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ON ASPHERICAL PRESENTATIONS OF GROUPS
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(Communicated by Efim Zelmanov)

Abstract. The Whitehead asphericity conjecture claims that if 〈A ‖R 〉 is
an aspherical group presentation, then for every S ⊂ R the subpresentation
〈A ‖S 〉 is also aspherical. This conjecture is generalized for presentations of
groups with periodic elements by introduction of almost aspherical presen-
tations. It is proven that the generalized Whitehead asphericity conjecture
(which claims that every subpresentation of an almost aspherical presentation
is also almost aspherical) is equivalent to the original Whitehead conjecture
and holds for standard presentations of free Burnside groups of large odd expo-
nent, Tarski monsters and some others. Next, it is proven that if the Whitehead
conjecture is false, then there is an aspherical presentation E = 〈A ‖R ∪ z 〉
of the trivial group E, where the alphabet A is finite or countably infinite
and z ∈ A, such that its subpresentation 〈A ‖R 〉 is not aspherical. It is
also proven that if the Whitehead conjecture fails for finite presentations (i.e.,
with finite A and R), then there is a finite aspherical presentation 〈A ‖R 〉,
R = {R1, R2, . . . , Rn}, such that for every S ⊆ R the subpresentation 〈A ‖S 〉
is aspherical and the subpresentation 〈A ‖R1R2, R3, . . . , Rn 〉 of aspherical
〈A ‖R1R2, R2, R3, . . . , Rn 〉 is not aspherical. Now suppose a group presenta-
tion H = 〈A ‖R 〉 is aspherical, x 6∈ A, W (A ∪ x) is a word in the alphabet
(A ∪ x)±1 with nonzero sum of exponents on x, and the group H naturally
embeds in G = 〈A∪x ‖R∪W (A∪x) 〉. It is conjectured that the presentation
G = 〈A ∪ x ‖R ∪ W (A ∪ x) 〉 is aspherical if and only if G is torsion free. It
is proven that if this conjecture is false and G = 〈A ∪ x ‖R ∪W (A ∪ x) 〉 is a
counterexample, then the integral group ring Z(G) of the torsion free group G
will contain zero divisors. Some special cases where this conjecture holds are
also indicated.

Let

〈A ‖R 〉(1)

be a group presentation, where A is an alphabet, and R is a set of defining relators
(which are words in A±1 = A∪A−1). The group G given by this presentation is the
quotient F (A)/N(R), where F (A) is the free group over the alphabet A and N(R)
is the normal closure of R in F (A). The quotient N(R)/N ′(R), where N ′(R) is the
commutator subgroup of N(R), can be turned into a (left) G-module as follows:
If α : F (A) → G and β : N(R) → N(R)/N ′(R) are natural epimorphisms, and
W ∈ F (A), S ∈ N(R), then

Wα · Sβ = (WSW−1)β .
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Clearly, this G-action extends to an action of the integral group ring Z(G) of G
over M(G) = N(R)/N ′(R) by setting

(Wα
1 ±Wα

2 ) · Sβ = (W1SW−1
1 W2S

±1W−1
2 )β .

This Z(G)-module M(G) is called the relation module of G = 〈A ‖R 〉. A group
presentation (1) is called aspherical if its relation module is freely generated by the
images Rβ of relators R ∈ R. If KG is a 2-complex associated with G = 〈A ‖R 〉
in a standard way (KG has a single 0-cell and π1(KG) = G), then G is aspherical
if and only if so is KG (see [GR]; we recall that a 2-complex K is called aspherical
if π2(K) = 0).

The Whitehead asphericity conjecture (originally stated as a question in [W])
claims that every subcomplex of an aspherical 2-complex K is also aspherical. The
problem has received a great deal of attention (see [GR], [H1], [H2], [Hb2], [Lf] and
references there) but still is far from being solved. A remarkable result on this con-
jecture proven by Howie [H1] reduces the conjecture to asphericity of subcomplexes
of aspherical contractible 2-complexes. More specifically, it was shown in [H1] that
if the Whitehead conjecture is false, then there is a counterexample of one of the
following two types:

1. K is a finite aspherical contractible 2-complex and L is nonaspherical sub-
complex of K obtained from K by removing one 2-cell.

