motion with drift and in fact many sample path properties such
as nondifferentiability are similar to those of Brownian motion. On the
other hand, it is clear that these approaches do not exhaust all interest-
ing continuous strong Markov processes in R?. Moreover it is desirable to
have an approach which could be extended not only to locally compact
metric spaces but also to infinite dimensional spaces including for exam-
ple Hilbert spaces. Such an approach has been developed over the past 20
years based on the idea of martingale problem and this is described below.

Before going on to general locally compact spaces we should mention
that the “building block” approach was extended to processes with jumps
in the pioneering 1961 monograph of Skorohod [14]. In this monograph
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he introduced equations of the form

(1.3) dxi(1) = ai(e(e)) de + 3 o (e (t)) o 1)

=1
+/f(t,x(t),u)p(du x dt)

where p is a Poisson measure. The solution to equations (1.3) yields a
family {P,: x € R¢} of probability measures on Dgs where Dy denotes the
collection of right continuous functions having left limits from [0, co) into
E, furnished with the Skorohod topology.

Now consider a continuous Markov process {x;} on a locally compact
metric space E. Such a process is given by a family {P,: x € E} of prob-
ability measures on a filtered probability space (Q, 7, (#):c[0,00)) Where
x:Q — Cg (the space of continuous functions from [0, c0) into E) is
Fi-adapted and Py (xo = x) = 1. The function ¢ € Cy(E), the space of
continuous functions vanishing at infinity, is said to be in the domain D
of the quasi-infinitesimal operator A if there exists a bounded measurable
function g(x) such that

t
(1.4) L(9) = p(x0) - /0 g(x;) ds

is a #-martingale (with respect to Py for~all x € E). The process is said
to be a quasi-diffusion if for ¢,,..., 9, € D and F € C*(R") then

F(91(x),...,0n(x)) € D.
In this case 2 € D and the quadratic variation of {,(¢) is given by

(1.5) (@) = [0 [Ap*(x,) — 20(x;)Ap(x,)] ds

that is, {,(9)?—({(@)), is also a continuous martingale. Then ¢(x;,) satisfies
the stochastic differential equation

(1.6) do(x,) = Ap(x;) dt + dli().

The main idea is now to attempt to characterize the probability laws
{Py: x € E} of processes of interest as solutions to the martingale problem
(1.4-1.6). Note that the martingale problem can be viewed as a collection
of integral equations for the measures {P,: x € E}; for example, if s < ¢,
and g is bounded and .%,-measurable,

Ex((S(p) — Es(9)g) =0

where E, denotes expectation with respect to P.

In a striking demonstration of the power of the martingale problem ap-
proach, Stroock and Varadhan [15] established the existence of diffusions
with generators of the form (1.1) under the assumption that the coeffi-
cients are bounded and continuous but without the Lipschitz conditions
imposed by Itd. Since then their approach has been successfully applied to
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infinite particle systems, infinite dimensional processes and various limit
theorems.

The main idea of Chapter I is to reformulate a solution to such a martin-
gale problem as the solution to a system of stochastic differential equations.
In particular, it is established that there exists a Hilbert space H-valued
Wiener process, w(-), defined on some extension of the original probability
space and a F-adapted measurable function b,(¢): R, x D — H such that

(L.7) do(x:) = a(p, x) dt + (b(p, x,), dw(t))n

where a(p, x) := Ap(x). The proof of (1.7) is based on a general repre-
sentation theorem for families of continuous martingales in terms of an
H-valued Wiener process.

A solution to equation (1.7) is called weakly unique if any two processes
satisfying it have the same probability laws on Cg. Clearly weak uniqueness
is essential in order to characterize a process using either the martingale
problem or (1.7). Unfortunately in many problems the weak uniqueness is
difficult to establish (see Ethier and Kurtz [4] for a discussion of some ap-
proaches to this problem). On the other hand, in certain cases reminiscent
of Itd’s theory it is possible to establish “strong uniqueness” which in turn
proves weak uniqueness. For example assume that for ¢ € D, a subset of
D that separates points, the following Lipschitz type condition is satisfied

E(la(p.&) — a(p, n)* + |b(.&) — b(p. M%)
<c sup Elw (&) — w(n)

In this case it is proved that the solution satisfies strong uniqueness, that
is, given any two solutions x;, x of (1.7) with x;(0) = x,(0), then x,(¢) =
Xx>(t) for all ¢ a.s. Furthermore, in this case the solution X, is adapted with
respect to the filtration generated by w.

Chapter I also includes some convergence and Girsanov-type results in
this setting as well as a number of applications of the above ideas to diffu-
sions on manifolds with boundary and manifolds of variable dimension.

2. Interacting Markov systems. One of the most active areas of current
research in the theory of stochastic processes is the study of the collective
behavior of systems having a large number of degrees of freedom. For
example lattice systems with nearest neighbor interactions have been in-
tensively studied—refer to the recent book of Liggett [10] for an excellent
exposition of this direction. However many problems of lattice systems
remain unsolved and in statistical physics many systems have been stud-
ied in the simpler mean-field approximation in which the subsystems are
assumed to be exchangeable. This is the type of interaction to be discussed
below.

In statistical physics there is a long history of attempts to derive the
Boltzmann equation of the kinetic theory of gases from the molecular
level. Boltzmann derived his equation based on an assumption of molec-
ular chaos, namely, that the velocities of particles at fixed times are inde-
pendent. In his 1956 Berkeley symposium paper Kac [8] studied a model






