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the complex Monge-Ampere operator. By first studying general
capacity set functions, the author focuses attention on the analytic
problems that arise in proving important properties of the capac-
ity, such as continuity under decreasing limits of compact sets.
The continuity of (dd‘u)” under bounded, monotone limits of
plurisubharmonic functions is proved, as is the equivalence of neg-
ligible sets (with respect to plurisubharmonic functions), pluripolar
sets, and sets of capacity zero. Other interesting applications are
given to the study of the (pluri-) Green function and Siciak’s global
extremal function, the analogue of the Green function with pole
at infinity in one complex variable.

The major shortcoming of the book is that it does not supply
any outline or overview of the subject. There should have been
some introductory material in each chapter that calls attention to
the main results and the direction one takes to prove them. Also, I
did not find any strong connection between the last three chapters
and the topics discussed in the first nine chapters. A surprising
omission in a book on capacities in several complex variables is
that there is no mention of some of the most interesting and im-
portant new capacities, such as the projective capacities studied by
Sibony and Wong and by H. Alexander, and the capacity associated
with the “transfinite diameter,” studied by Siciak and Zaharjuta.
Of course, it is impossible to have everyone’s favorite topics in
such a short monograph.

Since these notes are lecture notes from courses given by the au-
thor, it is perhaps not surprising that there are many typographical
errors in them. However, I found no serious errors. All in all, I
think this book is a good source for obtaining an introduction to
a new and interesting subject.
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Which processes in analysis and physics preserve computabil-
ity, and which do not? In order to answer this question, after an
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outline of the necessary minimum of recursion theory, the authors
introduce concepts of effective convergence, computable sequence
of real numbers, and computable sequence of functions.

Let X be a Banach space, (x,,) a double sequence in X, and
(x,) asequencein X . We say that x,, — x, effectively in k and
n as k — oo if there exists a recursive function e:NxN — N such
that ||x,, — x| < 27" forall n and N, and all k > e(n, N).

A computable sequence (r,) of rational numbers is characterized
by three recursive functions a, b, and s from N to N such that
forall n, b(n)#0 and r, = (=1)*"™a(n)/b(n) ; computable dou-
ble sequences are defined here, and later in an abstract setting, in
terms of computable sequences, using standard pairing bijections
from N x N onto N. A computable sequence (x,) of real num-
bers is defined by a computable double sequence (r,,) of rational
numbers such that r,, — x, effectivelyin k and n as k — co. A
computable real number, or recursive real number, is a real number
x such that the sequence (x, x,...) is computable; the terms of
a computable sequence of real numbers are, of course, computable
as real numbers. Corresponding notions of computability involv-
ing complex numbers are introduced in the obvious way, using real
and imaginary parts.

It is a simple consequence of the effective enumerability of the
set of all partial recursive functions on N that the set of all com-
putable real numbers is countable [Ro, Chapter 1, Theorem IJ;
whence there exist uncountably many noncomputable real num-
bers.

A computable sequence of real functions is a sequence (f,) of
functions from R to R such that:

For each computable sequence (x,) of real num-
bers, the double sequence (f,(x,)) of real num-
bers is computable; and

There exists a nonvanishing recursive function

d:N> = N such that for all m,n,and N, and
all x,ye[-m, m],
N

lx -yl < 1/d(m,n,N)=|f,(x)- [, <2 .

A similar definition applies to the notion of a computable se-
quence of functions f,:I — R, where I is a compact interval with
recursive endpoints. If I is such an interval or R itself, then a
computable real-valued function on I is a function f:I — R such
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that the sequence (f, f,...) is computable. Such a function f
is effectively uniformly continuous on each compact subinterval J
of I with recursive endpoints, in the sense that there exists a non-
vanishing recursive function d:N — N such that for all x, y in
J and all NV,

lx —y| < 1/d(N) = |f(x) - fo)| <27

If (f,) is a computable sequence of functions on 7, then each f,
is a computable function.

Since the appearance of Turing’s seminal paper in 1936 [Tu],
and the subsequent development of the notions of computabil-
ity described above, a number of interesting results have been
obtained in the theory of computability in elementary analysis.
Among these are:

Specker’s theorem. There exists a strictly increasing computable
sequence (r,) of rational numbers in [0, 1] that is eventually
bounded away from any recursive real number [Sp; BR, Chapter
3, (3.1)],

and

Myhill’s theorem. There exists a computable function f:[0, 1] —
R that is C' and twice differentiable, whose derivative f' is not a
computable function.

