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1. INTRODUCTION 

Intersection homology theory is a magnificent new tool for work­
ing with the common singular spaces, and it has engendered pro­
found results in topology, analysis, arithmetic algebraic geometry, 
^-module theory, and representation theory. When the spaces are 
smooth, the theory agrees with ordinary homology theory. How­
ever, when the spaces are singular, then it, unlike the ordinary 
theory, continues to satisfy Poincaré duality and the Künneth for­
mula. Moreover, when the spaces are projective algebraic varieties 
in any characteristic, then it continues to exist, and it satisfies the 
two Lefschetz theorems as well. There is a corresponding L -
deRham-Hodge theory, and when the spaces are complex projec­
tive varieties, then there is a pure Hodge structure. During the 
fifteen years that have elapsed since its discovery, intersection ho­
mology theory has stimulated the frenetic efforts of an unprece­
dented and ever increasing number of mathematicians, including 
many of today's most gifted; they have done some of the most 
important mathematics of the century. 

The book under review does not emphasize the historical devel­
opment of intersection homology theory. The following sections 
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may therefore help to introduce the contents of the book and put 
them in perspective. These sections are summarized from the au­
thor's fuller account.1 

2. DISCOVERY 

Intersection homology theory was discovered in the fall of 1974 
by Mark Goresky and Robert MacPherson. They were looking for 
a theory of characteristic numbers for singular spaces X. Pre­
viously, MacPherson and others had found several characteris­
tic homology classes, but homology classes cannot be multiplied. 
So, with the second homology operations in mind, Goresky and 
MacPherson hoped to find certain "intersectable" classes, whose 
intersection product would be well defined modulo certain "inde­
terminacy" classes. Moreover, they knew how to view cohomology 
groups on spaces with "Whitney" stratifications as the homology 
groups of certain "geometric" cycles, which can be made transverse 
to each other and to each stratum. 

Goresky and MacPherson relaxed the transversality condition 
on the cycles by allowing them to deviate from dimensional trans­
versality to each stratum of codimension k, for each k > 2 (by 
hypothesis there are no strata of codimension 1 ), within a toler­
ance specified by a function p(k), which they called the perversity. 
And they allowed the homologies to deviate in the same way. Thus, 
for each p(k) and each / , they obtained a new group IHf(X), 
and eventually they called it the "intersection homology group." 

The perversity p(k) is required to satisfy the condition p(2) = 
0 ; consequently, the /-cycle lies mostly in the nonsingular part 
of X, where it is orientable. If X is compact, then IHf(X) is 
finitely generated, and there are intersection pairings, 

IHj(X) x IHJ(X) - /<7_„(X). 

The (topological) normalization map X' —• X induces an isomor­
phism, 

IHf(X')^-+IHf(X). 

If X is normal, then IHf(X) ranges from the ordinary cohomol­
ogy group where p(k) = 0 for all k to the ordinary homology 

The development of intersection homology theory, in A Century of Mathematics 
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an interpretation of the retrospections of those interviewed, and not necessarily in 
accord with the retrospections of others. The author is grateful to Clint McCrory, 
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that fact. 
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groups where p(k) = k - 2 for all k ; if X is also compact, then 
the pairing generalizes the usual cup and cap products. Moreover, 
the theory extends to noncompact X when cycles with compact 
supports are used. 

Goresky and MacPherson realized that just as cohomology 
groups and homology groups are dually paired, so too the intersec­
tion homology groups of complementary dimension (i + j = n) 
and complementary perversity (p(k) + q(k) = k — 2) are du­
ally paired: Poincaré duality holds! Sullivan's 1970 problem was 
solved: If X is compact, has dimension 4/, and has only even codi-
mensional strata, then the middle perversity group IH^(X), where 
m(k): = L îrJ > carries a nondegenerate bilinear form, whose sig­
nature is invariant under cobordisms with even codimensional strata. 
In the summer of 1975, Goresky and MacPherson discovered that 
the growth condition p(k) < p(k + 1) < p{k) + 1 implies that 
the groups IHf(X) are invariant under restratification. During 
the academic year 1975-1976, they settled on working in the pl-
category, and benefited greatly from Clint McCrory's expertise on 
pl-transversality. 

