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We begin with a short (obviously incomplete) historical summary related to the
book being reviewed. A complex number α is said to be “algebraic” if there is a
polynomial 0 6= p(x) with integer coefficients such that p(α) = 0; otherwise α is said
to be “transcendental”. The first recorded instance of mathematicians encountering
an “irrational” algebraic number appears to be the ancient Greeks. Indeed, if one
considers a square with unit sides, then, of course, by the Pythagorean Theorem a
diagonal must have length

√
2. To Pythagoras (and his followers) is also due the

result that
√

2 cannot be expressed as the quotient of integers. One story has it
that Hippasus, the person who revealed this irrationality, died at sea in a shipwreck,
“struck by the wrath of the gods.”

As history evolved, so did mathematicians’ views about numbers. During the
sixteenth century cubic equations were discussed by the Italian algebraists G. Car-
dano and R. Bombelli ([v1], Part C §2). In particular a very curious phenomenon
appeared with equations like x3 = 15x+ 4 . Here one readily finds that x = 4 is a
root and, after division by x−4, that the other two roots are also real. However, the
Italian school had developed methods to handle such an equation directly. These
methods do give the correct real roots but only through the use of quantities like
3
√

2 +
√−121, which are obviously non-real. This caused Cardano to have serious

misgivings. Bombelli was concerned enough to call the square roots of negative
numbers “sophistic” ([v1], p. 60) but eventually was persuaded of the correctness
of the formulae; such quantities therefore began to be used in algebra and analysis.
Instead of Bombelli’s description, we now have “imaginary numbers” lying in the
larger realm of “complex numbers”.

With the proof by Gauss of the Fundamental Theorem of Algebra, it became
reasonable to wonder how large a subset of C was occupied by the algebraic num-
bers. Many of the classical constants of mathematics, such as e (Hermite, 1873) and
π (Lindemann, 1882) were shown to be transcendental. (Lindemann’s result also
flies in the face of ancient perceptions; there are biblical verses, for instance, where
π = 3.) Still it came as yet another major surprise when in 1874 G. Cantor proved
that “almost all” complex numbers must be transcendental by non-constructive
set-theoretic means.

To the Greeks, and in particular Euclid, is also due the wonderful proof that the
set of prime numbers is infinite. From this time on, issues about prime numbers
have been of central concern to mathematicians. As mathematicians became more
familiar with the techniques of calculus, advances in our understanding of prime
numbers became possible. Indeed, it fell to Euler in the eighteenth century to set
the stage for all future such research by introducing the “zeta-function” ζ(s) =∑∞
n=1 n

−s. From elementary calculus one knows that ζ(s) converges for all s > 1
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and that ζ(1), which is the harmonic series, diverges. Euler also makes the funda-
mental observation that

(1) ζ(s) :=
∏

p prime

(1− p−s)−1 .

Upon taking logs and letting s tend to 1 from the right, he deduced that
∑

p prime 1/p
also diverges. Euler further established that π−2nζ(2n) is a rational number for
positive integers n.

Euler’s work on primes marks a major advance over Euclid, as it gives some
information on the distribution of the set of primes inside the set of all positive
integers. However, it was Riemann [R1] in the nineteenth century who illuminated
fully the incredible force of Euler’s ideas. In the years since Euler, the power
of mathematical analysis (real and complex) had grown greatly. In particular,
Riemann had at his disposal Fourier analysis and the Poisson summation formula.
Riemann showed that ζ(s) has a natural interpretation as a meromorphic function
on the whole complex plane via the equation

(2) π−s/2Γ(s/2)ζ(s) = 1/2
∫ ∞

0

ts/2(θ(it)− 1)
dt

t
,

where Γ(s) =
∫∞

0 e−tts dtt is Euler’s Gamma-function, i2 = −1, and θ(z) =∑∞
n=−∞ e

in2πz is a classical theta-function. Poisson summation establishes that
θ(z) satisfies the functional equation (as a “modular form of weight 1/2”) θ(−1/z) =
(z/i)1/2θ(z); this, in turn, implies that π−s/2Γ(s/2)ζ(s) is invariant under s 7→ 1−s.
Finally, Riemann used the complex zeroes of ζ(s) to give a formula approximating
the number of primes less than a given positive number x. The zeroes of ζ(s) are
of two kinds: “trivial zeroes” arising from poles of Γ(s/2) and “critical zeroes”; the
famous Riemann-hypothesis is the expectation that the critical zeroes will be of the
form 1/2 + it, t ∈ R.

