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CONFORMAL HOLONOMY OF BI-INVARIANT METRICS

FELIPE LEITNER

Abstract. We discuss in this paper the conformal geometry of bi-invariant
metrics on compact semisimple Lie groups. For this purpose, we develop an
invariant Cartan calculus. Our main goal is to derive an iterative formula
for the holonomy algebra of the normal conformal Cartan connection of a
bi-invariant metric. As an example, we demonstrate the application of our
invariant calculus to the computation of the conformal holonomy of SO(4). Its
conformal holonomy algebra is so(7).

1. Introduction

In Riemannian geometry, the concept of holonomy is a well investigated topic.
Holonomy groups arise from linear connections on Riemannian manifolds. Most fa-
mous is the holonomy theory of the Levi-Civita connection, which is the canonical
connection to a Riemannian metric. A list of possible holonomy groups in this case
was first established in [2]. Also in conformal geometry certain connections can be
introduced on the linear frame bundle of a space. Most notably there are the Weyl
connections, which are torsion-free, taking values in co(s), the Lie algebra of the
conformal structure group CO(s) of first order. However, a Weyl connection rep-
resents a priori an additional datum to a given conformal structure, and therefore,
its holonomy cannot be seen as an invariant of the underlying conformal geometry.

Nevertheless, in conformal geometry (of dimension s ≥ 3) there exits an invari-
ant notion of holonomy. This holonomy can be naturally defined via the canonical
Cartan connection of conformal geometry. The canonical Cartan connection lives
on the prolongated principal fibre bundle of second order, whose structure group
is a certain parabolic of the Möbius group PO(1, s + 1) (cf. e.g. [4] and [7]). The
canonical connection solves Cartan’s equivalence problem for the case of conformal
geometry, i.e., two conformal structures (on a common base space) are equivalent if
and only if the canonical connections on the second order frame bundles are isomor-
phic. In general, the canonical connection takes values in the Lie algebra so(1, s+1)
of the Möbius group, which implies that the conformal holonomy algebra is a Lie
subalgebra of so(1, s+1). Similar as for the holonomy theory of Riemannian geome-
try, the conformal holonomy algebra and group are significant and useful invariants
for a space with conformal structure. In particular, they describe invariant sub-
structures and indicate solutions of certain overdetermined, conformally covariant
partial differential equations (cf. [10], [12], [11], and [16]). Note that an alternative
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definition of the conformal holonomy can be achieved via tractor calculus and the
celebrated tractor connection (cf. [5]).

The aim of this paper is to develop and apply an invariant Cartan calculus to
a very simple situation, namely the conformal geometry of bi-invariant metrics on
compact semisimple Lie groups, in order to compute conformal holonomy algebras
(and groups) explicitly. We will proceed as follows. In the next two sections, we
recall briefly the basic concept of conformal Cartan geometry, in general, and the
well-known notion of bi-invariant metrics. In Section 4, we develop a conformal
Cartan calculus adapted to bi-invariant metrics. In particular, we will describe
the canonical connection and its curvature by certain linear maps γnor and κ. We
discuss properties of these maps and derive a formula for the conformal holonomy
algebra (cf. Section 5). Finally, we make explicit calculations for the bi-invariant
metric on SO(4).

We note that a general discussion of invariant connections was recently devel-
oped in the wider context of homogeneous parabolic geometries in the works of M.
Hammerl (cf. [14] and [15]). These works apply the invariant calculus also to the
special setting of homogeneous spaces in conformal and CR geometry. In partic-
ular, a nice relationship of the holonomy algebra and the algebra of infinitesimal
automorphisms is established.

2. Conformal Cartan geometry

We briefly recall basic notions of canonical Cartan geometry on spaces with
generic (Riemannian) conformal structure (cf. e.g. [4] or [7]).

Let R
s denote the euclidean space of dimension s ≥ 3. We denote by g the Lie

algebra so(1, s+1) of the orthogonal group O(1, s+1), which acts via the standard
representation on the Minkowski space R

1,s+1 of dimension s + 2 equipped with
coordinates (x−, x1, . . . , xs, x+) and invariant scalar product

〈x, y〉 = x−y+ + x+y− +
s∑

i=1

xiyi .

The Lie algebra g = so(1, s + 1) is |1|-graded by

g = m−1 ⊕ g0 ⊕ m1 ,

where g0
∼= co(s), m−1

∼= R
s and m1

∼= R
s∗. We realise the subspaces g0, m−1 and

m1 of g by matrices of the form⎛
⎝ 0 0 0

m 0 0
0 −mt 0

⎞
⎠ ∈ m−1 ,

⎛
⎝ −a 0 0

0 A 0
0 0 a

⎞
⎠ ∈ g0 ,

⎛
⎝ 0 l 0

0 0 −lt

0 0 0

⎞
⎠ ∈ m1 .

