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§1. INTRODUCTION

During the past decades the mathematical theory of nonlinear
three-dimensional elasticity has undergone a considerable renewed
interest, reflected for instance by the books of Marsden and Hughes
[17], Ciarlet [8], and the book reviewed here.

The existence results available at the present time fall in two
categories:

In one approach (described in §§2 and 5) the problem is posed
as a system of three quasilinear partial differential equations of the
second order, together with specific boundary conditions (cf. (13)),
and one tries to obtain “local” existence results based on the im-
plicit function theorem; this approach, which was initiated by Stop-
pelli [18], is the central theme of the book under review.

In another approach (described in §§3 and 4), the problem is
posed as a minimization problem for the associated energy (cf.
(20)), and one tries to adapt the paraphernalia of the calculus of
variations (infimizing sequences, weak convergence, weak lower
semi-continuity, etc.) to this problem, which is “highly noncon-
vex”; this approach is the basis of a famous existence result of
Ball [3].

All these results apply to “static” equilibria, i.e. to problems that
are time-independent. While substantial progress has thus been
made in the study of statics, the mathematical analysis of time-
dependent three-dimensional elasticity still meets with inextricable
difficulties. The proofs of the available existence results “for large
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times,” even though they apply to only one space variable, are
already exceedingly delicate.

§2. THREE-DIMENSIONAL ELASTICITY

Detailed expositions of the mathematical modeling of three-
dimensional elasticity are found in Truesdell and Noll [19], Wang
and Truesdell [23], Gurtin [14], Marsden and Hughes [17, Chap-
ters 1-5], Ciarlet [8, Chapters 1-5].

The central problem in nonlinear, three-dimensional, static elas-
ticity consists in finding the equilibrium position of an elastic body
when it is subjected to applied forces. This body occupies a ref-
erence configuration Q in the absence of forces, where Q is a
domain in R® , 1.e. a bounded, connected, open subset of R® with
a Lipschitz-continuous boundary I'; in particular then, a unit nor-
mal vector n = (n;) exists almost everywhere along I'.

When subjected to applied forces, the body occupies a deformed
configuration @(Q), where the mapping ¢: Q — R’ , which is
called a deformation, must be orientation-preserving in the set Q
and injective on the set Q, in order to be physically acceptable
(the reason a deformation need not be injective on Q is that self-
contact must be allowed).

Let M® denote the set of all real matrices of order 3 and let

M. = {Fe M’; detF > 0}.

Then the orientation-preserving character of a deformation im-
poses that its deformation gradient V¢ (x), defined by

0,9, 9,0, 09, 5
0,90, 0,9, 030, |, where (9[:;97,

i

Vo =

0,93 0,05 0304

be in the set Mi forall x€ Q.

A body occupying a deformed configuration ¢(Q), and sub-

jected to applied body forces in its interior and to applied surface

forces on a portion ¢(I"}) of its boundary, where I'| is a subset

of I', is in static equilibrium if the fundamental stress principle of

Euler and Cauchy is satisfied. This axiom implies the celebrated

Cauchy theorem, according to which:

(i) There exists a tensor field T: Q@ — M’ that satisfies the

equilibrium equations over the reference configuration:

(1) {“‘“VT(X)=?(x, 9(x)), xeQ,
T(x)n(x) =g(x, Vo(x)), x€T,.
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or, componentwise,
2 {—23=16,~T,-,.<x>=f,.(x,¢<x>>, xeQ,1<i<3,
Y T,(0m,(x) = 8(x, Vo(x)), xel|,1<i<3.

(ii) The tensor T(x) = (7;;(x)), which is called the first Piola-
Kirchhoff stress tensor at the point x € Q, is the Piola transform

(3) T(x) = (det Vo (x))T? (9 (x)) Vo (x) ™"

of the Cauchy stress tensor T? (p(x)) at the point @(x); since the
Cauchy stress tensor is symmetric, one thus has, by (3),

(4) T(x)Ve(x) €S’ for all x € 3,

where S’ ={AeM’;A=A"}.

The mappings QxR - R and g: Qx Mi - R? respec-
tively measure the density of the applied body force per unit volume,
and the density of the applied surface force per unit area, in the ref-
erence configuration. For instance, a pressure load corresponds to
a density g of the form

(5) 8(x,Ve(x)=-n(detVp(x)Vo(x) 'n(x), xeT,,

where 7 is a real constant, called the pressure; the gravity field
corresponds to a density f of the form

(6) flx, p(x) = —gp(x)e,, xeQ,

where g is the gravitational constant, p(x) is the mass density,
and e, is the “third” basis vector, assumed to be “vertical” and
“upward oriented.” The density in (6) is that of a “dead load™:
an applied body or surface force is a dead load if its density is
independent of the particular deformation @ considered. Note in
passing that actual applied forces can seldom be modeled as dead
loads (except the gravity field, or a pressure load with 7 =0!).

The equations of equilibrium (1) must clearly be complemented
by equations that specify the nature of the constituting material
that is considered; the undetermination of equations (1) is also
clear from a mathematical standpoint, since there are three equa-
tions in (2) and nine unknowns, the three components of the de-
formation and the six independent components of the tensor T
(there are three equations in relation (4)).

