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ROTATION ESTIMATES AND SPIRALS

VLADIMIR GUTLYANSKII AND OLLI MARTIO

ABSTRACT. It is shown that the logarithmic spiral gives the extremum to
F. John’s angle distortion problem for plane bilipschitz mappings. The problem
of factoring spiral-like mappings into a composition of homeomorphisms with
smaller isometric distortion is studied. A space counterpart of the Freedman
and He theorem is obtained.

1. INTRODUCTION AND MAIN RESULTS

Rotation problems are extensively studied in function theory and its applications
to geometry and dynamics. A typical problem from the nonlinear elasticity theory
is due to F. John. In [7] he showed that if f : C — C is an (1 + ¢)-bilipschitz
mapping and if for some 0 < a < b we have f(z) = z for |z| > b, f(2) = ze® for
|z] < a, |0] <, then

(1.1) 0] < C (1 +1log(b/a))e.

The angle estimate (IZI) follows from the basic stability theorems in [7] for (14 ¢)-
bilipschitz mappings in the plane. The BMO technique [§] also plays an important
role for (L1)).

We show that the proper framework for (LI)) concerns quasiconformal mappings
which are more general than bilipschitz mappings. Quasiconformal methods lead to
the sharp solution of John’s problem. They also provide sharp integral estimates for
the rotation angle in terms of the pointwise quasiconformal and isometric distortion
coeflicients. Before the statements, we recall some notation.

Let G be a domain in the complex plane C. A sense preserving homeomorphism
f: G — C is called Q-quasiconformal, Q > 1, if f € Wllof (G) and if

(1.2) I ()P <QJs(2) ae. in G.
Here J¢(z) is the Jacobian determinant of f/(z) and || f'(2)|| = |f2(2)|+|fz(z)|. We
shall employ the pointwise distortion coefficient of f at z defined as

(1.3) Ey(z) = |lf (2)I1/ T4 (2).

This coefficient is well-defined at the regular points of f in G, hence almost every-
where, and we set K;(z) = 1 at the nonregular points.
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ROTATION ESTIMATES AND SPIRALS 7

A homeomorphism f : G — C is said to be an L-bilipschitz if it satisfies the
double inequality

(1.4) Zle =21 < 1f(2) ~ f) < Lz 7

whenever z, 2z’ € G. The smallest L > 1 for which (I4]) holds is called the isometric
distortion of f. Note that each L-bilipschitz mapping f is L2-quasiconformal.

Theorem 1.1. Let f be a Q-quasiconformal mapping of the annulus R(a,b) : a <
|z| < b such that f(z) = z for |z| = b, f(2) = 2 for |z| = a. Then for every
continuous nondecreasing convex function P,

(1) | et TE = [ o) T
R(a,b) R(a,b)

where the extremal mapping f* is defined in R(a,b) as

(1.6) F7(2) = bsi(2/b), & = —6/log(b/a),

with

(1.7) sk(z) = zetkloglzl,

The following result provides a sharp integral estimate for the rotation angle 6
in terms of the pointwise quasiconformal distortion coefficient.

Theorem 1.2. Let f be a Q-quasiconformal mapping of the annulus R(a,b) : a <
|z| < b such that f(z) = z for |z| = b, f(2) = ze? for |z| = a. Then

10| 62 1 Kf(z)—1
(18 ol <21og(b/a) BT 4log2(b/a)> <o / e

R(a,b)

The estimate (L.8) is sharp and the mapping (L.0) provides the equality.
Indeed, (LH) and (7)) imply that
(1.9) |2l =V1+k2/4, |fZ] = |k[/2

where the constant k is defined by (L6). Hence Jy- = [f7]? — [fZ]*> = 1 for all
z € R(a,b) and therefore f* is volume preserving. Using formula ([3) we obtain

(1.10) Kp(2) = (|k|/2+ /1 4+ k2/4)?, k= —0/log(b/a).

