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BASES IN EQUIVARIANT K-THEORY. II

G. LUSZTIG

ABSTRACT. In this paper we establish a connection between the “bases” in
Bases in equivariant K -theory, Represent. Theory 2 (1999), 298-369 and the
periodic W-graphs introduced in Periodic W -graphs, Represent. Theory 1
(1997), 207-279.

INTRODUCTION

0.1. Let e be a nilpotent element in a simple Lie algebra over C. In [L5] we
have introduced (under some hypothesis on ¢) a candidate for a signed basis of the
equivariant K-theory of the variety B, of Borel subalgebras that contain e, and we
have speculated on its possible connections with the unrestricted representations
of the corresponding Lie algebra in characteristic p. (For an updated and revised
form of these speculations see [L7].) The main purpose of this paper is to establish
a connection between these K-theory “bases” and the construction of periodic W-
graphs in [L4]. (As mentioned in [L5, 0.4], the desire to explain those periodic
W-graphs in K-theoretic terms was one of the motivations of [L5].)

The paper is organized as follows.

In Section 1 we establish the freeness of the equivariant K-groups used in this
paper. This freeness property was conjectured in [L5, 11.7]; a key ingredient in the
proof is provided by the results in [DLP].

In Section 2 we establish a duality between the equivariant K-theory of B, and
that of the corresponding Slodowy variety A.. Here we must in general extend
scalars to rational numbers (due probably to the author’s ignorance) but in the
case relevant to periodic W-graphs the duality works over Z.

In Section 3 we introduce (following [L7]) an element V. in the representation
ring and prove a key property of it (Theorem 3.5) which was stated without proof in
[L7]. The element V. is one of the ingredients in the conjecture [L7] on unrestricted
representations.

In Section 4 we prove that the structure sheaf on A, is an antispherical vector
for the Hecke algebra action.

In Section 5 we extend the definition [L5, 12.18] of Ba,Bi to a general e.

In Section 6 we assume that we are given a Levi of a parabolic subalgebra which
contains e and we introduce two varieties 3,3 such that B, C S C3CA. In
Section 7 we show that the equivariant K-groups of these two varieties may be
regarded as induced modules of the affine Hecke algebras. (See Theorem 7.11.)
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282 G. LUSZTIG

This can be viewed as a substantial strengthening of the induction theorem in
[KL].

In Section 8 we study the case where e is regular in a Levi of a parabolic sub-
algebra. In this case we have 3 = 3 and we can describe in detail the equivariant
K-theory of 3. (In the case where e = 0, 3 is more or less the same as the Steinberg
variety of triples; but in the general case, the proof in Section 6 of the fact that
3 admits a cell decomposition with all cells of the same dimension is rather more
difficult than for e = 0.)

In Section 9 we review some definitions and results of [L4] in a somewhat mod-
ified form. (In particular, the polynomials mp 4 in 9.17 are obtained from the
polynomials I14 g in [L4, 11.2] by applying an order reversing involution of the set
of alcoves and by replacing v by —v.)

In Section 10 we establish the connection between our K-theory “bases” and the
constructions of [L4] (in the form of Section 9).

Section 11 contains an inversion formula extending a result in [L4, §12].

Section 12 contains an extension of [L4, 11.17]. Note that the proof of [L4, 11.17]
relied on [L4, 8.9] whose proof, as A. Braverman pointed out to me, contained a
gap. By using Theorem 7.11 instead of the induction theorem [KL], that gap is
filled and at same time we have a proof of the conjecture in the first line of [L4,
8.13] concerning the poles of an intertwining operator.

In Section 13 we construct an element of BjB:e for e as in Section 8, assumed to
be of Richardson type, corresponding to an irreducible component of B, which is
a flag manifold of a smaller group; this element is essentially a square root of the
canonical bundle of that component.

In Section 14 we show that the element in Section 13 generates in a suitable
sense the equivariant K-theory of B (if the group is simply connected). This last
condition is relaxed in Section 15.

Section 16 contains a number of examples.

Section 17 contains some conjectures. In 17.1 we explain a conjecture relating the
K-theory “bases” with cells in the affine Weyl group. In 17.2 we restate and extend
the conjecture in [L7, 2.4] which relates the K-theory “bases” with unrestricted
representations in characteristic p and in 17.3 we state a strengthening of this
conjecture in the case where e is as in Section 8.

I wish to thank J. C. Jantzen and D. A. Vogan for pointing out a number of
misprints and inaccuracies in an earlier version of this paper.

0.2. Notation. Let G be a connected, reductive algebraic group. Let g be the Lie
algebra of G and let g,;; be the variety of nilpotent elements in g. Let B be the
variety of all Borel subalgebras of g. Let v = dim B. Let A’ = {(y,b) € gxBly € b},
A ={(y,b) € N|y € gnir}. The group G x C* acts on B by (g, ) : b — Ad(g)b
and on g by (g,A) : ¥y — A"2Ad(g)y. Then G x C* acts on A’, A by the restriction
of the action on g x B (simultaneous action on both factors).

For any parabolic subalgebra p of g we denote by n, the nil-radical of p. A
parabolic subalgebra p of g is said to be almost minimal if the variety of Borel
subalgebras contained in p is 1-dimensional. Let I be a finite set indexing the
G-orbits on the set of almost minimal parabolic subalgebras of g. A parabolic
subalgebra in the G-orbit indexed by i is said to have type 7. If K is a subset of I,
we say that a parabolic subalgebra p of g has type K, if K is the set of all ¢ € [
such that p contains some parabolic subalgebra of type 1.
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Let X be the set of isomorphism classes of algebraic G-equivariant line bundles
on B. We regard X as a (finitely generated free) abelian group under the operation
given by tensor product of line bundles. Let X be a free abelian group (in additive
notation) with a given isomorphism X = X denoted by @ + L,. Thus, Ly, =
L, ® Ly for z,2/ € X. Fori € I, let o; € X,&; : X — Z be as in [L5, 7.2].
Let &> = > ./ Na; C X, X< = —&>. Let 05 : X — X be the involution given
by z — %ix = x — &;(x)a;. Let W be the subgroup of Aut(X) generated by the
elements 0;,7 € I. (A Weyl group with simple reflections o; and length function
[:W —N))

Let A = Z[v,v~!] where v is an indeterminate. Let H be the affine Hecke algebra
attached to G, that is, the associative A-algebra with 1 defined by the generators
Tw, w € W and 0,,x € X and the relations:

() (To, +v™)(To, —v) = 0;

(b) TwTw = Tyww if l{ww') = l(w) + l(w');
(C) engi - Tgiefrqzw = (’U - v_l)ﬁ[x],[aiz];
d

—[—ay]

( ) 00, = ew-i-w’;
(e) 90 =1.
Here relation (c) has the same meaning as in [L5, 1.19].
In this paper, all algebraic varieties are assumed to be quasiprojective over C,
unless otherwise specified.
For a finite set X we denote by |X| the number of elements of X.

ERRATA TO [L5]

2.18, line 2: delete “the equality 7ip = p — ;"

3.8(b): replace n < ng by n > ng

p.314, line 4: replace [x]m, [x]m, [z/]m/, ['|m' by ;m, m, m/, '
3.14(b): replace b by b

3.14(c): replace b by b

p.315, line -2,-1: replace IT" by II

p-315, line -1: replace last = by €

p-316, line 3: replace last = by €

p.316, line 7: insert ) after A

5.2(a): replace , by :

5.17: replace “We apply the identity 5.15(a) with” by “Let”

5.17: replace “as in the proof of 5.15” by “as in the proof of 5.14”
7.9, line 5: replace P12,P13, P23 by 12,723,713

7.9(&): replace P12,P13, P23 by 712,713, 7123

7.14, line 2: replace A2 by A x B

7.16, line 4: replace “line bundle” by “vector bundle”
7.18(a): replace v by v?

7.19, last line: replace Z; by Z;

7.23, 7.24, 7.25: replace T} by Ty,

8.3,8.4: replace s; by o;

8.4, line 1,2: replace h : Z,y — Z<y by h: Z<yy — Zy
p-337, line 1: delete and replace by “We have”

p-337, line 2: replace k* by h*

8.7, line 2: replace Z,, by Z,-
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8.7(b): replace the last K by Kg

8.11: line 4 of proof; replace v¢ by v€’

8.11: last line of proof; replace 10.1 by 8.10

9.7, line 1: replace D'(£0 by D’(&)

p-343, line -3: replace Zy = {(y,b) € A[b’ = bo} by Zo = {(y,b) € Aly € no}

10.6, line -5: the last arrow should have a ~ on top

10.8, 10.10, 10.11, 10.12: replace g,§ by g~ *, "

10.10, line 2: replace L,/ by L,

11.3, line 3: replace (0, b) by (e, b)

11.3: replace lim;_,¢ by limy_.q

11.3: replace lim;_,o by limy_ o

11.4(a): replace BE# by Be,.

11.4(b): replace AE; by Ac.p

11.10: replace Vecy, by Vecy (Ae)

11.10 (last line): replace 2dimg/3(f) by dimg/3(f) (twice)

12.1-12.4 replace by: Let e, f,h,C,c, H be as in 11.1. We can find an opposition
w of g such that w(e) = —e,w(f) = —f,w(h) = h and @w = —1 on ¢. We fix such
a w.

12.9: replace first two sentences by: “Let d(e) = (1/2) dim Ad(G)e.”

12.18 (beginning) add: Let L be the centralizer of C' in G. In the remainder of
this paper we assume that the centralizer of e, f, g in L is equal to the centre of L.
Then w is uniquely defined by e, f, h, C up to conjugation by Ad(c) where ¢ € C.

14.2-14.5: replace by the revision in [L7, 2.4] or by 17.2 in this paper
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1. FREENESS

1.1. Let X be an algebraic variety. Let K(X) be the Grothendieck group of the
category of coherent sheaves on X. Let H,(X) be the degree u integral Borel-Moore
homology of X. Let xx be the FEuler characteristic of X in Borel-Moore homology.
Let A, (X) =, Au(X) be the Chow group of X (see [F, 1.3]).
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Let H be a torus and assume that X has a given H-action. The fixed point set
of H on X is denoted by X . Let Cohy (X) be the abelian category whose objects
are the coherent H-equivariant sheaves on X. Let Vecy (X) be the full subcategory
of Cohy (X) whose objects are the H-equivariant vector bundles on X; we identify
an object of Vecy (X) with its sheaf of sections. Let Ox (or sometimes C) be the
structure sheaf of X regarded naturally as an object of Vecy (X). When H = {1}
we write Vec(X) instead of Vecy (X).

Let K (X) be the Grothendieck group of the category of coherent H-equivariant
sheaves on X. Occasionally, we shall also consider the higher analogues (Quillen,
Thomason) K% (X) of Kg(X). In fact we shall only need K% (X) = Ky (X) and
K1 (X). Note that K¢ (X) are naturally modules over Ry, the representation ring
of H. Recall that Ry is naturally the group ring Z[H] where H = Hom(H, C*).
When Ky (X) is a finitely generated free Ry-module, we shall write rkK g (X) for
its rank (over Rp).

Let R be the quotient field of Ry. For any Ry-module M we set My = RQp,
M.

1.2. Asin [DLP], we say that an algebraic variety X has property (S) if H,(X) is
zero for u odd, has no torsion for even u and the canonical map A, (X) — Ha,(X)
(see [F, 19.1]) is an isomorphism.

Lemma 1.3. If X has property (S), then K(X) is a free abelian group of rank xx .

It is known that there exists a finite filtration of K (X) whose associated graded
grK (X) is a homomorphic image of A,(X) (see [F, p. 285]) and that Q®grK (X)) =
Q® A.(X) (see [F, pp. 354, 355]). By our assumption, A.(X) = Z"™ for some
n € N. Hence grK(X) is either Z™ or Z"" @ torsion with n’ < n. The second
alternative cannot occur since Q ® grK(X) = Q". Thus, grK(X) = Z™. This
forces K(X) = Z". The lemma is proved.

1.4. Assume that X is smooth and projective. Consider the Z-bilinear pairing
(a) KX)xK(X)—1Z, E,E—mn.(E®EFE)
where E, E’ € Vec(X) and = is the canonical map of X to the point.
We say that X has property (S’) if K(X) is a free abelian group of finite rank
and the pairing (a) is perfect.
Note that, if X is assumed to have property (5), then the pairing

Qe K(X))x (Qe K(X)) - Q

obtained from (a) by extension of scalars is automatically perfect. (This follows
easily from the fact that the rational cohomology of X satisfies Poincaré duality and
the fact that the Todd class of X is invertible in the rational cohomology algebra
of X.)

