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ELLIPTIC METHODS IN SYMPLECTIC GEOMETRY

DUSA MCDUFF

The past few years have seen several exciting developments in
the field of symplectic geometry, and a beginning has been made
towards solving many important and hitherto inaccessible prob-
lems. The new techniques which have made this possible have
come both from the calculus of variations and from the theory of
elliptic partial differential operators. This paper describes some of
the results that Gromov obtained using elliptic methods, and then
shows how Floer applied these elliptic techniques to develop a new
approach to Morse theory, which has important applications in the
theory of 3- and 4-manifolds as well as in symplectic geometry.
To give some idea of the context of their results, we begin with a
section on symplectic geometry, which concentrates on questions
about symplectic diffeomorphisms. For more general recent sur-
veys of the field, see for example [A2], [E2], [G1], [G3], [H2], [V1],
and [V2].
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(2.4) Compactness
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The first three sections of §3 are independent of §2 apart from
some elementary definitions. In particular, (3.2) gives a self-
contained description of Floer’s approach to Morse theory. We
treat this here only in the context of symplectic geometry. How-
ever, because the Chern-Simons functional has analytic properties
very similar to those of the symplectic action functional, there is
another important application of these ideas to the study of 3-and
4-dimensional manifolds. This is beautifully described in Atiyah’s
survey article [At], and the details may be found in [F4]. See also
[T] and [W2] which give a very general context for the theory de-
scribed here.

I wish to thank Floer, Gromov, Hofer, Oh, Salamon, and
Weinstein for many useful comments and discussions, and Floer
for giving me some of his unpublished lecture notes which form
the basis for my treatment of the analysis.

§1. SYMPLECTIC GEOMETRY

(1.1) Basic notions. We will assume throughout that V7 is a
smooth compact manifold without boundary and of dimension
2n . A symplectic form (or symplectic structure) on V is a closed
2-form @ on V', which is nondegenerate in the sense that its high-
est power wA...Aw = " never vanishes. The simplest example
is the standard form

wy=dx, Ndx, +dx; Ndx,+...+dx,,  Ndx,,

on euclidean space R*" . The first theorem in symplectic geometry
is:

Darboux’s theorem. Every symplectic form is locally diffeomorphic
to the standard form w, on R*".

(For a proof see [A1] or [Wnl, §4]). Thus symplectic manifolds
all have the same local structure. It follows that all symplectic
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invariants are global in nature, which gives the subject a very dif-
ferent flavor from Riemannian or Kdhlerian geometry.

(1.2) Symplectic images of balls. A difftomorphism ¢ is said
to be symplectic if ¢*(w) = w. Since any such diffeomorphism
preserves the volume form " on V, the group Gsymp(V) of
symplectic diffeomorphisms is contained in the group Gy (V)
of volume-preserving diffeomorphisms of V. Volume-preserving
diffeomorphisms do not seem to have any special ggometric proper-
ties (apart from the fact that they preserve volume). For example,
it follows from Moser’s stability theorem for volume forms (see
[M] and [Kr]) that if D is any subset of R* which is diffeomor-
phic to the closed unit ball B = B™ (1) and has the same volume
as B, then there is a volume-preserving diffeomorphism g from
B onto D. A similar result easily follows for subsets diffeomor-
phic to the open unit ball: see [GS]. However, it is not hard to see
that such a set D need not be symplectically diffeomorphic to B,
since the restrictions of w to the boundaries of D and B need
not be equivalent. It is not so easy to rule out the possibility that
there is a symplectic diffeomorphism between the interiors of B
and D, or that the volume-preserving diffeomorphism g : B — D
may be uniformly approximated by symplectic embeddings of B
into R*".

Gromov’s celebrated squeezing theorem is the first major result
in this connection. (A proof will be sketched in §2. See also (3.5).)

Theorem 1.2.1. If there is a symplectic embedding g of the ball
B*(r) ¢ R*" of radius r into the product B*(R) x R*"™? c R* x
R 2 =R*, then r <R.

This theorem has many consequences. First observe that, be-
cause there are volume-preserving embeddings of B* (r) into
BZ(R) xR*? for any values of » and R, it implies that a volume-
preserving embedding g : B — R*" cannot always be uniformly
approximated by symplectic embeddings. By using Darboux’s the-
orem together with the isotopy extension theorem for volume-
preserving embeddings [Kr], it is not hard to deduce that, for
any compact symplectic manifold (¥, w), the group Gsymp( V) of
symplectic diffeomorphisms is not C%-dense in the group G (V)
of volume-preserving diffeomorphisms. But it is a consequence of
Gromov’s implicit function theorem that, at least if H I(V; R) =
0, there are no subgroups of G, (V) lying strictly between
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Gsymp(V) and Gy (V), except perhaps for G + symp(¥) which
consists of all volume-preserving diffeomorphisms /4 such that

h'(w) = +w. (Note that G,g (V) = Gg, (V), unless n is

even.) When H 1(V; R) # 0, the above statement may not be
quite true because of problems arising from the flux homomor-
phism. However, in any case, one can easily deduce:

Corollary 1.2.2. (See[G2, 3.4.4 (H)].) GSymp(V) is C%-closed in
the group of all diffeomorphisms of V .

