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It is fair to say that the development of algebraic number theory over the past
thirty years has been profoundly influenced by attempts to understand the arith-
metic of modular forms. One of the beauties of the subject is the immense breadth
of mathematics that has been applied in this pursuit. Even the very definition of
a modular form can take a different shape whether seen from the perspective of a
Klein, Hardy, Eichler or Katz. (The novice might be forgiven for imagining number
theorists as blind men studying an elephant: “It’s a complex analytic function,”
says one. “It’s a function on lattices,” says another. “No, it’s a rule on a moduli
space,” says the third.) In 1972, when the Antwerp Summer School on modular
functions was held (on “a central topic intermediate between all the then extant
math ﬁelds” it was possible at a single conference to broadly sketch the entire
theory of modular forms in one variable. Nowadays, partly as a result of the efforts
of that conference, the area has blossomed in several distinct (if not disparate) di-
rections. Consequently any book on modular forms must have a definite viewpoint
in mind to avoid becoming an extended survey article. The authors take as their
inspiration the spectacular work of Wiles towards the Taniyama—Shimura conjec-
ture (naturally enough, as the first author is partly responsible for completing the
final cases of this fundamental result).

A modular form of weight k is a holomorphic function f on the upper half plane
H = {z|z € C,Im(z) > 0} satisfying the following two conditions:

(1) The function f satisfies

b

az+b\ k a
f <cz+d) = (cz+ d)"f(z) for all elements (c d) € SLy(Z).

(2) The function f(z) is bounded as z approaches ico.

This definition, familiar to many, is supremely unenlightening at first glance. To
understand it there are two natural questions that should be discussed: what is the
nature of the action of SLy(Z) on H, and what is the reason for the (cz + d)* term
(the so-called automorphy factor). To answer these questions requires a discussion
of lattices in C.
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A lattice A C C is a free abelian group generated by two complex numbers w;
and wo such that w; and ws are linearly independent over R (equivalently, two
complex numbers that generate C as an R-vector space). The lattice A does not
uniquely determine the pair [wy,ws], but given such a pair, one may consider the
ratio z = wy/we. After reordering if necessary, we may assume that Im(z) > 0,
and so z € H. The extent to which z is determined by A is the extent to which A
determines a choice of basis up to sign. As a Z-module the automorphism group of A
is simply GL2(Z). Since we are insisting that the ratio w; /ws has positive imaginary
real part, one should take the corresponding index two subgroup SLy(Z). In other
words, we have a map

Lattices — H/SL2(Z).

This map is not injective, since the image depends only on the ratio wy/wy. If A
and A’ are two lattices such that [w1,ws] = [Aw], Aw}], then we say that A and A’
are homothetic. Since any lattice is homothetic to one of the form [z, 1] for some
z € 'H, it follows that there is a natural bijection of sets

Lattices up to homothety «— H/SL2(Z).

A modular form of weight zero is therefore a function on lattices up to homothety.
It turns out that holomorphicity of f together with condition (2) (boundedness
at infinity) force all modular forms of weight zero to be constant. There are,
however, many interesting functions on lattices up to homothety that correspond
to meromorphic functions on H; we call such objects modular functions. If one is
considering functions f on lattices it is natural to relax the condition that f depend
only on the homothety type of A, and simply ask that f transform via a simple rule
under scaling by A € C. For example, one could consider functions f on lattices
such that

F(Pwr, Awa]) = A7F f (w1, wa]).