The commutators are then given by

[ , ] : g0 × g0 → g0 , [(A, a), (A′, a′)] = (AA′ − A′A, 0),
[ , ] : g0 × m−1 → m−1 , [(A, a), m] = Am + am,
[ , ] : m1 × g0 → m1 , [l, (A, a)] = lA + al,
[ , ] : m−1 × m1 → g0 , [m, l] = (ml − (ml)t, lm) ,

where (A, a), (A′, a′) ∈ so(s) ⊕ R, m ∈ R
s, l ∈ R

s∗. On m−1
∼= R

s we have the
standard inner product 〈·, ·〉s, which is invariant under the action of the semisimple
part so(s) of g0. We denote the standard orthonormal basis on m−1 by {e1, . . . , es}.



20 FELIPE LEITNER

The space
p := g0 ⊕ m1

is a parabolic subalgebra of g. Whilst the grading of g is not p-invariant, the
filtration

g ⊃ p ⊃ m1

is p-invariant. Let G := PO(1, s + 1) denote the Möbius group, which is the pro-
jective orthogonal group O(1, s + 1)/Z2. The subgroup G0 of G, which consists of
those elements whose adjoint action on g preserves the grading, is isomorphic to
the reductive group CO(s) = O(s)×R+ with Lie algebra g0 = co(s). The parabolic
subgroup P of G with Lie algebra p, which preserves the filtration of g, is then
isomorphic to the semidirect product of G0 and the vector subgroup P1 := exp(m1)
(cf. e.g. [7]).

The g0-homomorphism ∂∗ defined by

∂∗ : Hom(Λ2m−1, g) → Hom(m−1, g) ,

ψ 	→ ∂∗ψ = ( X ∈ m−1 	→
∑s

i=1[ηi, ψ(ξi, X)] ),

where {ξi : i = 1, . . . , s} is some basis of m−1 and {ηi : i = 1, . . . , s} is the
corresponding dual basis of m1 (with respect to the Killing form Bso(1,s+1)), is
the so-called codifferential, which is adjoint to the differential ∂ computing the Lie
algebra cohomology of m−1 with values in g (cf. e.g. [7]).

Now let Ms be a C∞-manifold of dimension s ≥ 3. Two smooth metrics g and
g̃ on M are called conformally equivalent if there exists a C∞-function φ such that
g̃ = e2φg. A conformal structure c on Ms is by definition a class of conformally
equivalent C∞-metrics. Let GL(M) denote the general linear frame bundle on M .
The choice of a conformal structure c on M is the same as a G0-reduction G0(M)
of GL(M). By the process of prolongation we obtain from G0(M) the principal P -
bundle P(M), which is a reduction of the second order linear frame bundle GL2(M)
of M (cf. e.g. [4] and [7]). The prolongation also gives rise to a canonical Cartan
connection ωnor on P(M) taking values in g, which is isomorphic as Lie algebra to
R

s ⊕ (g0 � g
(1)
0 ), where g

(1)
0 denotes the first prolongation of g0 (cf. e.g. [4] and [7]).

In general, a Cartan connection ω on the principal P -bundle P(M) is a smooth
1-form with values in g such that:

(1) ω(χA) = A for all fundamental fields χA, A ∈ p,
(2) R∗

gω = Ad(g−1) ◦ ω for all g ∈ P and
(3) ω|TuP(M) : TuP(M) → g is a linear isomorphism for all u ∈ P(M).

The curvature 2-form Ω of the Cartan connection ω is given by

Ω = dω +
1
2
[ω, ω] .

This satisfies ιχA
Ω = 0 for all A ∈ p, i.e., the curvature Ω is trivial with respect to

insertion of vertical vectors on P(M). The corresponding curvature function

κ : P(M) → Hom(Λ2
m−1, g)

is pointwise defined by

κ(u)(X, Y ) := dω(ω−1
u (X), ω−1

u (Y )) + [X, Y ], u ∈ P(M), X, Y ∈ m−1 .