1.5. Let H be a torus. Let X be a smooth projective variety with H-action.
Consider the Ry-bilinear pairing

(a) Kg(X)x Kyg(X) — Ry, E,E'— m.(E® FE’)
where E, E' € Vecy(X) and 7 is the canonical map of X to the point. We say that
X has property (Sy) if Kg(X) is a free Rg-module of finite rank and the pairing
(a) is perfect.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



286 G. LUSZTIG

Lemma 1.6. Assume that X = X7 U Xo U---U X,. is a partition into H-stable
subsets such that X<; = X1 U Xo U---U X is closed in X for any j, that XJH 18
closed in X for any j and that for any j, Ky (X]H), Ky (X;) are free Rg-modules
of the same finite rank aj. Then, for any j, Kg(X<;"), Ku(X<;) are free Ry-
modules of rank > ajr. In particular, Kg(XH), Kg(X) are free Ry-modules
of rank 3 a;.

We argue by induction on j. The result is trivial for j = 0. Assume that j > 1
and that the result is known for j — 1. By assumption, Ky (X]H), Ku(X;) are free
of rank a; over Ry. Since X, is the disjoint union (as variety) of X with j/ < j,
we see that Kp(XZ)) is free of rank 7
exact sequence

33" <3

jjr<j @50 over Ry and we have a natural

0— Ku(XZ, ) = Ku(XZ)) - Ku(X]") —0.

Hence in the commutative diagram

Ky(Xf) —— Kp(X&; ) —— Kp(XE) —— Kp(Xj) —— 0

] g | |
Kp(X;) —— Ky(X<j1) —— Ky(Xgj) —— Kj(X;) —— 0

with exact rows (part of the long exact sequence in higher K-theory), and with
vertical maps given by direct image induced by the inclusion, the boundary map
ais 0. Let z € K};(X;). We show that o’z = 0. By [Th], b is an isomorphism
after tensoring by R. Hence we can find y € Ky(X /') and f € Ry — {0} such
that fz = b(y). Then fa'(z) = a’b(y) = b'a(y) = 0 since a = 0. By the induction
hypothesis, K% (X<;_1) is free over Ry hence from fa'(z) = 0 we deduce o’ (z) = 0.
Thus, we have ¢’ = 0 and we have an exact sequence of Ry-modules:

0— Kp(X<j—1) = Kn(X<j) = Kn(X;) =0

where Ky (X<j—1) is free of rank >_, . a; and Kpy(X;) is free of rank a;. It

follows that Ky (X<;) is free of rank . ;,; aj. The lemma is proved.

Lemma 1.7. Let X be a smooth variety with H-action. Assume that we are given a
homomorphism of algebraic groups C* — H and that, for any connected component
w of the fized point set X", the Ry-module Kpy(u) is free of finite rank.

(a) If the induced C*-action contracts (as X € C* tends to 0) X to a compact
subset, then K (X) is a free Ry -module of the same rank as K (X€").

(b) If the induced C*-action contracts (as A € C* tends to co) X to a compact
subset, then K (X) is a free Rg-module of the same rank as Kg(X€).

(c) If X is projective and any connected component of XC" satisfies Sy, then
X satisfies Sp;.

Let A,z — Aoz denote the C*-action on X (restriction of the H-action). For
any connected component p of X©" we denote by p, in case (a), (resp. by p_,
in case (b)) the set of all x € X such that r4(z) = limy_oAox € u (resp.
r—(z) = imy—oc Aoz € p.) It is known that u™, in case (a), (resp. u~, in case
(b)) is a smooth subvariety of X and that

(d) r4 : py — p, in case (a) (resp. r— : p— — pu, in case (b)) are naturally H-
equivariant vector bundles. (If X is projective, this follows from [BB]; the general
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case can be reduced to this case, as in [KL, 4.6], by using a smooth H-equivariant
compactification of X, which exists by Hironaka.)

Moreover, one can arrange the connected components of X€" in a sequence
W1, .-, pe such that, for j =1,... ¢,

(e) uij =pfUpgu-U uj is closed in X (in case (a))
and

(£) psj=p Upy_qU---Up; is closed in X (in case (b)).

Note that (N;)je[l,t] is a partition of X (in case (a)) and (y; )je(1,4 is a partition
of X (in case (b)).

In case (a), let j € [1,¢]. Since u;' is an H-equivariant vector bundle over u; and
Kg(u;) is a free Rg-module of finite rank, it follows that KH(/L;_) is a free Ry-
module of the same rank as Kg(u;). Hence by 1.6, Kg(X) is a free Rg-module
of the same rank as @; Ku(u;) = Ky(XC). This proves (a). The proof of (b) is
entirely similar.

We prove (c). In this case, both T, u~ are defined for an irreducible component
pof X€ and both maps in (d) are defined. Moreover, we can arrange the connected

components of X©" in a sequence p1, ..., g such that, for j = 1,... ¢, both (e),(f)
hold and also

(8) wi Npuj =0 for j <j,
(h) uj, p; intersect transversally at j; for any j.

Let j € [1,t]. We define a pairing KH(/L;-) X Ky (ps;) — Ry as the composition
Ku(p;) x Ku(ps;) = Ka(X) x Kg(X) — Ry

where the first map is given by the direct image under the inclusions and the second
map is as in 1.5(a). Using (g), we see that this pairing is 0 on the image of

Ku(pl; ) x Ku(ps;) — Ku(pl;) x Kg(ps;)
and on the image of
Ku(pl;) x Ku(ps,,) — Ku(pd;) x Ku(ps;)
(given again by direct image). Hence it induces a pairing
(Ku(ul)/Ku(nl; 1)) x (Kn(ps;)/Kn(us;4,)) — Ru
or equivalently a pairing
Ky(uj) x Kn(uy) — Rp.

We identify KH(/L;_) = Ku(pj), Ku(p;) = Kn(p;) using the inverse image under
the maps (d), with p = p;. Then the last pairing becomes

(i) Kr(ps) x Kp(p;) — Ra.
Using (h) and the definitions, we see that this coincides with the pairing 1.5(a) for

X replaced by p;. We see that the pairing 1.5(a) for X may be identified with a
pairing

@KH(M) X @KH(M) — Ry
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of the form
QD& D_&) =D (&6
J J Jj=j’
where (,); ;v : Ku(pj) X Kg(puj) — Ry are bilinear pairings defined for j > j
such that (,); ; is as in (i). Since, by assumption, (,); ; is perfect for all j, it follows
that our pairing Ky (X) x Kg(X) — Ry is perfect. The lemma is proved.

1.8.  Throughout this paper we fix an sly-triple (e, f, h) in g, that is, three elements
e, h, f of g such that [h,e] = 2e,[h, f] = —2f,[e, f] = h. Let ¢ : SLs — G be the
associated homomorphism as in [L5, 11.1].

Remark. In this paper, we shall refer a number of times to [L5] for definitions
which make sense for our general G, even though in [L5], G was assumed to be
semisimple, simply-connected.

Let ¢ : C* — G be the homomorphism defined by ¢(\) = ¢ (3 )\91 ). We have
g =P, cz 9n where g, = {x € g|[h, 2] = na}. Let

B.={b € Ble € b}.
For any subspace m of g we set 3 (f) = {x € m|[z, f] = 0}. Let
Te={veay—ecs(N} Te=3cNanu,

AL ={(y,b) € S, x Bly € b}, A.={(y,b) € Zc x Bly € b}.

It is known that A, is smooth [S, p. 65], irreducible. We have inclusions B, C A, C
AL; the first inclusion is b — (e, b); the second inclusion is the obvious one.

Let C' be a maximal torus of the simultaneous centralizer of e, f,h in G. Let
H = C x C*. From now on, the notation R, Mg in 1.1 will refer to this H.

The group H acts on B.,g,A., A, by restriction of the action of G x C* on
B,g,A, ', where we regard H as a subgroup of G x C* by (¢, \) — (cp(\), A). In
particular, the H-action on g is

(e, A) g = AT2Ad(co(N))y
and the H-action on B is
(¢, A) 1 b= A"2Ad(cp(N))b = Ad(chp(N))b.

The subvarieties {e},34(f), 2., X of g are H-stable.
Any variety with H-action will be also regarded as a variety with C*-action, by
restricting the H-action to C* via C* — H, A — (1, \).
Taking the fixed point sets of H on Be, A., A, we obtain
(a) BE = A =N\ H.
In fact we have the stronger statement that already the fixed point sets of C*
coincide:
(b) BE =A% = N,©.
This is because the C*-action on 34(f) has all weights < 0, hence 34(f)€" = {0}.
The varieties in (a),(b) are both smooth and projective, since A, is smooth and
B, is projective.
Lemma 1.9 ([DLP, 3.9]). Any connected component of the fized point set BH has
property (S).
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Lemma 1.10. Let 1 be a connected component of the fized point set BS = AS*
with its induced H-action. Then the Ry-modules Ky (), Ky (u'?) are free of the
same (finite) rank.

We apply Lemma 1.7(a) with X = p and for a homomorphism 7 : C* — H
which is in general position so that the fixed point set u™(C€”) is equal to p.
That lemma is applicable since, for each connected component p’ of puf we have
Kp(p') =Ry ® K(i) (since H acts trivially on p) and Ry ® K (i) is a free Ry-
module of finite rank by Lemmas 1.9, 1.3. We deduce that the Ry-module Kz (u)
is a free Ry-module of the same (finite) rank as Ky (uf). The lemma follows.

Lemma 1.11. (a) The C*-action on A. is, for A\ — oo, a contraction to the com-
pact subvariety BE* of Ae.
(b) The Ry-modules Kp(A.), K (A®) are free of the same finite rank.

(a) follows immediately from the fact that the weights of the C*-action on 34(f)
are < 0. To prove (b), we apply Lemma 1.7(b) with X = A.. That lemma is
applicable in view of (a) and 1.10. The lemma is proved.

1.12. Let q = &D,,~( 8- Then q is a parabolic subalgebra of g and ny = &, gn-
Let Q,Ug be the closed connected subgroups of G' corresponding to q,ng. Then
C and ¢(C*) are subgroups of Q. Hence, if O is a Q-orbit on B, then O is an
H-stable subvariety of B. In particular, O has a C*-action (see 1.8).

Lemma 1.13. (a) This C*-action is, for A — 0, a contraction of O to its compact
subvariety OF"

(b) The restriction of the C*-action above from O to its closed subvariety B.NO
is, for A — 0, a contraction of BN O to B.NOC = (B.N O)C*.

(¢c) The Ry-modules Ky (B.NO), Ky (B2 NO) are free of the same finite rank.

(d) The Ry-modules Ky (B.), Kz (BH) are free of the same finite rank.

We prove (a). We denote our C*-action on B by A\,b +— Aob. If b € O, then
b = Ad(u)b; for some u € Ug and b; € OF". We have Ao b = Ad(uy)(b;) where
ux = ¢(A\)(u)p(A)~! € Ug. From the definition of Ug we see that limy_ouy = 1
in Ug. Hence (a) holds. Now (b) follows immediately from (a).

We prove (c). Note that any connected component of (B, N O)C" is also a
connected component of BE™. (Indeed, when O varies, the sets (B, N1 O)€" form a
partition of Bec* into closed subsets.) Hence, by 1.10, for any connected component
pof (B.NO)C", the Ry-module K7 (j1) is free of finite rank. We can therefore apply
1.7(a) with X = B, N O, which is smooth by [DLP, 3.4]. (Here we use (b).) We
deduce that Ky (B.N0O) is a free Ry-module of the same rank as Ky ((B.N0)C").
Using again 1.10, we have that K (u!?) is free over Ry of the same rank as K (1),
for any p as above. Taking disjoint union over all u, we deduce that

Ku(((B.n0)°)") = K ((B. n0))")

is free over Ry of the same rank Ky ((B. N O)C"). This proves (c).

Now (d) follows from (c) for various O, using 1.6. The lemma is proved.