Prime numbers have fascinated mathematicians for many other reasons besides
their location. For instance, given a prime number p one has the associated finite
field Fp := Z/(p) and one can study its properties; in particular, if x is an integer,
one can ask whether x + (p) is a square in the field Z/(p). Let p 6= 2 and let
q be another odd prime. It turns out that the question of whether p is a square
modulo q is intimately related to the question of whether q is a square modulo p; this
relationship is codified in Gauss’ famous Law of quadratic reciprocity. Gauss greatly
desired to extend this law to congruences of higher degree. To do so, he studied the
“Gaussian integers” {a+ bi} where a, b are integers; in particular, Gauss was able
to extend the concept of unique factorization of integers to the Gaussian integers
marking the beginning of the systematic treatment of algebraic numbers. To go
further, E. Kummer studied the systemRζ := {a1+a2ζ+· · ·+ajζj} where the at are
integers and ζ is a primitive p-th root of unity. When p = 23 Kummer discovered,
to his dismay, that it was no longer possible to extend unique factorization and
then spent the next few years trying to rectify the situation ([Co1], p. 85).

Kummer was followed in this quest by R. Dedekind. Dedekind focused on what
we now call the ideal theory of the rings Rζ (and, in fact, the “algebraic integers”
associated to any algebraic number). Dedekind realized that while unique factor-
ization of elements is quite rare, there is always unique factorization of ideals. That
is, any ideal I can be expressed as the product (ideal) of a finite number of “prime
ideals” (i.e., ideals p of Rζ where Rζ/p is a finite field), and this factorization is
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unique in the same way the factorization of an integer is. This marked a tremendous
advance and opened the way for modern number theory.

By the latter half of the nineteenth century a very powerful analogy began to
be appreciated by algebraists: the same techniques work to describe both alge-
braic numbers and compact Riemann surfaces. That two such disparate areas of
mathematics can be united at all is remarkable. However, it is almost impossible
to quantify just how powerful this analogy actually is; the list of fundamental ad-
vances in number theory obtained by such reasoning would be very long indeed. The
first publication to explicitly reason in this fashion appears to be the sensational
1882 memoir [DW1] of Dedekind-Weber (see also [Di1], §VI.1). Here for instance
Dedekind-Weber show how the points of the Riemann-surface can be reinterpreted
in the ideal-theoretic language.

As an example of the power of this approach, one now sees how to “compactify”
fields of numbers. Indeed, if X is a compact Riemann surface and K is the associ-
ated field of meromorphic functions, then the points ofX are in 1−1 correspondence
with the absolute values of K (one simply measures the order of zero of the function
at a given point), that is the inequivalent ways to measure the “size” of an element
of K. Let k then be a “number field” obtained from addition and multiplication by
adjoining a fixed algebraic number θ to the rational numbers Q. Every prime ideal
p in Dedekind’s sense gives rise to one such absolute value simply by measuring
how divisible an element x ∈ k is at p (in geometric language, the “order of zero”).
These absolute values are called the “finite primes”. There are, however, other,
more classical, ways to measure size. Indeed, let σ : k → C be a field embedding
(i.e., a homomorphism of fields); then we simply define |x|σ := |σ(x)| where |?| is
the standard absolute value of a complex number. Of course if σ′(x) = σ(x) (where
?̄ is the complex conjugate), then |x|σ′ = |x|σ and this is the only such relationship.

The finite set of absolute values of k that we obtain in this fashion are then
called “the infinite (or Archimedean) primes” of the number field, and they do, in
fact, “fill in the holes”. Indeed, on a compact Riemann surface (and only on a
compact surface!) one knows that the number of zeroes of a meromorphic function
equals the number of poles. A multiplicative version of this for the number field k is
the product formula, which states that the product of all absolute values (suitably
normalized) of an element x 6= 0 equals 1; this is only possible when the infinite
primes are included.

