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In the past ten years, there have been a good number of developments
in information-based complexity theory; in addition, the field and related
issues have gained more attention in the mathematical community. This
book fills a need for information on recent developments, and it compre-
hensively describes older and better-known results.
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Beside its many applications in computational sciences and numerical
analysis, information-based complexity theory has a strong functional ana-
lytic leaning which might profitably be exemplified at this point. Given two
infinite dimensional normed linear spaces F and G and amap S: F — G,
consider the problem of how such a map might be best expressed in terms
of finite dimensional objects (the relevance of this question to real-world
computations may be clear, but we will discuss this further later).

For concreteness, let us given an example. Let F = H'(Q) be the
Sobolev space of functions on the bounded, simply connected domain
Q c R" with r derivatives which are square integrable. Let 4 be a uni-
formly elliptic differential operator of order 2m on Q (we will assume here
that r > —m). Given a function f € F and the problem Au = f, the so-
lution is given by u = Sf, where S = 4~!. One might imagine that Sf
could be computed by finding the integral kernel of S and integrating it
against f. If this map were implemented computationally, it is clear the
computer would have to be working with finite dimensional objects. The
procedure followed in the computation would first involve a truncation
of f to something finite dimensional which can be represented in a com-
puter. For example, / may be represented through its values at a finite
set of points or through a finite number of coefficients in an eigenfunction
expansion. Let us denote by N: F — R” the operator which “truncates” f.
The truncated object N f must then be operated on in order to calculate
(or approximate) the effect of the resolvent operator S on f. Let us denote
this second operation by ¢: R” — G = H["(Q2). Here H}"(2) denotes those
functions in H™() whose first m — 1 normal derivatives vanish on the
boundary 9Q. The essential problem here is (for fixed dimension n) to
find optimal N and ¢ so that the “computed” function ¢(N(f)) is a good
approximation to the solution S f, or equivalently, so that the diagram in
Figure 1 commutes to the greatest extent possible.

S
F > G
N ¢
Rn
FIGURE 1

It is interesting to note that in this case the so-called finite element
method used in numerical analysis has been analyzed by Werschulz [W]
in the context of this formulation. With properly chosen parameters the
method yields an almost optimal pair (N*, ¢*), denoted as “information”
and “algorithm,” respectively, for solving this problem. That is, the max-
imal error (for f in the unit ball of H"(Q)) of approximating Sf by
N*(¢*(f)) is no more than a constant multiple of that for the best possible
choice of (N, ¢) (using a linear information operator N). In this case, the
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information operator of rank n is N* f = ((f, s1), (f,52), ..., (f,sn)). Here,
(-,-) denotes inner product, and {s,} are basis functions for the family of
splines, i.e., functions in C™~!(Q) which are piecewise polynomials (on a
pre-defined triangulation of Q) of a fixed degree larger than 2m — r + 1.
The algorithm is a linear map ¢*: R” — H™ which when composed with
N* has the form ¢*(N*(f)) = 2;5=l(f, sj)gj, where the functions g; can
be pre-computed. Thus, an entirely different method from our initial sug-
gestion (which was finding a kernel and integrating against it) proves to
be almost optimal. Indeed, the finite element method described above has
long been used to solve partial differential equations.

In general, the process of applying N to f abstractly represents the ex-
traction of usable information from f; hence N is called an information
operator. The operator ¢ represents how the computer uses the informa-
tion N f in order to approximate the solution S f, and hence is called an
algorithm. To summarize the above discussion, the most basic paradigm
of information-based complexity is mathematically a study of the problem
of filtering infinite dimensional maps through finite dimensional spaces.

It should be mentioned that above, a numerical “cost” (or complexity)
can be assigned to the algorithm ¢, based on the types and number of
operations (e.g., addition, multiplication) the computation of ¢ involves.
It can be asked what the smallest cost is of a ¢ for which

sup [|Sf - d(N(N)Il <&
IfI<1

for given &, where || - || denotes norm in the space F or G. In the recent
work on complexity of root finding for real and complex functions, the
focus is on the minimization of this cost, based on the assumption of full
information about the function whose roots are to be computed. Study of
complexity of root finding was originally investigated extensively by Traub
[T], and has more recently been initiated by Hirsch, Smale, and Shub (see
[HS, S]).