Since

(1.11)  Kyp(2) — 1 =|0|(log(b/a))~! <|9|/210g(b/a) + \/1 + 92/410g2(b/a)>

and

(1.12) ! /TZ;—log(b/a),

2
R(a,b)

the inequality (L3) follows from (L) if we set ®(t) =¢ — 1.
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8 VLADIMIR GUTLYANSKIi AND OLLI MARTIO

Remark 1.3. By elementary calculation the sharp inequality (I8 can be written
in the equivalent form

(1.13) 6] < (I'?(Ky) — 1/T'?(K)) log(b/a)
where
_ 1 Kf(z)
(1.14) I(Ky) = W(b/a) dez.
R(a,b)

The estimates (I.8) and (T13) can be viewed as angle-distortion stability results.

Corollary 1.4. Let f be an L-bilipschitz homeomorphism of the annulus R(a,b)
such that f(z) = z for |z| = b, f(2) = 2z for |z| = a. Then

(1.15) 0] < (L —1/L) log(b/a).
The estimate (ILI5) is sharp and the mapping (LG) provides the equality.

Indeed, since f is also L2?-quasiconformal, then K(z) < L? a.e. in R(a,b) and

hence the inequality (L) yields (II5).
The sharp form of John’s inequality follows now immediately, if we replace L in

([CIH) by 1 +e.

Corollary 1.5. Let f be an (1 + €)-bilipschitz homeomorphism of the annulus
R(a,b) : a < |z| < b such that f(z) = z for |z| = b, f(z) = ze¥ for |z| = a.
Then

% log(b/a).

For each L > 1 the L-bilipschitz mapping sk, |k| = L — 1/L, transforms the
radial lines into spirals, infinitely winding about the origin and it is called the
logarithmic spiral mapping. The spiral mappings play an important role in appli-
cations. F. Gehring employed sj in [3] to solve the well-known Bers’s problem on
the structure of the universal Teichmiiller space and applied the logarithmic spi-
ral mapping in [4] for studying the injectivity problem for local quasi-isometries.
F. John [9] used the mapping si to study the uniqueness of nonlinear elastic equi-
librium for prescribed boundary displacements. A solution of the well-known Te-
ichmiiller-Wittich-Belinski-Lehto conformal differentiation and regularity problems
for quasiconformal mappings in the plane was also done by means of the spiral
mapping (see e.g., [I1], p. 232, [16], [I], [I0]). A similar problem in space has been
studied by Yu. Reshetnyak [I4].

In Sections 3 and 4 we study the spiral and spiral-like mappings in plane and
space and their factoring into homeomorphisms with small isometric distortion.

It is well-known that every L-bilipschitz mapping between two one-dimensional
intervals can be factored into a composition of homeomorphisms with smaller iso-
metric distortion «. Such a composition can be written explicitly and it requires
N < log, L + 1 factors. In fact, if f : I — I is an L-bilipschitz mapping, then f
can be factored as f = fz o f1, where fi is the a-bilipschitz mapping defined by

(1.16) 0] <

(1.17) filz) = / FOP A= logy o,

where x € I is fixed and f, is the L/a-bilipschitz mapping f o f;*.
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ROTATION ESTIMATES AND SPIRALS 9

For n > 2 it is not known if every bilipschitz mapping can be factored in the
above sense. M. Freedman and Z.-Xu. He [2] studied the logarithmic spiral s
and showed that it requires N > |k|/(a? — 1)'/2 factors to be represented as a
composition of a-bilipschitz mappings. Since sy, is also L?-quasiconformal, then by
the general analytic theory of quasiconformal mappings in the plane, the minimal
number of factors of s;, with conformal distortion < (1 + ¢) grows like 2log; &
when k goes to the infinity. Thus for large k the spiral (7)) takes more factors to
unwind by means of bilipschitz mappings with small isometric distortion than with
conformal distortion.

The following statements provide additional information on the factoring of the
logarithmic spiral. It seems likely that the Freedman and He estimate for the
number of factors can be improved. We study a special set of volume preserving
bilipschitz automorphisms of the unit disk B? and show that in this class a better
lower bound is obtained.

Let 6 be a locally absolutely continuous real valued function in the interval (0, 1]
with

a?—1

(1.18) 160" (t)] < 5ot

a.e.
We define the mapping f : B> — B? as
(1.19) f(z) = 2e?2 0 F0) = 0.

