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ABSTRACT. Consider two intrinsic metrics invariant under the same cocompact
action of an abelian group. Assume that the ratio of the distances tends to
one as the distances grow to infinity. Then it is known (due to D. Burago)
that the difference between the metric functions is uniformly bounded.

We will prove an analog of this result for hyperbolic groups, as well as a
partial generalization of this result for the Heisenberg group: a word metric
on the Heisenberg group lies within bounded GH distance from its asymptotic
cone.

INTRODUCTION

Let M be a set provided with two interior metrics d; and ds. Assume that a
group G acts cocompactly on M by isometries with respect to both metrics and

dl(x) y) — 1

da(w,y)—o0 da(,Y)

Due to a result of D. Burago [2], if the group G = Z", then there is a constant
C such that |dy(z,y) — d2(x,y)| < C. This fact means that all metrics on M
diverge linearly or stay within a finite distance from each other. Burago raised the
question for which groups the same statement could be true. He suggested two
different directions. The first is the case of semi-hyperbolic groups, i.e., groups of
isometries of a space whose curvature is bounded from above by 0. The other one
is the case of nilpotent groups and first of all, the Heisenberg group. Our goal is to
answer some of these questions.

The first part of the paper is devoted to the case of hyperbolic groups. To the
best of our knowledge this result has never been published, even though many
experts probably believe in it.

In some cases the fact that two metrics cannot diverge more slowly than linearly
could be described as the finiteness of the Gromov-Hausdorff distance between the
group with induced metric and its asymptotic cone. In the case of the abelian group
Z™ the asymptotic cone is R and it lies within a finite Gromov-Hausdorff distance
from Z™. We will describe one more case when this is true, and for the same reason,
in the second part of this paper. In the case of hyperbolic groups the result does
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not depend on the distance to the asymptotic cone because the asymptotic cone is
not the Gromov-Hausdorff limit of the group with corresponding metrics.

The second part reviews the case of the simplest nontrivial infinite discrete nilpo-
tent group, namely the discrete Heisenberg group I', where we get a partial result
(for word metrics). The proof of the finiteness of the Gromov-Hausdorff distance
between I' and its asymptotic cone was published in [7]. Here we will give the main
idea of the proof and will show how the result follows from this fact.

The next natural case which generalizes the cases of abelian and hyperbolic
groups is the case of semi-hyperbolic groups. It is not known yet whether the
statement is true or false for it.

1. HYPERBOLIC GROUP

Let a hyperbolic group G act cocompactly on a d-hyperbolic metric space M by
isometries with respect to two interior metrics d; and ds.

Theorem 1.1. Assume that
dl (.13, y)

I

im
max(dx (z,y),d2(z,y))—oo d2(Z,y)

)

then there is a constant C' such that |dy(z,y) — da(z,y)| < C for each x,y € M.

Notation 1.2. We will denote the diameter of the compact set M/G by D and the
difference dy(z,y) — d2(x,y) = A(x,y). In this paper by a geodesic we will mean
the shortest path and consider only geodesics with natural parameterization.

The next lemma shows that the geodesic in metric ds lies in the constant neigh-
borhood from the geodesic in metric d; with the same endpoints, where the constant
does not depend on the choice of geodesics or their endpoints. This fact follows
from the Morse lemma since under the conditions of the theorem any geodesic in
metric do is a quasi-isometric map in the metric d;.

Lemma 1.3. Under the conditions of the theorem there exists a constant ¢i such
that for each geodesic v2 : [0,l2] — (M,ds) with endpoints x and y there is a
geodesic vy : [0,11] — (M,dy), with endpoints x and y, such that vy lies in the
c1-neighborhood (in the metric di) of 1.

Corollary 1.4. Since the conditions of Lemma [L3 are symmetric in di and da,
there exists a constant co such that for each geodesic vy : [0,l1] — (M,dy) with
endpoints x and y there is a geodesic 73 : [0,1l2] — (M, ds), with endpoints x and y,
such that v1 lies in the co-neighborhood (in the metric d2) of 7.