The corresponding function on H given by f([z,1]) is no longer invariant under
SLo(Z), but rather transforms exactly as we defined modular forms of weight k to
transform, and so gives a more intrinsic explanation of what modular forms are.
This definition also allows us to write some explicit examples. Let

Ged) = 3

YEA v

where A’ denotes A \ {0}. This sum is absolutely convergent for k£ > 2, and not
zero (for all A) for even k. Moreover, Gi(\ - A) = A"*G},(A), and one finds (after
checking condition (2)) that for even k > 2 the function Gg(z) := Gi([z,1]) is a
modular form of weight k. Modular forms of any weight are invariant under the

element
1 1
0 1

which sends z to z + 1, and thus they can be expanded in terms of Fourier series:

f(z) =) ang",  q=exp(2miz).
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The boundedness condition (2) now becomes the condition that a, = 0 for all
n < 0. For example G (z) (for k > 2 even) can be written as

(2mi)* < n
Gr(z) =2¢(k) + 22—~ or—1(n)q",
(k—1)! —
where oy (n) is the sum Zd‘n d* of k-th powers of positive divisors of n, and ¢ (k)
is the Riemann-Zeta function evaluated at k. One may write other such functions.

For example

Y o) =AE) =q[J(1-¢9)*

= q — 24¢% + 252¢° — 1472¢" + 4830¢° — 6048¢° + . ..

turns out to be a modular form of weight 12. Moreover, the coefficients 7(n)
satisfy the remarkable condition (noted by Ramanujan and proved by Mordell)
that 7(ab) = 7(a)7(b) for (a,b) = 1, and 7(p") = 7(p)7(p" 1) — ptir(p"~2?) for
all primes p. Hecke realized that Mordell’s argument could be vastly generalized—
in general, modular forms admit the action of certain “Hecke operators” T,, for
n € N—that spaces of modular forms decompose into eigenforms under this action
and that all modular forms could be written as linear combinations of so-called
Hecke eigenforms whose coefficients were multiplicative for (a,b) = 1 and satisfied
a relation similar to 7 for prime powers.

A third and perhaps the most significant way of thinking about modular forms
involves the moduli of elliptic curves. Given a lattice A in C we may form the
quotient £ = C/A. The natural complex structure on C makes E a smooth
Riemann surface of genus one, and given A one may canonically write a Weierstrass
equation

y? =42® — gox — g3

defining . Moreover, there is a natural group structure on E coming from the
obvious group structure on C. Since all Riemann surfaces are algebraizable, E' can
also be thought of as an algebraic curve of genus one together with a distinguished
point, the “origin” of the group law. We should note that from this description it
is not at all obvious that the group law on E is also algebraically defined, although
this is true. The correspondence between elliptic curves and lattices is particularly
clean: two lattices define isomorphic elliptic curves if and only if the lattices are
homothetic. Thus we obtain a natural bijection

Elliptic curves over C up to isomorphism «— H/SLs(Z).

It is also important to consider the RHS of this correspondence geometrically. The
quotient H/SLa(Z) is (topologically) a punctured sphere. Completing at ico gives a
sphere that can be given a natural complex structure. We understand the bijection
above as saying that the (open) complex curve H/SLs(Z) is a coarse moduli space
for elliptic curves (over C) up to isomorphism. When considering coarse moduli
spaces, it is natural to rigidify the problem somewhat by considering auxiliary data.
For example, one could consider elliptic curves C/A along with a cyclic subgroup
H of order N. Now two pairs (E, H) and (E’, H') are isomorphic if and only if
there is an isomorphism F ~ E’ sending H to H'. Determining the automorphism
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group of a lattice together with a fixed subgroup is an elementary variation on the
analysis above, and we find that there is a correspondence

Elliptic curves over C up to isomorphism

together with H C E cyclic of order N « H/To(N),

where I'o(N) C SLo(Z) is the group
To(N)={y€SLa(Z)|[c=0 mod N}.

Once more this gives an identification of coarse moduli spaces. The right-hand side
as an algebraic curve is usually denoted by Y;(IV), and its completion by Xo(N).
One defines modular forms for T'g(N) as holomorphic functions on H satisfying (1)
for all v € T'y(IV), and satisfying the technical extension of (2) (one needs bounded-
ness at the “cusps”, the finite set of points Xo(N)\ Yy(N)). The theory of Fourier
expansions and Hecke operators applies in this context as well, with some technical
modifications at primes dividing N (see [2]). We also have another interpretation
of a modular form: it is a function of an elliptic curve together with a Weierstrass
equation. The elliptic curve depends only on the homothety type of the correspond-
ing lattice, but a Weierstrass equation is affected by a scaling of this lattice and
so “remembers” this extra information. For example, the function A(z) described
above is equal to the discriminant of the Weierstrass equation corresponding to z,
and it follows that A does not vanish for any z € H (although it does vanish at the
cusp of Xy(1)).