Clearly f is a homeomorphism of B? which maps each circle S'(r), 0 < r < 1 onto
itself. The following lemma shows that f is actually bilipschitz.

Lemma 1.6. The mapping f is a volume preserving a-bilipschitz mapping of B2.
The class of mappings ([CT9) we will denote by P.

Proposition 1.7. Let si, be factored as s = fno---o fi, where each f; € P. Then

(1.20) N> |k|/(e — 1/ ),
if |k|/(a — 1/a) is a positive integer and
(1.21) N = [Jk)/(a - 1/a)] +1

otherwise. Here [c]| stands for the whole part of the real number c. These estimates
are sharp.

Contrary to the plane, little is known on factoring in space. An affine L-
bilipschitz mapping of R™ onto R™ can be factored into a composition of N <
log, L + 1 affine a-bilipschitz mappings.

In Section 4 we study the factoring problem for the volume preserving bilipschitz
automorphism Sy, of the unit ball B3 in 3-space defined as

(1.22) Si(z) = ((xl—i—ixg)eikloglxl, xg) Sk(0) =0, z = (21,22,23), keRL

The mapping [L22) was introduced in [5] to study the distortion and rotation
problems for quasiconformal mappings in space. This mapping can be viewed as a
space counterpart of (7). The trace of Sy in C gives us again the mapping (7).

It turns out that the special class of volume preserving bilipschitz mappings
f: B® - B3 with

(1.23) (f(z),e3) = (z,e3) and [f(z) = [z
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10 VLADIMIR GUTLYANSKIi AND OLLI MARTIO

for each z € B® forms a test class for the composition. Here e, ez, e3 denote
the standard unit vectors of R3. In what follows, a volume preserving bilipschitz
mapping f : B> — B3 satisfying ([CZ3) for all z € B3 will be called the bilipschitz
rotation of the unit ball in R3 about the ez-axis. A bilipschitz rotation f of B3
maps each circle C(r,t) = {z € S?(r) : z3 = t}, 0 < r < 1, [t| < r, onto itself.
However, f need not map the circles C(r,t1) and C(r,t2) onto itself in a similar
fashion as the mapping S, does, i.e., f need not be a rotation of S?(r).

Theorem 1.8. Let Sy : B> — B3 be the (1 + |k|)-bilipschitz mapping defined by
(CZ2). If S is factored as Sk, = fnofn—10---0f1, where every f; is an a-bilipschitz
rotation of B3, then

(1.24) N > |kl V3/m

(a3 —1)1/2°
2. PROOF OF THEOREM [ 1]

For simplicity and without loss of generality we may assume that a = ¢, 0 < ¢ <
1, and b = 1. The test class M consists of all Q-quasiconformal mappings f of the
annulus R(q, 1) onto itself such that f(z) = z for |z| = 1, f(z) = ze® for |z| = ¢.
We will show that

. dm, dm,
2.1 d(K — = D(K ¢~ —
(2.1) mip [ oI = [ o0
R(q,1) R(q,1)

for every continuous nondecreasing convex function ®. The proof is by contradic-
tion. Suppose that there exists a mapping f € M such that

dm, dm.,

(2.2) | eusenTE < [ et T

R(g,1) R(q,1)

For fixed n = 1,2, ..., we will introduce the mapping ¢(z) defined in R(¢"/™ 1) as

(23) oe) == (122 .

ZTL
and normalized by (1) = 1. This mapping is well-defined since f is a sense-
preserving homeomorphism of the annulus R(g, 1) onto itself. The boundary con-
ditions of f imply that p(z) = 2z for |z| = 1 and @(z) = ze"/™ for |z| = ¢'/™.
Considering the conformal covering spaces of the annuli, we see that the mapping
© is n-fold symmetric with respect to the origin in the sense that

(2.4) p(ejz) = €5p(2)

for every e; = e?mi/m j =1,2,...,n — 1, and is one-to-one in R(¢'/™,1). Since f
is quasiconformal in R(g,1), the mapping ¢ is also quasiconformal in R(q'/™,1).
Using ¢ we generate the following sequence of mappings

o(2), if ¢V/" <z <1,
p(z/q Mg eI, i P < 2] < g
PRPTED TR e, ,

(p(z/q(n—l)/n)q(n—l)/nei(n—l)é/n: if ¢ < |Z| < q(n—l)/,n7
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ROTATION ESTIMATES AND SPIRALS 11

and show that each f, belongs to the set M.

