BOOK REVIEWS 451

These results, developed by Donsker and Varadhan and to a lesser
extent by Gartner, are treated very well in the book. A certain
amount of hard analysis is required to handle the ergodicity re-
quirements. These problems of suitable ergodicity conditions for
the Markovian case as well as mixing conditions for the non-
Markovian case take up the last chapters of the book.

The book contains an extensive list of references as well as de-
tailed historical comments.

Those interested in connections with statistical mechanics should
read references [2] or [3].
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I am glad, but also a little embarrassed to present this book
because Emery’s work is very closely connected with Paul André
Meyer’s and mine, these two last ones being also much intertwined.
A large part of the book is an exposition of previous work, but also
much of the material is new. Anyway, the presentation is always
original and interesting. I always prefer intrinsic formulations for
manifolds “a la Bourbaki,” giving the expression in coordinates
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only later, as a tool for proofs or an illustration; Meyer usually
goes in the inverse direction. Emery stays in the middle. Each of
us tried to help the probabilists absorb stochastic infinitesimal cal-
culus of the second order “without tears”; I don’t know whether
any of us succeeded or will succeed. But I guess that Emery’s
way will possibly be the best one for that, with his always clear,
well-explained, and short statements. This part of probability in
differential geometry has become recently more and more impor-
tant, for instance in large deviations, or in Bismut’s proof of the
Atiyah-Singer index theorem.

§1. PRELIMINARIES ON PROBABILITIES

We shall go fast, not defining everything. (Q, & , P) is a proba-
bility space, equipped with a filtration (), , an increasing right-
continuous family of sub-o-fields of % , indexed by the time ¢.
&, represents the past and the present at time ¢. A process X isa
map R, xQ — E, adapted to the filtration; X, : @ — X (w) is the
state at the time ¢, it should be #-measurable, and X(w) : ¢t —
X,(w) is the orbit defined by w; a process is a random path on E'.
The process X, if E is a d-dimensional vector space, is said to be
a semimartingale, if it can be written as a sum X = X, + 4+ M,
X, is the value at time 0, A a process with (locally) finite vari-
ation, M a (local) martingale; A is a signal, M a noise. A4 is
called the compensator of X and denoted X , M the compen-
sated and denoted X°; they are unique, up to a set of P-measure
0 (P. A. Meyer) if X, A, M are continuous (a.e.), which will be
always assumed. The word “local” will always be omitted.

K. Ito introduced the stochastic integration with respect to a
martingale; P. A. Meyer introduced the semimartingales to extend
it to them,; it is

t
(L.1) J=H-X, Jt=/0HSdXS

(w is always omitted), where H is an optional (some criterion
of measurability), locally bounded process, .#(E ; F)-valued (F
another vector space), and then J is F-valued; J is a new semi-
martingale and is of finite variation or a martingale if X is'.

1 All these results can be found in the appendix of P. A. Meyer at the end of
Emery’s book, with also further references.
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A martingale is so oscillatory that it has no finite variation, so
also X in general; but it has a quadratic variation (coming from
the martingale part only), and a O cubic variation. This defines the
bracket:

2 . 2
(X, X, = X + lim D (X, n = Xn) s
i

the square being taken in the tensor product E® E or the symmet-
ric tensor product E®E (factor space of EQE), then [X, X] too;
the limit, as the size |A| of the subdivision A= (¢, =0, ¢,,¢t,,...)
converges to 0, is a limit in probability, uniformly for ¢ in any
compact set of R_.

At the end of Emery’s book there is an appendix by P. A. Meyer,
giving the bases of probabilities.

Later on, Ito’s differentiation formula is the following:
If ® isa C* map E — F, vector spaces, X and E-semimartingale,
then ®(X) is an F-semimartingale, with the integral formula:

(1.2) ®(X,) - D(X,) = /O <I>;(X)dXs+% /0 o"(X,)d[X, X],.

The occurrence of the second derivative is due to the quadratic
variation of X, making necessary a Taylor formula of the second
order. One may write (1.1) and (1.2) in differential expressions:

(1.3) dJ,=H,dX,

(1.4) d(d(X)), =D (X,)dX, + %CD”(X,) dXx,dXx,,
from which we deduce

(1.5) d(®(X)),d(®(X)), =P (X,) o ¥'(X,)dX,dX,,

where dX,dX, or dX,®dX, or dX,0dX,=d[X, X], is adapted
to the definition of the bracket as quadratic variation. Emery
doesn’t use differential expressions much which I personally prefer;
let me use them here systematically.

Now one comes to stochastic differential equations (SDE):

m

(1.6) dx, =Y H/(X)dz}, X,=x,
k=1

meaning

m o
(1.7) X,=x+2/ H,(X,)dZ".
k=1"0
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Here the Z* are given real semimartingales, H, given vector
fields on E, x given the initial value, and X is the unknown,
E-valued semimartingale. One may abbreviate that by
(1.8) dX,=H(X,)dZ,, X,=x,

Z being a given G-valued semimartingale, G a vector space, and
H an Z(G; E)-valued vector field on E. The field H has to be
locally Lipschitz. Then the equation has one and only one solution
a.e., with a death-time {, random variable w — {(w) < +o00; on
{¢ < +o0}, X, converges to infinity in E if ¢ converges to (.
Emery writes only that X ([0, {]) is not relatively compact, but
specifies that X, may or may not converge to infinity for ¢ — { <

+o0o (page 87); actually it converges to infinity, I proved it myself. 2

§2 PRELIMINARIES ON DIFFERENTIAL GEOMETRY

The vector spaces are replaced by C* manifolds. Let T (M)
denote the tangent vector space at the point x of the d-dimen-
sional manifold M, T(M) the tangent vector bundle; T; (M),
the dual of T, (M), is the cotangent space, T"(M) the cotangent
vector bundle. A C* field of tangent vectors, or a Lie field, is
a C* differential operator of order 1, without term of order 0; a
field of cotangent vectors is a differential form of degree 1.