The following result has been conjectured and proved in some special cases in
L5, §11).
Theorem 1.14. (a) The Ry-modules Ky (B.) and Ky (A.) are free of rank equal
to Xg# = XB, -

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



290 G. LUSZTIG

(b) The canonical maps K (BH) — Ky (B.), Kg(A?) — Ky (A.) (direct im-
age) induced by the inclusions BX C B., Al C A. are injective. They induce
isomorphisms

KuBH)w 5 Ku(Bo)w, Ku(AT)m > Ku(A)m.

(¢) The canonical map Ky (B.) — Kg(Ae) (direct image) induced by the inclu-
sion B. C A, is injective. It induces an isomorphism K (Be)w — Kp(Ae)m.

We prove (a). By 1.13(d), 1.11(b), the Ry-modules Ky (B.), K (A.), K (BH)
are free of the same rank. The method of proof of 1.13(d) also yields that xgrn =
X8, It remains to show that rkKpy(BX) = xp#- This follows from 1.9 and 1.3.
This proves (a).

The second sentence in (b) follows from [Th]. The first sentence in (b) follows
from the second sentence since, by (a), the natural maps

KB - Ky(BH ), Ku(Al) — Ky(AM)s

are injective. The second sentence in (c) follows from (b) since B = AX. The first
sentence in (c) follows from the second sentence since we have naturally Kg(B.) C
Ku(B)m, Ku(Ae) C K (Ae)n by the freeness statement in (a). The theorem is
proved.

1.15.  We shall identify the R-vector spaces Ky (Be)m and Ky (Ae)m via 1.14(c);
we denote them by €.. Then we have naturally Kg(B.) C Ku(Ae) C €.

1.16. Now let G — G be a surjective homomorphism of algebraic groups with
central kernel and with G connected, reductive. Then e, h, f gives rise canonically
to an analogous triple denoted again by e, h, f in the Lie algebra of G. We can
naturally identify the varieties Be, A, defined in terms of G with those defined in
terms of G. Let C be the maximal torus of the simultaneous centralizer of e, h, f
in G whose image in G equals C. Let H = C' x C*. We have an obvious (injective)
ring homomorphism Ry — Rz and obvious Ry-linear maps

Ku(Be) — KH(Be)vKH(Ae) = KH(A6)~

Proposition 1.17. These maps induce isomorphisms of Ry -modules
(a) R @ry Ku(Be) = Ky (Be),
(b)) Rjy ®ry Ku(Ae) = Ky (Ae).

By partitioning B., A, as in the proofs of 1.11, 1.13 (which rely on 1.7, 1.10)
and using short exact sequences as in 1.6, we are reduced to proving the analogous
result in the case where B., A, are replaced by a connected component u of BH =

A = Bfl = Af. In this case the result is obvious since H, H act trivially on u so
that Kp(pu) = Ry @ K(p), Kg(p) = Ry @ K(u).

1.18. In the next lemma we will restrict the H actions to C* as in 1.8.

Lemma 1.19. The natural homomorphisms Rc- ®gr, Kup(B.) = Kco(Be),
Rc+ ®py Ku(Ae) = Ko« (Ae) are isomorphisms of Rc--modules.

The proof is similar to that of 1.17.
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2. PERFECTNESS OF A BILINEAR PAIRING

2.1. Let b € B. Let O be the Q-orbit of b. Then B, N O is smooth (see [DLP,
3.4]). We may regard B, N O as a submanifold of A.. Thus the tangent space 7’
of B. N O at b is naturally a subspace of the tangent space 7 of A, at (e, b) which
is itself naturally a subspace of the tangent space 7y of A at (e, b).

Assume now that, in addition, we have h € b. Then (e, b) € AC". Then C*

acts naturally on 7 and this action preserves the subspace 7’. Hence there is an
induced C*-action on 7/7".

Proposition 2.2. All weights of the C*-action on T /T" are < 0.

0(&,n) = (&, e] —n,& mod b) is a linear map 6 : g x np — g x (g/b). We have
canonically

g X0y
{(¢.[C,eDIC € b}
Now 7 = {(¢,n') € Im (0)|[¢’, f] = 0} C 7y. Hence

T =T/{(¢.[¢,€))I¢ € b}

where T = {(£,1) € g x np|[[€, €] — 1, f] = 0}. From the definition we have

7o =Im () = g x np/Ker () =

T' =T'/b where T' = {€ € q|[¢, €] € b}.

The inclusion 7" C 7 with 7 is induced by the inclusion T' — T given by & —
(&,]&,€]). Tt follows that 7 /7' =7 /7’. We have exact sequences

0— 3g(¢) =T —np —0
(the first map is ¢ — (¢,0); the second map is (£,n) — 1) and

0—>3g(e)—>7~"—>nbﬁ@gn—>0

n>2

(the first map is ¢ — (; the second map is € — [, ¢e]). The exactness of the first
sequence follows from the equality g = Im ad(e) @ Ker ad(f). The exactness of the
second sequence follows from the equality [q,e] = @, +, gn. (Both follow from the
representation theory of sls.) N

From the exact sequences above it follows that

T/f’:nb/(nbﬂ@gn):nhﬁ@gn.

n>2 n<l1

Thus the C*-action on 7 /7" corresponds to the C*-action on ny N €D, -, gn (re-
striction of the C*-action on g). This action restricted to g, is by multiplication
by A2+". Since —2 +n < 0 for n < 1, the proposition is proved.

Corollary 2.3. Let us write T = T<°@7°®T>0, T =T'<VqeT0aqT'>9,
where T<0, T'<0 (resp. T>° T'>°) denote the the sum of < 0 (resp. > 0) weight
spaces of the C*-action and T°, T'" denote the 0-weight spaces. Then

(CL) 70 = TIO,

(b) T>0 =T7'>0.
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2.4. Let (:): Ky(Be) x Ky(Ae) — Ry be the Ry-bilinear pairing defined in [L5,
12.11].

Theorem 2.5. (a) (:) with scalars extended from Ry to Q ® Ry is perfect.
(b) Assume that any irreducible component of B2 has property (S'). (See 1.4.)
Then (:) itself is perfect.

We prove (b). Let X be a smooth H-equivariant compactification of A.. We
consider the C*-action on X given by the restriction of the H-action, as in 1.8. For
any connected component y of X we consider the smooth submanifolds iy, ™~
of X and the vector bundle maps r4 : py — p, r— : p— — poas in 1.7(d). We
can arrange the connected components of X C" in a sequence W1, -, p¢ such that,
forj=1,...,t, 1.7(e),(f),(g),(h) hold. Note that (M;r)je[l,t] and (11} )je[1,4) are two
partitions of X. Since the C*-action is, for A — oo a contraction of A, to a compact
subset of A, we see that, for j € [1,], we have either ; C Ae or p; C X —Ac. Let
J be the set of j € [1,¢] for which the first alternative holds. For j € J we have

p; ={w € A )\11_)1210 Ax € pj}

(using again the contraction property on A.). Since, for any @Q-orbit O on B, the
set BE" N O is compact, we see that for any j € J we have u; € B N O for a
unique O as above. Let pf* = {z € B. N O[limy o Az € p;}.

By 1.13(b) and the proof of 1.7(a), the sets ;™ (with j € J) form a partition
of B. and each u;-*‘ is naturally a vector bundle over p; with fibres of dimension
equal to dim 7’>°. On the other hand, uj is naturally a vector bundle over u; with
fibres of dimension equal to dim7>°. Since p* C pf and dim 7> = dim 7>°,
(see 2.3), it follows that we must have p;* = u;r for any j € J.

Thus, the p] with j € J form a partition of B.. On the other hand, the
with j € J form a partition of B.. Let us write J = {j1 < jo < -+ < jp}. Then
properties 1.7(e)—(h) of the uj[ imply the following;: /‘;_1 U u;-'; U---u u;: is closed
in B, for k € [1,p] (since it is the intersection of pf U pugd U--- U u;: with B.);
g, Upg U Upg s closed in A for k € [1,p] (equivalently: p; Upj U---U
1., is open in A, since it is the intersection of piy Upy U~ Upy  with Ac);
u;: Npy, = () for k < K/, (since ji < ji); u;;,uj_k intersect transversally at 1, for
any k. Repeating now the argument in the proof of 1.7(c), we see that the pairing
() : Kg(B.) x Kg(Ae.) — Ry may be identified with a pairing

P Ku () x ©xKnu(ps,) — Ru
k

O &Y &)= > (& & kw
k k

k>E'

of the form

where (,)rx © Ku(py,) X Kg(pj,,) — Ru are bilinear pairings defined for k& > £/
such that (, )k is as in 1.5(a).
Hence to prove that (:) is perfect, it is enough to show that each (, )k i is perfect.

We are reduced to showing that any connected component g of BE™ satisfies (S};)
(see 1.5).
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Let 7: C* — H be as in the proof of Lemma 1.10. Using Lemma 1.7(c) we are
reduced to showing that each connected component of 1€ = pf has property
(S;). Since H acts trivially on that component, it is enough to show that the
component has property (S’). But this is just the assumption of (b). Hence (b) is
proved.

Now the proof of (a) is entirely similar; it uses the fact that property (S’) is au-
tomatically satisfied over Q in the presence of property (S) (see 1.4). The theorem
is proved.

2.6. The Rpy-bilinear pairing (:) in 2.4 extends uniquely to an R-bilinear pairing
¢, X €. — R (see 1.15) which will be denoted again by (:).

Lemma 2.7. This pairing is perfect and symmetric.

The fact that it is perfect follows from 2.5. To show that it is symmetric, it
suffices to show that its restriction Kg(B) x Ky (B.) — RH is symmetric This
restriction attaches to F, F” € Cohy (B,) the element m, (F @ F') where ®% is a
Tor-product as in [L5, 6.4] relative to the smooth manifold A, and its closed subva-
rieties B, B. and 7 is the map from B, to the point. This is obviously symmetric
in F, F’. The lemma is proved.

3. THE ELEMENT V. € Ry

3.1. The one-dimensional representation pre : G x C* — C* will be denoted by v
(regarded as an indeterminate). Similarly, the restriction of this representation to
a closed subgroup of G x C* (such as H) is denoted by v. Thus, we have v € Ry
and the direct product decomposition H = C' x C* defines an isomorphism of rings
Ry = Rc[v,v™!]. This makes Ry into an A-algebra. In particular, any Rp-
module, for example K (X) where X is a variety with H-action, can be naturally
regarded as an A-module.
For any (finite dimensional) H-module V' we set

V]=Y(-1)'v®¥ e Ry

where V() is the t-th exterior power of V. Let V* be the dual H-module. We set
Qy = V*@ where d = dim V. We have

(a) =(-1) dQV. where d = dim V.

Let VT be the H-module with underlying space V in which (c, \) acts as (c™!, \)
in the original H-action on V. This extends by linearity to a ring involution f
Ry — Rpy. Let™: Ry — Rpg be the ring involution which maps an H-module V'
to (V)T = (VT)*,

Let t be the abstract Cartan algebra of g. For any b € B we have naturally
b/np = t. The group H acts on t by (¢, \) : t — A~%t. Hence , are well defined
elements of Ry. Note that | t|= (1 —v™2)", = (1 —v?)" where r = dim t.

Note that 34(f) is an H-submodule of g. Hence |34(f) |,|35(f)" | are well defined

elements of Ryg. Let

(b) Vo=l [0 e Vi=[5][c] em

Lemma 3.2. (a) We have V. € 1 + v 'Rc[v™] C Ry.
(b) We have Vi = V..

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



294 G. LUSZTIG

We prove (a). Since 34(f) C @,,<( 9n, We see that the H-module 34(f) is of the
form @, ,, .o Vp.m ® p ® v™ where p runs over the characters C' — C* and V,,
are C-vector spaces of finite dimension, say d, . We have

: H (1 —p®v™)dem,

p,m<0

Hence to prove (a) it suffices to show that

(1—v72)7" H (1 —ov™m e 1 4ov 2.
m<0

This, in turn, would follow from the inequality

(C) Zm even d1>m Z T.

Let g be the centralizer of C' in g. Then e is a “distinguished” nilpotent element
of g, hence as is well known, e is an “even” nilpotent element of g. In other words,
g N g # 0 implies that m is even. Thus, in (¢) the condition that m is even is
automatic, so it can be dropped, and then (c) just states that dim(g N 34(f)) > r.
Now g is a reductive Lie algebra of rank r hence, as is well known, the centralizer
in g of any element in g (for example f) has dimension at least 7. This proves (a).