First we note that, by the construction, each f,, is quasiconformal in R(g, 1)\
U;l;ll{|z| = ¢’/"} and continuous in R(g,1). Next, since f,, maps each circle |z| =
¢/™ j=1,...,n—1, onto itself, then by the removable singularity principle for
quasiconformal mappings (see [I1]) f, is quasiconformal in R(g,1). Finally, the
admissible normalization of f,, for |z| = 1 and |z| = ¢ follows from the boundary
conditions of the mapping ¢. Thus f, € M foralln=1,2,... .

On the other hand, we see that f,(¢7/"e™) = ¢7/"e“ 39/ for alln =1,2,... |
j=1,...,n—1and 0 < w < 27. It is immediate now that the sequence f,, converges
uniformly in R(q, 1) to the mapping f* defined by formula (LG). Next we will make
use of the following convergence result proved in [6] (see Theorem 4.1). It states

that if F, : G — C, n=1,2,...,is a sequence of Q)-quasiconformal mappings that
converges locally uniformly in G to F, then
(2.5) /@(Kp(z))dmz < liminf/CD(KFn (z))dm,

E E

for every measurable set £ C G with m(E) < oo and for every continuous nonde-
creasing convex function ®. We will apply this statement to the sequence f,, in the
following way. First we show that

dm dm
(26) [ et = [ e T
R(q,1) R(q,1)
for every n = 1,2,.... To this end observe that the Jacobian determinant of the
mapping g(z) = 2" satisfies J,(z) = |¢/(2)|? = n?|z|*"~? and hence
dm 1 Jy(z
en [ ewe =L [ eoE .
R(q'/™,1) R(q'/m,1)
1 dm, 1 dm.,
S ®(K;(2))N(g, 2) 22 — = (K ;(2)) 22
= [ seNeaTE -1 [ e
R(q,1) R(q,1)

Note that the multiplicity N(g,z) = card (g7 '(z) N R(¢*/",1)) of g in R(¢*/",1)
satisfies N(g, z) = n. By symmetry we also have

dm, 1 dm,

(28) [ e T [ euseTE

n
i =1 R(q,1)

for j =1,2,...,n and summing up we obtain (2.6).
Now (Z8]) yields
. dm, dm,,

n—00
R(q,1) R(q,1)
Replacing the sequence f,, by the sequence F,,(z) = f,(e*) of quasiconformal map-
pings defined in the rectangle Q : —log(1/q) < Rez < 0, 0 < Imz < 27, we see
that
dm,

(2.10) JRRC) o — [ @, ()dm..
Q

R(q,1)
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12 VLADIMIR GUTLYANSKIi AND OLLI MARTIO

Since Fy,(z) — F(z) = f*(e®) uniformly in  as n — oo, the aforementioned
convergence theorem implies that

(2.11) liminf/‘I)(KFn(z))dmz > /@(Kp(z))dmz.

n—oo

Q Q

Combining (Z¥) and (ZI0) with (ZII) and going back to the annulus R(g, 1) we
obtain that

dm, dm.,

(2.12) /@(Kf(z))Wz/(I)(Kp(z))dmz: / B (2) -
R(q,1) Q R(q,1)

Formula (ZI2) provides a contradiction to the inequality (Z2). This completes the
proof of the theorem.

As we have already noted, the sharp inequality (ICIH) is a consequence of (L)
since an L-bilipschitz mapping in the plane is L?-quasiconformal. On the other
hand, if for every f € M

(2.13) Q(f) = esssup Kf(2)
R(q,1)

denotes the maximal dilatation of f in R(g, 1), then the inequality (IIH) can be
obtained if we show that
2.14 i = *
(2.14) win Q() = Q%)
with f* as in (L6). The problem (ZTI4)) is Teichmiiller’s type extremal problem for
the class M of quasiconformal mappings in the annulus R(g, 1) with given boundary
values. It could be studied by the standard methods in the logarithmic plane (see
e.g., [I3]). Below we give an approach, which does not use any modulus estimates,
and could be of independent interest.