This function κ decomposes to κ−1 + κ0 + κ1 according to the grading of the space
g. The map g0 → gl(m−1) induced by the adjoint representation is the inclusion
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of a Lie subalgebra. Therefore, the 0-part κ0 can be seen as a function on P(M),
which takes values in m∗

−1 ⊗ m∗
−1 ⊗ m∗

−1 ⊗ m−1.
The canonical connection ωnor on P(M), naturally induced by the prolongation,

satisfies the curvature normalisation

∂∗κ = 0 ,

and its (−1)-part ω−1 serves as the soldering form reproducing the given conformal
structure c on the base space M . These two properties determine ωnor on P(M)
uniquely. This is a basic fact of conformal geometry. (To be more accurate, ωnor is
uniquely determined up to an isomorphism between g and the prolongation R

s ⊕
(g0 � g

(1)
0 ). Such an identification is obviously given via the grading m−1 ⊕ g0 ⊕m1

of g and the identification m−1
∼= R

s as introduced above. Fixing this identification
the canonical connection ωnor is uniquely determined.) We call (P(M), ωnor) the
unique normal Cartan geometry over the base M with conformal structure c. The
condition ∂∗κ = 0 is equivalent to

κ−1 = 0 and trκ0 :=
s∑

i=1

κ0(ξi, ·)(·)(ηi) = 0 ,

i.e., the unique normal Cartan connection ωnor is torsion-free and the 0-part of
the curvature function is traceless (cf. [4] and [7]). With respect to the choice of a
Riemannian metric g in the conformal class c the content of the conformal curvature
Ω (resp. κ = κ0 + κ1) is the Weyl curvature tensor W g and the Cotton tensor Cg.

3. Bi-invariant metrics

We recall here the notion of a bi-invariant metric on a Lie group and do some
curvature calculations in terms of Lie brackets (cf. e.g. [3]).

Let N be a connected and compact semisimple Lie group of dimension s and let
n denote its Lie algebra of left invariant vector fields. Then the Killing form

Bn(X, Y ) := tr adXadY

is an Ad(N)-invariant negative definite scalar product on n. In particular,

Bn(X, [Y, Z]) = Bn([X, Y ], Z) for all X, Y, Z ∈ n .

The Lie algebra n is canonically identified with the tangent space TeN at the identity
element. Thus the negative −Bn of the Killing form gives rise to an inner product
on TeN , which by left translation with Lg, g ∈ N , extends uniquely to a smooth
metric gn on N . Since −Bn is Ad(N)-invariant, right translation of −Bn with Rg,
g ∈ N , generates again gn and thus the metric gn on N is called bi-invariant.

For the Levi-Civita connection ∇n of the bi-invariant metric gn the equation

∇n
XY =

1
2
[X, Y ] for all X, Y ∈ n

holds. The Riemannian curvature tensor is then given by

Rn
XY Z = −1

4
[[X, Y ], Z] for all X, Y, Z ∈ n

and the sectional curvature of a plane spanned by orthonormal elements X, Y in n

is

Sn(X, Y ) :=
1
4
gn([X, Y ], [X, Y ]) .
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For the Ricci tensor we have

Ricn =
1
4
gn ,

i.e., gn is an Einstein metric on N with positive scalar curvature scaln = s
4 . The

Schouten tensor is Ln = −1
8(s−1)gn and the Cotton tensor Cn vanishes identically.

The Weyl tensor is given by

W n = Rn +
1

8(s − 1)
gn ∗ gn ,

where ∗ denotes the Kulkarni-Nomizu product.

4. Invariant conformal Cartan calculus for bi-invariant metrics

At the end of the previous section we calculated the content of the conformal
curvature (Weyl tensor and Cotton tensor) for a bi-invariant metric induced by the
Killing form on a compact semisimple Lie group directly by use of the Lie bracket.
In this section we establish an invariant conformal Cartan calculus for bi-invariant
metrics on Lie groups. In particular, we will describe in this situation the normal
Cartan connection and its curvature with respect to a certain linear map γnor.
This approach will use a global trivialisation induced by a left invariant frame of
second order, which stems from the invariant metric in the conformal class. We note
that, although we assume a compact semisimple Lie group with bi-invariant metric
coming from the Killing form, our discussion is actually valid for the more general
situation of left invariant metrics on any Lie group. Only the explicit formulae for
γnor and its curvature at the end of the section will depend on the bi-invariance.

Let N be a connected and compact semisimple Lie group of dimension s with
Lie algebra n and bi-invariant metric gn. We fix the conformal structure cn = [gn]
on N . By definition, the Lie group N acts by smooth isometries from the left on
(N, gn), hence by conformal transformations on (N, cn). This action gives rise to
induced left actions of N on the first and second order conformal frame bundles
G0(N), resp., P(N). We denote all these actions by Lg for g ∈ N . Obviously, the
pullback L∗

gωnor of the canonical connection by left translation with any g ∈ N is
again a Cartan connection on P(N). In fact, the m−1-part of L∗

gωnor reproduces
the given conformal structure cn on N and the curvature of L∗

gωnor satisfies the
normalisation condition ∂∗κ = 0. Hence, it follows by the uniqueness of the normal
Cartan connection (in the above sense) that

L∗
gωnor = ωnor for all g ∈ N .

