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Jun-ichi Tgusa’s book An introduction to the theory of local zeta functions [13]
is a substantial addition to the literature on zeta functions. Igusa is a prominent
researcher on both the Archimedean and non-Archimedean sides of this theory;
indeed, in the p-adic case these zeta functions and their generalizations are called
“Igusa local zeta functions”. These are complex valued functions and are quite
different from other local zeta functions which have a longer history. In fact, the
subject has developed into an independent theory only in the past twenty years
or so, and some fascinating open questions remain. The book is distinguished not
only by the depth and breadth of the material that it introduces but also by the
care and thoroughness with which it does so.

The text is written keeping in mind students who have studied basic graduate-
level algebra, real and complex analysis, and general topology. Its aim is to make
the field of local zeta functions accessible to new researchers and to that end the
book is self-contained. Archimedean and non-Archimedean (or p-adic) local fields
are treated with equal weight and the philosophy is that all completions must be
considered for the theory to be developed fully. The book combines new results
of Igusa’s with other results that were previously available only in original papers.
In his discussion of the p-adic local zeta function, Igusa makes clear how examples
led to conjectures and conjectures led to theorems. As an example of this process,
the book ends by proving the theorems of J. Denef and D. Meuser [4], [5]. These
proofs use Hironaka’s resolution of singularities and the functional equation of the
Weil zeta function over finite fields. (These are the only results used in the book
without proof; instead they are explained through examples.)

This book covers everything needed to begin investigating local zeta functions. In
fact, this reviewer has already used the book’s examples of the embedded resolution
for curves and Igusa’s method of p-adic stationary phase to introduce students to
these functions.

The local zeta functions dealt with in this book are defined using the following
notation: let K be any completion of a number field and let f(z) be a non-constant
polynomial in n variables and coefficients in K with s a complex variable, | - |k an
absolute value on K, ®(z) a Schwartz-Bruhat function or more intuitively a “good
function” on K™ that forces the following integrals to converge, and dz a suitably
normalized Haar measure on K™. Then

20(s) = [ 1f@)fi0(@) do

is called the local zeta function. The standard choices for ®(z) are exp(—w'zz) for
K = R, exp(—2n'zz) for K = C, and the characteristic function of O% for K a
p-adic field and Ok its ring of integers. When ®(z) is a standard function, it is
simpler to use the notation Z(s) = Zg(s). If the real part of s is positive, then the
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local zeta function is absolutely convergent and defines a holomorphic function in
the right half plane Re(s) > 0.

In the Archimedean case, the distributions defined by these functions are called
complex powers. At the 1954 Amsterdam International Congress, I. M. Gel’fand
suggested the existence of a meromorphic continuation for complex powers. The
general theory of local zeta functions really begins around 1970 when Bernstein
and S. I. Gel'fand jointly [2] and Atiyah [1] independently proved the fundamental
theorem of complex powers. This theorem states that Zs(s) has a meromorphic
continuation to the whole complex plane with poles in a finite number of arithmetic
progressions of negative rational numbers. These proofs used Hironaka’s resolution
of singularities. Bernstein later proved the theorem again using his theory of Bern-
stein polynomials [3].

Around the same time, Igusa [8] also used Hironaka’s resolution to prove the
corresponding theorem in the non-Archimedean case, stating that not only does
Z3(s) have a meromorphic continuation to the whole complex plane but that if
7Ok denotes the maximal ideal of Ok and ¢ the number of elements in the finite
residue field Ok /7O, then Zg(s) is, in fact, a rational function of ¢ = ¢~*¢ and we
can let Zg(t) = Zg(s). For example, when f(x,y) = y* — 2 [13] p. 171], then

Z(t)=(1—q¢ A —q t+q - q‘5t5)/(1 —q )1 = ¢7515).

In both the Archimedean and non-Archimedean cases, the main theorem holds more
generally when |- |% is replaced by any character of the multiplicative group of K.

