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SOME PRESENTATIONS FOR T'y(N)

ANTONIO LASCURAIN ORIVE

ABSTRACT. Some presentations of the Fuchsian groups defined by the Hecke
congruence subgroups

To(N) = {(‘CL Z) € SL2,Z)| ¢=0 mod N}

are given. The first is one obtained by the Reidemeister-Schreier rewriting
process, thereby completing and correcting Chuman’s work on the subject.
The main result (Theorem 3) is the reduction of this huge presentation into
another one which is simple and useful. In the process, Zy is partitioned into
three subsets that exhibit many cyclic and dual properties of its ring structure.
For some cases, a minimal presentation derived from the Ford domains is given
explicitly in terms of the units and its inverses.

1. INTRODUCTION

The Fuchsian groups T'o(/N) play an important role in number theory. Moreover,
the properties of these groups seem to be closely related to the structure of the rings
Zp . The exhibition of presentations for these groups is very useful to computational
number theorists, however, those which are known are far from simple.

Using the Reidemeister-Schreier rewriting process, Radamacher [9] got a pre-
sentation for Ty(p), p a prime number. Chuman [3] generalized this presentation
for an arbitrary number; nevertheless, his presentation is incomplete and therefore
incorrect in most cases. The main problem is that a crucial relator, denoted in this
paper by R4, is not included in his presentation. The importance of this relator
is described at the end of this article, where an explicit presentation of T'(30) is
given.

Although Chuman’s work pioneers the field, it fails in key results such as those
already mentioned and in the formula of the rank of these groups in the torsion
cases; furthermore, he does not exhibit a simplified presentation. His article also
contains far too many misprints, making it virtually unaccessible to the reader.

The object of this paper is to produce some presentations for I'g(IN), accessible
and useful. One of the main results is the exhibition of a presentation arising from
the Reidemeister-Schreier rewriting process which can be applied to specific cases
(see Theorem 3 and the examples that follow it). The huge presentation given by
Theorem 1 is developed in great detail, with the aim of simplifying it.

In the process of obtaining the relators derived from the Reidemeister-Schreier
rewriting process, a whole set of results on the structure of the rings Zy arises. The
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34 ANTONIO LASCURAIN ORIVE

cyclic and dual nature of distinct collections of numbers becomes apparent (see the
remark after Theorem 1, Lemmas 3, 4 and 7 and the long proof of Theorem 1, Cases
1 through 7). Most of these properties are derived when considering the different
proper divisors d of N and the units in Z,,, w = (d, %) For instance, it follows
from Subcase la, that if IV is a prime number and N = 2 mod 3, then the set
Zn — {0,1} may be partitioned into cycles of length three.

One more explicit presentation derived from geometric methods is given for a
large collection of groups I'o(NN). This one is obtained by applying one of Poincaré’s
theorems for fundamental polygons to the Ford domains (see Theorem 4). The
virtue of this presentation is that it is given by an explicit and simple expression
in terms of the units and their inverses.

Kulkarni has also exhibited presentations derived from fundamental domains
(see [4]); however, his polygons are not Ford regions. Finally, I would like to thank
Troels Jgrgensen for introducing me to this area of research.

2. PRELIMINARIES

We will denote by I" the classical modular group SL(2,C); the corresponding
group of transformations PSL(2,7Z) will be written as I'. In general, we will put
bars to symbols representing matrices, to denote the corresponding transformations.
It is well known that T has the following presentation,

(2.1) {T.5: 3, 5377},

11 0 -1
T_<O 1) and S_(l O)'
One way to prove this is by applying one of Poincaré’s theorems for fundamental

domains to the Dirichlet polygon with center at 2i (see [7], pp. 230-234).
Let T'g(N) denote the Hecke congruence subgroup of I" of level N, consisting of

the matrices
{(a b)ef‘ ‘ c=0 modN}.
c d

The election of representatives for the right cosets is necessary to apply the
Reidemeister-Schreier rewriting process to exhibit a presentation of I'g(V), derived
from the presentation of I' defined by (2.1).

where

Lemma 1. Let T, denote the subgroup of translations of T'; then, every double
coset

To(N)VT., TVeT,
contains an element of the form
ST"S, n € Z.
Proof. One may find a matrix U € I'g(NV), for which

ov=(1 7).
(o )

Hence for suitable n,

vvrn
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ST™mS = (‘1 0 )
m —1

the lemma follows. A more detailed proof may be found in [3], p. 382. O

Since

Lemma 2. The double cosets defined by ST™S and S Tng, n,m € 7, are equal
if and only if the following conditions hold:
(a) (n,N) = (m,N) =d,
n
(b) 373 mod w, w = (d, ).

Proof. Using matrices, a calculation shows that S TS and ST S belong to
the same double coset if and only if

(2.2) m—n+mnu = 0 mod N,

for some u € Z. It is also not difficult to prove that condition (2.2) is equivalent to
the hypotheses (a) and (b). For more details see [3], p. 382. O

It is a remarkable fact that conditions (a) and (b) in Lemma 2 are exactly those
that define the distribution of parabolic vertices of the Ford polygon into cusps (see

[5]).
An application of Lemmas 1 and 2 will yield representatives for double cosets,
but first one has to define a set of numbers. For each proper divisor d of N, let

Ag=A{ma,1, ma2, . ma g}

be a complete set of representatives for Z;, , where w = (d, %) and ¢ denotes the
Euler function.

We make this selection so that 0 < mg; < I and (mg;, §) = 1, for all
j € {L,2,...,¢6(w)}. This is possible because the Chinese Remainder Theorem
implies that the natural map from Z*% to Zjy, is surjective.

For example, if N = 9000 and d = 100, one has % = 90, w = 10 and we may
choose
A0 = {1,13,7,19}.
Having fixed the sets Ay, one defines
Mg={dmg ;| ma; € Ad}

and

M = U M,.
dIN
1<d< N
It follows from the definition that Md N Md' =0, if d # d'.

Chuman’s definition of M requires (mgq, ;, N) = 1, instead of (mq,;, %) =1,
however this is not consistent with Proposition 2 in his paper. This can be seen
with N = 36 and d = 12, since for this case w = 3 and the class of 2 is represented
with a number which is at least 5, but then M has elements bigger than 36.
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36 ANTONIO LASCURAIN ORIVE

Proposition 1. The set of transformations,
F={I,S, ST"S, meM,
forms a complete set of representatives of double cosets in
To(N)\T /T.

