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A SHARP POINTWISE BOUND FOR FUNCTIONS
WITH L>-LAPLACIANS ON ARBITRARY DOMAINS
AND ITS APPLICATIONS

WENZHENG XIE

ABSTRACT. For all functions on an arbitrary open set Q C R*® with zero bound-
ary values, we prove the optimal bound

1/4
sup |u| < (27:)_'/2 (/ |\7u|2 dx / |Au|2 dx) .
Q Q Q

The method of proof is elementary and admits generalizations. The inequality
is applied to establish an existence theorem for the Burgers equation.

1. INTRODUCTION

In this note we announce the proof of the inequality

1 X X 1/4
1 sup |u| < — /Vu dx/Au dx)
() wpli < = ( [ 1vul dx [ |au

for functions with zero boundary values on three-dimensional domains. The
domain Q can be any open set and the constant 1/v/27 is optimal. This best
possible result is obtained by a new and elementary method, which is apparently
also applicable to other elliptic operators. Thus, many known inequalities can
be improved and new ones derived. Some of these will be given by the author in
separate papers. Such inequalities are used in the study of nonlinear differential
equations, see [1] and [2].

For smoothly bounded domains, one can combine the Sobolev inequality (see
[31)
12 1/2

Sgplul S Cl(Q)llvu“Lz(Q)“u”HZ(Q)

with the a priori estimate (see [4])

2) Il 2y < Co(N1Aull 2
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to obtain

1/2 1/2

3) sup |ul < G5 NVull 2 g l1Aull 2 ) »
where C,(Q2) are constants depending on the domain . However, the elliptic
estimate (2) fails to hold for domains with reentrant corners [5].

It was suggested to the author by Professor J. G. Heywood that (3) should be
valid for nonsmooth domains as well, and its generalization to the Stokes opera-
tor would yield results for the Navier-Stokes equations in nonsmooth domains.
Here, in §4, we use (1) to derive a priori estimates and prove an existence the-
orem for the initial-boundary value problem of the Burgers equation with H !
initial data, in an arbitrary open set, for the first time.

2. THE MAIN RESULTS

Let Q be an arbitrary open set in R® . Let II-]] denote the LZ(Q) norm.
The homogeneous Sobolev space H(;(Q) is defined to be the completion of

C§° (Q2) in the Dirichlet norm ||V .|| , where V isthe gradient. Let A denote
the Laplacian in the sense of distributions. Our main result is

Theorem 1. For all u e fIOI(Q) with Au e Lz(Q) , there holds

1/2

1/2
sup|u| < 1Au"

1
Nor IVul|
The constant 1/v/2n is optimal for each Q.

The space ﬁol () contains the standard Sobolev space Hol (Q) . It contains
functions that are not square integrable for some unbounded domains. If u €

Ho1 () , then using ||Vu||2 = — [quAudx < |lu|| |Au||, we obtain

Corollary 1. If u € HOl (Q) and Aue L*(Q), then u also satisfies

1/4 34

suplu| < —== l[Au]|

\/— [l

In particular, we obtain a pointwise bound for any normalized eigenfunction
of the Laplacian, in terms of its corresponding eigenvalue.

Corollary 2. If u satisfies
~Au=iu, ueH,Q), |ul=1,
then

3/4
sup lu| < —

V2n '

All of the above results are also valid for vector-valued or complex-valued
functions. The constants in the corollaries, however, are not optimal.
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3. OUTLINE OF PROOF

The proof of (1) has four steps.
Step 1. First we assume that Q is bounded, witha C™ boundary 9Q . It
is well known that there exist eigenfunctions {¢,} of the Laplacian that form

a complete orthonormal basis of LZ(Q) , satisfying

_A¢n = }’n(bn ’ ¢n|6f2 =0,

where A, >0 are the eigenvalues, n=1,2,....
Let x, € Q and m > 1 be fixed. For functions of the form u(x) =

S €8, (x) , we have

2 (x,) (2" cubulxy)
[Vull ||Au|| (Zm 1c )1/2 (Em 1 Cz)l/z :
n=1 nn n=1 nn

This quotient is a smooth and homogeneous function of (c,,...,c,) in
R™\{0}. Hence, at some point (¢;5...,¢,) , it attains its maximum value.
The maximum value can be written as
¢, (X, ))
4 o),
Y (S

2,2 2

where =3 A&/ S0 A,C,.