Recall that m−1
∼= R

s is furnished with the standard inner product 〈·, ·〉s and
the standard orthonormal basis {e1, . . . , es}. Now let

θ : (n,−B) ∼= (m−1, 〈 , 〉s)

be an isometry of inner product spaces. We call θ a reference frame. It transfers
the Lie bracket [ , ]n to m−1 through the expression

ρn,θ(a, b) := θ[θ−1(a), θ−1(b)]n ,

where a, b ∈ m−1. Moreover, the reference frame θ induces the orthonormal frame{
Ei := θ−1(ei)| i = 1, . . . , s

}
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on n. The corresponding left-invariant orthonormal frame field on N is a global
trivialisation of the first order conformal frame bundle G0(N) on (N, cn):

G0(N) ∼= N × CO(s) ,
{Ei(p)| i = 1, . . . , s} 	→ (p, e) .

(In fact, this is a trivialisation of the orthonormal frame bundle of (N, gn).) The
bi-invariant metric gn induces a CO(s)-equivariant lift

σgn
: G0(N) → P(N)

(i.e., a Weyl structure in the sense of [8]), which is also equivariant with respect
to the induced left actions of N . Thus the composition of the left invariant frame
{Ei| i = 1, . . . , s } (as a section in G0(N)) with the lift σgn

gives rise to a triviali-
sation

ιθ,gn
: P(N) ∼= N × P

of the second order frame bundle with parabolic structure group. As we have chosen
the trivialisation ιθ,gn

, the induced left action of N on P(N) is given by

ιθ,gn
◦ Lg ◦ ι−1

θ,gn
: N × P → N × P ,

(n, p) → (g · n, p) .

The fact that the canonical Cartan connection ωnor is left invariant for the action
of N and right equivariant for the action of the parabolic structure group P implies
that ωnor is uniquely determined by its values at a single point xo ∈ P(N). We
can choose xo as the point (e, e) with respect to the trivialisation ιθ,gn

and then
the linear map

ωnor(e, e) : n × p → g

contains the whole information about ωnor on P(N). We observe that the pullback
of the reference frame θ to n × p equals the soldering form on P(N) ∼= N × P at
xo, i.e., the pullback of θ is identical to the (−1)-part of ωnor at xo ∈ N ×P . Thus
we have ω−1(e, e)(Ei) = ei for any i = 1, . . . , s, where Ei is to be seen as a vector
in the first factor of n × p. This leads us to the definition of the map γnor (which
depends on the choice of the global left invariant frame via the reference frame θ)
by

γnor : m−1 → p ,
a 	→ πp ◦ ωnor(e, e) ◦ πn ◦ ω−1

nor(e, e)(a) ,

where πp and πn denote the obvious projections (the latter with respect to our
trivialisation ιθ,gn

). This map decomposes to

γnor = γ0 + γ1

and still contains the whole information of the canonical Cartan connection ωnor

on P(N). In fact, via the relation

ωnor = (id + γnor) ◦ θ

at xo = (e, e) the canonical Cartan connection ωnor on P(N) can be recovered
from γnor. For the recovery, we simply extend (id + γnor) ◦ θ at xo = (e, e) by
Ad-equivariant translation with P and left invariant translation with N to every
point of P(N).
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The curvature Ω inherits the left and right invariance properties from the canon-
ical connection ωnor and Ω is also determined by its values at the single point
xo = (e, e) in P × N . With respect to the trivialisation ιθ,gn

, we calculate

Ei(ωnor(Ej))(e, e) =
d

dt

∣∣∣∣
t=0

ωnor(Ej)(exp tEi, e) =
d

dt

∣∣∣∣
t=0

L∗
exp tEi

ωnor(Ej)(e, e)

=
d

dt

∣∣∣∣
t=0

ωnor(Ej)(e, e) = 0

for all i, j ∈ {1, . . . , s}. This shows the identity

Ω(Ei, Ej) = −ωnor(e, e)([Ei, Ej ]n) + [ei + γnor(ei), ej + γnor(ej)]g .

The curvature function κ of the canonical Cartan connection ωnor can then be
expressed by (recall that the curvature is vertically trivial)

κ(ei, ej) = −(id + γnor) ◦ ρn,θ(ei, ej) + [ei + γnor(ei), ej + γnor(ej)]g .