A much simpler proof of this corollary was given by Eliashberg
in [E1] and rediscovered in [EH]. They observe that if {g,} is a
sequence of symplectic embeddings of (B, 0) into (Rz", 0) which
converges uniformly to a differentiable map g;, then Theorem
1.2.1 implies that the derivative dg,(0) of g, at 0 cannot map the

unit ball B into any set of the form L(B2 (R) xRZ"_z) , where R <
1 and L € Sp(2n, R) is a linear symplectic map. (This follows
because dg,(0) is approximated by suitable rescalings g, (x/?)
of the g, .) It remains to show that this fact implies that dg,(0)
itself belongs to Sp(2n, R), which is a question of linear algebra.

Another consequence of Theorem 1.2.1 is that it provides us
with ways to measure the symplectic size of subsets U of R*" . For
example, let proj denote the projection of R*" onto the (x> X,)-
plane and define ¢(U) by:

symp(R)}-

Clearly, c(U) is a symplectic invariant of U which is monotone
(i.e. c(U; < c(U,) if U, c U,). Further, because there are no
nontrivial invariants of closed regions of the plane under area-
preserving diffeomorphisms, it is not hard to see that

c(B*(1)) = c(B*(1) x R %) = area B*(1) = =.

This, together with the homogeneity property c(AU) = /lzc(U )
shows that, in contrast to the volume, ¢ is a 2-dimensional invari-
ant. It is one of the capacity functions considered by Ekeland and
Hofer in [EH]. As remarked by Weinstein, its existence is closely
related to the uncertainty principle, since it gives one a way to mea-
sure a quantity c¢(U) which can reasonably be thought of as the
“uncertainty” involved in predicting the pair (x,, x,) for points
(%[5 ..., Xy,) in the subset U of R”" . (Here one identifies R*”
with phase space T (R"), taking x, as the first spacial coordinate
and x, as its conjugate momentum.)

¢(U) = inf{area(proj g(U)): g € G
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There are many possible definitions of these symplectic capac-
ities: for example, Gromov defines a symplectic radius in [G1,
0.3.A], and in [EH] Ekeland and Hofer give a definition connected
with the behavior of the periodic orbits of the Hamiltonian flow on
the boundary of smooth regions U. However, the definitions all
seem to agree at least on ellipsoids. The properties of these func-
tions have been fruitfully explored by Viterbo, Hofer, Ekeland,
and Zehnder. Using variational methods which exploit the special
structure of (RZ” , @) , these authors developed a powerful theory
which is described in the survey articles [H2], [V1], and [V2]. As
shown in [H3], this theory also has important applications in the
study of symplectic diffeomorphisms of R*" . We will see in (3.9)
that one way to extend this theory to general symplectic manifolds
is by means of Floer’s elliptic techniques.

(1.3) Fixed point theorems. Another important group of ques-
tions concern the number of fixed points of a symplectic diffeo-
morphism. The prototypical result is:

(1.3.1) BirkhofP’s twist theorem. Let ¢ be an area-preserving dif-
Sfeomorphism of the annulus {(x,y), € R*:a<x*+ y2 < b}
which rotates the inner and outer boundaries in opposite directions.
Then ¢ has at least two distinct fixed points.

Note that this theorem is false without the twist condition since
a rotation has no fixed points on the annulus. It also clearly fails
if ¢ does not preserve area. In dimension 2, the symplectic and
volume-preserving cases coincide, and so when one tries to general-
ize a result such as this to higher dimensions, one can look either
in the symplectic or in the volume-preserving categories. How-
ever, just as in (1.2) the volume-preserving condition is too weak
to provide interesting results. In fact, using Gromov’s method
of convex integration one can construct a nonvanishing volume-
preserving (i.e. divergence free) vector field £ on any manifold of
dimension > 3 which has zero Euler class: see [G2, 2.4.3]. One
can even make ¢ irrotational (which is the appropriate version of
the twist condition). Hence, there is no volume-preserving ana-
logue of Birkhoff’s twist theorem. On the other hand, there is a
generalization to symplectic diffeomorphisms which are C !close
to the identity. To explain this, we must recall some facts about
Hamiltonian flows.






