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ABSTRACT. In this paper, we estimate the dimension of a global attractor for
a nonclassical hyperbolic equation with a viscoelastic damping term in Hilbert
spaces HZ x L? and D(A) x H2, where D(A) = {v € H? | Av € L?} and
A = A2%. We obtain an explicit formula of the upper bound of the dimension
of the attractor. The obtained dimension decreases as damping grows and is
uniformly bounded for large damping, which conforms to physical intuition.

1. INTRODUCTION

We are concerned with the estimates on the dimension of a global attractor for
the following initial value problem for a nonclassical hyperbolic equation with a
viscoelastic damping term:

uge + A%u+ Sug + kut +g(u) =h, (x,t) € Qx R,
(1.1) w(z,0) =wui(x) and we(x,0) = ua(x),
u(x,t) = Vu(z,t) = Au(x,t) =0, x €T, te R",

where Q C R? is an open bounded set of R? with a smooth boundary I sufficiently
regular, and the initial data u;(x), us(z) are in appropriate function spaces, k > 0
is a constant, and § > 0 is a damping. The force u™ = max{u,0} is the positive
part of u. Further details can be found in [I] and [9].

Throughout the paper we use the notation H = L*(Q), V = HZ(Q), with
the scalar product (-,-) and the norm | - |, respectively ((-,-)) and || - ||, and the
Sobolev spaces H*(Q) = W*2(Q). We define (u,v) = [, u(z)v(z)dz, ((u,v)) =
Jo Au(z)Av(x)dz, and D(A) = {v eV | Av € H}, where Au = A*u. We have

(1.2) DA CVCH=H"CV”,

where all embeddings are compact, and H*, V* are the dual spaces of H, V,
respectively. We can define the power A® for s € R, which is also an operator on
the space D(A®). We have D(A%) = H, D(AY?) =V, D(A~'/?)=V* and write

(1.3) Vo, = D(A®),  Vs€R
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Applying norms on D(A1) equivalent to the H*(2) norms and interpolation in-
equality, we have

s

(1.4) H(Q) € D(A%) c H*(Q) C H*(Q)  for s> s > 0.

We assume that h € H, g € C%(Q), and the function g : R — R satisfies the
following conditions:

P S
(1.5) llir‘ninf (28) >0, where P(s) :/ g(7)dr,
s|—oo S 0
!
. im sup il =0, for 0 <o < o0,
(1.6) 1 l9'(

|s]—o0 ‘S‘
and there exists a positive constant ¢y such that

(1.7) limn it 2905) ~ 0 P(s)

|s]—o0 S

> 0.

Furthermore, we need the following assumptions on ¢':
(i) there exist 8 € (0,1) and ¢; such that

(1.8) l9'(s1) = g (s2)] < eals1 — s2|;

(ii) ¢’ is a bounded continuous mapping from V into £(V, H) and a bounded
mapping from D(A) into £L(V,, H) for some a € [0,1).

Results on the existence of a solution and attractor in a bounded domain can
be found in [0, 11} [7], and so on. In the book [I1], the notion of dimension of a
global attractor was considered. Later, V. V. Chepyzhov and A. A. Ilyin presented
an approach that is well suited for studying the dimension of the global attractor
arising in [3]. The construction of the Hausdorff dimension and fractal dimension
of global attractors admits the same upper bound under quite general assumptions.
Further references are [2, 4[5, [6] 8], and [12]. However, there is not yet a formula for
the upper bound of the dimension of a global attractor for a nonclassical hyperbolic
equation. In this paper, we obtain a rather strict upper bound for the dimension a
global attractor by careful estimations and give the optimal value for the parameter
« that leads to the minimal estimate of the dimension of the attractor so that the
value v = v(k, |lg'(©)|l z(v,,,m)) in the main estimates for the dimension is deter-
mined explicitly. The obtained dimension decreases as the damping coefficient 0
grows and is uniformly bounded for large §, which conforms to physical intuition.
Meanwhile, this gives us a relatively easy way to estimate the upper bound of the
dimension of the attractor.

