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Stochastic integration and stochastic differential equations are
important for a wide variety of applications in the physical, bi-
ological, and social sciences. In particular, the last decade has
seen an explosion in applications to financial economics. The
need for a theory of stochastic integration is readily seen by con-
sidering integrals of the form f[o,n X,dM, and noting that these
can be defined path-by-path in a Stieltjes sense for all continuous
integrands X only if the paths of M are locally of finite vari-
ation. This immediately precludes such important processes as
Brownian motion and all continuous martingales as integrators,
as well as many discontinuous martingales. Consequently, for a
large class of martingales M, one must resort to a truly proba-
bilistic or stochastic definition of such integrals. The origins of
the theory of stochastic integration lie in the early work of Wiener
and the seminal work of It6 [11], where integrals with respect to
Brownian motion were defined. Most importantly for applications,
Itd developed a change of variables formula for C? functions of
Brownian motion. In presenting the results of It6 in his book
[7], Doob recognized that the two critical properties of Brown-
ian motion B used in Itd’s development of the stochastic integral
were that B and {B,2 —t,t >0} are martingales. Extrapolating

from this, Doob proposed a general integral with respect to L*-
martingales, which hinged on an as yet unproved decomposition
theorem for the square of an L? -martingale. This is a special case
of a decomposition theorem for submartingales (the Doob-Meyer
decomposition theorem), which was subsequently proved by Meyer
[17, 18]. Using this decomposition result, Kunita and Watanabe



BOOK REVIEWS 171

[14] made the next significant step in developing the stochastic in-
tegral, and an attendant change of variables formula, for a large
class of square integrable martingales, including the continuous
ones. Following the work of Kunita and Watanabe, Meyer and
Doleans-Dade [19, 6] extended the definition of the stochastic in-
tegral and the change of variables formula to all local martingales
and subsequently to semimartingales. It was in these works that
the confinement to predictable integrands was seen to be essential
[19], and the restriction, inherited from Markov process theory,
that the filtrations be quasi-left continuous was removed [6]. The
extension from square integrable martingales to local martingales
(and hence to semimartingales) was later greatly simplified by the
fundamental theorem for local martingales, which is due to Jia-an
Yan [21] and Catherine Doléans-Dade [6A], independently. The
natural role of semimartingales in the theory of stochastic inte-
gration was made clear by the discovery of Bichteler [1, 2] and
Dellacherie [4], that semimartingales are the most general class of
integrators for which one can have a reasonable definition of a
stochastic integral against predictable integrands. Inspired by the
survey article of Dellacherie [4], Protter has taken this as his start-
ing point for a novel approach to stochastic integration. His book
contains many results that he has either developed himself or given
alternative proofs. To facilitate comparison of this alternative ap-
proach with the more conventional one, a summary of one version
of the conventional approach is given below. The reader seeking
a more cryptic analysis of Protter’s book is free to turn to the last
paragraph.

We take as given a complete probability space (Q, ¥ , P), to-
gether with a filtration {#}, i.e., an increasing family of sub-o-
fields of .# , which is assumed to satisfy the usual conditions of
right continuity and inclusion of all P-null sets. A stochastic pro-
cess is a function Z: R, x Q — R such that for each ¢ > 0,
Z,=Z(t, -) is a measurable function from (Q, #) into R (with
the Borel o-field); Z is said to be adapted (to {#}) if for each
t, Z, is a measurable function from (Q, %) into R; Z is said
to be cadlag (after the French: continu a droite limité a gauche)
if its sample paths {t — Z(w), ® € Q} are right continuous
with finite left limits. All (local) martingales will be assumed to
have cadlag paths (in fact, there always exists a version with this
property). A semimartingale is a cadlag, adapted stochastic
process that can be decomposed as the sum of a (cadlag) local
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martingale and a cadlag, adapted process whose paths are locally
of finite variation. Since one can make sense of integrals with
respect to processes of the latter type in a path-by-path Stieltjes
sense, to define stochastic integrals with respect to semimartin-
gales, it suffices to define integrals with respect to local martin-
gales. In fact, by the fundamental theorem for local martingales
[21], any local martingale can be decomposed as the sum of a local
L2-martinga1e and a process whose paths are locally of finite vari-
ation. Thus, it suffices to define stochastic integrals with respect to
local Lz-martingales, and by localization, one can further reduce
to L2-martingales. An important, desirable property for such in-
tegrals is that for an Lz-martingale M and bounded integrand
X, the integrals { f[o,:] X, dM_, t > 0} define an Lz-martingale.
That is, the Lz-martingale property should be preserved by the
stochastic integral. The general class of integrands X for which
this holds for arbitrary L2-martingale integrators (in particular,
for those with discontinuities), is the class of predictable processes.
The predictable o-field & on R_x Q is the g-field generated by
the left continuous, adapted stochastic processes. Alternatively, the
predictable g-field is generated by the sets of the form (s, {]x F,
for F, € &, 0 <5 <t < oo, together with the sets of the form
{0} x F,, for F, € &,. For an Lz-martingale M , the stochastic
integral [XdM = f[o,oo)X dM is first defined for simple pre-
dictable integrands X of the form:

n
(1) X(t, ) = colygyup (@) + D¢l 4 1er(t, @),
i=1

(t,w)eR_xQ,
where ¢, €R, Fye 5, c;eR, 0<s5,<t;<o0,and F, € &,
for 1 < i < n;in which case,