From Corollary [4] it follows that in the ca-neighborhood (in the metric dz) of
any point on the geodesic 7; there is a point of the geodesic 5. Using triangle
inequalities for these two points and the endpoints of the geodesics 1 and 7, one
can derive the quasi-additivity property of the function A.

Lemma 1.5. If M is as described in the theorem and v1 : [0,11] — M is geodesic
in the metric dq, then for each t1 € [0,14],

[A(1(0),71 (1)) = A(1(0), 1 (t1)) = Ay (t1), 71 ()] < 2¢a.

Now let us reformulate the conditions of the theorem in a more convenient form.
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Lemma 1.6. Under the conditions of the theorem

Az, y)

im =0.
di(z,y)—oo dy (2,Y)

Since the group G acts cocompactly on M, it is enough to consider the points
of one orbit under the action of G and measure the distances between them. We
introduce a notation.

Notation 1.7. We choose a point g € M, and let G(zo) be the orbit of this point
under the action of the group G. For each g € G, we will denote by ~, the geodesic in
the metric d; with endpoints z¢ and g(zo), and by A(g), the quantity A(zg, g(xo)).
It is easy to see that A(g) = A(g~?!) for each g in G.

Reasoning by contradiction we need to show that if the function A(x,y) is un-
bounded, then

dy () —oo d1 (T, y)

The é-hyperbolicity of the space M means that if two geodesics with the same
endpoint diverge relatively fast, then the distance between the other endpoints of
these geodesics is almost the sum of the lengths of these geodesics. Now we need
to define what we mean by that two geodesics 74, and g, diverge relatively fast.
The following function will show the moment after which the distance from each
point on the geodesic 4, to geodesic v, is greater than a certain e.

Definition 1.8. Let us define the function

f(glvg2a6) = max{t | d1(791 (t)a’ygz) < E}a

where g1, g2 € G and € € R. Here by di(vg, (t), v4,) Wwe mean the distance from the
point g, (t) to the set 7g,.

The function f is not symmetric under the interchange of g; and go. But from the
triangle inequalities it follows that the difference of values f (g1, g2, €) and f(g2, g1, €)
is small.

Lemma 1.9. If f is a function described above, then |f(g1,g2,€)— f(g2, 91, €)| < e.

The function f(g1,g2,€) shows us the last time when the geodesic ~y,, came to
the distance € from the geodesic v4,. But there remains the question whether the
geodesic 4, stayed near the geodesic vy, before that? The answer is yes: it stays
within the distance € + §. This fact follows from the J-hyperbolicity of M.

Lemma 1.10. Let g1,g92 € G. If t < f(g1,92,¢€), then di (Vg (), 7g,) < €+ 9.

The next lemma is some sort of analog of behavior of the angles in R3. If the
angle between two rays with the same starting point in R? is 2¢, then each ray with
the same starting point forms the angle at least ¢ with one of them. The angle
between two rays in R? shows how fast these rays diverge.

In our case we can say that if two geodesics diverge fast to the distance 2¢ + 20,
then each geodesic with the same starting point quickly moves e units away from
one of them. We cannot get 2¢ instead of 2¢ + 24, as in the case of rays, because
the geodesics in our case can diverge and then converge again. But the amount of
this divergence is bounded by € + § in view of Lemma [[.T0l
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Lemma 1.11. If ¢1,92 € G, C € R and f(g1,92,2¢ + 26) < C, then for each
g3 € G either f(gs,91,0) < C+¢€ or f(g3,92,0) < C+20 +e.

Now we assume that it is possible to find two elements hy and ho of the group G
such that the two geodesics connecting xo with hq(x¢) and ha(zg) diverge relatively
fast and the values A(zg, hi(xo)) and A(zg, ho(xo)) are relatively large. The proof
of the existence of these elements is based on the almost additivity of the function
A and we will give it later.