Proof. This result is a direct consequence of the previous lemmas and the definition
of M:
It follows from Lemma 2 that

5T*VS, kez,
belongs to the identity class. This lemma also implies that
ST'S, (k N)=1,
defines the same double coset as
To(N) T T
Since

STS=T"tST71,

these classes are represented by S.
Clearly, all other double classes are determined by the elements in M. [l

The next step is to distribute the double coset classes into right coset classes
defined by T'o(N). Observe that for fixed U € F, given

[ — — —

ViUT € To(N)UTw, Vi € To(N);
if we could write T' as
T ' VoT) T, V,eTo(V),
we would have
ViUT =V \VoUT’ € To(N)TT’.
Hence, the key to the decomposition of double cosets will be the subgroups of
translations defined by

— — 1 —
(U To(N)T ) M T-
If U is of the form ST S, one has

(2.3) UT"Ul—( *, *) € To(N),

mn *

provided mn®> =0 mod N.
On the other hand, if U = S,

. -1 0
ST 5—<n _1>€P0(N),

whenever n =0 mod N.
In the first cases, if we take the smallest integer n for which

mn®=0 mod N,
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SOME PRESENTATIONS FOR T (N) 37

we get the coset decomposition for
(T To(M)T) () T, T

with the representatives

R = -1
1.7, 7, .. T

whereas, in the second case the representatives are

S —— —=N-1

L,T,7T,...,T .

These ideas lead to the election of representatives for [[o(N),T.

Proposition 2. A complete set of representatives for right cosets in [To(N),T] is
giwen by the following set W of transformations

{I.5T 0<k<N-1 ST"ST’, meM, 0<j<nm) -1},
where n(m) is the smallest integer for which
n(m)m? =0 mod N.
One may easily deduce this result from the previous remarks. For other details,

we refer to Chuman’s paper.
Sometimes we will write simply n for n(m). It turns out that

where w = (d, %) and d = (m, N). This is not hard to prove by writing the prime
decompositions of d, %, N, m and w. This equality also shows that the number
n does not depend on m, but only on d. It is also true that the condition

n(m) =1
implies that m is uniquely determined. This follows because under such hypothesis
w = %, and each integer in {1,2,..., %} represents a different class in Z,,.

We describe briefly the Reidemeister-Schreier rewriting process: given a trans-

formation V €T, we will denote by V the corresponding element in W representing
V. In our context, the Reidemeister-Schreier method states that the set

-1

G- {VT(VT) Vs VeW}

generates I'g (N) (cf. [§], p. 89).
Giving a reduced word in the letters T, T " and S, say

V=V T

where each Vj equals T or S and e; = £1. Let Uj denote the preceding segment
in the word V of the letter Vj and

<l

W; =U;V (W)_lv
then
P(VRVS V) = W Wy W,

is the Reidemeister-Schreier rewriting process with respect to the set of generators
G (cf. [8], Corollary 2.7.2 and proof, pp. 90-91).
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38 ANTONIO LASCURAIN ORIVE
One concludes that To(N) has a presentation with the family G as the set of
generators and
R={-(VS'V "), +(VETPV "), VeW},
the set of relators. This is the Reidemeister theorem (cf. [§], p. 91).
3. SOME ALGEBRAIC PRESENTATIONS

It will be convenient to partition the first N — 1 integers into three sets, which
we will denote by M, K and P. The set M was defined in the preliminaries,

K={ke{l,2,....N-1} | (k,N)>1, k ¢ M}
and
P={ke{1,2,....N—1} | (k,N) =1}.

In order to exhibit the set of generators ‘G, we need to determine the represen-
tatives in W of certain transformations.

Lemma 3. Given k € K, one has that

ST"S =8T"ST’, meM, 1<j<n(m)—1
and
(3.1) k(1—mj)=m mod N.
Proof. Calculation yields
k —jq-1m—-mqg—1 _ * *
STEST7S*T ™8™ = (—k;+mk:j—|—m *>

Hence the result follows, provided the congruence (3.1) holds for 1 < j < n — 1.
We observe that (3.1) is the same congruence as (2.2) in the proof of Lemma 2, so
there exists m € M such that (k,N) = (m, N) = d and % = % mod w, where
w = (d, %) Under this notation

m—k+mku =0 modN, ué€EZ.

Since (N,mk) = dw, it follows easily from the basic theory of Diophantine equa-~

tions, that one may choose 0 < u < % —1=n-1. O

It is clear from Lemma 3 that the pair (m, j) is unique. We will write
ko~ (m,j) or (m,j) ~k
to describe the congruence (3.1). Observe that if (3.1) arises
(1—mj, N) = 1.
Moreover, this last condition implies the existence of k € K such that (m, j) ~ k.

Lemma 4. Givenm € M and j € {1,2,...,n(m) — 1}, such that (1 —mj, N) > 1,
then there exists another pair (m', j'), m’ € M, 1 < 7/ < n(m’) — 1, for which

ST"ST'S =8T" ST’
and

(3.2) (1—mj)(1—m'j") = —mm’ mod N.
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SOME PRESENTATIONS FOR T (N) 39

Proof. Using Lemma 3 and calculating some products of matrices defined by other
transformations in W, the first assertion is a consequence of Proposition 2 and the
hypothesis on 1 — mj.

Since

*

(1= mg)(1 = m'j") +mm’ ) € Lo(N),

the second assertion also follows. O

sTmSTisT—4 §-tp—m g1 — (

Again the pair (m/, j') is unique. We will refer to the congruence (3.2) simply
as

(m, §) ~ (m', j").
It follows from (3.2) that if (m, j) ~ (m/, j'), one necessarily has that
(1-=mj, N)>1.

Observe that given m € M and 0 < j < n(m) — 1, either (m, j) ~ k, or
(m, j) ~ (m', j').
Before exhibiting the generators it is necessary to get the representatives of all
words of the form
VS, VT, VeWw.