The proof is by contradiction. Suppose that there exists a mapping f € M such
that

(2.15) Q) <Q(f).

Let us again make use of the sequence f,, generated by f as in the proof of Theorem
[ Then by the well-known semicontinuity property of the maximal dilatation
coefficients (see [L1], [15]) we arrive at the inequality

(2.16) QU <lim inf_ Q(f,)
Since Q(fn) = Q(f) for all n =1,2,..., then (ZI6) implies that
(2.17) Q(f") < Q(f).

Formula (2.17) provides a contradiction to the inequality (2:15) and (2:14) follows.
The weighted integral mean in (8) is closely related to the study of the well-
known conformal differentiability problem (see e.g., [6], p. 232). For example, if

1 Kf(z) -1
(2.18) o / %dmzﬂo as 7 — 0,
|z|<r

then Theorem [Tl applied to a quasiconformal mapping f, f(0) = 0, that rigidly
rotates each circle |z| = r implies that f/(0) = R where R is a rotation.
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ROTATION ESTIMATES AND SPIRALS 13

3. SPIRAL-LIKE MAPS IN PLANE

We first prove Lemma Assume that f is defined in the unit disk B? by the
formula (CI9) with locally absolute continuous real valued function 6(t), t € (0, 1],
satisfying (LI8). Then by means of the straightforward computation we see that

(3.1) f2(2)] = (L4267 )2, | f(z) =l (1)), t= 2P,

a.e. in B2. We note also that the mapping f is volume preserving since |f,(z)|?> —

|fz(2)|* = 1. Hence, (LI8) and B0 yield

o\ 1/2
a2 — a2 —_
(3.2) I/ @I = 122+ 1f=(2)] < —~ L (1 + < 1> ) =

2a
Since f is volume preserving, we also have £(f'(z)) = 1/||f'(2)|| > 1/a where
0(f'(2)) = |f-(2)] = |fz(2)]. Now B? is convex and we conclude from the above

estimates that f is a-bilipschitz.
Corollary 3.1. Suppose that 0(t) satisfies the inequality
(3.3) |0(t1) — 0(t2)| < €|logt; — logtal.

Then f defined in B? by (LIY) is an a-bilipschitz mapping with o = & + /1 + 2.
In particular, f is an (1 + €)-bilipschitz mapping.

Proof. Write n(s) = 6(e®), —oo < s < 0. Then the inequality [B.3)) yields

(34) In(s1) = n(s2)| < efs1 — sal.

The last estimate shows that the function 7 is absolutely continuous in (—o0,0)
and |n'(s)| < € a.e. Hence [t6(t)| < € a.e in (0,1). By Lemma [L.6] it follows that
f is an a-bilipschitz mapping with @ = & + v/1 + &2. The elementary estimate
e+ V1+e? <1+ ¢ gives the last conclusion. For a similar result see [H]. O

Note that the spiral mapping (L.7) is contained in the class of mappings defined
by (L19) and is generated by the formula (LI9) with 0(t) = (k/2)logt. If we set
|k| = L—1/L, then |0'(t)| = (L*> —1)/2tL and by Lemma[[.6] s is an L-bilipschitz
mapping.

Proposition 3.2. Let s;, : B> — B2 be the L-bilipschitz mapping defined by ([L0).
Then for each a, 1 < a < L, the mapping si can be factored into a composition of
a-bilipschitz mappings. More precisely

(3.5) Sk =8y 008y, v=(signk)(a—1/a)
k/v times
if k/v is a natural number and otherwise
(3.6) Sk =8y 008,08, u=k—[k/v]v
—_———
[k/v] times
where [c] stands for the whole part of the real number c.