Using the elements hy, ho, hl_l, hy ! we will construct the sequence of elements
{g:} such that the geodesics connecting x¢ with g;(x¢) and g;11(xo) also diverge
relatively fast and the A(g;(zg)) are relatively big. Then we will construct the
piece wise geodesic path which starts at a point z and then goes consecutively
through all the points x; = g; o -+ o g1(2p). It consists of the isometric images of
geodesics connecting xg with hi(xg) and ho(zg). From Lemma [[TT] it follows that
the geodesics connecting x; with z¢ and z;41 diverge relatively fast.

Lemma 1.12. If there exist hi,ho € G such that
min(A(hy), A(he)) > 4f(h1, he, 65) + 200,

then there exists a sequence g1, gs,9s,--. of elements of the group G such that
Agi) > 4f((gro---0gi1)"", gi,20) + 44.

Now that we have constructed the sequence {g;}, we are going to prove that
its existence contradicts the conditions of the theorem. It follows from the §-
hyperbolicity of the space that the geodesic connecting xy and z; goes near all
the points x,, where n < i. This fact provides that A(zg,z;) and di(xg,x;) are
proportional to ¢. Then we have that

lim 2020
i—00 d1 ((Eo, (Ei)

This implies that
lim dl (an J)i)
17— 00 dg ((Eo, (Ei)
Lemma 1.13. Under the conditions of Lemmal[LIZ,
. dl (iL', y)
im
max(di (2,),d2 (z,y))—o0 da(,y)

£ 1.

£1

Thus, we get a contradiction with the conditions of the theorem. Now the only
thing that remains to be proved is the existence of two elements hqy and he such
that the corresponding geodesics diverge fast and A(hy) and A(hg) are large.

Under the conditions of the theorem, the distances d; and d> cannot be small
when the function A is large. It is obvious that at least one of them must be large.
The other will also be large, since their quotient tends to 1 when the distances are
large.

Lemma 1.14. Under the conditions of the theorem, there exists a constant Dg
such that if A(z,y) > Dy then di(x,y) > %A(x,y) and do(x,y) > %A(x,y),

Notation 1.15. If the conditions of the theorem hold, then the set
{da(z,y) | di(z,y) < €}

is bounded. We use the notation maxg, 5,)<c(d2(2,y)) = K.
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To find the elements hy and hs we choose an element g € G with large A(g).
By Lemma [[LT4 this means that the length of 7, is also large. Then we choose
a point y on the orbit of z¢ near the point on v, where the function A becomes
%A(g), which is still a large number. And then the geodesics connecting y with xg
and g(zo) pass near the geodesic 7, in different directions. Then they diverge fast
comparative to A(y, zg) and A(y, g(xo)) which are close to 1A(g).

Lemma 1.16. Under the conditions of the theorem, if for each ¢ € R there exists
gec € G such that A(g.) > ¢, then there are two elements g1 and go such that
min(A(g1), A(gz2)) = 4f(g1, g2, 60) + 206.

This lemma finishes the proof of Theorem [Tl

2. THE HEISENBERG GROUP

Let the discrete Heisenberg group I' act cocompactly on a space M with respect
to two metrics d; and dy. Choose a point zy € M and define metrics d}] and dj on
I" by the formulas

dy(71,72) = di(y1(w0), y2(0)),

d3(y1,72) = d2(71(20),72(20)),
for 1,72 € I'. The main result of this part of this work is the following theorem:

Theorem 2.1. Assume that

1. dl (.13, y)
1m
max(di (2,y).d2(z,y))—oo d2(Z,Y)

and dy and dy are word metrics on T, then there is a constant C such that |dy (z,y)—
da(z,y)| < C for each x,y € M.

The proof of this theorem is based on the following statement from [7].

Statement 2.2. For each word metric on the Heisenberg group T', the Gromov-
Hausdorff distance between I' and its asymptotic cone Cong I is finite.

2.1. Preliminaries. In this section, we give a description of the structure of the
asymptotic cone of the Heisenberg group based on the results in [9].

The definition of the asymptotic cone and Gromov-Hausdorff distance can be
found in [6]. Let us now describe the structure of the asymptotic cone of the
Heisenberg group. To do this we need to introduce the notion of expansion.

Definition 2.3. The expansion of the group I' with coefficient k£ isamap é: I' — T,
Se(y) = (kx, ky, k*2), where v = (z,y, 2), k € Z.