Thereby, the (−1)-part of κ is given through

κ−1(ei, ej) = −ρn,θ(ei, ej) + [ei, γ0(ej)]g + [γ0(ei), ej ]g .

This expression vanishes, since ωnor has no torsion, and we see that the Lie bracket
of n is given on m−1 by

(4.1) ρn,θ(ei, ej) = −γ0(ej)ei + γ0(ei)ej .

The 0-part of κ is

κ0(ei, ej) = −γ0 ◦ ρn,θ(ei, ej) + [ei, γ1(ej)]g + [γ1(ei), ej ]g + [γ0(ei), γ0(ej)]g .

This part satisfies the trace-free condition
(4.2)

s∑
i=1

γ0 ◦ ρn,θ(ei, a)(b)(e∗i ) =

{ ∑s
i=1[ei, γ1(a)]g(b)(e∗i ) + [γ1(ei), a]g(b)(e∗i )

+
∑s

i=1[γ0(ei), γ0(a)]g(b)(e∗i )

}

for all a, b ∈ m−1, where {e∗i : i = 1, . . . , s} denotes the dual of the standard basis
on m−1. The 1-part κ1 of the curvature is

κ1(ei, ej) = −γ1 ◦ ρn,θ(ei, ej) + [γ0(ei), γ1(ej)]g + [γ1(ei), γ0(ej)]g

for all i, j ∈ {1, . . . , s}.
The linear map γnor : m−1 → p is uniquely determined by the normalisation

conditions (4.1) and (4.2) with respect to ρn,θ. (Otherwise, we would recover from
another map γ subject to these properties via ρn,θ a further normal connection
inducing cn on N , which is not possible.) This means that γnor depends only on
the choice of θ, which is used to transfer the Lie bracket of n to m−1. (To be more
accurate again, the map γnor is only unique up to an identification of p with the
prolongation g0 � g

(1)
0 .) We can introduce the following formal notions.

Definition 1. Let (G, P ) be the flat homogeneous model (of conformal geometry)
with Lie algebras (g, h). Let 〈·, ·〉s be the standard inner product on m−1

∼= R
s and

let
ρ : m−1 × m−1 → m−1

be a skew-symmetric map, which satisfies the Jacobi identity, and thus defines a
Lie algebra bracket (of compact type) on the (−1)-part m−1 of the grading of g.
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(1) We call a linear map

γ = γ0 + γ1 : m−1 → p

an invariant connection form on m−1 of type (g, p).
(2) The curvature

κγ,ρ = κ−1 + κ0 + κ1 : m−1 × m−1 → g

of the invariant connection γ with respect to the Lie bracket ρ is defined as

κγ,ρ(a, b) = −(id + γ) ◦ ρ(a, b) + [(id + γ)(a), (id + γ)(b)]g

for a, b ∈ m−1.
(3) The invariant connection γ is called torsion-free with respect to ρ if κ−1 = 0.
(4) The invariant connection γ is called normal with respect to ρ if

κ−1 = 0 and trκ0 = 0

(cf. (4.2)).
(5) There exists a unique normal connection with respect to the bracket ρ (and

the standard choice 〈·, ·〉s), which we denote by γρ : m−1 → p (or γnor when
the bracket is fixed on m−1). We call γρ the canonical invariant connection
form of type (g, p) corresponding to ρ (and 〈·, ·〉s).

Note that (5) of Definition 1 is strictly speaking a lemma. To prove this lemma,
we remark that any bracket ρ on m−1 is realised by a certain simply connected
Lie group Nρ equipped with a left invariant metric via an identification θ : nρ →
(m−1, ρ, 〈·, ·〉s), which is an isometry and a Lie algebra isomorphism. The Lie group
Nρ, equipped with the conformal structure induced by the left invariant metric,
admits a unique normal connection (in the sense as explained above), which induces
γρ on m−1 via θ. The derived map γρ does not depend on the choice of θ!

As we can see from formula (4.1), the Lie bracket of n is determined on m−1 by
the 0-part γ0 of the normal connection γnor, since it has no torsion. In general, a
linear map

γ0 : m−1 → g0 ,

such that −γ0(b) ·a+γ0(a) · b is a skew-symmetric expression in a, b ∈ m−1, defines
a Lie bracket ργ0(a, b) on m−1 if and only if the following sum of even permutations
vanishes for all i, j, k ∈ {1, . . . , s} (Jacobi identity):

(4.3)
∑

σ(i,j,k)

[
γ0[ei, γ0(ej)] + γ0[γ0(ei), ej ] − [γ0(ei), γ0(ej)] , ek

]
= 0 .