Lemma 5. For the following transformations in T, one gets representatives in W,

as follows:

1. IT=1.

2. ST'T = 5T", k=0,1,2,...,N—2

3. ST 'T =3

4. ST"ST'T = ST"ST'", meM, 0<j<n(m)—2
5. ST"ST"'T =5T"7, me M, n=n(m).

6. IS =S

7. 5§8 =1

8. ST"S =ST"G, m € M.

9. ST's = 57", (k,N)=1, kk*=—1 modN.
10. ST"S =ST" 5T, ko~ (m, j).

11. ST"85S =ST", m € M.

12. ST"ST'S = 5T, (m, j) ~ k.

13 ST"ST'5 = ST™ 577, (m, §) ~ (', 7).

Proof. Assertions 1, 2, 4, 6, 7, 8, 10, 11 and 13 are either trivial or have been
proved in Lemmas 3 and 4. Assertion 3 follows because

No (-1 0
stvs- (4 0)

whereas using (2.3) one may prove Assertion J.
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40 ANTONIO LASCURAIN ORIVE

Also, since
k —k" o _ * *
STEST 5= <1+kk* *)
Assertion 9 follows. Finally, Assertion 12 is the dual situation to Assertion 10 and
may be proved by taking the inverse of the matrix in the proof of Lemma 3. |

The exhibition of the generators for [y(N) is now a direct consequence of Lemma
5 and the Reidemeister-Schreier method.

Proposition 3. The Hecke congruence subgroup To(N) is generated by the set of

transformations
G={T, U, Vi, 1<k<N-1, Vi, meM, 1<j<n(m)-1},
where
U =35T"7%,
V.=ST'sT "5, kk*=—1 modN,
Ve =ST'ST ST ™73, ko~ (m, j),
Vi = ST"ST"ST ™75, m e M, n=n(m),
Vi, =ST"ST'ST "3, (m, j) ~ k,

-/
=M amiasm—Jd ar—m

Vi =8T"8T’ST ST ™ 5, (m, j) ~ (m, j).

Most of the generators in the set G appear together with their inverses. However,
these repetitions will be eliminated using the relators defined by the rewriting of
the words

V3V, Vek
Lemma 6. Up to a cyclic permutation, the relators derived from T (V 5° 7_1>,

V € K, in the Reidemeister presentation are:

Ry =Vi Vi, ke P,
Ro=Vy Vo ko~ (m,j),
Ry=V i Vo jo (m, j) ~ (m', j").

Proof. One easily checks that

for the cases V. =1, S, ST"S, ST", m € M.

fv =58 Tk, k € P, using Assertion 9 in Lemma 5, the rewriting of the
segment S TS yields V. and that one of the segment S T" S §_is V 1. Since
the rewriting of all other segments is the identity, one gets relator R;.

Similarly, if & ~ (m, j), using Assertions 10 and 12 in Lemma 5, one obtains

relator Ry
(
The dual case

T(ET’”?

9]

T'S* (ST ™) = ViV

13

N
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SOME PRESENTATIONS FOR T (N) 41

yields Vm,j V i, a cyclic permutation of Rs.
Finally, if (m, j) ~ (m/, j'), using Assertion 13 in Lemma 5, one gets relator
EZS?

r(ST"ST'S* ST ST ) ™) = Vo Vwryr
0

The calculations of the relators derived from § T will prove one of the main
results. This analysis will also exhibit some properties of the rings Zy. In partic-
ular, the cyclic and dual nature of the distribution of these numbers into the sets
M, K and P.

Theorem 1. The group To(N) may be presented as
{?1‘; El, }_%2, E3,...,}_%14},

where Ry, Ra, R3 are as defined in Lemma 6, and the other relators are given by:

Ry =V, UT,
}_%5 = Vkl ng Vk;w (ki—',-l) - k: +17 1= 172,
B+ 1 = ki,
Rg = Vi Vi1, ke P, k—1e€ M,
E*4+1=k-1, nlk-1)=1,
R; = Vi Vi1, ke P, kg =k*+1,
(k1,1) ~ k—1,
Ry = Vi Vi, Vinj s ke P, kh=k*+1,
kl ~ (mvj_]-)v (mvj) ~ k_]-a
Ry = Vi Vi, Vi1, ke P, kg =k*+1,
ki ~(k=1,n—-1), n=n(k-1),
Rio = Vi1 Vi1, (m,1) ~ (m—1,n—1),
n=n(m—1), n(m)>1,
Ry = Vm,l Vm’,j’-i—la (m, 1) ~ (m/, j/)7

(m/aj,+1) ~ m_]-v n(m)>]—a

Riz = Vi Vi jr1 Vs, jr41, k ~ (m, j),
(m J+1) ~ (m', j'),
(maj ) ~ k_l
Rz = Vi, Vm,jJrl qu, k ~ (m,j), n=n(k—1),
(m, j—l—l) (k—1,n-1)
R14 = le,jl sz,szrl VM3,j3+1a (mla jl) ~ (m27j2)7
(mQa ,72 + 1) ~ (m3a jd)a
(ms, js + 1) ~ (ma, j1 — 1).

Before proving the theorem, we note that all relators from R4 to Ry4 follow a
cyclic pattern of the numbers, or pairs of numbers, that defined them. Namely, the
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elements of the set
A ={0,1,2,... N} | J{(m,j) Ime M, 1 <j < n(m)-1}

may be paired, given u € A one defines its dual u* as follows:
if we P, u* is the standard one (as in Assertion 9 in Lemma 5),
if weK, u*=(m,j), whereu ~ (m, j),
if ueM, u=N, or u=0, u* =u,
if w=(m,j), u"=(m, j'), where (m, j) ~ (m/, j').
On the other hand, for each element u € A one may define its successor v+ 1 as
follows:
if u=(m,j), u+l=(m,j+1), j<n-1,
if u=(m,n—-1), u+1=m,
if u=N, w+1=0, andsoon.
Under this interpretation all relators from R4 to Rq4 follow the next rule:
(a) it appears the generator that is associated to u, as a factor;

(b) the next factor is the generator associated to u* + 1;
(c) the next factor is the generator associated to (u* + 1)* + 1, and so on.

In all cases one returns to the original generator. The generator associated to
uw € M might be either V,,, or Vm 1. T is associated to 0 and U to N.

Relator Ri4 is essential to get a presentation of FO(N), as it will be shown
later with the example N = 30. Since Chuman does not include this relator, his
presentation is not correct.