Once we have the curves Xo(NV), there is a natural interpretation of modular
forms of weight two. Consider the differential dz on the upper half plane H. It is
not invariant under SLo(Z) or T'o(N), but a simple computation shows that

az+b 1
dyz=d = dz.
7E (cz—|—d> (cz +d)? :

Thus if f is a modular form of weight two for I'o(N), then w = fdz is invariant
under the action of I'g(V), and w descends to a holomorphic differential on Yy (V).
The condition of boundedness at the cusps ensures that w has at worst logarithmic
singularities at the cusps, and if we know a priori that f vanishes at the cusps (a
so-called cusp form), then w extends to a holomorphic differential over the entire
curve Xo(N). The disparity between vanishing and holomorphicity comes from the
fact that the differential dz has a pole at ico. If Q! is the usual sheaf of differentials
on Xo(N), then this gives an isomorphism

H°(Xo(N), Q') ~ cuspidal Modular forms of weight 2 for ['o(N) =: So(I'o(N)).

We shall consider what happens when N = 50, an example nicely explained by
Birch in [3]. The curve X((50) has genus two, and the functions

Tl 4g+2¢3+2¢4°5+ ...,

711—[ 1*q25” (1*112”):(1
(L= —¢)
B 1_q25n (1_q2n)2 B B
3 3 2 3 7
= 1
H T gy o =4t I

are both meromorphic functions on this curveE and moreover they generate the
function field of X(50). Naturally, as X¢(50) is a curve, they must satisfy some

2That u'? and v!2 are functions on Xo (V) follows directly from the fact that A(z) is modular.
To deduce that v and v are themselves meromorphic requires an analysis on the poles and zeros
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polynomial relation, which turns out to be
v+ 5u v = u® — 2u® — 2u+ 1.

This provides an explicit uniformization of Xy(50). Now the curve X(50) admits
an involution Wy sending u to —1/u and v to v/u. Thus as s = v(u + 1)/u? and
t = (u+1)%/u generate the invariants of C(u, v) under Ws, they define the function
field of the quotient curve, which is

s —t(t—5)s+ 5t =0.

This is an elliptic curve, and further fiddling with the variables + = —5/t and
y = 5(2s — t(t — 5))/t? leads to a more familiar looking equation,

E:9y? = 423 + 252° 4 50z + 25,
where
x = —5q + 15¢% — 35¢° + 80¢* — 175¢° + 380¢° + .. .,
y=5—25q+ 75¢*> — 225¢° + 600¢* — 1525¢° + 3700¢° + .. ..

The curve F is an elliptic curve with the property that it is uniformized by modular
functions; by definition we call such a curve modular. From the perspective of the
particular algebraic curve E, this seems a particularly serendipitous property to
have. Examples of such curves were already known to Klein, who found an explicit
parameterization of the modular curve X((11) of genus one. It is hard to imagine
from this calculation that all elliptic curves over Q have this property. On the
other hand, it is not clear what advantage is conferred on the elliptic curve E for
being modular; the definition is purely analytic and seems to relate to modular
functions rather than modular forms. First we show how to construct a canonical
weight two modular form from such a uniformization. Elliptic curves have a unique
holomorphic differential wg up to scalar, and thus given a map

m: Xo(N) — E,

we can pull back wg to H(Xo(INV), 1) to obtain a cusp form of weight two. In the
case of N = 50 above, we may choose

dx
wp = ——
Yy
and then
) N dx d
2rifdz =7 wE:—?: (a-++d" —®+2¢ —* —2¢° +..) ?q

(Recall that ¢ = €™ and so dq/q = 2midz.) Thus f is a cusp form of level I'(50)
and weight two. Crucially, however, it not only has integral coefficients, but it is a
Hecke eigenform. One of Shimura’s fundamental results is that this is no accident,
and that given a cusp form f € So(I'g(IV)) with integral coefficients that is a Hecke
eigenform, one can construct a surjective map

Xo(N) — Ef
to some elliptic curve E; that depends only on f. The construction is as follows.