A restricted version of the latter was first proved in [My].

Where Pour-El and Richards have broken new ground is in the
theory of computability in Banach spaces, which they approach
axiomatically using the notion of a computability structure: that is,
a pair (X, %) consisting of a Banach space X and a nonempty
set & of sequences in X, satisfying the following axioms.

Axiom 1. If (x,) and (y,) arein &, (a,,) and (B,,) are com-

putable double sequences of real or complex numbers, and d:N —

N is a total recursive function, then the sequence with nth term
d(n)

Z(ankxk + BucVi)

k=0
isin & .
Axiom 2. If (x,,) is a double sequence in & such that x, — x,
effectively in k and n as k — oo, then (x,) € % .
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Axiom 3. If (x,) € &, then (||x,|) is a computable sequence of
real numbers.

The elements of . are called the computable sequences of the
structure, and % is also described as a computability structure for
the Banach space X .

It follows easily from the axioms that the sequence (0,0, 0,
...) belongs to ¥, that a recursively indexed subsequence of an
element of % is in ., and that the sequence obtained by inter-
lacing two elements of . is in ..

To each of the standard Banach spaces that are studied in ana-
lysis, there corresponds a natural intrinsic computability structure.
For example, if a and b are computable real numbers, then the
intrinsic computability structure for the Banach space Cla, b],
with the uniform norm, consists of all sequences of functions from
[a, b] to R that are computable according to the elementary def-
inition given earlier. For another example, a sequence (f,) of
functions in L(R) (p # oo) is LP-computable if there exists a
computable double sequence (g,,) of continuous functions from
R to R such that the support of g, is contained in [-k, k],
and such that || f, — 8 ll, — O effectively in k and n as k — o0;
the set of L”-computable functions constitutes the intrinsic com-
putability structure on Lf(R).

A computability structure (X, .%) is effectively separable if
there exists an element (e,) of —called an effective generating
set for (X, %) or, loosely, for X—whose linear span is dense in
X . The monomials 1, x, x° , ..., and the set of all step func-
tions with rational values and jump points, form effective generat-
ing sets for the intrinsic computability structures on C[0, 1] and
LP(R), respectively.

The definition of effective generating set does not require that
the linear span of (e,) be effectively dense in &, in any natural
sense; but the effective density of (e,) is a fundamental conse-
quence—the effective density lemma—of the authors’ definition of
computability structure. The effective density lemma has some
interesting applications. For example, by applying it to C[0, 1]
and the effective generating set {1, x, x° , ...}, we immediately
obtain an effective version of the Weierstrass approximation the-
orem; and by applying it the information about LI(R) provided
by the classical Wiener Tauberian theorem, we obtain an effective
version of that theorem. In a slightly different vein, the effective
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density lemma enables us to show that if two computability struc-
tures on X have a common effective generating set, then they have
the same set of computable sequences (the stability lemma).

The material we have discussed so far belongs to the second of
the three parts in which this book is divided; the first part com-
prises two preliminary chapters that cover computability in analy-
sis from first principles—that is, in a nonaxiomatic fashion. The
remainder of the second part deals with the first of the authors’
two main theorems and their consequences.

The first main theorem establishes a link between boundedness
and the preservation of computability for closed linear operators
between Banach spaces:

Let T be a closed linear mapping between Ba-
nach spaces X and Y with computability struc-
tures, and suppose there exists an effective generat-
ing set (e,) for the computability structure on X ,
such that the sequence (Te,) is computable in Y .
Then T maps computable elements of its domain
to computable elements of Y if and only if T is
bounded.

The main part of the proof actually provides an algorithm which,
applied to an unbounded operator 7T satisfying the hypotheses,
constructs a computable element x of the domain of 7 such that
Tx is not a computable element of Y .

A corollary of the first main theorem is that a bounded closed
linear mapping 7:X — Y (whose domain is the entire Banach
space X ) maps computable sequences in X to computable se-
quences in the Banach space Y.

The authors give many interesting applications of their first
main theorem, among which are simple proofs of results proved
by more elementary and intricate methods in earlier chapters. Of
particular interest is their discussion of noncomputable solutions
of the three-dimensional wave equation

(1) Yu=u,, ux,0=f(x), u(x,0=0,

where x ranges over the cube [—1, 1]3 cR® , 0<t<2,and the
initial function f is defined and continuous on the cube [-3, 3]3
C R®. The classical solution of (1), under these physically mean-
ingful conditions on the domains involved, is given by Kirchhoff’s