We prove (b). We can find a Lie algebra involution w : g — g such that
w(e) = —e,w(h) = h,w(f) = —f and @w = —1 on the Lie algebra of C' (this can
be easily deduced from 5.1(a)). Then w defines an isomorphism of the H-module
35(f) with the H-module 34(f)T. This proves (b).

3.3. Let m: AL — t be the morphism which sends (y, b) € AL to the image of y in
b/np = t. Note that 7 is H-equivariant and that A, = 771(0). Consider the direct
image maps

Kua(B.) £ Ku(A.) = Ku(A)).
where j : B, — A¢, 7 : Ac — A are the imbeddings.

Lemma 3.4. (a) J;j*gBe = Al m KH(A;)
(b) 5.9, = [t On; in Ku(AL).

We prove (a). Let E' be the t-th exterior power of 34(f)*, regarded as an
H-equivariant vector bundle on A/. We have a canonical map of vector bundles
E't! — E' which at (y,b) € AL is interior product by y — e € 34(f). Now --- —
E? — E' — E¥ is a free resolution of j,j.Op, and gives

JujsOp, =Y (~1)'E" =|35(f)" [0, € Kn(AL).
t

(a) is proved.

We prove (b). Let E’* be the vector bundle on A, whose fibre at (y, b) is the dual
of the t-th exterior power of b/ny, regarded as an H-equivariant vector bundle on
AL. We have a canonical map of vector bundles E'**! — E’t which at (y,b) € AL
is interior product by the image of y in b/n,. Now --- — E'2 — E'' — E'¥is a
free resolution of j.O, and gives

JOn, =Y (~1)'E" = [ ]0n, € Ku(AL).
t

(b) is proved.
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Theorem 3.5. V. Ky (A.) C 5. Ku(Be).

First we show that j. is injective. Since Kp(A.) is free as an Ry-module, the
canonical map Kpg(A.) — Kg(A:)m is injective. Since H has the same fixed point
set on A, as on A, we see that j/ induces an isomorphism Kp(A.)m — K (AL)n
(see [Th]). The injectivity of j. follows.

Using 3.4 we have

[e]ige0s. = [€] (300" ]0a: = |36 (1)" JiLOn.).
ji(*DBe - Ae) =0.

Using the injectivity of j., we deduce

[e)joos. =[selr)" Jo.

If E € Vecu(A.), then|34(f)" |E = *DBC®E = * (E|g.). Now the elements

E generate K (A.) as an abelian group, since A, is smooth. Hence

KH(AE) c[e]i.Ku(Be).

By 3.1(a), | 3¢(f)" |is equal to | 34(f) | times an invertible element of Rp. Similarly,
= (—1)’”1}2’”. It follows that

(3001 [k (M) < [thj K (B.).

Hence VEKH(AE) C *KH(BG). Since Kp(A.) is a free Ry-module, we can
cancel . The theorem is proved.

Hence

3.6. Let K} (B.) be the Grothendieck group of the category of H-equivariant
vector bundles on B,.. Consider the diagram

Ki(A) 5 Kiy(B) % Ku(Be) 25 Ki(A.)

(a is given by restricting vector bundles; (b) is the obvious map). The following
strengthening of 3.5 holds:

VeKi(Ae) C jubK) (Be).

Indeed, the proof of 3.5 shows that for any F € Vecy(A.), the elements V. E and
jxba(E) are equal up to an invertible element of Ry.

4. H-MODULE STRUCTURES

4.1. In this section we define H-module structures on Kg(B.), Kg(A.) by reduc-
tion to the case where G is simply connected which is treated in [L5]. (See [L5, 0.2,
0.5, 7.9] for historical remarks and references to original sources.)
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4.2. Leti €I and let O,, C B x B be the corresponding G-orbit (see [L5, 7.3]);
let O; be the closure of O, in B x B. Let Z; be the subvariety of A x A consisting
of all (y, b,y,b’) such that (b,b’) € O,,. Asin [L5, 7.16], let Z; be the subvariety of
A x A consisting of all (y, b, y, b’) such that (b,b’) € O; and y belongs to n, where
p is the unique parabolic subalgebra of type i containing b, b’.

Let L' X L" € Vecg(O;) be defined as in [L5, 7.19]. Here L', L” are line bundles
on B that are only equivariant under the simply connected covering of the derived
group of G, but L' X L” is actually equivariant under the adjoint group of G and
we regard it as a G-equivariant line bundle with trivial action of the centre of G.
We also regard it as an object of Vecgxc-(O;) with trivial action of C* or as an
object of Vecy (0;) (via our imbedding H C G x C*). The inverse image of this line
bundle under the canonical map Z; — O; is denoted again by L' X L" € Vecy (Z;).

4.3. Let Y be an H-stable closed subvariety of A. As in [L5, 10.22], we say that
Y is i-saturated if the following holds:

(y,6") €V, (y,b) € A, (b,b") € Oy, = (y,b) €.
For such Y, we define r; : Kg()Y) — Kg(Y) by
r(F) = (" ('R L") o* (CH F))

where @ (see [L5, 6.4]) is computed in the smooth manifold A? relative to the
closed subvarieties Z; and A x ) with intersection

B ={(y,b,y,b") € Zi|(y,b") € V};

here, ¢ : B — Y is given by q(y, b,y,b’) = (y,b). (Note that ¢ is well defined since
Y is i-saturated.) Using the definition and [L5, 6.5] we can check the following.

(a) If Y’ C Y are two H-stable i-saturated closed subsets of A, then the maps
ri : Kg(Y) — Kg(Y),r : Kg(Y') — Kg()') are compatible with the direct image
map Kg(Y) — Kg()') induced by the inclusion Y’ C V.

Proposition 4.4. (a) There is a umque H-module structure on K (B.) in which
vEH acts asv € Ry, —T,, —v~' € H acts as r; : Kg(B.) — Kg(B.) for any
i €1 and 0, (x € X) acts as tensor product with L, (regarded as an object of
Vecax o (B) with trivial action of C*, or via B. — B, H C G x C*, as an object
of Vecy (B.)). The H-module structure commutes with the Ry -module structure.

(b) The same holds if in (a) we replace B, by A..

(¢) The canonical imbedding Kg(B.) — Ku(Ae) (direct image under B, C A¢)
is H-linear.

We prove (a). In the case where G is simply connected, this follows from [L5, 10.1,
7.25]. The same argument applies more generally to the case where G has simply
connected derived group. For general G we can find a surjective homomorphism
G — G with central kernel where G is connected reductive with simply connected
derived group. Using 1.17, the fact that Ky (B.) is a free Ry-module (see 1.14) and
the fact that the canonical map Ry — Ry is injective (where H is as in 1.16), we
see that K (B.) is naturally imbedded in K 5(B.). Hence the necessary relations
between the generators of H hold on Ky (B.) since they hold on the larger space
K(B.). This proves (a). The proof of (b) is entirely similar. Now (c) follows
immediately from 4.3(a). The proposition is proved.
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4.5. From 4.4 we deduce that there is a unique H-module structure on the R-
vector space €, whose restriction to K (Be), Ku(Ae) is as in 4.4(a),(b) and which
commutes with the S8-module structure. For any &, £ € €, we have

(a) (Twé &) = (£:Ty8),

(b) (026 :€') = (£:0:¢),
where w € W and z € X. (See [L5, 12.12].)
Theorem 4.6. Fizic I. We have T,,Oa, = —v"'Op, in Ki(A,).

The proof will be given in 4.9.

4.7. For a parabolic subalgebra p of g we denote by t, the solvable radical of p.

Let Z; be the variety of all quadruples (y, b,y,b’) € g x B x g x B such that, if p
(resp. p’) is the unique parabolic of type i containing b (resp. b’), then p = p’ and
Y € tp.

(This implies y € b N b’ since v, C bNb’".) Recall that t is the abstract Cartan
algebra of g. Let r : Z; — t be the morphism which sends (y, b, y, b’) to the image
of y in b/np = b’/nys = t. The image of r is actually a hyperplane t; in t. (This is
the fixed point set of the simple reflection in t determined by i.) Hence r defines a
morphism 7’ : Z; — t;. A standard argument shows that

(a) r' is smooth.

Note that Z; is smooth, connected of dimension 2v+dim t—1. We have ' ~1(0) = Z;.
It is smooth, connected of dimension 2v.

Lemma 4.8. The variety {(y,b,y,b") € Zily € X.} is smooth of pure dimension
dim A,.

Let Z; 5 = {(y,b,y,b") € Z;ly € X, }. We have a cartesian diagram

G x Zi.,Eg E— Zi

! !

GxX —— g

where the horizontal maps are given by the G-action and the vertical maps are
the obvious projections. The lower horizontal map is known to be smooth [S] with
fibres of pure dimension dim X,. Hence the upper horizontal map is smooth with
fibres of pure dimension dim 3. Hence the composition

G x ZLEg — Zl AN t;
is smooth with fibres of pure dimension dim >/ 4+ 2v. (See 4.7(a).) This is the same
as the composition G x Z; 5, AN Z; 5, —— t; where ' is the restriction of 7. It
follows that Z; s ~ t; is smooth with fibres of pure dimension

dim ¥, + 2v — dim G = dim ¥/, — dim t = dim A..

In particular, 7/~1(0) = {(y,b,y,b') € Zi|ly € X.} is smooth of pure dimension
dim A..
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4.9. Proof of Theorem 4.6. The smooth subvarieties Z;, A x A, of A2 (of di-
mension 2v,2v + dim A.) intersect transversally in {(y,b,y,b’) € Z;ly € .}, a
smooth submanifold of dimension dim A.. (See Lemma 4.8.) Hence the Tor-product
v L' ® L") @4, (CX C) (notation of [L5, 6.4]), computed in A? relative to its
subvarieties Z;, A x A., is just the vector bundle obtained by restricting the vector
bundles v~ !(L' K L"), C X C to the intersection and then taking the usual tensor
product. We obtain the vector bundle v=*(L' X L") on {(y,b,y,b') € Zi|y € T}.

We now map the last space to A, by ¢: (y,b,4,b") — (y,b). Then
(N L R®L")) =7 (O4,).

Let A ; be the subvariety of A consisting of those (y, b) such that y is contained
in the nil-radical of the unique parabolic of type i that contains b. Note that ¢
factors as

{(,b,9.6) € Zily € S} 5 Aus — A,

where the last map is the inclusion. We want to show that r;(94_) = 0. It is enough
to show that ¢/, (v"1(L' K L")) = 0. Now ¢’ is a P'-bundle. Indeed, if (y,b) € A.,
then the fibre of ¢’ at (y,b) is isomorphic to the space of all b’ contained in the
unique parabolic of type i that contains b. Hence to show that ¢’ (v~ (L'KL")) = 0
it is enough to show that the cohomology of any fibre of ¢’ with coefficients in the
restriction of v=1(L' ® L") is zero. But this restriction is a square root of the
cotangent bundle of P'. The theorem follows.

5. THE seTs Bf ,BY

5.1. Recall that (e, h, f) has been fixed in 1.8. Let I. be the set of irreducible
components of B.. Recall that (by Spaltenstein) all irreducible components of
B. have the same dimension, say, b(e). The homology space Hay)(Be, C) has
therefore a natural basis indexed by I. and so it can be identified naturally with
the abstract vector space C[I,] with basis indexed by I.,. According to Springer,
W acts naturally on Hape)(Be, C). Hence W acts naturally on C[I.]. We shall be
particularly interested in the action of wy, the longest element of W, on C[I.].
We now make the assumption (until the end of 5.5) that (e, h, f) is distinguished

in g, that is, y € g,[y,e] = [y,h] = [y, f] =0 = y € centre(g). Let A be the
group of all automorphisms of the Lie algebra g which keep each of e, h, f fixed and
induce the identity on the centre of g. This group is finite. Let A be the intersection
of A with the group of inner automorphisms of g. Let A! be the intersection of A
with the set of automorphisms of g which induce the automorphism w + wowwy *
of W. (We identify W with the “abstract” Weyl group of g in the standard way;
then any automorphism of the Lie algebra g induces an automorphism of W.) The
group A acts naturally on I, hence on C[I,]. We have

(a) AL #£0.
This can be proved as follows. By a result of Sekiguchi [Se] (conjectured by Kostant)
the following result is equivalent to (a):

(b) if O is a distinguished nilpotent G-orbit in a real split form of g, then O has

at least one real point.