Step 2. We introduce the Green function G(x; x,, u) for the Helmholtz
equation

AG = uG-4d(x —xp) , Glyq=0.
By the maximum principle, we have
—\/_lx Xol
0<G(x; xy, 1) < 74-7z|x—0|’ Vx € Q\{x,},

the upper bound being the fundamental solution. Hence

2
2 9] e— ur 2 1
< -
/Qde_/o (4m)4nrdr s

By Parseval’s equality and Green’s formula, we have

/Qszx— (/ Go, dx) S (%)2

)
ToallAu] < fz (

Therefore

)<4\/_/Gd 2L

Thus, (1) is true for any function of the form u(x) =3, ¢, $,(x) .

Step 3. Now, let u be any function in ﬁ;(Q) such that Au e L* (Q) . Let
u, be the projection of u inspan{é,,...,¢,}. Wehave |Vu,| < |Vu|,
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|Au,|l < [|Au|| , and lim,  __u, = u in L*(Q) . It follows that (1) remains
valid.

Step 4. Now we proceed to prove Theorem 1. We can choose a sequence of
bounded domains €2, with smooth boundaries such that Q, c Q, C --- and

Upe1 Q, =Q . Foreach n > 1, there exists a unique u, € ﬁ(; (Q,) such that

/Vun~Vvdx=/ Vu-Vvdx, Vveﬁ(;(ﬂn),
Qn Q’l

IVull, Au, = Aul , and lim, ,_u, = u in H,(Q), hence in L%(Q).

n—oo 'n

Therefore the proof of (1) is completed.
Let u(x) = (1 —e ™!)/|x|; then we have

by the Riesz representation theorem. From this we obtain |[[Vu, || L, <

sup [u(x)| = 1, / \Vul’ dx = 2n / \Auf® dx = 2x.
R? R’

x€R?

Hence the equality in (1) holds for u. By cutting-off u, we explicitly construct
a sequence of functions u, with compact support such that

u,(0)— 1, /R} \Vu,|* dx — 27, /Rs lAu,|* dx — 27,

as n — oo . Given any open set Q , by scaling, we obtain a new sequence of
functions with compact support in Q. Since the product

1/2 1/2
Ilvun”L2(R3) ”A ||L2 R3

is scale invariant, it is seen that the constant 1/v/2z in (1) is the best possible.

4. APPLICATION TO THE BURGERS EQUATION

The time-dependent Burgers equation

(4) %+u-Vu=uAu

is sometimes studied for its analogy with the Navier-Stokes equations, with
the three-dimensional vector-valued function u(x, ¢) representing the velocity
field and the positive constant v the viscosity coefficient. We consider as spatial
domain an arbitrary open set in R® and seek u that vanishes on the boundary
and takes an initial value u, € H (Q) From (4) and the vector version of
(1), we have

1d 2 2
2t IVul+viaul = [ w.vu-dudx

<suplul[Vul|lAu]

3/2 3/2
ZlaulP?,

1
< ——=|Vu
s vl
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By using Young’s inequality and a comparison theorem, we obtain

wa < 1Y%l
<
e ' IV u,l’
2 u,
/0 lAu (s)| ds < T W 4
for 0 <t < T, where
_256n°y°
S 27|Vt

Beginning with these a priori estimates, and using the methods of [1] and [6],
the following theorem is established [7].

Theorem 2. For any open Q C R® and any u, € ITI(; (9)3, there exists a unique
function

w e C([0, T), Hy(@)’n C*(Q@x (0, 7))’ n C*((0, T), L (),
satisfying the Burgers equation (4) and taking the initial value w .
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