The main result is the following theorem.

Theorem 1.1. Let the nonclassical hyperbolic equation be given by equations (1.1).
Assume that g(u) satisfies conditions (1.5) — (1.8). Then for any § > o9 > 0, the
Hausdorff and fractal dimensions of the global attractor A for the system (1.1)
satisfy

. . 1 B 21162
dim(A) < min{m | — Aot <
( )_ { | mjz::l j —72\/52+4)\1(5+\/52+4>\1)}
wo 0,57

b

< min{m | —

) <
mj:1 J Gz (53+4)\1(50+\/(58+4/\1)
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where {A\j}jen, 0 < A1 < Ay < ---, are the eigenvalues of the operator A? with the
Dirichlet boundary condition on Q, v = vy(k, [|9'(¢)|lz(v,.,m)) is a positive constant,
and o =20 /p with 0 <20 <p<oo, p>1.

From Theorem 1.1, we see that the upper bound of the dimension is decreasing
with respect to § and remains small when damping coefficient § is very large because

2162

6 =
¢() Y262 + AN (6 + /% + 4)y)
increases as 0 grows and
. 1 i a—1 _ . _ )\1
N DL SOl

2. PRELIMINARY RESULTS
We use (1.2) to give the following definition of a weak solution to system (1.1).

Definition 2.1. Let h€ H, Ey =V x H, By = D(A) x V, and {uj,us} € Ey. A
weak solution (1.1) is a function wu(z,t) such that

(i)

(2.1) ue L*((0,7),V), u € L*((0,T),H), uy € L*((0,T),V*);
(ii) for all v € C§°([0,T] x §2), the generalized formula holds:
d
(2.2) a(ut,v) + 8(ug, v) + (Au, Av) + (ku™,v) + (g(u),v) = (h,v).

Now we recall some basic results in [10, 111 [7].

Lemma 2.2. Suppose that the constants T > 0, k > 0 and the initial conditions
up(x) € V and ug(x) € H are given. Also, g(u) satisfies (1.5) — (1.7). Then for
system (1.1) there exists a unique (weak) solution such that

(2.3) uwe C([0,T],V) and wu, € C((0,T],H).

The next two lemmas are results on the existence of a global attractor of the
dynamical system S(t), ¢t > 0.

Lemma 2.3. Let g satisfy (1.5) — (1.7), h € H. Then the dynamical system
associated to the system (1.1) possesses a global attractor A, which is compact,
connected, and mazimal among the functional invariant sets in Ey.

For the proof of the main result, we use the following result, which gives addi-
tional information about the global attractor A.

Lemma 2.4. Assume that g satisfies conditions (1.5) — (1.7) and h € H. Then the
global attractor A is included and is bounded in the space Ej.
3. THE HAUSDORFF AND FRACTAL DIMENSIONS OF THE ATTRACTOR

We shall prove in this section that the global attractor given in Lemma 2.3 is
finite dimensional. For every t € R, we define the mapping

(3.1) S(t) : {ur,ue} — {u(t), us(t)},
which maps Ey =V x H and Ey = D(A) x V into themselves and they enjoy the
group properties. Therefore, for every ¢, S(t) is a homeomorphism from Ej onto Ey
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(or from E; onto Ep) and is continuous in Ey (or E1). We define the inner product

in EO by ({paQ}, {f}a (j})EO = (paﬁ)v + (qa(j)H for D, ﬁ €V and q, (j € H.
There exists a complete orthonormal family in H, {w;};en, consisting of the

eigenvectors of A:
39 ij:)\jwj, VjeN,
(3.2) 0<A <X <---, A\j =00 as j— o0.

Let €9 = min(6/4, A1/26); for any € € (0, &¢), we consider the semigroup of operators
S:(t) := R.S(t)R_. defined by
Se(t) s {ur,us +eur b — {u(t), ue(t) + eu(t)}.