By Bala-Carter, we can find a parabolic subalgebra p of g with nil-radical n such
that O Nn is open dense in n. We may assume that p is defined over R. Then n is
defined over R. Hence the set of real points of n is Zariski dense in n. In particular,
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it must have non-empty intersection with the non-empty open subset O Nn of n.
A point in this intersection is a real point of O@. This proves (b) hence also (a).
(Note that (b) remains true if we drop the word “distinguished”.)

Proposition 5.2. There exists a unique involution ug : I. — I, such that the
linear map C[I.] — ClI.] induced by ug coincides with +wy : C[I,] — C[I].

Moreover, if we assume that either g has no factor of type Eg or that g is simple
of type Eg and e is not of type Es(bg), then there is a unique involution a' € Al
such that a' induces ug : I, — I,.

(We use the notation of [C] for nilpotent classes in exceptional Lie algebras.)

If T: C[l,] — CJ[I.] commutes with the W-action on C[I.] then, by the theory
of Springer correspondence, we have T' = ) _, cqa for some ¢, € C. We apply
this to T = wga; where a; € AL (Note that 7" commutes with the W-action on
C[I.].) Hence we have woai = ), 4 ca : C[I.] — C[I.] for some ¢, € C. Hence
we have wo = Y, c 41 cara’ : C[l.] — C[I.] for some ¢, € C.

To prove the proposition we may assume that g is simple. We shall consider the
various cases separately.

(I) If g has type A,, the result is trivial: I, has a single element and uy = 1.

(IT) Assume now that g = so(V) where V is an N-dimensional vector space
with a non-singular symmetric bilinear form and N = 2n 4+ 1 > 5. We can write
V=VieV,&...8V, (orthogonal decomposition) where each V; is stable under
e, h, f and is a single Jordan block under e; we may assume that dim(V;) = 2k; +1
where 0 < ky < ko < -+ < ks. Note that s = 2s; + 1 for some integer s;. Let
a' : V — V be the automorphism whose restriction to V; is multiplication by
(—1)"*ki=1%J for all j. This induces an automorphism of g denoted again by a'.
We have a' € A = A'. We have

(a) wo = eal

as linear maps C|[I.] — CJI.], where € = (—1)%1 (—1)k2Fhatthzsy

This can be proved as follows. Let kj = k;j +j — 1. As a W x A module we
have C[l] = @, E, ® p where p runs over all characters A — {1, —1} and E, is
a W-module (irreducible or zero) which is explicitly known (see [L2, Sec. 11, 13]).
More precisely, the various p such that E, # 0 are in bijection with the subsets
J C [1,s] such that |J| = s1. (In this correspondence, p(a) = [[;c ., det(a,V))
for a € A; here Jyp = {2,4,...,2s1} and J x Jy is the symmetric difference.) If
p corresponds to J, then F, is the irreducible W-module corresponding to the
ordered pair of partitions in which the first partition has parts l;ip —2(p—1) where
i1 < iz < ... < s 41 are the elements of [1, s] — J and the second partition has parts

kj, —2(p — 1) where j; < j» < ... < js, are the elements of J. The action of wg
on this representation of W is by multiplication by (—1)97 where g; = 3, ; lch.
Note that g; is defined for any subset J of [1,s] and it satisfies gj.; = g7 + g5
mod 2. We set f; = gj.7,- We have f; = g7 + gj, mod 2. Then J — (—1)/7 is
a homomorphism of the Fy vector space {J|J C [1,s],|J| =0 mod 2} into {£1}.
This vector space is generated by the elements J; = {J|J = [1, s] — {i}} for various
i € [1, s] (which satisfy a single relation: their sum is zero).

Now A is naturally the dual of this Fa-vector space. Also A is contained in F3
(with natural basis a;,7 € [1,s]); more precisely, A is the set of elements in F3
whose sum of coordinates is 0. The basis a; is on the one hand in natural bijection
with the Jordan blocks of e and on the other hand is in duality with the “basis”
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(Ji). We have g1 g)—iy =1 — k;. Hence, if we set a = 2ren,g(m— ki)a; € A, then
a acts on the irreducible representation of A corresponding to J* Jy as (—1)77; this
is (—1)9% times the action of wg on the corresponding representation of W (if it is
non-zero). In particular we have a = a'. This proves (a) since

gjo =51 +ka+ks+ -+ kas, mod?2.

The proposition follows in this case. Note also that in our case we have € = (—1)%(¢).

The proof for type D,, is similar. Assume that g = so(V) where V is an N-
dimensional vector space with a non-singular symmetric bilinear form and N =
2n > 8.

We can write V=V, & V2 & ... d V; (orthogonal decomposition) where each V;
is stable under e, h, f and is a single Jordan block under e; we may assume that
dim(V;) = 2k;+1 where 0 < ky < kg < --- < k5. Note that s = 2s; for some integer
s1. Let a' : V — V be the automorphism whose restriction to V; is multiplication
by (—1)%s=1+J for all j. This induces an automorphism of g denoted again by a'.
We have a' € A'. We again have wy = ea' as linear maps C[I.] — C|[I.], where
e==1.

(IIT) Assume next that g = sp(V) where V' is a 2n-dimensional vector space with
a non-singular symplectic bilinear form and n > 2. We can write V =V, 8V2®. ..
Vs (orthogonal decomposition) where each V; is stable under e, h, f and is a single
Jordan block under e; we may assume that dim(V;) = 2k; where 0 < k; < ko <
- < ks, sodd. Let a' : V — V be the automorphism whose restriction to V; is
multiplication by (—1)%~1%J for all j. This induces an automorphism of g denoted
again by a'. We have a* € A'. We have wg = +a' as linear maps C[I.] — C|L.].
The proof is similar to the orthogonal case. It is based on [L2, Sec. 11, 12]. The
proposition follows in this case.

(IV) The same method (based on the explicit knowledge of the Springer corre-
spondence; see for example [C, 13.3]) works for g of type Go, Fy, F7, Es, except in
the case where e is of type Es(bg). We see that ug = 1 in the following cases: g of
type Ga; g of type Fy and e not subregular; g of type E; and e not of type Fr(as);
g of type Eg and e of type

Eg, Eg(al), Eg (ag), Eg(ag,), Eg(b5), Eg(aﬁ), Eg(a7).

On the other hand wug is given by the action of the unique element of order 2 in A
in the following cases: g of type Fj and e subregular; g of type E7 and e of type
Ez(a3); g of type Es and e of type Es(as), Fs(as), Es(bs).

(V) Assume now that g is of type Eg. If e is of type Eg or Eg(a1), then Al
consists of a single element a’. By the earlier part of the proof we must have wg =
ca’ : C[I.] — CJI,] for some ¢ € C. Since w3 = 1,a’*> = 1, we must have ¢ = &1,
hence we can take ug to be induced by a’. If e is of type Fg(as), then A has order
2, hence A' consists of two elements a}, a} both of order 2; we have A = {1, a}a}}.
By the earlier part of the proof we must have wg = ¢1a} + c2a), : C[I.] — CII] for
some ¢y, ce € C. Since w% =1, we have

(2 + )1 + 2c1c0ahaly = 1 : C[I,] — C[L].

But afab, 1 are linearly independent as endomorphisms of C[I.] since both charac-
ters of A appear with non-zero multiplicity in C[I.]. It follows that ¢f +c3 = 1 and
2¢1¢o = 0. Hence (c1,c2) must be (0,£1) or (£1,0). Thus we may assume that
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wp = +aj. We can then take ug to be induced by a}. Thus the proposition holds
in this case.

(VI) Finally, assume that g is of type Es and e is of type Es(bg). In this case
A may be identified with S3, the symmetric group in 3 letters. Let u,r, e denote
the trivial, reflection, sign representation of S3. As a W x A module we have
Cll.] = E,u®FE,@r®E.®¢. Here E,, E,, E, are irreducible W-modules which
are explicitly known; in particular, wg acts on them as 1,1, —1 respectively. By an
earlier result we have

(b) wo=a+bs+b's" +b"ss's+css’ +c's's
as maps C[I.] — CJ[I.]. Here a,b,V/,b",¢,c’ € C and s, s’ are distinct elements of
order 2 in S3. Since the W-action commutes with the A-action, the right hand side
of (b) must commute with the A-action on C[I,]. Since all irreducible represen-
tations of A appear in C[L], it follows that the right hand side of (b) must come
from a central element of the group algebra C[A]. Hence b=V =" c=¢.

Writing the equality (b) on the summand F, ® u gives 1 = a + 3b+ 2¢. Writing
the equality (b) on the summand F, ® r gives 1 = a + 0b — c. Writing the equality
(b) on the summand F. ® € gives —1 = a — 3b + 2¢. Thus we have a system of
three linear equations for a, b, c. It gives a =2/3,b=1/3,¢ = —1/3. Thus we have
wo =T on C[I.] where T = (2+ s+ s' + ss's — ss’ — §'s)/3 € C[A].

Note that T acts as 1 on u and r; it acts as —1 on €. Now wqg preserves the
lattice Z[I,] (more generally, the W-action on the homology of B, with complex
coefficients is compatible with the integral structure; this can be deduced from the
intersection cohomology definition [L2] of the Springer representations). Moreover,
T preserves the direct sum decomposition C[I.] = @, C[O] where O runs over the
A-orbits in I, and CJ[O] is the subspace of C[I.] spanned by the elements in O.
Hence wy = T maps Z[O] = Z[I.] N C[O] into itself.

In particular there is no A-orbit O with trivial isotropy group since T would not
preserve Z[O].

Hence I, is a union of A-orbits O consisting of 1,2 or 3 elements. Consider an
orbit O with |O] = 1. We have O = {a},Tx = (22 4+ 3z — 2x)/3 = «.

Consider an orbit O with |O] = 2. We have O = {z,2'}, where ss'(z) =
x,8's(x) = x. We have s(z) =a/,5'(2') = z,s5's(z) = 2/. Hence Tz = (2x + 32’ —
2x)/3 = «'. Similarly Tz’ = x.

Consider an orbit O with |O| = 3. Since C|[O] is isomorphic to u + r as an
A-module, T acts as 1 on C[O]. We have O = {z,2',2"} and Tz = =, Tz’ =
x',Tz" = z". Thus, T acts on C[I.] as a permutation of the basis I.: the elements
in any 2-element A-orbit are interchanged and any other element is fixed. Since
wo = T, the proposition holds in this case. The proposition is proved.

5.3. Note that in the last case considered (g of type Fs and e of type Fg(bg)) the
permutation ug of I, is not induced by an element of A! (unlike all the other cases).

5.4. An involution w of the Lie algebra g has a fixed point set of dimension equal to
at least the number of positive roots of g. If this fixed point set has dimension equal
to the number of positive roots, then w is called an opposition of g. Equivalently,
an opposition of g is a Lie algebra involution w : g — g such that there exists a
Cartan subalgebra of g contained in the —1 eigenspace of @w. The set of oppositions
of g is non-empty and the identity component of the group of automorphisms of g
acts on it transitively by conjugation.
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Let = Ad(¢(v/—1)) : g — g where ¢ is as in 1.8. We have g = @D,z gm Where
gm is the m-eigenspace of ad(h) : ¢ — g. Since e, h, f is distinguished, we have
gm = 0 for odd m. Now ¢ restricted to g, is multiplication by (—1)"/2 for any
even m. This shows that ¢ is independent of the choice of v/—1.

Proposition 5.5. Assume that either g has no factor of type Eg or that g is simple
of type Eg and e is not of type Es(bg). Let a' € Al be as in 5.2. Then ta' = a't is
an opposition of g.

We may assume that g is simple. Assume first that g is of exceptional type.
Then, for any involution a’ € A!, the product ta’ = a’t is an opposition of g. This
can be checked by direct computation, using the knowledge of the Dynkin diagram
of e, or it can be deduced from the tables in [D].

Next we assume that g is of type B,, or D,, and use the notation in the proof of
5.2 (case II).

We may assume that G = SO(V). Then, on V;, ¢(v/—1) € G acts with k; + 1
eigenvalues 1 and k; eigenvalues —1 (if k; = 0 mod 2) and with k; eigenvalues 1
and k; + 1 eigenvalues —1 (if k; = 1 mod 2). We regard a' € O(V). Then, on V},
a' acts as (—1)"7'* (if k; = 0 mod 2) and acts as (—1)"™ (if k; = 1 mod 2).
Hence on Vj, ¢(v/—1)a! = al¢(y/—1) acts with

k; + 1 eigenvalues 1, k; eigenvalues —1 if k; is even, j =n —1 mod 2,

k; eigenvalues 1, k; + 1 eigenvalues —1 if k; is even, j = n mod 2,

k; eigenvalues 1, k; + 1 eigenvalues —1 if k; is odd, j =n mod 2,

k; + 1 eigenvalues 1, k; eigenvalues —1 if k; is odd, j =n —1 mod 2.