The proof immediately follows from the explicit formula (7).
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14 VLADIMIR GUTLYANSKIT AND OLLI MARTIO
Proof of Proposition[I.]. Assume that s = fnx o---o fi, where each f; is defined

by (LIY) with some 6; satisfying (LI8). Since |fj(2)| = |2|, 7 =1,..., N, we see
that (II9) implies that

k
(3.7) gby:ﬁN+~~+&,t:pﬁ

Differentiating both sides of ([3.7)) with respect to ¢, we obtain from the estimate

IWE)
|| a? -1

/ /!
. L <
(38) S = 0@+ o] < NS

and thus
k|

N>————.
T a-1/a

Assume first that |k|/(a—1/«) is a natural number N. Then the sign of equality
in (3:8) holds if and only if

(3.9) %@:@@mﬁ;1
a.e. for all j =1,..., N. This yields 6,(¢) = vlog|z| with v = (signk)(aw—1/a) and
hence
f1(2) = 2R = 5, (2)
for all j = 1,..., N. Thus, in this case the optimal composition is of the form

N times

Sp =%y0---08s, with N = |k|/(aw — 1/a). The case when k/v is fractional can be
handled similarly.

4. FACTORING IN SPACE

We use in R? the spherical coordinates r,w, 3 as follows: 3 stands for an angle
between the radius vector and e3; the ejes-plane is identified with the complex
plane C, so that z = x; + izy = 7€’ sin 3. We denote by S? the unit sphere in R?
centered at the origin.

The following technical lemma is a space counterpart of the corresponding
Gehring’s result [4] (see also Corollary B.1)).

Lemma 4.1. Suppose that 0(t) is a real valued function defined in (0,00) such that
|0(t1) — O(t2)| < e|logt; —logta].

If f is defined in R? as

(4.1) f@) = (20, 2, f(0) =0,

then f is an (1 + €)-bilipschitz mapping in R3.

Corollary 4.2. The mapping S defined in R? by the formula (L22)) is an (1+k|)-
bilipschitz mapping.
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ROTATION ESTIMATES AND SPIRALS 15

Proof of Lemma[f-1} Let x = (z1,22,73),y = (y1,Y2,y3) € R® be distinct points
such that |z| < |y|. We set z = x1 + ix2, w = y1 + iy2, and first assume that z # 0.

Then

(@) = S = [0 <\y\>‘2 (s — y3)?
(4.2) ‘ Yei? D) 4 ( i0(al) _ i <\y\>) ‘2 (s — ys)?

< <|Z ] + || [ei®CleD) eie(lyl)‘)Q (s — ys)?.
Since
(D) _eie(lyl)‘ < 16(|) = 6(Jy])| < < log |Iyl|
and
gl Il _le=ul eyl
jz| = |z || 2]

we see that

(4.3) |2| [e0U=D — D | < |z — y.

Now (Z2) and (E3) yield

[f(@) = F)IP < (|2 —w| +elz — y)? + (25 — y3)?

= [z —y> + 2|z —wl|lz —y| + |z -y < (1 +e)?lz —y
and we arrive at the inequality
(4.4) If(z) = fy)| < (1 +e)|z—yl
If z =0, then
[f(@) = f)P = [w]* + (23 — y3)? < (|2 —w| +elz — y|)°
+ (23— y3)®> < (14 ¢)?|z —yf?

and we again obtain the inequality (Z4). In order to complete the proof, we note
that the inverse mapping f~! is given by ({I) with —@ in place of # and then to

apply (4) to the inverse mapping.
Let v be a rectifiable curve in R™\ {0} and let 7(¢) : [a,b] — R™ be its absolutely

continuous parametric representation. We call the quantity

(4.5) 5 = /b [P ~ n(®)|”

| 2

dt
In()I?

the total rotation of the curve 7. Note that 6, = 0 if and only if v is a radial
segment. The integrand in (H) is the differential of the angular distance between
points n(t) and n(t + dt). Thus, 6., can be considered as a space counterpart of the
total variation for a continuous branch of argn(t).