The proof of Theorem 1 consists of all calculations

r (V (3?)3?1) . Vew.

We will consider different cases depending on the types of representatives and check
that the only relators appearing are those from R4 to Rig4.

Case 0. V = 1,8, ST.
Using Assertion 9 in Lemma 5, in all these cases one gets

r(VETPV') = ViTT = R,
up to a cyclic permutation.
Case 1. V = §Tk, keP, k>1.
One has to calculate
T (§ T"ST?® (ST )—1) .

Using Assertion 9 in Lemma 5, we see that the rewriting of the segments
S, ST,..., g_Tk and S " S T is the identity; whereas, that one of .S T" S is
the generator V.

To calculate the rewriting of other segments, we will consider subcases in accor-

dance with k; and & — 1 being in P, M or K, where k; = k* 4+ 1. First, we make
some remarks under the hypothesis k € P.

Remark 1. kki=k—1 mod N.
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Remark 2.
(a) (kkl, N}f: (k—1, N).
-1
(b) 31 = — mod w, where d = (k — 1, N) and w = (d,%). Therefore if

k1 # k — 1, only one of them might be in M.

Remark 3. One has that n(k — 1) = 1 if and only if kK — 1 = k;.
The first remark is evident and implies Remark 2(a). Remark 2(b) follows be-
cause

and

Finally, Remark 3 arises since
(k—1)*=0 mod N
if and only if
k(k—1)=kk*+k modN.
Now we may proceed with the subcases of Case 1.

Subcase 1a. ky € Por k—1¢€ P.

Under either hypothesis, both numbers are in P. Moreover, in this case a cyclic
situation arises. Namely, let ko = ki + 1, then

kikao=ki—1 modN

and
ki ke = k* mod N,

SO

kkikas = —1 mod N.
Thus

(k—1)ky = =1 mod N
and

ko = (E—1)".

Using this remark, calculation yields

5T"S5TS = 5T".
Hence, the rewriting of the segment S Tk ST S is the generator Vy, .

Finally, using again the cyclic relation described above, the rewriting of the

identity, one gets relator Rj
r(ST'ETP BT ™) = Vi Vi, Vi

Subcase 1b. k1 € M, k—1 € K.
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Under these hypotheses
E—1 ~ (ki, 1).
This follows because Remark 1 implies that
k—kki=1 modN.

Using Assertion 10 in Lemma 5, we see that

Ul

ST"STS=5T7"
and
r(ST'ETP ST ) = Vi Vi = Br.
Subcase 1c. k1 € K, k—1¢€ M.
In this case, it turns out that
ki ~(k=1,n-1), n=n(k-1).
This follows because
[1-(k—=1)(n—=1)]k = k—1 mod N
sk —k(k-1)n+k(k—1) =k—1 modN
Skki—kki(k—1)n+kki(k—1) = (k—1)k mod N
sk—1+(k-172 = (k—1)k mod N.

Using this remark and

one gets

Subcase 1d. ki, k—1 € M.
It follows from Remark 2 that k; = k£ — 1 and from Remark 3 that n(k —1) = 1.

Using this fact and the techniques of the previous subcases, one easily gets
Re =V Vi_1.
Subcase 1e. ki, k—1¢€ K.
Under these hypotheses, it turns out that
k=1~ (m,j) & ki ~ (m,j—1).
This follows because
m|(k—1)j+1] = k—1 mod N
esm[(k-1)(G{—-1)+k] = k-1 mod N
Smkki(j—1)+k] = kky mod N
em[ki(j—1)+1] = ki mod N.

Observe that since k1 € K, j > 1. Using these remarks and Assertion 10 in
Lemma 5, one gets a new relator

Ry = Vi Vi, Vi j.
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Case 2. V = ng, m € M.

The different subcases will be defined by putting conditions on n(m) and on
(m, 1).
Subcase 2a. n(m) = 1.

Observe that m — 1 and m + 1 are units since
m?*=0 mod N < (m—1)(m+1)=-1 modN.

So (m—1)*=m+ 1.
Putting £ = m+ 1, one recognizes the same conditions as in Subcase 1d. In fact,
using Assertion 5 in Lemma 5 one gets

T(ST" TP ST ™) = Vi Vs,
which is a cyclic permutation of Rg.
Subcase 2b. n(m) > 1, and (m, 1) ~ k.

Under the first hypothesis, the last condition is equivalent to m — 1 € P. This
follows because

(k+1)(m—1) = =1 mod N < k(1—-m) = m modN.

Observe also that (k+1) = (m —1)*. Furthermore, putting ¢ = k + 1, one has that
t € P and t; = m, which is the situation of Subcase 1b.
Using these remarks and Assertion 5 and 12 in Lemma 5, calculation yields

Vin1 Vi
Renaming and applying a cyclic permutation, this relator is Ry.
Subcase 2¢. n(m) >1, (m,1) ~ (m',j"), j =n(m)-1.
In this case it turns out that
m =m—1,

so(m,1) ~ (m—1,n—-1), n=mn(m-—1). To prove this, let n(m’) be n’. One

has that

(1-m) (1—=m'(n"=1)) = —mm’ mod N
if and only if
(3.3) (m—1m'n"+m' = m—1 mod N.

Multiplying by m’, one gets
(m)*> = m'(m —1) mod N.

Finally, replacing the last expression in (3.3), one obtains m’ =m — 1.
An example of this situation is given by N = 32-24.52 = 3600, d; = 15, dy = 16.
One may take 15,16 € M, so n(15) = 16, and we have

(1-16)(1—15%) = —16-15 mod 3600.
Using the remark above and Assertion 13 in Lemma 5, one gets a new relator
T (3 T"(ST) (S T’”)—1> = Vi Vo1 = Ruo.

Subcase 2d. n(m) > 1, (m,1) ~ (m',j), 7 < n(m')-1
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It turns out that these hypotheses hold if and only if
m—-1eK, (m—1)~ (m,j+1).
This follows because
—mm = mm'j —m+1-m'7 modN
s -—-mm'(j+1)+m—-1+m'(j+1) = m' mod N
Sm-1)1-m'(5+1)) = m modN.