The number of eigenvalues 1 of ¢(v/—1)a' : V — V is therefore

N, = > (kj + 1)+ > k;

j3kj=0 mod2;j=n—1 mod2 73k;=0 mod 2;j=n mod 2
+ E kj + E (k’j +1)
jik;=1 mod2;j=n mod 2 jik;=1 mod2;j=n—1 mod2

:ij—l—ﬁ(j;j:n—l mod2) = (N —s)/2+x
J

where x = s/2 if s is even (hence N = 2n); © = (s +1)/2 if s is odd and n is even
(hence N=2n+1); x = (s —1)/2 if s is odd and n is odd (hence N = 2n + 1).

Let N_; be the number of eigenvalues —1 of ¢(/—1)a! : V — V.

If N and s are odd and n is even we have N; = n + 1 hence N_; =n. If N and
s are odd and n is odd we have N7 = n hence N_1 = n+ 1. If N and s are even
we have N7 = n hence N_; = n. It follows that ¢(v/—1)a! : V — V induces an
opposition of g.

Next we assume that g is of type C, and use the notation in the proof of 5.2
(case III). We may assume that G = Sp(V). Then, on V}, ¢(v/—1) € G acts with
k; eigenvalues /—1 and k; eigenvalues —/—1. We regard a' € Sp(V). Then, on
V;, a' acts as 1. Hence on V}, ¢(v/—1)a' = a'¢(v/—1) acts with k; eigenvalues
v/—1 and k; eigenvalues —/—1.

It follows that ¢(v/—1)a! : V — V has n eigenvalues v/—1 and n eigenvalues
—+/=1. Then ¢(v/—1)a' : V — V induces an involution of g which has exactly n?
eigenvalues equal to 1 hence is an opposition of g.

A similar argument applies when g is of type A,. This completes the proof.
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5.6. We no longer assume that (e, h, f) is distinguished in g. Let 2 be the set of
all automorphisms ¢ : g = g such that

g(e) = —e,g(h) =h,g(f) = —,

g = —1 on the Lie algebra of C,

g induces on W the automorphism w +— woww, L

Note that g€ A = g~ e .

If g € 2, then g defines an automorphism (y,b) — (—g(y),g(b)) of A which
maps B, into itself and A, into itself; the resulting automorphisms of B, A, are
denoted again by g. This automorphism of A. (and hence its restriction to Be) is
compatible with the action of H in the following way:

9((e; N)(y, ) = (¢71, Mgy, b) for (¢, A) € H,(y,b) € Ac.

Hence, as in [L5, 12.6], g induces automorphisms g* of Ky (B.) and Kg(A.) which
are semilinear with respect to the involution ' : Ry — Ry. There is a unique
automorphism g* : €, — &, semilinear with respect to the field involution T : % —
MR (induced by T : Ry — Rpy) whose restriction to Kz (B.), Kz (A.) is g* from the
previous sentence. For £, & € €., we have

(2) (€:97¢) = ((g7)e: ),
as in [L5, 12.12].

5.7. In the remainder of this paper we assume that either

(a) g is simple of type Eg and e is of type Eg(bg), or
(b) the projection of e onto any simple factor of type Eg of g is not of type Fs(bg).

We define T : &, — €&, as follows. In case (a) we set
T = (2(.1)" + (e8)* + (t8")" + (1ss’'s)* — (Lss’)* — (1s's)*)/3

where ¢ is as in 5.4, and 1,s, s, ss's, ss', s's are the elements of A as in 5.2 (VI).
(For any a € A we have ta € A.)
In case (b) we set

T=w"

where w € 2 is defined as follows. Let L be the centralizer of C (see 1.8) in G and
let [ be the Lie algebra of L. Then (e, h, f) is distinguished in [. Let wg : [ — [ be
the opposition ta' = a's of [ defined as in 5.5 in terms of e, h, f and [ (instead of
g). Note that wg(z) = —x for all  in the Lie algebra of C. It is easy to see that
any opposition of [ is the restriction of an opposition of g. In particular, we can
find an opposition @ : g — g such that w@|; = wy.

We show that o is uniquely determined up to replacing @ by Ad(c)wAd(c™!)
with ¢ € C' (this is an opposition with the same properties as w). Indeed, let @’
be another opposition of g such that @’|; = wy. We have @’ = Ad(g)w for some
g € G such that Ad(g) is the identity on [ hence g = z¢ where ¢ € C' and z is in
the centre of G. Replacing g by 2z~ !g we see that we may assume that g = c. Let
c1 € C be such that ¢? = c¢. Then @’ = Ad(c})w = Ad(c1)wAd(c; ') as claimed.

Note that @ € A and @™ is independent of the choice of w.

In case (b), T restricts to maps Ky (Be) — Ku(B.), Ku(Ae) — Kp(A.) denoted
again by Y. Conjecturally, the same holds also in case (a). We will assume that
this is indeed the case.

It is easy to see that T2 = 1.
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5.8. Extending [L5, 12.14], we define a pairing (||) : €. x & — R by

(ElIE') = (=0)" 2 (E = T T(E) = (—0)" 7O (T, T(€), €)

where (:) is as in 2.6. (The second equality follows from 4.5(a), 5.6(a).)
Note that T,,, Y = YT,,. (This follows from the equality T,,g* = g*Twoaiw?
valid for any g € 20,4 € I; in turn, the last equality follows directly from the
definitions.)
The pairing (]|) is R-linear in the first variable and fR-semilinear (see 5.6) in the

second variable. Moreover, using 2.7, we see that it is perfect and satisfies

&le = €117
for &,&" € &.. Note that
(a) (||) restricts to a pairing (||) : Kg(B.) x Kg(A.) — Rpy.

5.9. Ry = Rc[v,v™!] is naturally a subring of Rc((v™1)). From 3.2(a) we see
that V. is an invertible element of Ro((v™!)). Hence VZ!Ry (a subset of R) can
also be regarded as a subset of Ro((v™1)).

Let p — p(® be the group homomorphism Rc — Z which takes a non-trivial
character of C' to 0 and takes the trivial character of C' to 1. Let

0: Relv,v™] — Zv,v™Y
be the group homomorphism defined by > p,v™ — > p%o)v”. Here p,, € Rc.

Lemma 5.10. (a) For £,& € Kg(B.), we have (£||¢') € Ry.
(b) For &, ¢ € Ku(Ae), we have (£||¢') € VI1Ry.

(a) follows from 5.8(a) since Ky (B.) C Ku(Ae). To prove (b) it is enough to
check that (V.&||¢') € Ry. This follows from 5.8(a) since V.& € Ky (B.). (See
3.5.) The lemma is proved.

5.11. Extending [L5, 12.9] we define a map 3 : Kg(B.) — Ku(B.) by
& = ()T, D5 (¢)
and a map f§: Ky (Ae) — Ku(Ae) by
¢ (—v) T PPEOYT Dy ().

Here Dg, : Kug(B.) — Ku(Be), Da, : Kg(A:) — Kpu(A.) is Serre-Grothendieck
duality [L5, 6.10]. Note that 3, 3 are not compatible with the inclusion K u(Be) C
Ky (A.). The maps 3, 8 are H-antilinear (see [L5, 2.1]) involutions. (Compare [L5,
12.10].) We define

B = {¢ € Ku(B.)|B() = £.(€ll) € 1+ v Ro[v ']},

Bi ={¢€ Ku(A)|BE) =& (£ll€) € 1+ v ' R[]}

(Compare [L5, 12.18].) The following property is obvious:
(a) If € € Ba,f’ € Bi,T € C and € € {1,—1}, then e7€ € BﬂB:e,eTf’ € Bfi'
The following is a variant of [L5, 12.19, 12.23].
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Conjecture 5.12. (a) Bge is a signed basis of the A-module K (Be.).

(b) Bi is a signed basis of the A-module Kg(A.).

(c) For b,V € B?E such that £b' ¢ Cb, we have (b||b') € v 'Re[v™].

(d) For b,b' € Bj\: such that £b' ¢ Cb, we have (b||b’) € v~ Re[[v~"]].

(e) For any b € Bge there exists b € Bi such that (b||b) = 1 and (V'||b) = 0 for
any b’ € BﬂB:e such that b’ is not of the form +7b for some 7 € C.

(f) b in (e) is unique and b — b is a bijection Bge = Bi.

(9) Let b, b € Bi. Then either O(V.b||b') € N[—v™1] or —O(V.b||b) e N[-v1].

(h) v D, € By .

5.13. For & € Bge we write (£]|§) = >, 50 cnv ™", where ¢, € R is 0 for n > 0
and ¢g = 1. We show that -

(a) Cap(ey = 1 and ¢, = 0 for n > 2b(e).
Note that 5(£) = v?*(€)3(¢) for € € Ky(B.). As in [L5, 12.15], we have
(BE)le) = (€l18(9))

where ": Rc[v,v71] — Rec[v,v71] is the Ro-algebra involution which takes v to
vt Tt follows that (3(£)|€) = (€][v2b(€) 5(€)). Substituting B(€) = € gives (£]|¢) =

_Qb (©)(£]]€). Hence
Z R L O] Z cpv™.

n>0 n>0

Comparing coefficients and using ¢y = 1, we deduce (a).

5.14. We now verify that the element in 5.12(h) satisfies at least part of the
defining properties of an element of Bfe, namely that
(a) B(U%(e)DAe) _ ’U%(e)DA6~
From [L5, 6.13, 11.10] we have
(b) Da, (Dn,) = (=1)* o0, = 1?94,
Clearly, YO,, = Op,. From 4.6 we have
(€) Tipy On, = (—v)"Oa,.
Hence
ﬂ(’UQb(G)DAE) _ U—2b(e) (—U)_V+2b(e)TTJ()1DAE (DAC)
_ (—’U)_V’U%(e)TTJOIDAe _ ,UZb(e)~r53Ae — U2b(e)DAe
This proves (a).

5.15.  In this subsection we will restrict the H actions to the subgroup C* asin 1.8.
Let g : Ry — Rc+ be the ring homomorphism induced by the inclusion C* C H.
We can define

() : Ko+ (Be) x Kc+(Ae) = Re-,

(Il) : K- (Ae) x Kc+(Ae) = g(Ve) ™' Re-,

(ID) : Ke-(Be) x Ko+ (Be) = Re-,
by the same definitions as in 2.4, 5.8, 5.10 (replacing H by C*) or equivalently by
change of scalars from Ry to Rc~ (using 1.19).
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We can define é : Ko+ (Be) — Kc+(Be), f: Kc+(Ae) — Kc+(Ae), in the same
way as [3, [ in 5.11 (replacing H by C*) or, equivalently, by change of scalars from
Ry to Ro- (using 1.19). We define

Bj, = {€ € Ko-(B)|B(€) = £, (€l[6) € 1+ v Z[ 1]},

B = {¢ € Kc-(A)|B(E) =&, (€]16) € L+ v Z[[v™ )]}

In the case where C' = {1} we have Bi = Ege, and Bi = Bi.
We now state a variant of Conjecture 5.12.

Conjecture 5.16. (a) Eﬁe is a signed basis of the A-module Ko~ (B,).

(b) Ei is a signed basis of the A-module Ko (Ae).

(c) For b,V € Bgﬁ such that £’ # b, we have (b||b') € v Z[v™1].

(d) For b,b' € Bfe such that £b' # b, we have (b||b') € v Z[[v™1]].

(e) For any b € Ege there exists b € Bi such that (b||b) = 1 and (¥'||b) = 0 for
any b’ € B;fﬁ — {£b}.

(f) b in () is unique and b — b is a bijection Bge = Bi,

(g) Let bV € Ei. Then either (g(V)b||b') € N[—v™1] or —(g(V)b||V') €
N[-v1].

(h) U2b(e)DAe S Bi,

5.17. Clearly, the obvious map Kg(B.) — Kc=(B.) carries Ba into Bgc, and
the obvious map Ky (A.) — K+ (A.) carries Bi into Ei.