The operator R., € € R, is an isomorphism of FEy, given by the formula R, :
{z,y} — {z,y + ez}, for any z,y € Fy. If A is the maximal attractor defined by
Lemma 2.3 for S(t), then R..A is the maximal attractor for S.(t).

We first check assumption (ii) on ¢’ for the operators S(t) to give the optimal
value for the parameter .

Lemma 3.1. There exists a > 0 such that for every ¢ € D(A), the differential
g’ (@) belongs to L(V,, H) and, for every R > 0,

(3.3) K= sup |g(®)llev,m < oo
lellpay<R

Proof. From (1.6) we have
19 (©)] < ca(l4|p|7) with 0<o <00, QC R%

The case ¢ = 0 is obvious.
For o > 0, if ¢ € D(A) with [|¢|pa)y < R, then by (1.4) and the Sobolev
imbedding inequality

lg (D)l pre < e3(R) with 0<20 <p<oo, p>1.

Let v € V, and ¢ € H; we apply Holder’s inequality with exponents p/o,
2p/(p — 20), 2, and find

R Y T P P 1

For n = 2 due to (1.4) and the Sobolev imbedding theorem we have

. 20
[l L2ps w200 < calllla if a= >

Therefore,

(34) | [ dtopods] < catmicslvlallolm

This shows that ¢'(¢)% is in the space H(= H*) and its norm in H is bounded by
cs(R)es||Y]|as 1y K < e3(R)cs. O

From Lemma 3.1 we obtain the optimal value for the parameter a = 20 /p with
0 < a < 1 that leads to the minimal estimate of the dimension of the attractor.
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Proposition 3.2. Assume that g satisfies (1.5)—(1.7). Then the linearized problem
of (1.1) around the solution u,

(3.5) Vit + A2V 4+ 5Vi + f(w)V + ¢/ (u)V = 0,
where f(u) = ku™, with initial data
(3.6) V(z,0)=y €V, Vi(z,0)=z¢€ H,

has a unique (weak) solution.

Proof. Using Lemma 2.2, we are able to prove that the linearized problem (3.5) —
(3.6) possesses a unique solution V(¢) such that

V(t) € C([0,T],V) and Vi(t) € C([0,T), H). O
We can then define a linear map L(t, o) : Ey — Ey by setting
(3.7) L(t, o) : {y, 2} = {V (1), Ve(t) }.

It can also be proved that L(t, o) is bounded and that {S(t)}:>0 is uniformly
differentiable on A, i.e.,

1S () (o + ) — S(t)(0) — L(t, o)1l %,

—0 as n={y,z} — 0.

%,
Setting § = R.p = {u, us + eu} and choosing
A1d
E=—5———,
02 + 4\

we may rewrite system (1.1) as a first evolution equation of the form
0; = B(§) = —A.0 — b(0) + h,
where b(6) = {0,G(u)}, h = {0, h}, and

Ae = ( Az_fés-eﬂ (6:IS>I )

Here I denotes the identity mapping. Also for simplicity of the presentation, we
denote by {u,v}” the transposed form of {u,v}. In the above notation, the first
variation equation (3.5) has the form

(3.8) Uy, =B'(0)U=-A.U-V(9)U,

(3.9) U(©0) =¢,

where U = {V,V, + eV}, ¥(0) ={0,G'(w)V}, & = {y,z} € Ey. We consider
m solutions U(t) = Ui(t),...,Un(t) of (3.5) — (3.6) corresponding to initial data

fzgla---agma gk EEO, kzl,?,...,m.
For the proof of the main result we need the following lemma, which can be
found in [12].

Lemma 3.3. For any ¢ = (y, 2) € Fy,

1)
(3.10) (Aewp, 0) By > p”‘PHQEO + §|Z|27
where
A0
(3.11) p '

T VR AN+ VAN



68 DELIN WU AND CHENGKUI ZHONG

Recalling that in the generalized Liouville formula

UL(t) A~ A Un(?)