Next, let f be a quasiconformal rotation of the spherical annulus R(a,b) : 0 <
a < |z| < bin R3 onto itself. Given a unit vector v = (e sin 3, cos ) on S? and
the radial segment v2, = tv, a <t < b, the curve v = f(v%,) can be parameterized
in the spherical coordinates as

(4.6) n(t,w,B) = (ﬁezQ (t.w.8) sin B, tcos ﬁ) a<t<h.
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16 VLADIMIR GUTLYANSKIi AND OLLI MARTIO

For (0 it is enough to observe that |n(¢,w, )| =t for all w and g since f maps
each sphere S2(t) onto itself and the rotation assumption gives

(4.7) (f(tv),e3) = (tv, es) = tcos .
For every fixed 8, 0 < 8 < m, we introduce the quantity

0<w<27

b
(48) ol = max| [ dt.,9)

and call it the mazimal twist of the corresponding radial segments 2, under the
mapping f (cf. [2]). This last quantity does not depend on the particular choice of
a continuous branch of the Q(¢,w, 3) and hence it is well defined.

Lemma 4.3. Let fi, fo be quasiconformal rotations of the spherical annulus R(a,b)
in R onto itself. Then

(4.9) pa(fio f2) < ps(fi) + ps(f2) + 2m.

Proof. Since a composition of two quasiconformal rotations is again a mapping with
the same properties, then the curve fi o fo(tv), a <t < b, v € S2, has the following
parametric representation

(4.10) n(t,w, ) = (teﬂl(t’ﬂz(t’“”ﬁ)’ﬁ) sin 3, tcosﬁ) .
Hence, by formula (£.8])
(411) :u’ﬁ(fl © f2) = Ogr:}aggﬂ_ |Ql (bv Q2(b7wvﬂ)7ﬂ) - Ql(a’a QQ(aawa 6); 6)| :

Since
1Q1(b, 22(b,w, B), B) — i (a, Q2(a,w, B), B)|
(4.12) < [921(b, Q2(b,w, B), B) — Q1 (a, Q2(b,w, B), B)|
+ Q1 (a, Q2(b,w, B), B) — i (a, Q2(a,w, B), B)|,

we see that
(413) Mﬁ(fl o f2) S Mﬁ(fl) + mf}x'Ql(a/aQQ(bawaﬁ)aﬁ) - Ql(a792(a7w76)76)| .

Next, since Q1 (a, -, ) is a monotonically increasing function satisfying the condition
Q1 (a,w + 27, B) = Qa,w, B) + 27 for each w, then |Q(a,wr,B) — Qi (a,we, B)| <
|w1 — wa| 4+ 27 and therefore
|Ql(a/; QQ (b7 w, 6)7 6) - Ql(a/; QQ(G/, W, ﬁ)a ﬁ)l

< |92(b7w7 ﬂ) - QQ(a’a w, 6)| +2m.

Combining (£1I)-({14)) we obtain (£9) and the proof is complete. O

(4.14)

Lemma 4.4. Let f be a quasiconformal rotation of the spherical annulus R(a,b)
in R? onto itself Then

2log(b/a) 1 @) —1

2

(4.15) /6f(75b)dm(1/) < 3 / i dx
52 R(a,b)

where || f'(z)|| = sup{[f"(z)h] : [] = 1}.
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Proof. For a rectifiable curve v C R?\ {0} we define its quasihyperbolic length (see

e.g., [12], [I7], p. 33) as
= [

Y

Fix a radial segment {tv : a <t < b}, v € S?, in R(a,b). We shall estimate the
quasihyperbolic length of its image under the mapping f. Since f is quasiconformal
and volume preserving, f is bilipschitz and thus ¢ — f(tv) provides an absolute

continuous parameterization for the image curve. The rotation assumption implies
that | f(tv)| =t for all v € S3. Thus

£0) /\ )% < [

Using Holder’s inequality we get that
1/3

/ 1§ < / 17| g e/

Therefore
b
(4.16) B0 < log/a) [ 17w

Now ([I8) holds for a.e. v € S? and we integrate both sides of ([EIH) over S2. The
Fubini theorem yields