A central problem has been to determine the poles of the local zeta function.
The first proofs of the fundamental theorem above reveal that the candidate poles
can be described by the numerical data, a pair of positive integers, associated with
each of the finitely many exceptional divisors of the resolution of the hypersurface
f(z)=0.

In the Archimedean case, Bernstein’s second proof of the meromorphic continu-
ation used the existence of a polynomial by(s) associated with f(x) in such a way
that its zeros directly determine the arithmetic progressions of poles of the zeta
function [3|. Bernstein’s theorem states that for K a field of characteristic 0 and

f(x) a non-zero polynomial in K[z1,...,x,], there exists a differential operator
Pin Kis,z1,...,Tpn,0/021,...,0/0x,] and a monic polynomial b(s) in K[s] such
that

P f(x)™ =b(s)f(2)"

for s in Z. For example, when f(x,y) = y*>—a3, P = 1/270%/02%+1/6 2 03 /0x0y*+
1/8 y 93/0y3 + 3/8 92 /0y?, and b(s) = (s + 1)(s + 5/6)(s + 7/6). In general, the
b(s) in Bernstein’s theorem of smallest degree is unique and is called Bernstein’s
polynomial of f(z), or simply a b-function. This b-function is denoted by by(s).
In the example above, b(s) itself is known to be bs(s). Kashiwara has shown in
general that the roots of by(s) are negative rational numbers [I4]. Bernstein’s de-
scription of the poles of the Archimedean local zeta function gives a very complete
explanation of them in terms of the zeros of by (s). However, the Archimedean zeta
function itself is not easy to compute. In fact, the meaning of “to compute” is
not very clear. Therefore, the explicit form of Z(s) given in the book for f(z) a
basic relative invariant of any regular prehomogeneous vector space over C in Sato’s
theory is remarkable [I3] p. 91].
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In contrast, the p-adic situation is tantalizing because more is known about the
explicit form of the rational Igusa local zeta function and computing it clearly
means finding its rational function. In fact, if the coefficients of f(x) are in Ok,
then

2(6) = N@) / TT —g7e™).

in which n;, N; are the numerical data mentioned above and N (t) is a polynomial
in Z[g~!,t] such that N(1) = [[(1 — ¢~ ™). The denominator above is a maximal
denominator and in most cases many of the factors in the denominator will not
appear in the final formula. This cancellation is expected in general but is well
understood only when f is a polynomial in 2 variables [22],[19]. From explicit
calculations of both Z(s) and b¢(s), the zeros of the b-function clearly seem to play
a similar role in designating the poles of the zeta function. However, the direct
connection in the Archimedean case (an integration by parts using the defining
property of the b-function) does not work in the p-adic case. Loeser [I8] has shown
that the real poles of the Igusa local zeta function are roots of bs(s) when f is a
polynomial in 2 variables.

There is no general formula for bs(s) or Z(s). However, in the case of Sato’s
theory of irreducible, regular, prehomogeneous vector spaces (IRPVSs) where f(x)
is irreducible and a connected, irreducible matrix group G acts transitively on the
complement of the hypersurface f(z) = 0, the bs(s) have been computed [21], [I15].
More precisely, Sato’s b-functions b(s) have been computed and they are known to
be equal to bs(s). In addition, the Z(s) are also known for the invariant f(z) in 24
of the 29 IRPVSs and many have very complicated numerators [I3]. In fact, it is
known that the real poles of Z(s) are among the zeros of by(s) in all 29 cases [16].

Based on the calculations in the IRPVS case along with other calculations, Igusa
conjectured that in the p-adic case for a general polynomial f(z), the real parts of
the poles of Zg(s) are roots of bs(s) and the order of each pole does not exceed
the multiplicity of the root of by(s). The set of real poles is conjectured to be
contained in the set of roots — the sets are not always equal as can be seen from the
example of f(x,y) = y*> — 2> above, where the root s = —7/6 is not a real pole of
the zeta function. In his survey paper [12], Igusa proposes the problem of finding
a formula for bs(s) and for Z(s) in the IRPVS case (or even for a more general
group invariant) in terms of the Dynkin diagram of G and the highest weight of the
irreducibly represented group G. He also asks if bs(s) and Z(s) can be described
in terms of “invariants of the critical set of f” for a general f(z). The numerator
and denominator of the Igusa local zeta function reflect some deeper properties of
the critical set of f. See [6], [12], and, of course, [I3] for other open questions.