A E

(3.12) ¢ )
=&t A An(t) amE, exp/o Tr(B'(S:(1)0o) 0 Qm(7))dr,

we have that the m-trace Tr(B'(S:(7)0p) o @ (7)) provides information for the
evolution of the m-dimensional volumes, transported along Sc(t)fy, by the first
variation equation. We denote by @, (t) the orthogonal projector in Ey onto the
subspace spanned by Uy (%), ..., Un(t). We also denote by

Q;(t) =1{y;, 2}, j=1,...,m,
the orthonormal basis of span{Ui(t),...,Un(t)} = Qm(t)Ey. We have that

M8

Tr(B'(Se(7)00) © @m(7)) = ) [B'(Se(7)b0) © @m (7)2;(7), ()]

0

<.
Il
-

(3.13)

(B'(6(7))®;(7), ®5(7)) &y -

<.
Il
-

Under the above notation, we prove our main result.

Proof of Theorem 1.1. From Lemma 2.4 we have that R.. A C F;. Using this fact
and conditions (1.5) — (1.8), we write

(B'(0(5))2;,®;) 5, = (—ALj, @), + (=0 (0)®;, D),
< s, — o155l + (0.C/ s}, (3 %))

Applying Lemma 3.1, we take

(3.14)

y= sup |G'(u)lzv,,m) =k+ K <.
|Aul<R

This allows us to majorize |(G'(u)y;, ;)| by
G (Wy;llz;] < Ylyjllalz]-
Hence, applying Lemma 3.3 and Young’s inequality to relation (3.14), we deduce
(B'(0(s)) %5, @)k,

1)
< =l = 1=+ [ Insllalslde
(3.15) ) K} 2
Y
< ~pl@;l3, — Sleal + 3117 + Lol
2 7 2
< —l124ll, + o5llvilla.

Since {®;} is an orthonormal basis of @, Ey, we have from (3.15) the inequality
m 2 m
i
(3.16) D (B(6()®;(s), ()5, < —mp + % > Myl
: =

j=1
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Therefore, applying the result of Lemma VI.6.3 in [11] to any orthogonal family of
elements {y;,z;}, j =1,...,m, of Ey, we obtain that

m

(3.17) X:HyjH2 _Z ! with a=20/p, 0<20<p<oo, p>1.

Thus, by (3.16) and (3.17), we have the following estimate:
2 m
: / < —mpt 223 a0
(3.18) Tr(B'(S=(r)f0) © Qun(7)) < —mp + 5 ; A9
We integrate (3.18) with respect to time ¢ to obtain the relation

gm(t) = sup sup l/ Tr(B'(S:(1)bo) 0 Qu(7))dT

PoERA &<t T

for & € Eg, i =1,...,m, where ¢, = limsup,_, . ¢ (t). Hence,
72 m

3.19 P

(3.19) Gm < —mp + — 95 2 ¥

We infer from (3.19) and (2.49) in [II, Chapter V] the following bound on the
uniform Lyapunov exponents u;, j € N, of A (or R.A):
b

20
j=1

(3.20) pt g < —mp+ o<y AT

From (3.2), we obtain that

1 m
—E /\?_1—>0 as m — oo.
m

Jj=1

Hence, there exists m (> 1) such that
26
(3.21) — Z/\a e

Consequently, we have that ¢,, < 0. (]

Therefore, by Theorem V.3.3 in [I1] and Theorem 2.1 in [3], the dimensions of
the attractor A are

. ant - 2)162
( | dlmH(A)<m1n{m’ z;)\ =5 m(5+M)}
3.22

dimy(A) < mln{m ’ Z A< 20 }

— T2V + AN (0 + V2 +4N)

Remark 3.4. The estimate from Theorem 1.1 for the dimension of the attractor
depends on the parameter p, which seems to be quite arbitrary. For convenience,
we assume that the value of p is optimal.

From (3.2) and (3.22) we deduce that a = 0, i.e., p = +0o0 is the optimal value
for the minimal estimate of the dimension of the attractor.
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