The expansions 0 of the group I' play the same role as homotheties in commu-
tative groups. Let || -|| : T' — R be a norm on the group T, i.e., a real function that
satisfies the properties:

e ||7]| > 0 for each v € T'; ||v]| = 0 if and only if v = 1;

o vl =1Ivis

o [yvell < il

With each norm on I', one can associate a left-invariant metric on I'
v vzl = vt * el

We recall the definition of an interior metric on a discrete group given by Pansu [J].
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Definition 2.4. The left-invariant metric associated with the norm || - || on the
discrete group G is called interior if for each ¢ > 0 there exists p > 0 such that
Vv € G,7 can be represented as y =~y * - - - *y,. Here ||| < p and ||y +--- +

[l < (T +)lyl-

From Pansu’s result [9], it follows that if the left-invariant metric associated
with the given norm || - || on the Heisenberg group I' is interior, then the asymptotic
cone of the Heisenberg group with this metric is the space (H,| - ||oo), where H
is a continuous Heisenberg group. This is just the group of all upper triangular
real 3 x 3 matrices with 1’s on the main diagonal. The left-invariant metric do,
associated with the norm || - || is the Carnot-Carathéodory-Finsler metric given by
the pair (Lo, Fp); here Ly is the two-dimensional subspace of the Lie algebra of the
Lie group H, spanned by the vectors (1,0,0) and (0, 1,0), and Fp is the Minkowski
metric on Lg. Moreover, for elements v € I' C H the limit limg_, o H‘s’“—g’)” exists
and the following equality holds:

N 1Al
e = Jim 12620,
The number ||7|| is called the asymptotic norm of the element v € T

Later, we will consider only the word metrics on the Heisenberg group I'. Each
such metric is associated with a finite generating set E C I'; which we will call an
alphabet. Each element v € T' can be represented as v = a1 * --- x ag, a; € F.
The smallest such k is called the length of the element v, |7v| = k. It is obvious
that the length is a norm. The corresponding left-invariant metric on I' is called
the word metric. It is easy to see that the word metric is an interior metric on the
Heisenberg group TI'.

Hereinafter, we identify E with the subset of our lattice which in turn is em-
bedded in H. Thus, we consider E to be a subset of H. Let us also assume that F
is symmetric, i.e., F = E~!. In particular, |[E| = 2n is an even number. A finite
sequence of vectors of the alphabet is called a word. The number of vectors in a
word is called the length of the word.

Let us reformulate Theorem B2l In order to prove the fact that

(@11 D (H - lloo)] < Const,

where || - || is a word norm on the Heisenberg group T', it is sufficient to compare
two different norms || - || and || - ||s on T. If we prove that |||v]| = [[¥]lec| < Const
for each v € ' and take an embedding I' — H, we will get the required statement.
In other words, to prove Theorem .2, it is sufficient to check two inequalities:

(1) Moo < |Iv|l + Const,
(2) 71l < [[lloo + Const.

Let us now turn back to the metric spaces (M, d;y) and (M, dz). Recall that the
Heisenberg group I' acts cocompactly by isometries on both of them. We choose a
point 9 € M. This allows us to introduce two norms on the group I'. Let v be
an element of the group I'. Then ||v||1 = di(z0,v(x0)) and ||y]|2 = da(x0,v(z0)).
These norms provide asymptotic norms || - |loo1 and || - ||cc2 on the group T

Lemma 2.5. Let M be a set provided with two metrics di and ds such that
lim hi@y) _
max(ds (2,),d2 (2,y))—oo da(T,y)
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Let the Heisenberg group T' act by isometries with respect to both metrics. Then
[ lloor = I lloc2-

Proof. Indeed, for each v € T" we have

kel 0RO [0 16k() [l
o1 = lim = lim = lim = 0
since da(xg, 0k (7)(x0)) — 00 as k — co. O

Using () and (@) and the previous lemma we get that
N7l = 17]lsc1]| < Consty,

[17ll2 = [[7]lsc2] < Consta,
and so
|d1(x0,7(20)) — da(z0,7(70))| < Consty + Consts.
Then it is enough to prove () and (@).