It is well-known that the topology of a compact Riemann surface is dictated by
its genus defined as 1/2 the number of 1-dimensional holes of the surface. The
analogy with number fields suggests that these too should have a “genus”, and one
such was defined by A. Weil (see p. 214, [N1]).

There is one glaring difference between the field K of meromorphic functions
on X and a number field k: Evaluating a function f ∈ K at a point of X gives a
mapping of K to C∪∞; at a finite prime p of k the same construction gives a map
of k to Fp ∪∞ where Fp is a finite field. Thus the analogy between number fields
and Riemann surfaces leads to an even stronger analogy between number fields and
the function fields of smooth, projective, geometrically connected algebraic curves
defined over some finite field Fq (e.g., [D1]); indeed, we still have the same geometric
picture as for Riemann surfaces, but now we also have finite quotient fields! Both
types of fields are termed global fields, and they are the basic elements of study of
modern number theory.
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For instance, the classical results of E. Artin and G. Whaples [AW1] show that
global fields are characterized by the product formula and the finitude of the quo-
tient fields. Let K be a global field and let L be obtained by adjoining the roots
of an irreducible polynomial p(t) ∈ K[t] which has simple roots (this is automatic
for irreducible polynomials over a number field but not for function fields). The
extension L/K is said to be “Galois”, and indeed one associates to L/K a group G
of permutations of these roots called the “Galois group”. The Galois group acts
precisely as the group of field-symmetries of L/K in exact analogy with the topo-
logical case of coverings of Riemann surfaces. If p is the absolute value of K with
an associated finite field, then, via the theory of finite fields, we can associate a
canonical conjugacy class in G called the “Frobenius conjugacy class at p”.

If the group G is abelian, then one has a very satisfactory description of {L, G}
called “class-field theory” [AT1], [Ro1]. For instance, one can use this to show that
all abelian extensions of the rational numbers Q can be described by adjoining roots
of unity to Q; this is the famous Kronecker-Weber Theorem. Notice that the roots
of unity are precisely the division-points of the exponential function; i.e., values
of ez at the points n2πi

m , integers n and m 6= 0. A similar description of abelian
extensions also exists for fields obtained by adjoining the square root of a negative
integer; here one uses the well-known analytic description of elliptic curves.

One calls the number of elements in the finite field at p the norm of p and writes
it “Np”. One then associates to K the zeta-function

(3) ζK(s) :=
∏
p

(1 −Np−s)−1 ,

which is obviously a massive generalization of Euler’s equation (1). When p is an
Archimedean prime, one attaches a factor created from the Gamma-function. More
generally, one attaches a similar product to systems of equations (varieties, etc.)
over K. These complex functions have (or are conjectured to have) analytic contin-
uations and functional equations in the fashion of ζ(s). All of these constructions
can be put into a common formalism, due to E. Artin, using representations of
the Galois groups G. To each conjugacy class one attaches a unique characteristic
polynomial; these polynomials have (or, again, should have) integer coefficients,
and they lead to analytic functions, called L-series, as in (3). One further ex-
pects, in a very precise way due to Langlands, that these L-series are attached to
generalizations of modular forms called “automorphic representations”.

The zeta-function of a global function field over the field Fq was also first defined
by E. Artin [Ar1]. Remarkably, all such functions turn out to be of the form R(q−s)
where R(u) is the quotient of two polynomials with integral coefficients. Thus these
zeta-functions are algebraic in nature and can be handled via powerful algebraic
techniques. In particular, the analog of the Riemann hypothesis was shown by
A. Weil [We1] following H. Hasse. The corresponding Langlands Conjectures have
just recently been established by L. Lafforgue [Laf1]. These function field results
have had a continuing influence on the theory for number fields; see, for instance,
[KS1].