Not much is known about the numerators of Z(s) and there are no general
conjectures about them. However, there is a mystery about the numerators which
surfaces in Igusa’s book. The denominators are always simple products of the
form explained above, but the numerators often contain complicated polynomials
in u=¢ ! and v =t and as polynomials in Q[u, v] they are absolutely irreducible.
In particular, similar strange cubic polynomials with some interesting properties
appear in the numerators of local zeta functions for polynomials which seem to be
unrelated. The example below the next theorem gives a numerator involving the
mysterious cubic. The zeros of these numerators in s will create some problems for
the meromorphic continuation of the Euler product [17], [L0].
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The two important theorems which do contain information about the explicit
form of Z(s) were both proposed by Igusa as conjectures [9], [I1]. He formulated
them based on his explicit calculations. The proofs of these theorems are the finale
of the book. The first is a theorem proved by Meuser [20] for polynomials that
are non-degenerate with respect to their Newton polyhedra and then in general by
Denef [4] and is stated as follows:

Theorem 1. (Denef) If a homogeneous polynomial f(x) with coefficients in Ok
has good reduction modulo m, then

deg(Z(t)) = —deg(f()).

For example, if f(z) is the Freudenthal quartic, a homogeneous invariant of degree
4 of the 56 dimensional representation of a simple group of type F; and ¢ is odd
[13, pp. 178-183], then

200 = (1= )1 = OO/ - 00 — g )1 - )1 — g8
where
Cty={1+q¢ =g "A+q +q®—q ")
gIB(1 - g0 gl I8y 4 30 +q_14)t3}

and it is clear that the degree of the numerator of Z(¢) minus the degree of its
denominator equals negative the degree of f(x).
The second theorem is due to Denef and Meuser [5]:

Theorem 2. (Denef-Meuser) If a homogeneous polynomial f(x) with coefficients
in Ok has a good reduction modulo w and there exists a rational function Z(u,v)
of two variables u, v such that if Z1,(s) denotes the Z(s) for the same f(z) relative
to a finite algebraic extension L of K, then

Zi(s) = Z(a; " a1°)
for all L, then the unique Z(u,v) satisfies the functional equation
Z(ut o™t = vdeeld) Z(u, v).

Actually, the Denef-Meuser theorem is more general; it is stated here as first con-
jectured by Igusa. The book proves the more general theorem. The simplicity of
the functional equation is remarkable given complicated Z(t) like the one for the
Freudenthal quartic above, but the reader can easily verify it for that example.

This book has broad scope and meticulous self-sufficiency. To illustrate these
qualities, I will give a rough outline of the material in each chapter.

The first chapter briefly reviews the background that the book assumes. The
second section on Noetherian rings proves theorems on the minimal representation
of an ideal and on local rings, including Nakayama’s lemma. The third section
proves Hilbert’s theorems on polynomial ideals, including the basis theorem, the
Nullstellensatz, and his theorems on characteristic functions.

Chapter 2 contains the proofs of the implicit function theorem for an arbi-
trary complete field (with additional features in the non-Archimedean case) and
the Weierstrass preparation theorem. These theorems are then used to explain K-
analytic manifolds and differential forms. In addition, theorems about the critical
sets and critical values of polynomials are proved. The theorems in this chapter
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are essential in the desingularization process and for integration on manifolds, in
general.

In Chapter 3, monoidal transformations and Hironaka’s desingularization the-
orem are introduced. Hironaka’s theorem is also explained for curves and two
examples are explicitly worked out.

Bernstein’s theory of D-modules, the Bernstein polynomial by(s), and Bern-
stein’s original proof of the main theorem in his theory are developed in Chap-
ter 4.