Using this remark, one has

—1

ST"STS =ST"'S3T ' =ST™ 3T
Thus

T(ST"ETP ET™ ™) = Vot Vowrjrin,
a new relator that we denote by Ri;.

This finishes Case 2. Observe that the condition m — 1 € M defines Subcase 2c.
Moreover, under these hypotheses, one has that (m, 1) ~ (m — 1, n — 1). Similar
results hold for m — 1 € K (Subcase 2d) and m — 1 € P (Subcases 2a and 2b).
Case 3. V = ETk, ke K.

One has that k ~ (m, j). Either j = n(m) — 1, or j < n(m) — 1. In the latter
case, one gives conditions on (m, j + 1) to get the different subcases. Once all

subcases are discussed, it will be clear that they only depend on k£ — 1 being in
P, K, or M.

Subcase 3a. k ~ (m, n—1).
In this subcase it turns out that
E—1= (m+1)".

This follows because by hypothesis one has that
(3.4) k—m—kmn+km =0 modN
and multiplying by m

mk—m?+km?>=0 modN.
Replacing this last expression in (3.4), one gets

kEk—m+km = 0 modN.

Thus

(k—1)(m+1)=-1 mod N.

Observe that this is exactly the same situation as in Subcase 1lc. Moreover, using
the above remark, Lemma 5 and the identity

s (k—1)*—1

)

9]
N

ST"STS = ST
one gets
T (§ T"(ST)? (S T’“rl) = Vi Vo Vi)

which is a cyclic permutation of Rg.
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Subcase 3b. j < n(m) —1, 1-m@G+1),N) =1

The assumption on (m, j + 1) implies the existence of a number k' € K, for
which (m, j+ 1) ~ k. In fact, these hypotheses imply that

(k—1)* = kK +1.
To prove this, write a = (1 — m j). By hypothesis one has
(3.5) ka = m mod N
and
Ka—km = m modN.
Replacing (3.5) in this last expression, one gets
Ka—kk'a = ka mod N.
Thus
E—kk =k modN
and
(K +1)(k—1) = —1 mod N.

Writing ¢t = k' + 1, one has ¢t; = k, which is the situation in Subcase le. As in that
subcase, the usual techniques yield

r(ST'STP ST ) = Vi

Vi, j+1 Virt1,

a cyclic permutation of Rg.

Subcase 3c. j < n(m) -1, (1-m(G+1), N) > 1, (m,j+1) ~ (m,j),
m # k-1

Under these conditions, one has that
k—1~ (m,j +1).
To check this, write a =1 —mj and b =1 —m’ j', by hypothesis
ba—bm = —mm’ mod N.
Replacing (3.5) in this expression, one obtains
ba—kab = —kam’ mod N.
Therefore
b—kb = —km’ modN
and
k=1~ (m, 7 +1).
Using this data, one gets a new relator
T(ST'ETY BT ™) = Vi Vinjir Vawrjr1 = Rz,

Subcase 8d. j < n(m) -1, (1-m@G+1),N) > 1, (m,j+1) ~ (m,j),
m =k—1
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These hypotheses imply that

To prove this, write n = n(k —1). So
—jmn(k—1?+n(k—1)2 = 0 mod N.
Thus
imnk—-1)+(k—-kmj)n(k—1)—n(k—1) = 0 mod N.
Using
k—jimk = m modN,

the above expression becomes

jmnk—-1)+mn(k—1)—n(k—1) = 0 mod N,
which one may rewrite as
jimnk-1)—jmk+mn(k—1)—mk—-—n(k—1)+k = —mk+m mod N.
Finally, since this last congruence is the same as

(Gm+m—-1) (n(k—1)—k) = —m(k—1) mod N,
one has

(m,7+1) ~ (k—1,n—1).
Using this result one gets
(ST ST ST ™) = Vi Vinjia Vi,

a new relator that we denote by Rs.

Observe that the study of Case 3 provides information on the numbers preceding
k. For instance, if £ — 1 € K, one necessarily has that

(k—=1) ~ (m',j' + 1),

where k ~ (m, j7) and (m, j) ~ (m/, 7).
Case 4. V = §Tm§, m € M.

We consider subcases accordingly with m + 1 being in P, M, or K.
Subcase 4a. n(m) = 1.

This situation was studied in Subcases 1d and 2a. Thus

(m—=1)(m+1)=-1 mod N.
As in those subcases, one gets relator Rg,
T (§ T"S (ST (S Tmﬁ)*l) = Vst V.

Subcase 4b. n(m) >1, m+1€ P.

Putting ¢t = m + 1, one gets the same situation as in Subcase 1c. Moreover,
calculation yields

r(?Tm§(§T)3 (ﬁmﬁ)—l) — V.V, Vi1 = R,

the relator obtained in that subcase.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SOME PRESENTATIONS FOR T (N) 49

Subcase 4c. n(m) >1, m+1e M.

The hypothesis are those of Subcase 2c, also the rewriting is

T(ST*”?(?W (§7m§>—1) = Vs1.1 Vi = Ruo.
Subcase 4d. n(m)>1, m+1€ K.

Since m+1 € K and m € M, the hypothesis of Subcase 3d must be accomplished.
Thus, m+1 ~ (m/,j') and (m/, j'+1) ~ (m, n(m) —1). As in that case, one
gets

T(ETmE(S T)? (?Tmﬁ)*l) = Vorrs Vow. 141 Vi = Rus.
Case 5. V.= ST ST.

One considers three subcases depending on (m, 1), as it was done in Case
2. If (m, 1) ~ k, calculation yields a cyclic permutation of R7. For the case
(m, 1) ~ (m',j"), j* <n(m') — 1, one gets Ry1. If j' = n(m') — 1, the rewriting is
relator Rig.

Case 6.V = ST"ST’, j>1, (m,j) ~ k.

One considers subcases accordingly with k£ + 1 being an element in M, P or K.
It comes out that these hypotheses establish the situations of Subcases 2d, 1e and
3c, respectively. Furthermore, up to a cyclic permutation, the rewriting process
yields relators Eu, Rg and Elg, as in those subcases.

We consider the last case that will finish the proof of Theorem 1.