A material is elastic if, at each point @(x) of the deformed con-
figuration, the Cauchy stress tensor T? (¢(x)) is solely a function
of x and of the deformation gradient Ve (x). Equivalently, by
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(3), a material is elastic if, at each point x € Q, the first Piola-
Kirchhoff stress tensor is expressed in terms of x and Ve(x)
through a constitutive equation of the form

T(x) = T(x, Vo(x)), or equivalently

() =T,(x, Vo(x)), 1<i, j<3,

where the response function
(8) T=(T): (x,FHeQxM, - T(x,F) e M’

characterizes the elastic material. Note that, by (4), the response
function must also satisfy

(9) T(x, FF s’ forall (x, F) e O x M.,

One must then take into account the axiom of material frame-
indifference, a general principle in physics that, loosely speaking,
asserts that any observable quantity with an “intrinsic” character
(here, the Cauchy stress vector) must be independent of the par-
ticular basis in which it is computed. As expected, the effect of
this axiom, also known as the axiom of invariance under a change
of observer, or the axiom of objectivity, is to reduce the class of
mappings of the form (8), and which satisfy (9), that may be used
in a constitutive equation (7) of an elastic material.

More specifically, let Oi denote the set of all rotations in R> ,
i.e., orthogonal matrices Q of order 3 with detQ = +1. Then an
elastic material is frame-indifferent if and only if, at each x € Q,

(10)  T(x, QF) = QT(x, F) forall Qe 0., Fe M..

As shown by Fosdick and Serrin [13], a noteworthy consequence
of relation (10) is that the response function T cannot be linear with
respect to its argument F € Mi if the reference configuration is a
natural state, i.e. if the stress tensor vanishes when @ = id (this
is equivalent to saying that T(x,I) = 0 for all x € Q). Note
in passing that this observation definitely rules out /inear partial
differential equations (as in (13) below) as a possible model of
elasticity!

Let us assume that the unknown deformation ¢ satisfies a
boundary condition of place, of the form

(11) ¢(X)=¢0(X), XGFO,

where ¢,: ') — R® isa given mapping, on the remaining portion
I, =T =T, of the boundary of Q. We recall (cf. (1)) that on
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I',, ¢ satisfies a boundary condition of traction, of the form
(12) T(x)n(x) =g(x, Vo(x)), xel,.

Note that the boundary conditions of place and traction far from
exhaust all the situations occurring in practice, where in particular
unilateral boundary conditions are quite common.

Assembling the various notions found so far, we are thus seek-
ing a deformation ¢@: Q — R’ that solves the following boundary
value problem of three-dimensional elasticity (we recall that a de-

formation must be orientation-preserving in Q and injective on
Q).

~divT(x, Vo(x)) =f(x, p(x)), xeQ,
(13) P(x) = @y(x), xeT,,
T(x, Vo(x)n(x) =g(x, Vo(x)), xel,.

This problem is called a pure displacement problem if ') = &, a
displacement-traction problem if area I'j > 0 and area I', > 0,
and a pure traction problem if Ty = &

Assuming appropriate differentiability, we can write the equa-
tions in Q found in (13) as

3. 0T, 29

x,Ve(x k

,,§1‘9sz( ?( ))6x6x( x)
3.0T,, -
- =(x,Vo(x)) = fi(x, p(x)), 1<i<3.

j=1 6xj

(14)

In the terminology of partial differential equations, such second-
order equations, whose higher-order terms are nonlinear functions
of Ve(x), are labeled quasilinear, by contrast with semilinear
equations, where the terms containing the partial derivatives of
the highest order are linear.

Quasilinear partial differential equations are considerably
harder to analyze than semilinear ones; this is one reason why
so many difficulties are encountered in the mathematical analysis
of three-dimensional elasticity.

§3. HYPERELASTIC MATERIALS

An elastic material is Ayperelastic if there exists a stored energy
function W: Q x M3 — R such that

~ ow

o 3
(15) T(x,F) = 5F —(x, F) forallx e Q, FeM_,
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or, componentwise,

T.(x F)-?—W—-(x F) forallxeQ, FeM’, 1<i, j<3
ij ’ - 8 I;vu ’ ’ +° —_ by .] = e

Applied bodz and surface forces are conservative if there exist po-

tentials F: QxR*> > R and G: I, x R® x Mi — R such that, for

any smooth enough vector fields 6: Q — R’ that satisfy 6 = 0

on I,

[Q Tx, p(x)) - 8(x)dx = F'(9)6,
(16)

with F(w)=/ﬁ(x, w(x))dx,
Q

/ g(x, Vo(x))-8(x)dx = G'(9)8,
T
(a7 °h A
with G(y) = /r Gx, w(x), Vw(x))dx,

where - denotes the Euclidean inner product in R’, and F "(9)
and G'(¢) denote the Fréchet derivatives at @ of the function-
als F and G. For instance, dead loads, or a pressure load, are
conservative.

If the material is hyperelastic and if the applied forces are con-
servative, solving the boundary value problem (13) is formally
equivalent to finding the stationary points of the total energy I,
defined by

(18)  I(y)= /Q W(x, Vy(x)dx - (F(w) + G(w)},

when w varies in a set of admissible deformations of the form

(19) O={y:Q— R3; w is injective on Q,
detVy >0in Q, y = g, on I}
In other words, the boundary value problem (13) forms the
Euler-Lagrange equations associated with the total energy; in par-
ticular, any minimizer ¢ of the functional I over the set @, i.e.,
any @ € @ that satisfies

(20) I(p) = inf I(w),

is a solution of this boundary value problem, provided it is smooth
enough (note that a minimizer is a particular stationary point).