Given a cusp form f, one has a corresponding differential wy. The curve Xo(N)
comes along with a fixed cusp given by the image of ico. There is a map Xo(N) —

of u'? and v'2. Since A only has a zero at the cusp, one need check only the poles and cusps of
X0(50), which has 12 cusps.
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C defined by taking a point P and integrating w; from ico to P. This map is
well defined only up to the periods of wy, which, if Xo(N) has genus g, is a 2g-
dimensional Z module, which we call A. If g = 1, then A will be a lattice and this
map will be exactly the Abel-Jacobi map from X, (V) to its Jacobian (which is
isomorphic to Xo(N) in the case of genus one). When the genus of X (V) is greater
than one, however, the space C/A will in general be non-Hausdorff, and thus not
even a Riemann surface. Yet when f is a Hecke eigenform with coefficients over Q,
A miraculously turns out to be a lattice and E = C/A is an elliptic curve. This
is the resulting map Xo(N) — E. A main feature of the construction of Shimura,
of course, is that this a priori complex construction can be done algebraically over
Q, and the resulting elliptic curve Ef is an elliptic curve over Q. The required
algebraic background is essential for anyone in the field; one must understand all
the concepts we have considered so far (the moduli space of elliptic curves, Hecke
operators, etc.) on an intrinsically algebraic level. It is a key feature of this book
that many of the details of this theorem are included. There is an important
consequence of Shimura’s construction, which describes the more usual definition
of modularity, namely that the coefficients of f record arithmetic properties of the
elliptic curve Ef. For example, suppose that p is a prime that does not divide N.
Then the elliptic curve £y turns out to have good reduction at the prime p, and it
makes sense to consider it over the finite field F,. One can then count the number
of points over this finite field, and one finds the remarkable relation

ap=1+p—#E¢F,), where f= Z anq”.
n=1

This relation for all p not dividing NV is the more familiar way in which modularity
of elliptic curves is defined.

The book of Diamond and Shurman is centered around explaining the various
concepts of modularity and proving the so-called “easy direction” (the theorem of
Shimura alluded to above). The first half of the book is devoted to the necessary
background, in particular the analytic theory of modular forms. The second half
works towards a proof of the Eichler—Shimura relation, which in many ways is the
raison d’étre of the text. There are many fine books on closely related subjects,
such as Silverman’s books on elliptic curves, [7], [§]. Knapp’s book [5] even has a
nice description of Shimura’s construction over C. Yet this is the first introductory
book that tackles the Eichler—Shimura relation and tries to make it as accessible as
possible, and for that it should prove useful. Note that the authors are not afraid in
the latter stages of the book to suppress some of the algebraic-geometric details (or
at least assign them to references), undoubtedly a necessary step to keep their goal
of being accessible to students “without previous background in algebraic number
theory and algebraic geometry.” Looming everywhere, of course, is the omnipres-
ence of Wiles’ theorem. Readers should be aware of the excellent volume [4] from
the Boston University conference on Fermat’s last theorem, which is a wonderful
advanced introduction to Wiles’ arguments. The current book could be seen as
a “prequel” to this volume, and the final chapters of the former dovetail nicely
into some of the early sections of the latter (particularly Rohrlich’s chapter). Last,
we must mention Shimura’s “Introduction to the arithmetic theory of automorphic
functions” [6]. With today’s iPod generation more likely to study elliptic curves
and modular forms before learning any class field theory, Shimura’s book by itself is
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no longer apposite as an introduction to modular forms. Nonetheless, it remains an
invaluable source of ideas and perspectives. More recent works such as the current
book contrast and complement [6] rather than replace it.
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