Case 7.V = §Tm§7j, j>1, (m,j)~(m,j).
We take subcases putting conditions on (m’, j).
Subcase 7a. j' = n(m') — 1.
We claim that under this hypothesis, one has that
(m,j—1) ~m' +1.
To prove the claim, let a denote 1 —m (j — 1) and write n’ for n(m’). By hypothesis
(@a—m)(m' +1—m'n") = —mm’ mod N,
hence
(3.6) a(l+m')y—am'n'+mm/n" = m mod N.
Multiplying this last congruence by m’, one obtains
am’ (1+m') = mm’ mod N.
Finally, replacing this congruence in (3.6) one gets
a(l+m') = m modN.

Observe that these are the same hypotheses as in Subcase 3d. Moreover, calculation
yields

T (§ T"ST'ST?ST" ETj)—l) = Vi Vo Vi,

a cyclic permutation of Ry3, the relator obtained in that subcase.
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Subcase 7b. j < n(m’) =1, (m/, 5 +1) ~ k.
We claim that under these conditions one has that
E+1 ~ (m,j—1).

To prove this, one applies a similar argument to the one in Subcase 3c. Using the
claim, one gets a cyclic permutation of Rjs,

T (§ T"ST'ST?ST" ﬁf’)—l) = Vs Vi jri1 Vgt
Subcase 7c. 7 < n(m')—1, (m,j) ~ (m/,5), (M, 7 +1)~ (m” 5.
To treat this case, we need the following lemma.
Lemma 7. Under the hypothesis of Subcase 7c, one has that
(m”, §" +1) ~ (m, j—1).

"o
J

Proof. We denote a =1—mj, b=1—m'j" and ¢ =1—m" j”. By hypothesis

(3.7) ab = —mm’ mod N
and
(3.8) (b—m')yc = —m'm” mod N.
It follows from (3.8) that
abc—am'c+m'm”"a =0 mod N,

using (3.7), this last congruence may be written as

(3.9) m' (m"a—ac—mec) =0 modN.

Applying a similar argument and multiplying the congruence (3.8) by m, one gets
(3.10) ~b(m"a—ac—mc) = 0 mod N.

Now, since (m/, b) = 1, it follows from the congruences (3.9) and (3.10) that
m’'a—ac—me =0 modN. Thus

(3.11) (@a+m)(c—m")=-mm"” mod N.

We still have to prove that j” < n(m”) — 1. Let n” = n(m”), if j” +1 = n”, the
congruence (3.11) may be rewritten as

(1—m"n")(a+m) =—-mm” mod N.
Multiplying this last congruence by m’, one gets
m" (a+m)+ (m”)?>m = 0 mod N.

Finally, it follows from this last congruence that if ¢ is a common proper divisor of m
and NN, one has that ¢ is also a factor of m”. However, this assumption contradicts
(3.11). O

Using the lemma, it is not difficult to calculate
r(BT"ST'ET? GT"5T) ) = Vous Vewrrss Vo g,
our last relator, which we denote by Ri4. This finishes the proof of Theorem 1.
The presentation in Theorem 1 is huge, however it may be substantially simpli-

fied. The next step is to eliminate most of the generators and relators, and one
gets a fairly simple presentation (Theorem 3).
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Proposition 4. In the case of no torsion, all generators in relators Ry to Ry4
appear exactly once.

Proof. One checks that each group of generators has this property. Certainly, each
of the generators of type V, k € P, appears in relators Ry to Ryg. They do so
once, because of the exclusive conditions of Case 0 and the subcases of Case 1.

Each generator of type V;,, m € M, also appears exactly once in Rg, Rg, Rio
and Ry3. If n(m) = 1, it only appears in Rg. Otherwise, it appears in Ry, R1o and
Ris, in accordance with m+ 1 being in P, M or K.

It follows immediately from Case 3 that all generators Vi, k € K, appear exactly
once in Rg, Ry, Ri2 and Ri3. From Case 5, the result also follows for generators
of type V1, they appear once in Rz, Rip and Ry;.

Using the cyclic and dual nature of the numbers defining the relators, one may
also check without difficulty that Cases 6 and 7 yield all possible and distinct
appearances of all generators of type V,, j, j > 1. They appear exactly once in
relators Rg, Ru, R12, Ry3 and Ria. [l

We observe that in relator Rs, either the three generators are equal, or the three
are distinct. This follows because k = k; if and only if (k — 1)* = k.

Proceeding with the elimination, we will get in the case of no torsion a free group
of rank

w+ 6

6 )
where p is the index of To(N) in T (Theorem 2).

Lemma 8. In the no torsion case one may eliminate

Gl -~ (M]+2)
2

generators with relators Ri, Rs, Rs and

|G|+ |M]
3

generators with relators E4, E5, - ,EM,

Proof. In Ry, one may eliminate V}, where & < k*. The generators of the form
Vi, k € K, might be withdrawn, using the relator Ry. Also in Rs, one may
discard the generators V,, ;, where j < j’, or j = j/ and m < m’. Thus, using
the first three relators, one may eliminate

(G| — (M| +2)
2

generators. This follows because T, U and the elements V,,, m € M, are not
paired to other generators.

The elimination may be continued in a systematic way. Generator U might be
withdrawn using R4. With relator Rs, one discards V', k > k* (certainly one of
the factors has this property). The next step is the use of relators Ry, Rg, Rii
and Ri, to eliminate all generators of type V. j, (m, j) ~ k.

Also, one may withdraw all generators of type V,,, m € M, with relators
Rgs, Ry, Rip and Ri3. Finally, with R4 one may eliminate some generators of
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type Vi, j, (m,j) ~ (m’,5), for which j > j’. This is possible because one of
the factors has this property.

The result now follows from Proposition 4 and the fact that those relators which
have two factors instead of three are exactly |M|, namely Re, Rz, Rip and Ris
(see Case 2). O

In the torsion cases it turns out that each elliptic conjugacy class of subgroups of
order two is in a one-to-one correspondence with solutions in Z,, to the congruence

t2 = =1 mod N,
and those of order 3 with
t(t+1) = -1 mod N

(see [B], p. 8 and p. 10).
It is now clear from Theorem 1 that all elliptic conjugacy classes of subgroups
of order two are represented by the relators

Ry =(Vi)? k*= -1 modN,
and those of order three by the relators
Rs=(Vi)® k(k—1)=-1 modN.