2) /XdMEZciIFi(Mti - M,).
i=1

It can be shown that there is a unique o-finite measure u,, on
(R, xQ, &) such that

ta((s, 11 % F) = E(1(M, - M,)")
forall 0<s<t<oo and F € ¥, and
1y ({0} x Fy) =0,
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for all F, € 7. Indeed, forall 4 € &%,

Uy (A)=E (/[0 - 1,(s, w)d[M, M]s) ,

where [M, M] is the quadratic variation process of M , which is
the cadlag, increasing, adapted process such that for each ¢,

. 2
(M, M1, = lim > (M~ M),
i

where the sum is over all i such that ¢}, ¢/, € m, , and for each
n, m, isapartition 0 =1y <] <---<t; =t of [0, t] such that
|m,| = max, |/, — | — 0 as n — co. Then, by the orthogonality

properties of the Lz-martingale M, [XdM as defined in (2)
satisfies

3) E((/XdM)z) =A+ngzdﬂM‘

This isometry is the key to the extension of the stochastic integral
to other predictable integrands. Indeed, since simple functions of
the form (1) are dense in F? = L2(R+ xQ, %, u,), one can
extend the definition of the integral [ X dM via the L*-isometry
(3), to all X € .#2. Then, for X such that Lo X =1 gxaX €

Z? for each t, one can define

/ X, dM, = / lip.g X dM.
[0,7] ’

It can be shown that this defines an L’-martingale ¥ = {y, =

f[o,z] X,dM_, ¢t > 0}. One can extend the integral to local L%
martingale integrators and suitable predictable integrands, using a
localization procedure via stopping times; and then one can finally
extend to semimartingales as integrators. A change of variables
formula for C? functions of semimartingales can then be derived.
The quadratic variation process [Z, Z] for a semimartingale Z
is defined in an analogous manner to that for an Lz-martingale.
The path-by-path continuous part of this cadlag, increasing process
is denoted by [Z, Z]°. In particular, one has

[Z,2),=1Z,Z]+ Y (AZ)’,

0<s<t
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where AZ_ denotes the jump of Z at s. We can now state the
change of variables formula for a semimartingale Z and a func-
tion f € C*(R): the process f(Z) is a semimartingale and the
following formula holds,

4)
1 / 4
1z)- 12y = [ FZoazg [ 1Eoaz, 2

+ Y {f(Z)- f(Z,))- f(Z,_)AZ}.

O<s<t

Here Z _ denotes the left limit of Z at s (defined to equal Z_
for s = 0), and the first integral in (4) is a stochastic integral
whereas the second is an ordinary Stieltjes integral. Note that the
last term only comes into play when Z has jumps (i.e., is discon-
tinuous). The first line of (4) thus represents the simplified change
of variables formula for the case when Z is continuous (in this
case, [Z,Z] = [Z, Z]°). Here one clearly sees how stochastic
calculus differs from ordinary Newton calculus with the addition
of the integral with respect to [Z , Z]°, which comes from the un-
bounded variation of the continuous local martingale part of Z .
A multidimensional version of (4) for n-tuples of semimartingales
can also be derived. Here the polarization of [Z, Z]° for a pair
of semimartingales comes into play. For the remainder of this
review, to distinguish them from the semimartingales defined by
Protter, we shall refer to semimartingales as defined above as clas-
sical semimartingales. We also continue to view (Q, & , {#}, P)
as the ambient filtered probability space on which all stochastic
processes are defined.

In his approach to stochastic integration, Protter takes as prim-
itive, simple predictable integrands of the form

n
X(t, ®) = Hy(@)14, () + ZlHi(w)l(Ti(w),Tm(w)](t)
1=
for (1, w) eR_ xQ,

where Hy€ ), 0< T, < T, < .- < T, < oo are finite-valued
stopping times, and H, € & with |H,| < oo for 1 < i < n.
Denoting the collection of all such X by S, we endow it with
the topology of uniform convergence on R, x Q. Let L’ denote
the space of all real-valued random variables on (Q, & , P), with
the topology induced by convergence in probability. For a given