If we assume 5.12(a) and 5.16(a) we thus get a bijection between the set of
C-orbits on Ba and the set Ege.
5.18. Assume that G is adjoint. Let

G1={(g,\) € Aut(g) x C’|g(e) = e, g(h) = h,g(f) = A7 f}.

The map H — Gy given by (¢, \) — (Ad(cp(A)),A) identifies H with a maxi-
mal torus of G;. Let N be the normalizer of H in G;. Then N acts on A, by
g : (y,6) = (A2g(y),g(b)) and B, is stable under this action. Let g € N. If
F € Cohg(B,.), then g*F is naturally an object of Cohy (B, ); this gives a group of
homomorphisms ¢* : Kg(B.) — Kg(B.). Similarly we get a group of homomor-
phisms ¢* : Kg(A.) — Kp(Ae). These homomorphisms commute with the actions
of Two, with the Serre-Grothendieck duality and with Y. Also they are A-linear.
Hence they commute with 3,8 in 5.5. Also, the inner product (||) is preserved by
g* up to the automorphism of Ry induced by g : H — H. It follows that ¢g* maps
Ba into itself and Bi into itself.

5.19. The results of [L6] suggest that the elements of Bi are, up to sign, vector
bundles on A..

5.20. The fact that a nilpotent element of type Es(bs) has an exceptional be-
haviour is not entirely surprising. Consider a simple algebraic group G’ over Fp
with a fixed split Fj,-rational structure and let u be a unipotent element in G'(F},).
Assume that p is a good prime for G’. Consider the action of the Frobenius map
on the set of irreducible components of the variety of Borel subgroups containing
u. This action is non-trivial if G’ is of type Fg, u is of type Es(bg) and p = —1
mod 3 [BS]; it is trivial in all other cases.
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5.21. We want to give a heuristic motivation for our choice of T in 5.7. Assume
that 5.16(a) holds. Then the group homomorphism g|,—1 : K(B.) — K(B.) keeps
fixed each element of a Z-basis of K(B.) hence is the identity map. In other words,

T|v:1 = (_1)VDBe|v:1Two|v:1 : K(Be) - K(Be)~

Now Hap(e)(Be, Z) is naturally a quotient of K (B.); on this quotient Dg, |,=1 be-
comes (—1)"©) and T, |v—1 becomes (—1)" times the action of wy in the Springer
representation. Hence on this quotient we should have

(a) Tlvzl = (—1)b(e)w0.
This justifies our choice of T at least in the case where (e, h, f) is distinguished.
(The action of ¢ in 5.4 on I, is trivial since it comes from a C*-action on B..)

We have not verified that our choice of Y satisfies (a) in the non-distinguished
case.

6. THE VARIETIES 3,3

6.1. In this section we assume that we are given a parabolic subalgebra p of g
with Levi subalgebra [ such that e, h, f and the Lie algebra of C' are contained in .
Let n =n,. Let P, L,U be the closed subgroups of G corresponding to p, [,n. Let

H/:€+3p(f)7 H:HImgnila H:€+5n(f)7

3={(y,b) el x Blyeb}, 3={(y,b)ellxBlyeb}.
We have
B.Cc3C3CA.

since {e} CIIC I C ..

Let K be the subset of I such that p is of type K. Let W* be the subgroup
of W generated by {o;|i € K}. Let W, be the set of all w € W such that w has
minimal length in the coset wW*. For any w € W, let o(w) be the set of all b € B
such that for some b’ € B, b’ C p the relative position of b, b’ is w. Then o(w) is a
P-orbit on B (for the conjugation action) and w — o(w) is a bijection between W,
and the set of P-orbits on B.

For w € W, we define

3w ={(y,6) el x o(w)ly € b}, 3w ={(y,b) € Il x o(w)|y € b},
so that we have partitions
5= U 3w 3= U 3u
weW, weW,

into locally closed pieces.
Let B, C A, be the varieties defined like B, C A, in terms of p/n and the images
of e, h, f in p/n instead of g and e, h, f. Thus,

B, ={(e,b)|b € B,b Cp,e € b},
A, ={(zb)JbeBbCp,z€ (Il+n)/nz€Eny/n}.

(We identify in an obvious way the variety of Borel subalgebras of p/n with the
variety of Borel subalgebras of p.)
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For any Borel subgroup B of G we set B' = (BN P)U (a Borel subgroup of P).
Similarly, for any Borel subalgebra b of g we set b' = (bNp) +n (a Borel subalgebra

of p).

6.2. For any w € W, we define morphisms 7 : 3,, — B, by (y,b) — (e,b') and
73w — A by (y,6) = (y +n,b).

Note that the H-action on A, leaves 3,3w,3,3w stable. H also acts naturally
on B,, A, in such a way that 7, are H-equivariant.

Theorem 6.3. (a) 3., is a smooth variety of pure dimension dim3,(f) — dim t.
(b) v can be regarded as an H -equivariant vector bundle of dimension dim 3,(f).
(¢) 7 can be regarded as an H-equivariant vector bundle of dimension dim 3,(f).

The proof of (a),(b),(c) will be given in 6.11, 6.12, 6.13 respectively.

Lemma 6.4. Let by, by € o(w). The following conditions are equivalent:

(b) Ad(u)by = by for some u € U.

Assume that (a) holds. Let By be the Borel subgroup with Lie algebra b;. We
have Ad(p)b; = by for some p € P. Hence b} = b}, = (Ad(p)b1)' = Ad(p)(b}).
Thus p normalizes b} so that p € B} and p = uyp; with u; € U,p; € By N P. Then
bQ = Ad(p)bl = Ad(ul)Ad(pl)bl = Ad(ul)bl and (b) holds.

Assume that (b) holds. We have by, = (Ad(u)b1)' = Ad(u)(b;)' = b} and (a)
holds. The lemma is proved.

6.5. We set
R={(y,b)|6 €o(w),y epnb}, R={(z,b)]b€eB,bCp,zecb/n}.

Note that R is a smooth variety: the map pra : R — o(w) makes R into a vector
bundle over o(w). Also R is a smooth variety: a vector bundle over {b € B|b C p}.
Let 7 : R — R be the morphism defined by 7(y, b) = (y + n, b*).

Let S be the connected centre of L. We have S C C. Let o(w)® be the fixed
point set of the conjugation action of S on o(w). The map o(w)® — {b € B|b C p}
given by b — b' is an isomorphism.

The fixed point set of the natural S-action on R is

Ry = {(y0,b0)[bo € o(w)®,yo € [N bg}.

We have Ry C R and the restriction of 7 defines an isomorphism Ry — R.

Let (yo,bg) € Ro. Let F be the fibre of m at m(yo,bo). Consider the map
U x (nNbg) — F given by

(u,2) — (Ad(u)(yo + x), Ad(u)by).
This map is constant on the orbits of the free action of UN By on U X (nNbg) given
by
ur = (u ) = (uuyt, Ad(ur)(yo + ) — o)
hence it induces a morphism
U x (‘(1 n b())
UnNn By

Lemma 6.6. This is an isomorphism. In particular, F is an irreducible variety of
dimension dim U = dimn.

— F.
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We only prove bijectivity. The injectivity is obvious. The surjectivity follows
from Lemma 6.4. The lemma is proved.

6.7. We can choose a homomorphism of algebraic groups 7/ : C* — S such that
A — Ad(7/(N)) has > 0 weights on n. We then define a C*-action on R by

At (y,b) = (Ad(T'(A))y, Ad(7'(N)b)

and a C*-action on R by the identity map. Note that 7 : R — R is C*-equivariant.
We show that, for any (y,b) € F we have limx_o A(y, b) = (yo, bo).
We may write (y,b) = (Ad(u)(yo + x), Ad(u)bg) for some (u,z) € U x (nNby).
We have

Ay, b) = (Ad(7"(N))Ad(u)(yo + x), Ad(7" (X)) Ad(u)bo)
= (Ad(T' Nur’ (A1) (yo + Ad(7 (N)z), Ad(' (N ur’ (A7) bo).

Now limy_o 7' (\)ur' (A1) = 1 and limy_ Ad(7'()\))x = 0 (by the choice of 7');
our assertion follows.

6.8. Let R be a smooth, connected, C*-equivariant compactification of R. Let I
be the connected component of the fixed point set of C* that contains Ry (which
is clearly connected). Let u™ be the set of points £ € R which flow as A — 0 to a
point of x4 (denoted r(€)). By [BB], r : uT — p may be regarded as a vector bundle.
By the results in 6.7, we have R C u*. More precisely, we have R C r~1(Ry) C ut.

We show that R = r~1(Ry). It is enough to show that 7= (yg,by) C R for any
(yo, bo) € Ry. We may assume that (yo, bg) is the point in 6.5. Since R is open in

R, we have dim ™ = dim R. Hence
dim 7 (yo, bg) = dim ™ — dim p = dim R — dim g < dim R — dim Ry = dim F.

But F' C r~1(yo, bo), hence dimr~1(yo, bp) = dim F. Thus, F' must contain some
open subset of r~!(yo, bo). Since the C*-action acts as contraction of r~1(yo, b)
to (o, bo) and F is C*-stable, it follows that F' = r~(yo, bg). Thus, R = r~1(Ry)
as claimed. We see that

(a) m: R — Ro = R is naturally a vector bundle with fibres of dimension dim n.

Lemma 6.9. (a) I is a transversal slice to the P-orbit of e in p.
(b) The map P xII' — p (adjoint action of P on p) is smooth with fibres of pure
dimension dim IT'" = dim 3, (f).

(a) is a generalization of a result of Slodowy [S] (which is the case p = [ = g.)
The proof is similar to that in [S]. The infinitesimal version of the lemma is that
p = [p,e] ®3p(f) which follows from the representation theory of sl applied to the
sla-module p. It follows that IT' is a transversal slice to the P-orbit of e in p at least
near e. But we can remove the words “near e” using the action of C* on II' (see
1.8) which has only < 0 weights on 3,(f). This proves (a). Now (b) is just another
way to state (a).

6.10. Let I = {(y,b) € I' x o(w)|y € b}. We have a cartesian diagram

m — Ir

Lo

R —— p
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where the vertical maps are inclusions and the horizontal maps are given by the
first projection. Hence we have a cartesian diagram

PxIll —— PxIl

l l

R B P

where the vertical maps are given by the Ad-action. Using this and 6.9(b), we
deduce that
(a) PxII' — R (adjoint action) is smooth with fibres of pure dimension dim IT" =

dim 3, (f)-

6.11. Let t be the canonical Cartan algebra of p/n. We have a canonical map
d : R — t which associates to (z,b) € R the image of z in b/n, = t. By a well
known property of the reductive Lie algebra p/n, ¢ is smooth with fibres of pure
dimension dimp/n — dimt. Combining this with 6.10(a), 6.8(a), we see that the
composition

PxI' = RS RSt

is smooth with fibres of pure dimension dim 3, (f) + dimn + dimp/n — dimt. But
this map factorizes as

PxII' P51 4 ¢

where p is the restriction of éw. (We use that o7 is constant on P-orbits.) Hence
the composition P x I’ 22 1 2 tis smooth with fibres of pure dimension
dim 3, (f) + dimp — dim¢. Tt follows that II' 2 ¢ is smooth with fibres of pure
dimension dim 3, (f) — dim¢t. In particular, its fibre at 0, that is 3,,, is smooth of

pure dimension dim 3, (f) — dim¢. Thus, 6.3(a) is proved.

6.12. Let 33 be the fixed point set of the S-action on 3, (restriction of the S-
action on R). We have

31511 = {(yo,b0)[bo € O(W)Sayo ce+350(f) 0 € np,y }-

Hence 7 : R — R restricts to an isomorphism 32 = A._.

Since 7 : R — R may be regarded as a vector bundle (by 6.8(a)) with a linear
fibre preserving C*-action with > 0 weights (see 6.7) and 3, is a closed, smooth
C*-stable subvariety of R, we see that limy_ A(y,b) exists for any (y,b) and is
exactly the point of 3" corresponding to 7(y,b) € A,. (The C*-action considered
here is the one in 6.7.)

We choose an H-equivariant smooth compactification of 3,,; this is also C*-
equivariant since the action of C* in 6.7 is part of the H-action. Arguing as in
6.8, we see that the canonical map 3, — 3S = 35 = A_ is naturally an (H-
equivariant) vector bundle with fibres of dimension

dim 3, —dim A, = dim 3, (f) — dimt — (dim 3(f) — dim t) = dim 3, (f).
This proves 6.3(b).
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6.13. 'We consider the commutative diagram

Sw—>3w

Lol
B, —— A,

where the horizontal maps are the obvious inclusions. It is easy to see that this
diagram is cartesian. Hence 6.3(c) follows from 6.3(b). Theorem 6.3 is proved.