3. SKETCH OF THE PROOF OF INEQUALITIES (II) AND (2)

In this section we describe the main idea of the proof of inequalities (II) and (2.
The exact proof can be found in [7]. We start with a proof of (Il) and () for word
metrics of a special kind, which we now define.

Definition 3.1. If the third coordinates of all vectors of the alphabet E are equal
to 0, then the alphabet is called horizontal and the corresponding word metric is
called a horizontal word metric.

The inequality ||7]|co < ||7]| in the case of a horizontal word metric is an easy cal-
culation. Indeed let the left-invariant metric on the Heisenberg group I' associated
with the norm || - || be a horizontal word metric. Assume that v can be represented
as -y =ai *---*ay; then

Sk(7) = O(ar) % - % Op(an) = ar” % - - x an®.

Therefore, ||6r(Y)|| < kN = k||y|| and

1
1lloo = lim Zllox(3)ll < N = |-
— 00

The proof of the other inequality is based on the following property of the Heisen-
berg group. Let v = (z,y, z) be an element of I". Assume that v = ai*. . .xay, where
a; are vectors of the horizontal alphabet E. Start at the origin and draw a closed
polygonal line consisting of the vectors a; which lie in Ozy and the segment connect-
ing the point (z,y) with the origin. Then |z| is equal to the oriented area enclosed
in this polygonal line. This property follows from the formula for multiplication in
the Heisenberg group: (z1,y1,0) * (22, 2,0) = (1 + 2,91 + Y2, (215 — 1172))-
The number %(xl y2—y1x2) is equal to the area of the triangle with vertices (z1,y1),
(22,y2) and the origin.

This allows us to calculate the norm of an arbitrary element v = (z,y,2) in
the horizontal word metric as the number of elements in the smallest collection of
vectors of the alphabet on the plane Oxy which bounds the area z and whose sum
equals the vector (z,y). This method of norm computation gives us an opportunity
to reduce the proof of the inequalities (dl) and () to the comparison of isoperimetric
curves on the plane.
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Indeed, consider the Minkowski metric on the plane Oxy, where the unit ball
is the convex hull of the vectors of the horizontal alphabet E. The number of the
vectors in some word is equal to the length of the corresponding polygonal line in
this metric. Moreover, this metric, as follows from [II, is exactly the metric Fy that
gives rise to the Carnot-Carathéodory-Finsler metric on ConsI'. So ||| e is equal
to the length of a certain path in the metric Fy. This path connects the points
(0,0) and (z,y). It is also the shortest path that together with the segment from
(z,y) to (0,0) bounds the area z. As follows from [8] Chapter 5, Theorem 22.4],
this path is a polygonal line. The norm ||| is equal to the length of a certain
polygonal line in the metric Fy. It connects the points (0,0) and (z,y). It is also
the shortest polygonal line such that all segments in it are integer and it bounds
the area z. These two polygonal lines are almost the same and the difference of
their lengths is bounded by a constant. For details see [7].

To prove inequalities ([Il) and (B)) for the case of general word metric we change
the general alphabet E = {a; = (z1,¥1,21),--+,02n = (T2n,Y2n, 22n)} to the hor-
izontal alphabet Ey = {(z1,41,0),...,(Z2n,y2n,0)}. Then we mention that the
corresponding word metrics differ by a constant. To see this we check that the
polygonal line (of projections of the alphabet vectors on Oxy) corresponding to
some almost the shortest word, which gives us some element v = (z,y, z), consists
of at most 2n + 2 segments. That means that the same vectors come together in
the shortest word. Then we consider each segment of the polygonal line. It consists
of r; projections on Oxy of vectors a;. Change it for three segments that finish a
parallelogram whose area is proportional to z; and r;. We will choose this paral-
lelogram in such a way that the area bounded by the new curve is z. Then the
length of the new polygonal line is almost the norm of « in a horizontal word metric
with alphabet Ey. And it differs from the length of the initial polygonal line by a
constant, depending only on the alphabet.
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