The map γ0 can then be extended in an arbitrary manner to a torsion-free con-
nection form γ with respect to ργ0 just by adding any linear 1-part γ1. In such a
situation, the curvature function to γ with respect to ργ0 is given by

κγ(a, b) = −γ0([a, γ0(b)] + [γ0(a), b]) + [a, γ1(b)] + [γ1(a), b] + [γ0(a), γ0(b)]
−γ1([a, γ0(b)] + [γ0(a), b]) + [γ0(a), γ1(b)] + [γ1(a), γ0(b)] .

Of course, not every torsion-free map γ0 can be extended to the normal connection
γnor with respect to ργ0 . The condition on γ0 for being normally extendible is given
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by the existence of a γ1 such that
s∑

i=1

([ei, γ1(a)] + [γ1(ei), a])(b)(e∗i )

=

{ ∑s
i=1γ0([ei, γ0(a)] + [γ0(ei), a])(b)(e∗i )

−
∑s

i=1[γ0(ei), γ0(a)](b)(e∗i )

(4.4)

for all a, b ∈ m−1.
We note that so far in this section we have only made use of the left invariant

nature of a metric on a Lie group, but not of the bi-invariant nature of gn, which
determines the conformal structure cn. For the explicit calculation of γnor and its
curvature we specialise now to the case of a bi-invariant metric (induced by the
Killing form) on a compact semisimple Lie group N . The map γ0 corresponds in
this situation to the Levi-Civita connection of the bi-invariant metric gn and is
given with respect to the reference frame θ by

(4.5) γ0(ei) = θ ◦ ∇n
Ei

θ−1(·) =
1
2
ρn,θ(ei, ·)

for all i = 1, . . . , s. Obviously, the so-defined map γ0, considered as a matrix in
g0 = co(s) with respect to the basis {e1, . . . , es}, satisfies (4.1), i.e., γ0 is torsion-
free with respect to n (and θ) (cf. Section 3 and [3]). Using (4.5) we calculate for
the traces on the right-hand side of (4.4):

(4.6)

∑s
i=1 γ0([ei, γ0(a)] + [γ0(ei), a])(b)(e∗i )=

∑s
i=1 γ0(ρn,θ(ei, a))(b)(e∗i )

= 1
2

∑s
i=1 ρn,θ(ρn,θ(ei, a), b)(e∗i )

= 1
2Bn(θ−1(a), θ−1(b)) ,∑s

i=1[γ0(ei), γ0(a)](b)(e∗i ) = 1
4

∑s
i=1 ρn,θ(ei, ρn,θ(a, b))(e∗i )

−
∑s

i=1 ρn,θ(a, ρn,θ(ei, b))(e∗i )

= 1
4Bn(θ−1(a), θ−1(b)) .

If we set γ1(a) = λa∗ for all a ∈ m−1 with some constant λ ∈ R, then calculation
of the left-hand side of (4.4) results in

s∑
i=1

([ei, γ1(ek)] + [γ1(ei), ek])(el)(e∗i )

= 2λ
∑s

i=1(ei ⊗ e∗k − ek ⊗ e∗i )(el)(e∗i )

= 2λ(s − 1)δkl

(4.7)

for all k, l ∈ {1, . . . , s}. Comparing (4.6) and (4.7) shows that (4.4) is satisfied iff
we set λ := −1

8(s−1) , i.e., the normal connection form for n (with bi-invariant metric)
is determined to

γnor : m−1 → p ,

a 	→ 1
2ρn,θ(a, ·) − 1

8(s−1)a
∗ .

The curvature functions κ−1 and κ1 vanish identically, since there is no torsion and
the Schouten tensor Ln is covariantly constant with respect to ∇n. The latter fact
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implies that the Cotton tensor Cn of gn vanishes. The 0-part κ0 is given by the
Weyl tensor W n of gn, i.e., we have

κ(a, b) = κ0(a, b) = θ ◦ W n(θ−1(a), θ−1(b)) .

5. Invariant Cartan connection and holonomy

In this section we briefly define the notion of conformal holonomy and estab-
lish a formula, which calculates the conformal holonomy algebra for the invariant
connection γnor of the conformal class of a bi-invariant metric.

