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A continuous time Markov process on a finite or countable state space X that is
reversible with respect to the counting measure has transition probabilities p(t, x, y)
that satisfy p(t, x, y) = p(t, y, x). With a positive killing rate if the process is
recurrent, the Green’s function g(x, y) =

∫∞
0

p(t, x, y)dt is well defined and is a

symmetric positive definite function. There is a natural Gaussian measure PG, the
distribution of the collection {ξz} indexed by z ∈ X with E[ξz] = 0 and E[ξxξy] =
g(x, y). Its probability density (with respect to Lebesgue measure on R

X ) can be
written as

c exp
[1
2

∑
x,y∈X

k(x, y)ξxξy
]
.

While this makes sense if X is finite, this is just a formal expression if X is infinite.
The matrix k(x, y) is the infinitesimal generator

k(x, y) =
d

dt
p(t, x, y)|t=0 = lim

t→0

p(t, x, y)− δx,y
t

,

and it is negative definite. The matrices g and −k are inverses of one another. It
is also clear that k(x, y) ≥ 0 for x �= y and k(x, x) +

∑
y k(x, y) = −V (x) ≤ 0 and

V (x) would be the killing rate at x.
The picture is that of a Markov chain that waits for an exponential time and

jumps at rate−k(x, x), i.e., the probability that the waiting time at x is greater than

T is ek(x,x)T . Then it jumps to a randomly chosen state y with probability k(x,y)
−k(x,x)

and starts afresh. If V (x) > 0, then 1−
∑

y
k(x,y)
−k(x,x) = V (x

−k(x,x) is the probability of

being killed or jumping to a cemetery state Δ which it never leaves. The process
jumps there when killed and stays there for ever and k(x,Δ) = V (x). In the
transient case it naturally wanders off to ∞ and the killing is not needed, i.e., V (x)
can be 0. Px denotes the probability measure on the trajectories corresponding to
the chain.

There are deep connections between the Gaussian field and the Markov chain.
These involve the local times of the Markov chain, which are defined as

�ζz =

∫ ζ

0

1z(x(s))ds

or the time spent at the site z by the process x(s) until time ζ which is the killing
time if the process is killed or ∞ if it is transient and wanders off naturally. In any
case 1z(x(s)) = 0 for s > ζ for z ∈ X , z �= Δ.

In the probabilistic context we have Eisenbaum and Dynkin isomorphisms that
are known as Ray–Knight type theorems. They involve the measures Px or modi-
fications Px,y defined by

Px,y[x(t1) = x1, . . . , x(tn) = xn] =

∫ ∞

tn

Px[x(t1) = x1, . . . , x(tn) = xn, x(t) = y]dt
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with total mass g(x, y) that live on the space of paths of some finite random dura-
tion, that begin at x and get killed at y.

The Dynkin isomorphism theorem [2] says that for any x, y ∈ X the joint distri-
bution of the collection {�ζz+ 1

2ξ
2
z}z∈X under Px,y⊗PG is the same as that of { 1

2ξ
2
z}

under ξxξyP
G, which is a signed measure if x �= y. Notice that the total mass of

either one is g(x, y).
Eisenbaum’s isomorphism [3] uses only Px rather than Px,y. According to it, for

s �= 0, the joint distribution of {�ζz + 1
2 (ξz + s)2}z∈X under Px ⊗ PG is the same as

that of { 1
2 (ξz + s)2}x∈X under the signed measure (1 + ξx

s )PG.

Then there is the Symanzik representation [6] of even order moments
∏2n

i=1 ξzi
of the Gaussian field modified by

c

[ ∏
z∈X

g
(ξ2x
2

)]
dPG

with c being the normalizing constant. The representation involves “a gas of loops”.
A path x(s) with x(t) = x(0) defines a rooted loop ω̃ of size t with x(0) = x(t)

being the root. The local time �z(ω̃) is the integral
∫ T

0
1z(x(s))ds, i.e., the time

spent by the loop at z. Let Ωt be the space of all rooted loops of size t, and
let Ω =

⋃
t>0 Ωt. A Poisson point process Q on the space Ω is determined as∫∞

0
λt(B)dt, where λt(·) is an intensity measure on Ωt constructed in a natural way

from the underlying Markov chain. The representation of Symanzik involves the
ratio of ∑

P
EPx1,y1 · · ·EPxn,ynEQ

[ ∏
z∈X

μ

(∑
ω̃

�z(ω̃) +
∑
i

�z(ωi)

)]

to

EQ

[ ∏
z∈X

μ

(∑
ω̃

�z(ω̃)

)]
,

where μ(·) involves the moments of g. The set (z1, . . . , z2n) is partitioned into n
pairs (xi, yi) and the summation over P is over all possible partitions. ωi is the
variable of integration for Pxi,yi

, and {ω̃} is the random collection of loops whose
statistics is given by Q. Symanzik’s idea was further developed by Brydges, Frolich,
and Spencer in [1].

In these notes, based on lectures given in ETH, Zürich, the author develops the
theory of Markov chains reversible with respect to a weight, covering several aspects
including some potential theory. Standard material such as local times and the
Feynman–Kac formula are dealt with. The connection between the Green’s function
and the associated Gaussian random field is explored in detail. The isomorphism
theorems of Eisenbaum and Dynkin are presented in detail and connections to
Ray–Knight theorems [5], [4] are pointed out.

In the next section suitable intensity measures for a Poisson gas of loops are
introduced and the Symanzik representation is established. Finally in the last
section, in the transient case, a limit is taken where the root of the loop is pushed
to ∞ and the intensity increased and fine tuned, so that the probability of at least
one loop passing through a given point remains nontrivial. In the limit this produces
a random family of loops “passing through” ∞ and their properties are studied.
For example, the probability that the gas of loops avoids a given set is calculated.

The notes are quite detailed and self-contained.
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