Let k = K = Fq(T ), A = Fq[T ] and K the field of formal Laurent series in 1/T
over Fq. The field K has an absolute value on it inherited from the point ∞ on
the projective line over Fq such that A is discrete and K/A is compact, exactly
as R/Z is isomorphic to a circle. In the 1930’s L. Carlitz [Ca1] showed how one
can develop a powerful analog of the exponential function in this situation. Here
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is a brief summary of this construction; let ξ be a constant and put L = Aξ.
Clearly, L = ∪mA(m)ξ where A(m) is the (finite dimensional) Fq-vector space of
polynomials of degree < m. We associate to A(m)ξ the polynomial in z defined by

e
(m)
ξ (z) := z

∏
06=α∈A(m)

(
1− z

αξ

)
. Classical results in algebra assure us that e(m)

ξ (z)

is Fq-linear; i.e., e(m)
ξ (ζ1z1 + ζ2z2) = ζ1e

(m)
ξ (z1) + ζ2e

(m)
ξ (z2) where {ζ1, ζ2} ⊆ Fq.

The functions e(m)
ξ (z), m = 1, 2, ..., converge to a function eξ(z) which is an

entire (i.e., can be expressed as a power series in z which converges for all elements
of K) Fq-linear function. Carlitz shows that there is a specific ξ = ξC which has the
functional equation eξC (Tz) = TeξC(z)+eξC(z)q. (More on the Carlitz exponential,
which looks like ez, below). In 1974 D. Hayes [H1] showed how to use the division
values of eξC (z) to obtain abelian extensions just as one uses ez over the rational
numbers.

By the 1970’s non-Archimedean analysis (i.e., analysis over fields obtained by
completing a global field at some discrete absolute value) had also progressed a
great deal. In particular, due to the labors of J. Tate, R. Kiehl, and others, math-
ematicians had a good theory (“rigid analytic spaces”) of global non-Archimedean
analysis complete with analogs of Serre’s famous G.A.G.A. theorems (comparing
analytic and algebraic objects). Using this theory, in 1974 V.G. Drinfeld [Dr1]
published a complete treatment of analytic functions like eξC (z) but where one can
use an arbitrary function field (over Fq) K and arbitrary rank “lattices”. Thus
Drinfeld obtains not only analogs of the classical exponential function but also
analogs of those functions occurring in the analytic theory of elliptic curves and so
on. Moreover, Drinfeld shows that these objects, now called “Drinfeld modules”,
can be parameterized by modular varieties which can also be described via rigid
analysis and analogs of the classical upper half-plane. Drinfeld further constructed
abelian extensions and established an important part of the two-dimensional form
of Langlands’ conjectures for global function fields. In [Go2], it is explained how
Drinfeld modules lead to the shtuka used in Lafforgue’s n-dimensional result.

The work of Carlitz, and more importantly Drinfeld, marked another change in
our views on global fields and in particular global function fields. Here, for the
first time, was an analytic theory of arithmetic objects (Drinfeld modules) very
similar in nature to the classical theories of such great utility in algebraic number
theory, together with a similar description of their moduli, but using analysis in fi-
nite characteristic. For instance one could construct on these spaces functions with
transformation formulas quite similar to that of classical modular forms (see, for
instance, [Go1]). Due to the recent work of G. Böckle [Boc2], [Go4] we now know
that these functions give rise to L-series via “Hecke operators” just as with clas-
sical modular forms. Moreover, the standard formalism used to construct L-series
mentioned above carries over very readily to Drinfeld modules, again leading to a
theory of L-series [Boc1] and gamma functions [Th1], [ABP1] involving only finite
characteristic analysis; an analog of Euler’s formula on ζ(2n) is easily established in
this context. While some general results are known about these functions and their
zeroes [Wa1], [Go3], most of the general principles of the theory are still unknown.
Indeed, there are many wide-open areas where even a good guess still remains out
of reach.
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Which brings us to the book by Michael Rosen. In it, one has an excellent (and,
to the author’s knowledge, unique) introduction to the global theory of function
fields covering both the classical theory of Artin, Hasse, Weil and presenting an
introduction to Drinfeld modules (in particular, the Carlitz module and its expo-
nential). So the reader will find the basic material on function fields and their
history (i.e., Weil differentials, the Riemann-Roch Theorem, etc.) leading up to
Bombieri’s proof of the Riemann hypothesis first established by Weil. In addition,
one finds chapters on Artin’s primitive root conjecture for function fields, Brumer-
Stark theory, the ABC Conjecture, results on class numbers and so on. Each
chapter contains a list of illuminating exercises. Rosen’s book is perfect for gradu-
ate students, as well as other mathematicians fascinated by the amazing similarities
between number fields and function fields.
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