A bilinear form (C*) will be a section b of the vector bundle
(T(M)® T(M))". All these C* fields are C* modules, finitely
generated (using the embedding property of Whitney, of M into
R?). In a chart, M = E, vector space, T.(M)=E,T;(M) =
E", a bilinear form at x is a bilinear form on E x E or a linear
form on E ® E . Therefore, T, (M) and T; (M) have dimension
d, as does M. With coordinates, { € E, ¢ =), kak; & e
E*, & = ¥, brdx"; then (&%, &), = T, b;b". If ¢ isa
C' real function on E, qu)(x) =¢'(x) = Yk Dk(o(x)dxk; for
E€E, (£p)(x) = (D'p(x), &) = T, *Dyo(x) .

It’s necessary, for the infinitesimal stochastic calculus, to intro-
duce also the second-order fields or covector fields. The space of
second derivatives at x € M will be denoted by 7, (M), ©(M)
will be the second-order tangent bundle. A second-order tangent
field will be a differential operator of order at most 2, without term
of degree 0. Similarly, 7} (M) will be the dual of 7 (M), t*(M)
the corresponding second-order cotangent bundle.

2 [46] in the bibliographical index of Emery’s book, Proposition 7.4, page 97.
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If M=E,Ler(E), then

d d
— k i’j I’j — j 3 l
L=) 6D+ ) d’DD;, a"=d"".
k=1 i,j=1

It is often convenient to write an element of 7 _(E) by a vertical

matrix,
k E
L= ( Zkf’)jDk ) el o ;
2@ DD; E®E

therefore, 7 (E) and also 7, (M) have dimension d+d(d+1)/2.
An element of 7,(E) will be written as a horizontal matrix:

L*=Zb,:dxk+za;’jdxidxj, a ,=a;,
k i,j
or

L = (Z bydx* Y a4} dx’ dxj) ;
k i
the second term is not an exterior form of degree 2, but a bilinear
symmetric form on E x E, or a linear formon EGE.

Then 7,(E) = E*®(E®E)" or, as a horizontal matrix, (E* &
(E®E)"); it also has dimension d +d(d+1)/2, and 7, (M) does
too.

If ¢ isa C? real function on E, D*p(x) = ¢'(x) + ¢"(x), or
(¢'(x) ¢"(x)) (horizontal matrix); for L E® (E®E),

) p "y
Lp(x)=(D°p(x), Ly =) b Dp(x)+>_a"’'DD,p(x).
k L,Jj
We keep (EQE)", and don’t identify it with E*©®E" ; it has the
advantage of cancelling a lot of factors 1/2. A symmetric bilinear
form will be considered as a bilinear form, that is, an element
of E* ® E*, which happens to be symmetric. Thus dx'dx’ is
dx' ® dx’ , and is not symmetric, but
Ea;"jdxidxj isif a ;=aj ;.
i,J
On a manifold M, it is no longer true that 7 (M) = T, (M) &
(T, (M) © T (M)), but T, (M) C 7, (M), and the factor space
7, (M)/T, (M) is canonically isomorphic to T, (M)®T,(M). One
has the exact sequence

(2.0) 0 T, (M) — 1 (M) - T, (M) T,(M) -0,
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which splits if M = E, a vector space. On the duals, T; (M) is
the factor space of 7, (M) by the orthogonal T, (M )* of T .(M);
one has the exact sequence

(2.1) 0— T (M) — (M) — T, (M) -0,

with T (M)" = (T(M) ® T,(M))"; it also splits if M = E; the
image of D* in (E @ E)"* is called the Hessian of ¢, Hess¢ =
Hess(D’p) = Y, ;D;D;pdx'dx’ .

If ®isa C? map from M into another manifold N, it has
tangent maps, 7,® : T, (M) — Tq,(x)N and 1. ® : 7, (M) —
td,(x)N ; 7, P induces T, ® on T, (M), therefore there is a factor
map 7, /T, :

T (M)/ T (M) = Tgy(N)/ Ty s With respect to the above
exact sequence, it is exactly the map

TP T,®: T (M)O T, (M) — Ty, N O Ty, N.

In other words, the following diagram is commutative:
0—-T (M)— 1, (M) -T (M)o T, (M)—0

lTxtD , l:xo lTxOGTx‘D

0—>T¢(x)N—-»T¢(x)(N)——>T¢(x)N ® Td,(x)N—*O .

Such morphisms between second-order tangent spaces are called
by Emery Schwartz morphisms; I am not the author of this termi-
nology, of course; such morphisms are known among differential
geometers, but it is true that I was responsible for their introduc-
tion and systematic use in stochastic infinitesimal calculus. Using
charts, if ® is C?.E — F, and if we write elements of 7, as
vertical matrices, 7, (®) is the derivative ®'(x), and 7. (P) isa
square matrix

_(P(x) " (x)
(2.2) 7, 0= ( 0 @) @cb'(x)) ;

a Schwartz morphism

E F
w(E)=| & |-tnyF=| & |,
EcE FoF

®"(x) is the usual second derivative, symmetric bilinear form
ExE — F,or linearmap EQE — F; &'(x) © ®'(x) is the
square tensor map E®E - FOF of ¥ (x):E—F.
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