In general, let (Ms, c), s ≥ 3, be a space with conformal structure c and let
P(M) be the principal P -bundle with canonical Cartan connection ωnor. The
bundle P(M) admits an extension to a principal G-bundle G(M) = P(M) ×P G,
where G = PO(1, s + 1) is the Möbius group. The canonical Cartan connection
ωnor extends by right translation to a principal bundle connection ω̃nor on G(M)
with (generic) structure group G. The extended principal connection gives rise
to a holonomy group in the usual sense by means of parallel translation (cf. e.g.
[3]). This extension is a natural construction and thus gives rise to the notion of
conformal holonomy group and algebra.

Definition 2. Let (M, c) be a space with conformal structure c. The holonomy
group Hol(ωnor) of the canonical Cartan connection ωnor is defined to be the holo-
nomy group of the naturally extended principal bundle connection ω̃nor on G(M).
The Lie algebra of Hol(ωnor) is denoted by hol(ωnor).

In general, the holonomy group Hol(ωnor) is by definition a closed subgroup of
G = PO(1, s + 1) and hol(ωnor) sits in so(1, s + 1). We remark that there is a
direct way to define the holonomy group of a Cartan connection without using the
extended bundle (cf. [6]). The conformal holonomy group can also be defined via
the canonical tractor connection (cf. [5]).

Now let N be a connected and compact semisimple Lie group with Lie algebra
n and bi-invariant Riemannian metric gn coming from the Killing form and let
γnor : m−1

∼= n → p be the invariant connection form corresponding to ωnor. We
denote by

Λ(m−1) := span{(id + γnor)(a)| a ∈ m−1} ⊂ g

the image of the invariant connection and by

q := span{κn(a, b)| a, b ∈ m−1} ⊂ p

the vector space of curvature values to γnor. There is a classical formula for the
holonomy algebra of an invariant connection on a homogeneous space with arbitrary
structure group G (cf. [3]). This general result easily implies the following formula
for the conformal holonomy algebra of a bi-invariant metric.

Theorem 5.1. Let N be a connected and compact semisimple Lie group with con-
formal structure [gn]. Then the holonomy algebra of the canonical Cartan connec-
tion ωnor on (N, [gn]) is given by the iterative expression

hol(ωnor) = q + [Λ(n), q] + [Λ(n), [Λ(n), q]] + · · · ,

which is a Lie subalgebra of g = so(1, s + 1).
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6. Examples

We make use of the invariant calculus for the conformal geometry of bi-invariant
metrics in order to compute the conformal holonomy algebra in (a trivial and) a
non-trivial case.

Example 1. Let N = SO(3) be the special orthogonal group in dimension 3,
which is a 3-dimensional compact and semisimple Lie group. Let so(3) denote its
Lie algebra. We introduce for so(3) the standard basis {Eij | 1 ≤ i < j ≤ 3}, where
the Eij ’s are defined by matrix multiplication through

Eij := ei · et
j − ej · et

i

with respect to the standard basis {e1, e2, e3} of R
3.

The Lie algebra so(3) is isomorphic to su(2) and the universal covering of the
group SO(3) is

S3 = Spin(3) ∼= SU(2) .

The bi-invariant metric on SO(3) is conformally flat, since the Weyl tensor W n

always vanishes in dimension 3, and the Cotton Cn vanishes for any bi-invariant
metric. Of course, this is also clear from the fact that the bi-invariant metric on the
universal covering group SU(2) is the standard metric on S3. (Hence the calculation
of conformal curvature and holonomy should produce trivial results.)

The connection form γnor = γ0 + γ1 can be presented in the following form.
The chosen basis {Eij} in so(3) is orthogonal and −Bso(3)(Eij , Eij) = 2 for all its
elements. We define the reference frame

θ(
1√
2
E12) = e1, θ(

1√
2
E13) = e2, θ(

1√
2
E23) = e3 .

Then we have

γ0(e1) = 1√
2
∇n

E12
= 1

2
√

2
[E12, ·]n = 1

2
√

2
E23 ,

γ0(e2) = 1√
2
∇n

E13
= 1

2
√

2
[E13, ·]n = − 1

2
√

2
E13 ,

γ0(e3) = 1√
2
∇n

E23
= 1

2
√

2
[E23, ·]n = 1

2
√

2
E12 .

(Note for these formulae that the Eij ’s form a basis of n as well as a basis of the
semisimple part of g0.) For γ1 we have

γ1(ei) = − 1
16

e∗i , i = 1, 2, 3 .