3
(4.17) [ eutiin) <o [ L5 |(|3” dz.
S2 R(a,b)
This leads to (@I3)) as follows. Write n(t) = f(tv), a <t < b. Then

b b ) 2\ 4
w19 s = [ / ( 2 +'|Z’7((?)'|2> i
and since

b 2 b 2 b 2
(4.19) / o)t | + / gty < / (PP(2) + g2(8)) e
with
| wr - ] o
O=1""mor | YT har
we obtain
b 2 12 % 2 b I 2
wa egonn> | [\ ) | [
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Now the first integral in (Z20) is 0 () and
b

v 2 2 1/2
() = (T + 1o (0/a)
Combining these with (£17) we get

/ ([5;%) +log?(b/a)]¥/? — 1og3(b/a)) dm(v)

S2

O 2 oe(b/a
) dt =log(b/a),

and hence

4.21

2 < log?(b/a) / de.
R(a,b) l«

The proof now follows from the elementary inequality

3log(b/a)

(07112, +log”(b/a)]*/? — log® (b/a) > =—

2
0%

Vo)
O

Lemma 4.5. Let f be a quasiconformal rotation of the spherical annulus R(a,b)
in R onto itself. If pg(f) > 2w for each 0 < 3 < m, then

/ o) a ()13 =
(4.22) / (s (f) — 22 sin® g < 280/ g?()fr/ ) / %dm

0 R(a,b)

Proof. Since the curve f(v2,) has the parametric representation of the form (@.G)),
formula () yields

b
Sttty = [ 1d9tsw, )] s,

and hence

(4.23) Sy, 2 19(a,w, B) — Qb w, B)|sin 8.
Let

(4.24) pa(f) = m3x|Q(a,w,6) - Qb,w,B)| > 27

for every fixed 8, 0 < 8 < 7. We will show that (4.24]) implies the inequality

(4.25) Qa,w, B) — Qbyw, )] = po(f) — 27

for every w and all 0 < 8 < 7.
Since Q(t,-,8) is a continuous monotonically increasing function satisfying
Qt,w £ 27, 8) = Qt, w, B) £ 27, we may assume that

ns(f) = [92(a,0,8) — Q(b,0,3)|.
Next, if Q(a,0,3) > Q(b,0, ), then we get
Q(a7w76) - Q(bawa ﬁ) 2 Q(aa 075) - Q(ba 27T7ﬁ) = Hﬁ(f) - 27T
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whenever 0 < w < 27. If Q(b,0,3) > Q(a,0, ), then
Q(b,w,B) — Qa,w, B) = Q(b,0,8) — Qa, 27, 3) = ps(f) — 27

whenever 0 < w < 2. Hence the inequality (4.25) follows.

Combining ({25 and (£23), we obtain

(4.26) Of(vy,) = (na(f) —2m)sin B,
Inserting (4:26)) in (LI5), we arrive at the inequality (@22)) and thus complete the
proof. O

Proof of Theorem [[L8 Let Si(x) be factored as S, = fy o fy—10---0 f1, where
each f; is an a-bilipschitz rotation of R®. Then, by Lemma E3]

N
(4.27) () < 3 sl fi) +2m(N =1).

Using Lemma [£5] we see that for all r, 0 <7 < 1,

g P 1/2
[tustsy) = 2mysingas < ([ sty - 20)?sin? 5
(4.28) ’ ’ »
log(L/r) [ IA@IP — 1
o Gl M
R(r,1)
Since
(4.29) /ug(Sk) sin 8dS = 2|k|log(1/r),
0
#21) and [{2]) yield the following inequality
1/2
N / 3 _
(4.30)  2[k|log(1/r) < Z log( 1/7" / Hfj(T;:L Lar | +amien - 1),

- R(r,1)

Since all the mappings f;(z) are a-bilipschitz, ||f(z)|| < a, j =1,..., N. Inserting
the last estimate in (@30), we obtain

(47r log?(1/r)

1/2

(4.31) 2|k log(1/7) < Z (o — 1)) +47(2N — 1).

Dividing both parts of the inequality (Z31]) by log(1/7) and letting » — 0, we have

(4.32) k| < N\/7/3(a® — 1)1/2
and hence ([C24)) follows.
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