2. K is an aspherical contractible 2-complex, K =
⋃∞

i=1 Li, Li ⊂ Li+1, the
inclusion Li → Li+1 is nullhomotopic, and each Li is finite and is not aspher-
ical.

Recently Luft [Lf] reproved Howie’s result and showed that the existence of a
counterexample of type 1 implies the existence of a counterexample of type 2.

Clearly, in group-theoretic terms the Whitehead conjecture is rephrased as fol-
lows: If presentation (1) is aspherical, then every subpresentation of (1) of the form
〈A ‖R′ 〉 with R′ ⊂ R is also aspherical.

First we will see that it is possible to assume in the Whitehead asphericity
conjecture that the removed part R \R′ of R is just a letter of A. We recall that
a presentation is called finite if both A and R are finite.

Theorem 1. If the Whitehead asphericity conjecture is false, then there is an as-
pherical presentation E = 〈A ‖R ∪ z 〉 of the trivial group E, where the alphabet
A is finite or countably infinite and z ∈ A, such that its subpresentation 〈A ‖R 〉
is not aspherical. In addition, if there is a finite presentation giving a counterex-
ample to the Whitehead asphericity conjecture, then there is a finite presentation
〈A ‖R ∪ z 〉 such that its subpresentation 〈A ‖R 〉 is not aspherical.

We recall that elementary Andrews-Curtis transformations over a finite group
presentation 〈A ‖R 〉 of types (T1)–(T3) are defined as follows:

(T1) Add a new letter b 6∈ A to both A and R.
(T2) If a ∈ A, a ∈ R, and a, a−1 do not occur in relators R ∈ R \ a, then delete a

in both A and R.
(T3) Replace R ∈ R by C1R

εC−1
1 C2S

δC−1
2 , where ε, δ = ±1, C1, C2 ∈ F (A), and

S ∈ R \R.

Two finite presentations are called Andrews-Curtis equivalent if one of them
can be obtained from the other by a finite sequence of elementary Andrews-Curtis
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transformations. (We recall that another major problem of low-dimensional topol-
ogy, the so-called Andrews-Curtis conjecture [AC], asks whether a finite aspherical
presentation of the trivial group is Andrews-Curtis equivalent to 〈A ‖A 〉.)

Clearly, transformations (T1)–(T3) preserve the asphericity of a presentation
〈A ‖R 〉. Moreover, (T1)–(T2) evidently preserve the asphericity of subpresenta-
tions. Whether (T3) preserves the asphericity of subpresentations is unclear and
turns out to be equivalent to the Whitehead asphericity conjecture for finite pre-
sentations following from

Theorem 2. Suppose 〈A ‖R 〉 is a finite aspherical presentation. Then 〈A ‖R 〉
is Andrews-Curtis equivalent (with a single (T1), no (T2) and several (T3)’s) to a
finite aspherical presentation 〈 B ‖ S 〉 such that for every S′ ⊆ S the subpresentation
〈 B ‖ S ′ 〉 is aspherical.

For 2-complexes (for definitions see [S] or [H2]) Theorem 2 implies

Corollary. Every finite aspherical 2-complex can be 3-deformed to a finite 2-com-
plex all of whose subcomplexes are aspherical.

Technical details in proving Theorem 2 enable us to sharpen the equivalence
between the Whitehead asphericity conjecture for finite presentations and preser-
vation of asphericity of subpresentations under (T3) as follows:

Theorem 3. If the Whitehead asphericity conjecture is false for finite presenta-
tions, then there is a finite aspherical presentation 〈A ‖R 〉, R = {R1, R2, . . . , Rn},
such that for every S ⊆ R the subpresentation 〈A ‖ S 〉 is aspherical and the sub-
presentation 〈A ‖R1R2, R3, . . . , Rn 〉 of aspherical 〈A ‖R1R2, R2, R3, . . . , Rn 〉 is
not aspherical.