These formulae express the normal Cartan connection on SO(3) in the trivialisation
coming from the bi-invariant metric. One can easily see that the curvature κ0 of
γnor vanishes identically. In particular, the conformal holonomy algebra is trivial,
which results from the formula in Theorem 5.1 with q = 0.
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Example 2. Now we apply the invariant Cartan calculus to the 6-dimensional
compact and semisimple Lie group SO(4) with bi-invariant metric induced by the
Killing form Bso(4). The Lie algebra so(4) is isomorphic to

so(3) ⊕ so(3)

and as basis we use two copies of the basis {Eij} of so(3), namely

{Eij | 1 ≤ i < j ≤ 3} ∪ {Ekl| 4 ≤ k < l ≤ 6} .

This basis is orthogonal with −Bso(4)(Eij , Eij) = 2.
The bi-invariant metric gso(4) induced by the Killing form is Einstein with pos-

itive scalar curvature. Obviously, it has non-constant sectional curvature (cf. the
expression for Sn in Section 3). Hence SO(4) with bi-invariant metric is not con-
formally flat. For that reason, we expect in our calculation non-trivial curvature
terms and holonomy for the conformal structure cso(4) on SO(4).

First, we calculate the normal connection form γnor = γ0 + γ1. We use the
reference frame

θ(
1√
2
E12) = e1, θ(

1√
2
E13) = e2, θ(

1√
2
E23) = e3 ,

θ(
1√
2
E45) = e4, θ(

1√
2
E46) = e5, θ(

1√
2
E56) = e6 .

From the calculations for the case of so(3) we know that

γ0(e1) = 1
2
√

2
E23, γ0(e2) = − 1

2
√

2
E13, γ0(e3) = 1

2
√

2
E12,

γ0(e4) = − 1
2
√

2
E56, γ0(e5) = − 1

2
√

2
E46, γ0(e6) = 1

2
√

2
E45 .

The 1-part γ1 is given by

γ1(ei) = − 1
40

e∗i , i = 1, . . . , 6 .

We have to calculate the images of the 0-part κ0 of the curvature function, which
corresponds to the Weyl tensor

W n = Rn +
1

8(s − 1)
gn ∗ gn ,

in order to obtain the space q. For the Kulkarni-Nomizu product in this expression
for W n, we easily see that

θ(B ∗ B)(θ−1(ei), θ−1(ej)) =
1
20

Eij for all i < j ∈ {1, . . . , 6} .

For the Riemannian curvature tensor we find

θRn(θ−1(ei), θ−1(ej)) = −1
8
Eij

for all i < j ∈ {1, . . . , 3} and all i < j ∈ {4, . . . , 6}. The remaining curvature
expressions for Rn are zero. This shows that the span of the 0-part κ0 of the Cartan
curvature is equal to so(6), which is the semisimple part of g0 in the Möbius algebra
so(1, 7). Hence, we get for the span of the curvature values

q = so(6) ⊂ g0 .

Obviously, the span of the normal connection id + γnor is given by

Λ(m−1) = {ei + γ0(ei) −
1
40

e∗i | i = 1, . . . , 6} .
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Then it is a straightforward calculation to see that the space [Λ(m−1), q] of com-
mutators equals

span{ei −
1
40

e∗i | i = 1, . . . , 6} ⊕ so(6) .

We denote
l := span{x + γ1(x)| x ∈ m−1} .

The space l is stable under the action of so(6) sitting in g0. This shows that all the
spaces

[Λ(m−1), · · · , [Λ(m−1), q] · · · ]
of commutators are equal to l⊕q, which is seen to be isomorphic to the Lie algebra
so(7) embedded into so(1, 7). We conclude for the holonomy algebra of SO(4) that

hol(ωnor) = l ⊕ q ∼= so(7) .

This result has the following interpretation. The bi-invariant metric gn in the
conformal class cn on N = SO(4) is Einstein. It is known in general that the
conformal Einstein condition implies that the holonomy algebra hol(ωnor) of the
normal Cartan connection annihilates a standard tractor, that is a vector in the
standard representation space R

1,7 of the Lie algebra so(1, 7) (cf. [1], [5], [10],
and [11]). If the scalar curvature of the Einstein metric is positive, this vector is
timelike, which explains that for our case the holonomy algebra hol(ωnor) of SO(4)
is automatically reduced to so(7). Our calculation then shows that the holonomy
is not further reduced and we conclude that up to constant scales the bi-invariant
metric is the only Einstein metric in its conformal class on SO(4). Moreover, we
can deduce from the holonomy result that SO(4) does not admit twistor spinors
nor conformal Killing forms satisfying a certain normalisation condition (cf. [9] and
[11]). Finally, we can say that SO(4) is not (locally) conformally equivalent to
a product of Einstein metrics in such a manner that the Schouten tensor of the
product equals the product of the Schouten tensors of the factors (cf. [11] and [13]).
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