3 . L2-COHOMOLOGY 

During the winter of 1975-1976, Jeff Cheeger found, indepen­
dently of Goresky and MacPherson, a cohomology theory satisfy­
ing Poincaré duality for essentially the same class of spaces X. 
Such a closed oriented pseudomanifold X carries natural piece-
wise flat metrics, and Cheeger formed the L2 -cohomology groups 
of the incomplete Riemannian manifold U obtained by discarding 
all the simplices of codimension 2 or more. Those are the coho­
mology groups HLJU) of the complex of real differential forms 
co on U such that 

ƒ w A * w < o o and / d co A * dco < oo. 
Ju Ju 

Cheeger found that Poincaré duality could be verified directly or 
derived formally, in essentially the same way as in the smooth case, 
from the action of the *-operator on the harmonic forms of the 
associated Hodge theory—in fact, the full Hodge theory holds— 
given a certain condition. The condition was later seen to hold 
whenever X has a stratification by strata of even codimension. 
The theory automatically works also if X is equipped with any 
metric that, on U, is quasi-isomorphic to the previous one; then 
X is said to have 'conical' or 'conelike' singularities. Cheeger 
eventually proved that he found a de Rham-Hodge theory dual to 
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Goresky and MacPherson's combinatorial theory for the middle 
perversity. 

Cheeger's discovery was an extraordinary byproduct of his work 
on his proof of the Ray-Singer conjecture. Cheeger's analytic 
methods in intersection homology theory yielded the first proof of 
the Künneth formula (the combinatorial approach had failed, be­
cause the product of two middle-allowable cycles is seldom middle 
allowable). Cheeger's methods have also yielded the only known 
explicit local formulas for the L-class and a vanishing theorem 
for the intersection homology groups of a pseudomanifold of pos­
itive curvature. Moreover, the general methods themselves have 
also had significant applications to other theories, including in­
dex theory for families of Dirac operators, the theory surrounding 
Witten's global anomaly formula, and diffraction theory. 

In the summer of 1977, Cheeger and MacPherson chatted. How­
ever they considered not the conical metric of a triangulation, but 
the Kàhler metric of a complex projective variety X with nonsin-
gular part U. They conjectured that (1) the L -cohomology group 
HLAU) is always dual to the intersection homology group IHt(X) 
under the integration pairing and (2) the standard consequences of 
Hodge theory—including the Hodge decomposition, the hard Lef-
schetz theorem, and the Hodge index theorem—are valid. Those 
conjectures were published in a 1980 paper of Cheeger's. With 
Goresky's help, Cheeger and MacPherson developed the conjec­
tures further, supported them with examples, and published them 
in 1982 in a joint article, which has inspired many people. 

4 . A FORTUITOUS ENCOUNTER 

At a 1976 Halloween party, MacPherson introduced Deligne to 
intersection homology theory, leading Deligne to write down his 
celebrated formula, 

IHJ(X) = /7"~'(IC-(X)) where n : = dim(X). 

The formula expresses IHf(X) as the hypercohomology group of 
the following complex of sheaves: 

lCp(X) : = T<p(n)Rin* ' ' ' T<p(2)Ri2*CX-X2 

where Xk is the union of all strata of codimension k or more, 
where Cx_x is the complex consisting of the constant sheaf of 
complex numbers concentrated in degree 0, where ik is the in­
clusion of X - Xk into X - Xk+l, and where x<k is the trun­
cation functor that kills the stalk cohomology in degree above k. 
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The complex IC^A") is, however, well defined only in the derived 
category—the category constructed out of the category of com­
plexes up to homotopy equivalence, by requiring a map of com­
plexes to be an isomorphism (to possess an inverse) if and only if 
it induces an isomorphism on the cohomology sheaves. 