Information-based complexity belongs to the field of analytic (or con-
tinuous) complexity theory, as opposed to combinatorial complexity. The
latter field is epitomized by the solution of problems which ask essentially
the number of permissible operations required to solve problems such as
matrix inversion or multiplication. These combinatorial complexity prob-
lems are also obviously important. Any nontrivial reduction in the enor-
mity of the number of steps in solving a problem is generally significant,
certainly asymptotically as the problem size becomes very large.

Analytic complexity has crystallized as a distinct field more recently.
Here numerical bit operations do not play a central role (indeed, such
calculations are generally assumed to have infinite precision), and basic
arithmetic operations (e.g., additions or multiplications of real numbers)
are treated as primitive operations. Into this latter category falls the recent
work in complexity of root finding for real and complex functions.

As indicated above, the approach in information-based complexity is
analytic rather than algebraic or combinatorial. It is motivated by a de-
sire to formalize approaches to the solution of analytic problems involving
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partial or contaminated information. To the analyst it may initially not
seem that many problems fall into this category, but it is indeed a fact that
they do, for the following reason. While the work of the typical analyst
involves relations of analytic objects such as functions and operators, the
relation of these objects to what one can get one’s hands on can be made in
only two ways. Sometimes analytic problems have exact analytic solutions,
and that is the end of it. However, existence of exact analytic solutions in
such situations is exceedingly rare. It may happen that one wants to get
one’s hands on the solution of a partial differential equation, and thus will
need to compute the resolvent of an operator applied to a given function.
It is unlikely that for a given function, the resolvent applied to it will be
exactly computable. The alternative, as in the above example, is to repre-
sent the function in a computer, and evaluate the resolvent applied to the
function by integrating against the resolvent kernel. Aside from the details
involved in such a procedure, it is clear that if one is confident of the accu-
racy of the computer’s ability to add and multiply with sufficient precision,
the essence of interest here should be in how the computer represents the
function internally, and what it does with that information once it has it.

Just as in combinatorial complexity theory, a central problem in inform-
ation-based complexity theory is how much work it takes to compute an
approximation such as the one mentioned in the second paragraph (com-
putational complexity). One can define work however one wishes, and this
is done typically by assigning numerical cost (or complexity) to the oper-
ations involved in computing the approximation ¢ o N, and asking what
choice of N and ¢ minimizes cost while producing an error smaller than
a given tolerance ¢. The ¢-complexity of a problem S is the minimal cost
of computing an approximation ¢ o N of S.

Just as in thermodynamics, where there are precise upper bounds on the
output of work from a thermodynamical system, there are similarly lower
bounds on the amount of work required to solve a problem; this work is
the complexity of the problem. An important aspect of this field is related
to the study of those lower complexity bounds.

Upper and lower bounds are of interest, and in some cases exact com-
plexities of problems can be obtained. For example, the complexity of
approximating a function in the unit ball of the Sobolev space of func-
tions in the unit cube of R" which have r derivatives is (under some mi-
nor assumptions) C(n,r) = O(1/¢""). This is, in order to identify such a
function f within ¢ units in L? norm, it is required that at least C(n,r)
linear functionals of f be calculated, and C(n,r) linear functionals also
suffice. (It turns out that in this case the costs of the operations involved
in computing the algorithm ¢ do not change the answer.)

One difference between the two approaches is that a desired accuracy
of approximation needs to be specified beforehand in analytic complex-
ity theory, while combinatorial complexity problems are generally solved
exactly.

A paradigm in information-based complexity is the identification of a
vector f in large or infinite dimensional space based on partial informa-
tion about that vector. If f is in the unit ball of a space H" of r-times