Archimedean local zeta functions are handled in Chapter 5. First, the character
groups of continuous homomorphisms Hom(K*,C*) for K = R and C are deter-
mined. Next, the complete spaces of Schwartz functions and tempered distributions
are established, and Gel'fand and Shilov’s [7] method of analytic continuation is
explained. Both Bernstein’s proof of the meromorphic continuation of the local zeta
function and the original proof using resolution are given. An application of the
last theorem is the proof of the existence of an elementary solution of any partial
differential equation with constant coefficients.

Chapter 6 treats Sato’s theory of regular prehomogeneous vector spaces (RPVS)
and the Sato b-function. It is shown that for f(z) a basic relative invariant of the
RPVS the Bernstein polynomial equals Sato’s b-function and the zeros of Sato’s
b-function are rational. All properties of the I'-function needed in the book are
explained with proof so that the Archimedean local zeta functions can be worked
out explicitly when K = C for any basic relative invariant and in a special case
when K = R.

Chapter 7 begins the non-Archimedean half of the book. Distributions in totally
disconnected spaces are introduced as forming the dual space of the space of locally
constant functions with compact support — the Schwartz functions in this setting.
Next the case of a group acting on the totally disconnected space gives rise to a
group action on these two spaces and eigendistributions are examined following
Weil. The ground work for integration on p-adic manifolds and over fibers is laid
and Serre’s structure theorem for compact p-adic manifolds is proved.

Some of Tate’s results on Haar integration for p-adic fields are explained before
Chapter 8 introduces a slightly generalized local zeta function in the p-adic case.
Igusa’s influential proof of the rationality of the p-adic local zeta function is given.
Weil’s functions Fg (i) and F§(i*) are discussed along with their relationship to the
zeta function. As a consequence, an asymptotic estimate of Fj(i*) in terms of the
poles of the zeta function is given. Finally, the theorems on eigendistributions are
applied to give information on the poles of the generalized local zeta function for a
group invariant f.

In Chapter 9, the classes of homogeneous polynomials for which the Igusa local
zeta function will be computed in Chapter 10 are introduced. The treatment of
quadratic forms is especially noteworthy. Witt’s theorems on quadratic forms are
given and the concept of a reduced quadratic form is introduced to allow a uniform
treatment including the char(K) = 2 case. Quadratic forms over finite fields are
explained and the cardinality of the set {z € Fy | Q(x) = i} is computed in
all cases for a general reduced quadratic form (). The cardinalities of classical
groups over finite fields are worked out. Composition and Jordan Algebras are
introduced. Their norm forms and the Freudenthal quartics are developed and,
finally, an important identity first used by Gauss and its variants are proved.
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Chapter 10 is crucial because it contains the evidence for many of the conjec-
tures and theorems in the book. Numerous explicit examples of the calculation of
the Igusa local zeta function are explained. The polynomials in Chapter 9 are all
treated, and although most have been published in other papers, previous conditions
on the characteristic of F; have been removed in some cases. A p-adic stationary
phase formula, a key lemma for working with group invariants, and a general in-
tegration formula for integrals of SLy, (O )-invariant functions over M,, ,,(Ox) are
all presented.

Chapter 11 brings the theory together to prove Denef’s theorem on the degree
of the Igusa local zeta function and Denef and Meuser’s theorem on its functional
equation. Regular local rings, Hironaka’s theorem in a more algebraic form, and
Weil’s zeta function over finite fields are all laid out here and then employed in the
proofs.

To summarize, this book is written to draw researchers into the field of local
zeta functions. It is self-contained and full of concrete examples. The writing
is careful and the exposition is thorough and well organized. The book is not a
textbook in the traditional sense. There are no exercises, for example. But it
does have clear pedagogical goals. The reader is introduced to many intriguing
problems and handed all the necessary tools from a wide variety of areas. These
tools are then applied in the proofs of two important theorems. This work lays out
Professor Igusa’s personal view of the subject he has done so much to create and
contains insights and reminiscences that could come only from him. It is the only
introductory book on the subject of local zeta functions. In a succinct 232 pages,
the theory and its unsolved problems become tantalizing lures.
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