It is well known and easy to show that if (1) is aspherical, then none of R ∈ R
is a proper power in the free group F (A) over A and the group G is torsion free.
In particular, presentations of periodic groups (like those of free Burnside groups,
Tarski monsters and others constructed in [O1]–[O3], [IO1], [I], [IO2]) seem to
have nothing to do with aspherical presentations and the Whitehead conjecture.
This, however, is not the case and we will see that the Whitehead conjecture has a
natural expansion to groups with periodic elements. More specifically, let a group
G be given by presentation (1). For every R ∈ R we let R = QmR

R in the free
group F (A), where QR is not proper in F (A) and mR ≥ 1. Following [GR], we call
presentation (1) almost aspherical if defining relations of M(G) (with generating
set {Rβ|R ∈ R}) look like

(1−Qα
R) · Rβ = 0, R ∈ R

(note that if none of R is a proper power, that is, mR are all 1, then we have the
foregoing definition of an aspherical presentation for 1 − Qα

R = 1 − Rα = 0 in the
integral group ring Z(G) of G).

For example, using this definition, one can restate the main result of Lyndon’s ar-
ticle [Ln] as follows: A one-relator group presentation is almost aspherical. Another
interesting example of an almost aspherical presentation is constructed by induc-
tion on i ≥ 0 as follows: Let A±1 = {a±1

1 , . . . , a±1
m } and Fm = F (A) be the free

group of rank m over A. Following Ol’shanskii [O1] (and [I]), put B(m, n, 0) = Fm.
Assuming that B(m, n, i), i ≥ 0, is already constructed as a quotient group of Fm,
define Ai+1 to be a shortest word over A±1 (if any) whose image in B(m, n, i) has
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infinite order. Then B(m, n, i+1) is the quotient group of B(m, n, i) by the relation
An

i+1 = 1. Clearly,

B(m, n, i + 1) = 〈A ‖An
1 , An

2 , . . . , An
i+1 〉

provided the word Ai+1 exists (otherwise, B(m, n, i) is periodic and the construction
stalls). It is shown in [O1] that if m > 1, n is odd and n > 1010, then Ai+1 always
exists and the group

B(m, n,∞) = 〈A ‖An
1 , An

2 , . . . , An
i+1, . . . 〉(2)

obtained by imposing on Fm of all defining relations An
i = 1 for i = 1, 2, . . . is

naturally isomorphic to the free Burnside group B(m, n) with m generators and
exponent n (recall that B(m, n) is the quotient Fm/Fn

m, where Fn
m is the subgroup

of Fm generated by all nth powers; the same results are proven in [I] for m > 1 and
all n ≥ 248 such that if n is even, then n is divisible by 29).

Moreover, it is shown by Ashmanov and Ol’shanskii [AO] (see also Chapter 10
in [O3]) that (2) is an almost aspherical presentation provided m > 1, n > 1010

is odd (for even n this is not the case). It is worth mentioning that Ol’shanskii’s
presentations of Tarski monsters [O2] (see also [O3]; we recall that a Tarski monster
is an infinite group all of whose proper subgroups are cyclic of the same prime order
p) are also almost aspherical. Hence, in analogy with the Whitehead conjecture, one
might wonder if all subpresentations of (2) (or of Tarski monster’s given in [O2])
are also almost aspherical. More generally, one could generalize the Whitehead
asphericity conjecture as follows.

Conjecture 1. Every subpresentation of an almost aspherical group presentation
is also almost aspherical.

Surprisingly, this turns out not to be any more general.

Theorem 4. This generalized Whitehead asphericity conjecture is equivalent to the
original Whitehead asphericity conjecture.

As a matter of fact, when proving Theorem 4, we make reduction to an aspherical
presentation of the trivial group (similar to reductions in [H1], [Lf]) which yields
the following.

Theorem 5. If the generalized Whitehead asphericity conjecture is false, then there
exists a counterexample 〈A ‖R 〉 to the Whitehead asphericity conjecture such that
〈A ‖R 〉 is an aspherical presentation of the trivial group, where A is finite or
countably infinite and R contains a finite subset R′ so that the subpresentation
〈A ‖R′ 〉 is not aspherical.

In view of Theorems 4–5, the problem whether the generalized Whitehead as-
phericity conjecture holds for presentations (2) (and other group presentations of
[O3], [IO1]) becomes especially interesting. A positive solution to this problem is
provided by

Theorem 6. (a) Let m > 1, n odd, n > 1010. Then every subpresentation of the
free Burnside group B(m, n) presented by (2) is almost aspherical.