In a seminar during the academic year 1977-1978, Goresky and 
MacPherson worked out the first proof of Deligne's formula, but 
it was complicated, and they decided to streamline it. They made 
steady progress during the next year, 1979-1980: They found sev­
eral axiomatic characterizations of IC^(Z), and used them to 

prove Deligne's formula and the topological invariance of IHf(X) 
(its independence of the stratification and the pl-structure), and to 
reprove the Künneth formula for the middle perversity m. They 
also adapted Grothendieck's sheaf theoretic proof of the Lefschetz 
hyperplane theorem for m . (The year before, while working on 
their new stratified Morse theory, they found they could adapt 
Thorn's argument to give the first proof of the Lefschetz theorem.) 

5. THE KAZHDAN-LUSZTIG CONJECTURE 

In 1978 David Kazhdan and George Lusztig found a new con­
struction of Tony Springer's /-adic representation of the Weyl 
group W of a semisimple algebraic group over a finite field. The 
representation module has two natural bases, and they tried to 
identify the transition matrix. Thus they were led to define, by 
an effective combinatorial procedure, some new polynomials P w 

with integer coefficients indexed by the pairs of elements y, w e 
W, and y < w , for any Coxeter group W. 

The two bases reminded Kazhdan and Lusztig of the two nat­
ural bases of the Grothendieck group of the (Bernstein-Gelfand-
Gelfand) category (?tTiy of certain infinite dimensional represen­
tations of a complex semisimple Lie algebra g : the basis formed 
by the Verma modules Mx and that by the simple modules L . 
Putting aside their work on the Springer representation, they fo­
cused on the transition matrix between the Mk and L , and were 
led to formulate the following conjecture: In the Grothendieck 
group, 

y<w 

or equivalently, 

w<y 
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where, as usual, p is half the sum of the positive roots, and I (w) is 
the length of w, the dimension of the Schubert variety Xw . That 
formulation was taken from one of Lusztig's papers; the original 
conjecture appeared in a joint paper, which was received for pub­
lication on March 11, 1979. 

Kazhdan and Lusztig felt that " P w can be regarded as a mea­
sure for the failure of local Poincaré duality" on the Schubert va­
riety Xw in a neighborhood of a point of the Bruhat cell By. 
At MacPherson's suggestion they wrote to Deligne. Deligne re­
sponded from Paris on April 20, 1979 with a famous seven-page 
letter. In it, he observed that the sheaf-theoretic approach works 
equally well for a projective variety X over the algebraic closure 
of a finite field with q: = pe elements, with the étale topology and 
sheaves of (^-vector spaces, / ^ p. The strata must be smooth 
and equidimensional, but it is unnecessary that the normal struc­
ture of X be locally trivial in any particular sense along each 
stratum; it suffices that the stratification be fine enough so that all 
the sheaves involved are locally constant on each stratum. Deligne 
stated that the Lefschetz fixed-point formula is valid for the Frobe-
nius endomorphism (f> : X —• X, which raises the coordinates of 
a point to the q th power. The fixed-points x of <$>q are simply the 
points x G X with coordinates in F^ , and the formula expresses 
their number (counted with appropriate multiplicities when they 
are singular points) as the alternating sum of the traces of </> on 

the IHl(X)\ here, as is conventional, the perversity is omitted 
when it is the middle perversity. 

Deligne wrote that he could not prove the following form of 
"purity": For every fixed-point x and for every i, the eigenvalues 
of <$>q on the stalk at x of the sheaf H'(IC'(X)) are algebraic 
numbers whose complex conjugates all have absolute value at most 
ql' . However, if purity holds, then so will the following two 
theorems, which Kazhdan and Lusztig had asked about: (1) (Weil-
E. Artin-Riemann hypothesis) The eigenvalues of c/>q on IHl{X) 
are algebraic numbers whose complex conjugates are all of absolute 
value qi/2 ; (2) (hard Lefschetz theorem) If [H] e H2(PN) denotes 
the fundamental class of a hyperplane H in the ambient projective 
space, then for all i, intersecting i times yields an isomorphism, 

(flLH]Y : IHd-\X) ^> IHd+i(X) where d : = dim(Z). 

Kazhdan and Lusztig then proved purity directly in the case of 
the Schubert varieties Xw by exploiting the geometry. In fact, they 
proved the following stronger theorem: The sheaf H2j+lIC'(Xw) 