One denotes the number of these elliptic classes by v, and v3, respectively. These
numbers are well known.

Given N = 2"p{*---pim r = 0,1, p; =1 mod 4, j € {1,2,...,m},
the number of conjugacy classes of elliptic subgroups of order 2 in To(N) is 2™.
For other numbers with a different prime decomposition, To(N) does not have
elements of order 2. A similar result holds for classes of order 3: T'o(N) has 2™
classes provided N = 3"pi*---pj», r=0,1, p;, =3 mod N, j € {1,2,...,m},
otherwise it has none (cf. [10] or [I1]).

Hence, it follows from Lemma 8 that in all cases one may eliminate

1
S (G = (M| +2) - 1)
generators using relators El, Rg, Rg, and
1
3 (G| + M| - v3)

generators using relators E4 to EM.
Putting together this information, we get the next result.

Theorem 2. The group To(N) is generated by a subset Gy of G of cardinality

1

6 (1 + 6+ 3vs + 2v3).
There are vy relators of the form (V)2 and vs of the form (Vi)3. Furthermore,
there are no other relators among the generators of Gy.

Proof. First observe that _
|G| + | M| = p.

This is clear from the association:
T—T, U—S Vi—=ST", k>1, Vp,—ST
where m € M.

m

ST andm — ST

Ol

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SOME PRESENTATIONS FOR T (N) 53

Thus, it follows from Lemma 8 and the remarks before the theorem that the
number of generators left after the elimination is given by

G~ 5 (11~ (M| +2) ) ~ 5 (1G] + |M]| - 1)

M+6+3V2+2V3
6 .

We still have to prove that we may delete all relators except those in R and Rj
that define elliptic elements.
Using Tietze’s fourth movement (see [§], p. 50), one may delete generators and
relators in the following order:
(1) all generators V. and all relators R;, where k € P, k < k*;
(2) all generators V', and all relators Ry, where k € K;
(3) all generators V,, ;, where (m, j) ~ (m/,j') and j < j/, or j = j' and
m < m/, together with all relators Rs;
(4) generator U and relator Ry;
(5) some generators Vj, where k > k*, and all relators Rs which are not of the
form (V)3
(6) all generators V,,,, where m € M, and all relators Rg, Rg, R0 and Ri3;
(7) all generators V., j, where (m, j) ~ k, and all relators R7, Rs, Ri; and

Ria.
(8) Finally, one may delete some generators V,, j, for which (m,j) ~ (m/, j")
and j > j’, together with all relators Ry4. O

We remark that the equivalent result in Chuman’s article (Proposition 4) is false
in the torsion cases. On the other hand, Theorem 2 does not provide a method
to get presentations for To(N). However, our next and main result yields such
an algorithm and it also simplifies, substantially, the presentation in Theorem 1.
Observe that the only generators left after the elimination are: T, some of type Vi,
where k € P, k > kx, some of type V,, ;, where (m,j) ~ (m’', j'), 7 > j' and
those of orders two and three (in the torsion cases).

Theorem 3. The group Io(N) may be presented as
{Tv Vka kEP, Vm,ja (1_mj7 N) > 1; Rlaﬁ?n RB; E14}~

Proof. The order of elimination of generators and relators in the proof of Theorem
2 may be altered as follows: one just eliminates the generators and relators in steps
(2), (4), (6) and (7). Thus, getting the above presentation. O

This last theorem actually provides a simple method to get presentations for
To(N). Using Tietze’s fourth movement, one deletes all generators V', where
k < k*, and all relators R, which are not of the form (V) 2. Then, one withdraws
all relators R3 and all generators V., j, where (m, j) ~ (m/,j’) and j < j', or
j=j"and m < m’. The next step is to delete all relators Rs, which do not define
elements of order three, and some of the generators V,, where & > k*. Finally, one
eliminates all relators Rq4 and some generators V., ;, for which (m, j) ~ (m/, j')
and j > j’. As examples of this method, we give presentations of T'o(16) and
T0(30).

For Ty(16), one may choose M to be {2,4,8,12}, it is easily checked that there
are no generators of the form V,, ;, (1 —mj, 16) > 1.
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_ Since 3-5= -1 mod 16, 7-9= -1 mod 16 and 11-13 = —1 mod 16,
T'y(16) is a free group of rank five, which may be presented as

{Ta V5a VQ; VIB; V15}-

For T(30), the set M may be selected to be {2,3,5,6,10,15}. Observe also
that 1-29 = —1 mod 30, 7-17= -1 mod 30, 11-19 = —1 mod 30 and
13-23=—1 mod 30. One also has that n(2) = 15, n(5) =6, n(6) =5, n(10) = 3,
and n(15) =

Calculation yields that the pairs (m, j), for which (1 — mj, 30) > 1, are
(2.,2),(2,3),(2,5), (2,8), (2,11), (2, 13), (2, 14), (3,1), (3,2), (3,3), (3,5), (3,7), (3.9),
(5.1),(5,2), (5,3), (5,5), (6, 1), (10,1) and (15,1).

Solving the congruence (3.2) described at the beginning of this section, one gets

(2,2) ~(3,3),

(2,3) ~(5,1),
(2,5) ~ (3,9),
(2.8) ~ (15,1),
(27 11) ~ (Sa 5)7
(27 13) ~ (5a3)7
(2,14) ~ (3,1),
(3,2) ~(5,2),
(3,7) ~ (10,1),
(5,5) ~ (6, 1)

In solving these congruences, it is convenient to observe that m’ must be different
to m and also that (mj— 1, N) is a factor of m’. This last remark follows because
the congruence (3.2) may be expressed as

m' [(mj—1)j+m] = mj—1 mod N.

The next step is to check which of the relators defined by the above pairs of
numbers satisfy the cyclic condition stated in Lemma 7, in reference to relator R14.
One easily checks that there are two relators of type Ry4 given by the following
sequences of pairs of numbers:

and

—~
w ot
RS
ro o ot
RO DO

IR

The corresponding relators are:
V2,14 V3,2 V.3, Va,3 V5,2 Va,s.