(b) Let G = 〈A ‖R 〉 be a (graded) presentation constructed as in Chapters 6
and 8 of [O3]. Then every subpresentation of 〈A ‖R 〉 is almost aspherical. In
particular, if p is prime, p � 1, then every subpresentation of Tarski monster
presentation constructed in [O2] is almost aspherical.
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Now consider a special type of group presentations:

G = 〈A ∪ x ‖R(A) ∪W (A ∪ x) 〉,(3)

where x 6∈ A, all relators in R(A) are words in A±1 and W (A ∪ x) is a word in
(A∪x)±1 with nonzero sum of exponents on x. Assuming that (3) is aspherical, one
can easily reduce the problem on asphericity of subpresentation 〈A ‖R 〉 to whether
or not the group H = 〈A ‖R 〉 embeds in the group G given by (3), that is, whether
the equation W (A ∪ x) = 1 is solvable over H . This, however, is another difficult
open problem (the so-called Kervaire problem about the solvability of equations
over groups) and the affirmative solution is known only in some special cases. For
example: If all occurrences of x±1 in W have positive (or negative) exponents (Levin
[Lv]); If the sum of exponents on x in W is ±1 and H is torsion free (Klyachko
[K]); If H is locally indicable, that is, every nontrivial finitely generated subgroup
of H has an infinite cyclic epimorphic image (Howie [H3]; see also Brodskii [B]).

The following seems worth mentioning and is immediate from the foregoing re-
duction and Klyachko’s result.

Proposition. If (3) is a balanced presentation of the trivial group (and hence
aspherical), then its subpresentation H = 〈A ‖R(A) 〉 is aspherical if and only if
H is a torsion free group.

Now let us turn tables around to indicate an interesting connection between the
asphericity of presentation (3), torsion in the group G, and the Kaplansky problem
on zero divisors which asks whether the group ring of a torsion free group over an
integral domain can have zero divisors.

First let us state a conjecture that, like the Whitehead asphericity conjecture, is
actually a problem more convenient to state in the affirmative form.

Conjecture 2. Suppose a group presentation H = 〈A ‖R 〉 is aspherical, x 6∈ A,
W (A ∪ x) is a word in (A ∪ x)±1 with nonzero sum of exponents on x, and the
group H naturally embeds in

G = 〈A ∪ x ‖R ∪W (A ∪ x) 〉.(4)

Then presentation (4) is aspherical if and only if the group G is torsion free.

Theorem 7. If Conjecture 2 fails and G = 〈A ∪ x ‖R ∪ W (A ∪ x) 〉 is a coun-
terexample to it, then the group G is a torsion free group whose integral group ring
Z(G) contains zero divisors. In addition, if W (A ∪ x) has n occurrences of x±1,
then Z(G) contains a zero divisor Z with | supp Z| ≤ n.

Some special cases where Conjecture 2 holds are indicated in

Theorem 8. Conjecture 2 holds in the following cases:

(a) The group H = 〈A ‖R 〉 is locally indicable.
(b) The sum of exponents on x in W (A ∪ x) is ±1.
(c) The number of occurrences of x±1 in W (A ∪ x) is at most 3.
(d) If W (A ∪ x) ≡ U1x

ε1 . . . Unxεn , where ε1, . . . , εn ∈ {±1}, U1, . . . , Un are
words in A±1, then there are precisely two alternations of sign in the cyclic
sequence (ε1, . . . , εn) and if εkεk+1 = ε`ε`+1 = −1 (subscripts (mod n)) with
k 6= `, then Uk+1 6= 1, U`+1 6= 1 in H = 〈A ‖R 〉.
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Proofs of Theorems 1–8 make use of (more or less) standard techniques of group
theory such as Nielsen reduced bases for subgroups of free groups, Reidemeister-
Schreier rewriting process, Fox’s derivatives, small cancellation theory, Ol’shanskii’s
machinery of graded diagrams and graded group presentations, and van Kampen
diagrams on orientable surfaces.
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