Now we proceed with the elimination, using relator Ry one may discard Vi, Vo,
Vi1, Vis. Also by relator R3 we may remove Vg 2, V5 1 Vg 5, V15 1 V3 5,V5 3,
V3, 1 V‘;’g, V10, 1 and VG, 1. Finally, with the elimination of VQ’ 14 and VQ’ 3 using
Ry4, one gets a presentation of T'g(30) as a free group of rank thirteen:

{T7 V177 V197 V237 V297 VQ,S) VQ,ll) V2,13) V3,37 V3,7) V379) V5,27 V5,5}'
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4. A GEOMETRIC METHOD

Hyperbolic geometry is a useful tool to study modular groups. Particularly, in
the construction of fundamental domains for the groups I'g(V), substantial infor-
mation evolves (see [4], [5] and [6]).

We will discuss only the specific case

N = 2k pkz

where, k; € N, ko is a nonnegative integer and p is a prime number. For these
cases, one may exhibit in a simple and direct way a presentation of I'g(N). These
presentations are the smallest possible, in the sense that the only relators are those
of order two, one for each conjugacy class. As we mentioned before, these groups
do not have elements of order three.

This method is derived from the Ford domains. The isometric circle of a trans-
formation V in PSL(2,C), which does not fix infinity, is the unique circle where V
acts as a Euclidean isometry. Namely, this circle is defined by

{zec| V()] = 1}
Thus, if

Vo= (‘C’ Z) € SL(2,C),

the isometric circle of V' is the circle with center at —% and radius ‘—i‘ The symbol

I(V') will denote the isometric circle of this transformation. These circles provide a
description of the geometry of the transformations. It follows easily from the chain
rule that

V(I(V)) = I(V

Also, one gets

Viext I(V)) = int IV ),  V(intI(V)) = ext IV ),

where ext I(V) denotes the unbounded component in C — I(V) and int I(V') the
bounded one.

The transformations in PSL(2,R) act as hyperbolic isometries in H?, and one
may think of the isometric circles as a collection of geodesics.

Let R, be the infinite, open rectangle defined by 0,1 and oo in H2. Given
H a discrete subgroup of PSL(2,R), whose group of translations is generated by
2z — z + 1, the Ford polygon for H is defined to be set

Roo N ([ ext I(V)),
A

where the intersection runs over all transformations V' € H, which are not transla-
tions.

These are convex polygons bounded by two vertical lines and a collection of arcs.
If H is finitely generated, the polygon has a finite number of sides (cf. [1] or [2]).
In the particular cases of the groups T'o(N), N € N, we will denote by Fy these
Ford domains.
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FIGURE 1. The Ford polygon for T'y(6).

The shape of Fly is described essentially by Fx, where N is the square free part

N and B(z) = E, one has that
p

of N. Specifically, if p = 5

p—1
Fy=|J BT" (Fy),
m=0

where F'y and F5 denote the Euclidean closures of Fiy and F in the complex
plane, respectively (cf. [5], Theorem 3). See also Figures [l @l and @ On the other
hand, elliptic vertices of order 2 in Fy have coordinates
t i
N—i—ﬁ, t?= -1 mod N
(cf. [B], p. 8). For more information on the Ford domains for T'o(N), we refer to [5]
and [6].
Using the properties of isometric circles, one may prove that the Ford polygon
F5,, p a prime number, consists of two vertical lines, together with p—1 semicircles

of radius % and two semicircles of radius ﬁ, distributed exactly as in Figures [l

and [ (cf. [6], proof of Corollary 2).
The pairing of sides of Fy, consists of translation by one, together with the
pairing of sides given by the transformations defined by the matrices

Ak:@v _*k>, <k <k*<N, (kN)=1,
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FIGURE 2. The Ford polygon for T'g(12).

and by the matrix

B = (2];;\;1 —(2;— 1))'

This follows again from the geometry of isometric circles. Our next result is now a
direct consequence of Poincaré’s Theorem (cf. [7], pp. 230-234).

Proposition 5. The group T'o(2p) may be presented as
{Tv Zk; E, Z:}a

where k < k*, 1 <e < N ande? = —1 mod N.

For example, I'g(6) may be presented as {T, A;, B}, a free group of rank three
(see Figure ).  Also, T'g(14) is presented as a free group of rank five

For the general case, we have to apply the result which relates the shape of Fly,
to that one of F5. First, we need to introduce some notation. Let

_ ((wi, ) *
Ak,t - < N _wk,t )

where wy , = k+2pt, 1 <k < 2p, (k,2p) =1landteZ
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FIGURE 3. The Ford polygon for T'g(14).

Let also

_ ((s4e)" = _ [((s=) =
B+t o ( 2N —S4¢ ’ B_t - 2N —S_¢ ’

where s;; = 2p+1+42pt, sy = 2p— 1+ 2pt and t € Z. Under this notation,
one gets the next and last result.

Theorem 4. Let N be 2k k2 where ki € N and ko is a nonnegative integer, then
To(N) may be presented as

= — — — —2
{T7 Ak,t; B+t7 B—t; Ae}7

where wi, e < (Wi, )"y s < (s40)", s < (520)%, 0 <t < 2R iphet
ande? = =1 mod N, 1< e <N.

This result follows from the previous remarks and the properties of isometric
circles. For example, I'g(12) may be presented as {1, A;o, As.0, B_o, B1o}, a
free group of rank five (see Figure ). The group I(18) may be presented as
{T, A1, A5, As1, B_o, B_2, B_4}, a free group of rank seven (see Figure H).

Observe that these new presentations are more easily obtained than those in
Theorem 3, since one is only required to calculate the inverses of the units involving
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FIGURE 4. The Ford polygon for T'x(18).

certain isometric circles. For example, the generators of T'g(12) are defined by the
following matrices

10 11 -1 19 —4
T‘(o 1)’ A1=0_<12 —1)’ B—0_<24 —5)’

17 =5 7 -3
B+0:<24 —7)’ A570:<12 —5)'

These matrices are completely determined by the wisible isometric circles, described
in Figure Blwith different colors. The pairing is described by putting the same color
to the isometric circle of a transformation and to that one of its inverse.

This method for getting presentations from the Ford domains is not very efficient
for numbers with a different prime decomposition to that one in Theorem 4. This
happens because in all of these cases the Ford domains contain accidental vertices,
and this fact makes the presentation arising from the side pairing very cumbersome
(see Figure 3 in [5]).
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