6.14. For any subset K of W, we set 3 = J,,cxc 3w73’C = Uwex Z

Let < be the partial order on W, given by w < w’ whenever o(w) is contained
in the closure of o(w’) in B. ) )

Let w € W,. We shall write 3<,, 3<y instead of 3k, 3k, where K = {w'|w’ <
w}; these are closed subvarieties of 3, 3. We shall write 3., 3<w~ instead of 3k, 3x,
where K = {w'|w" < w~}; these are closed subvarieties of 3,3. We shall write
3>w, 3>w instead of 3x, 3k where K = {w'|w’ > w}; these are open subvarieties of
3,3

A subset K of W, is said to be closed if

wekw <w = v ek.
In this case, 3x, 3k are closed in 3,3 respectively.
Lemma 6.15. Assume that K C W, is closed.

(a) Kg(3k) is a free Rg-module of rank |KC|xp, .

(b) Ku(3x) is a free Rp-module of rank |K|xs, .

We prove (a) by induction on |K|. (Compare with the proof of 1.6.) If K = 0,
the result is trivial. Assume now that K # (). We choose w € K which is maximal
for < on K. Then K' = K — {w} is closed; we may assume that the result is true

for K'. We have a partition 3x = 3x/ U 3, with 35 closed in 3 and 3, open in
3x. Hence we have an associated long exact sequence in higher K-theory:

K} (3uw) 5 K% (3x) — K% (i) — K% (3u) — 0.

If we take fixed point sets of the S-action, we get a partition 3% = 3,% U 32 where,
this time, 3%, and 3 are both open and closed in 3%. Hence in the corresponding
long exact sequence in higher K-theory

Ky (33) = Ky (3%) — Ky (3%) — Ky (35) — 0

the boundary map a is 0. Let x € K'(3,,). We show that a’(x) = 0. Consider the
commutative diagram

Ky(3%) —— Ky(3%)

bl b’l
Kp(3w) —— K3 (3x)
with vertical maps given by direct image induced by the inclusion. By [Th], b
is an isomorphism after tensoring by f. Hence we can find y € K*(37) and
f € Ry — {0} such that fx =b(y). Then fd'(z) = a’b(y) = b'a(y) = 0 since a = 0.
By the induction hypothesis, K% (3x) is free over Ry hence from fa'(z) = 0 we
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deduce a'(x) = 0. Thus, we have ' = 0. Thus, we have an exact sequence of
Rp-modules:

() 0— Kp(3x) — Kp(3x) = K (3w) = 0

where K, (3x/) is free of rank |[K'|xp, and K¥(3.) is free of rank xp_ (see 6.3(b),
1.14(a)). It follows that K9 (3x) is free of rank |K[xp, . This proves (a). The proof
of (b) is entirely similar.

6.16. A similar argument shows that we have exact sequences of Rpy-modules:
0— Kpn(3k) = Ku(3) = Ku(3 - 3k) — 0,
0— Ku(3x) = Ku(3) = Ku(3—3x) =0,

which allows us to identify Ky (3x) with an Ry-submodule of Ky (3) and Ky (S;C)

with an Rg-submodule of Ky (3). Note that
(a) Kir(3x) = Sex Kn(3<u),
(b) Ku(3x) =2 pex Ku(3<w),

as submodules of Ky (3), K (3) respectively.

We prove (a) by induction on |K|. When |K| = 0 the result is obvious. Assume
now that || > 0. We choose w € K which is maximal for < on K. Then K' =
K — {w} is closed. Let £ € Ky (3k)-

By the exact sequence 6.15(c) for 3<,, instead of 3k, we see that there exists
¢ € Ky(3<w) such that £, & have the same image in Ky (3,). By the exactness
of 6.15(c), the difference £ — £ belongs to Ky (3x/). By the induction hypothesis,
Kp(3k:) is contained in the right hand side of (a). Hence ¢ is contained in the
right hand side of (a). Thus, the left hand side of (a) is contained in the right hand
side. The reverse inclusion is obvious. This proves (a). The proof of (b) is entirely
similar.

).
)

Theorem 6.17. (a) K (3) and Ky (3) are free Ry-modules of the same rank as
KH(Be) and KH(AG).

(b) The direct image maps Kgr(Be) — Kir(3) — Ku(3) — Ku(A.) (induced by
the inclusions B C3C 3 C A.) are injective.

The fact that Ky (3) and Kg(3) are free Ry-modules of finite rank is a special
case of Lemma 6.15. This implies the remaining statements since the maps in (b)
become isomorphisms after tensoring by R over Ry (by [Th], since the H-fixed
points are the same on all four varieties).

7. Ku(3),Kpg(3) AS INDUCED H-MODULES

7.1. In this section we preserve the setup of 6.1. -
Given w € W, and i € I, let ;0(w) be the set of all b € B such that (b,b") € O,
for some b’ € o(w). There are three possibilities:

(a) l(ogw) = l(w) + 1 and o;w ¢ W,. Then o;w = wo; for some j € K and
io(w) = o(w);
(b) l(o;w) = l(w) + 1 and o;w € W,.. Then w < o;w and ;0(w) = o(w) Uo(o;w);

(¢) l(oyw) =l(w) — 1. Then o;w € W, o,w < w and ;0(w) = o(w) Uo(o;w).
In 7.2-7.7 we assume that w,i are as in (c).

Lemma 7.2. 3<,, and f’)gw are i-saturated.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



BASES IN EQUIVARIANT K-THEORY. II 313

The proof is immediate.

7.3. From 7.2 we see that r; : Ky(3<w) — Kp(3<w) and r; : KH(Sgw) —
K (3<w) are defined. (See 4.3.) Let f: Ky (3<o,w) — Ku(3w) be the composition
Ki(3<omw) — Ki(3<w) = Ki(3<w) ~ Kir(3u0)
where the first map is direct image under 3<s,w C 3<w and k : 3, — 3<y is the

inclusion. Let f: Kg(3<o,w) — Ku(3<w) be the composition

Kt (3con) — Ki(Gew) 25 Kin(3w) o Ki(3u)

where the first map is direct image under Sggiw C f’)gw and k : Bw — f")gw is the
inclusion.

Lemma 7.4. (a) The composition Ky (3<ow) — Ku(3<osw) J, Ky (3w) is zero.
(b) The composition KH(3<UI.M) — KH(f’)ggiw) EN KH(::’)UJ) is zero.

The proof is entirely analogous to that of [L5, 8.7(a)].

7.5. Using Lemma 7.4, the exact sequence
0— KH(3<(77:’UU) - KH(3§0'¢w) - KH(30'¢w) —0
(a special case of the exact sequence 6.15(c)) and the analogous exact sequence

0— KH(3<0'1‘7JJ) - KH(:})goiw) - KH(SUI’UJ) — 0,
we see that
(a) there is a unique Rpg-linear map f' : Ky (35,0) — Ku(3w) such that the

)
composition Kg(3<e;w) LA Ky(35,w) i Ky (3w) is equal to f;
(b) there is a unique Rp-linear map f’' : Ky(35,0w) — Ku(3w) such that the

composition KH(SSUW) *, KH(SUW) EiR K (3w) is equal to f.
Here k' denotes the open imbedding 34,w — 3<c;w OF Sgiw — Sggiw.

Lemma 7.6. (a) We have a commutative diagram

Ku(d) " Kp(3o.)

| 3
Kn(A) —— Ku(3u)

(b) We have a commutative diagram

/%

KH(EG) :Y—> KH(Saqzw)

Ku(B,) —— Ku(3u.)

where 7,7 are as in 6.2 and ', are the analogous maps for o;w instead of w.
(c) f', [’ are isomorphisms; f, f are surjective.
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We prove (a). Since A, is smooth, it is enough to show that f'v*E = v~ 1y*E €
Kp(3y) for any E € Vecy(A,). Let By = v*E € Vecy(30,w). Let F/ €
Ku(Z<o,w) be such that k*Fy = Ey in Kg(Zy,). Let F € Ku(Z<,) be the
direct image of F’ under Z<,, C Z<y. Let

V' ={(y,b,y,b") € Zi|(y,b') € 30,0}
B = {(y, b,y, b/) € Zl'(yv bl) € BSin}'

We have a cartesian diagram

V/q_/> 3w

kll kl
B L 3.,

where ¢'(y,b,y,b") = (y,b) (an isomorphism); k1 is the obvious open imbedding;
q:B — 3<, is given by ¢(y,b,y,b") = (y,b). Then

ri(F) = ¢.(v7 ('R L") @" (CK FY))

where ®@% is computed in the smooth manifold A2 relative to the closed subvarieties
Z; and A X 3<4,;, with intersection B’. We have

f(F) = k*ri(F) = k*q. (v Y (I/ R L") @4 (CK F)))

=g ki W(I'RL") ok, (CRF)).
Let U’ be the set of all (z,b;2’,0") € A x A such that b’ € 3>,,, and such that
the relative position of (b,b’) (an element of the Weyl group) contains the simple

reflection o; in any reduced expression. Then U’ is open in A x A hence it is smooth.
We have

UNZ=U"NZ ={(x,b;z,0') € A?|(b,b") € O;,b’ € 350,01},
U'N(AX3<oiw) =U N (A X 350),
Uny =v.

By [L5, 6.6], we have

Ef(v N ('R L") @k (CRF))=v Y (L'RL") @k (CRE*F)
=0 ('R @k (CRE)),

where ®%, is computed in the smooth manifold U’ relative to the closed subvarieties
U'NZ; and A X 35, with intersection V' = 3,,. The subvarieties U’ N Z; and
A X 35,4 of U are smooth (see 6.3(a)) and the intersection is transversal. (We have
dim(U'NZ;) = dim Z; = 2v, dim(A X 34,4) = 2v+dim 3,4, = 2v+dim 3,,.) Hence
v I (L'KL")®F (CKE) is the usual tensor product of the restrictions of the vector
bundles v=*(L'K L"), CR E; to V' = 3,,. The restriction of v=}(L' K L") is v~ 1C
(as in the proof of [L5, 8.8]) and the restriction of C X Fy is v*E € Vecy (3uw)-
Thus (a) is proved.
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We prove (b). We claim that the diagram

KitGorw) — s Ki(301)

f’l f’l
Ki(3w) —=— Ky(3u)

is commutative. Here ¢, ¢’ are the obvious inclusions. It is enough to show that the
analogous diagram

KH(SSa'qyw) —— KH(3§O’¢’W)

fl fl
Kip(3w) —— Ku(3uw)

and this follows from the property 4.3(a) of the maps r;. This establishes the claim.
Using the claim and the injectivity of c., we see that in order to prove (b), it is
enough to prove the commutativity of the diagram

1ol x

Ku(B,) —— Ku(30,u)

- r
Ku(B.) <2 Ku(3u)

Using the cartesian diagram in 6.13 for w and for o;w, we see that the commutativity
of the last diagram is a consequence of (a). This proves (b).

The first assertion of (c) follows from (a),(b) using Theorem 6.3(b),(c). The
second assertion of (c¢) follows from the first assertion of (¢). The lemma is proved.

Lemma 7.7. (a) Let £ € Ku(3<w). There exist § € Kpy(3<ow) and £’ €
Ku(3<w) such that & = r;(j.(§'))+75(€"). Herej: 3<o,w — 3<w; J'  3<w — 3<w
are the inclusions.

(b) Let € € Ky(3<w). There exist & € Kp(3<
that € = ri(j.(£)) +]

inclusions.

) and §H € KHN(SQU) such

o;w
JL(€"). Here j : 3<piw — 3<ws 't 3<w — B<w are the

We prove (a). Consider the exact sequence

0= Kn(3cw) 25 Kir(3cw) o Ki(3u) — 0

(a special case of the exact sequence 6.15(c)). By the surjectivity of f in 7.6(c), there
exists £ € Ky (3<o,w) such that k*¢ = f(&') = k*rij.(€'), hence & — r;(§.(£)) €
Ker k* = TIm j.. Thus, £ —7;(j«(£)) = j.(£") for some " € Ky (3<4). This proves
(a). The proof of (b) is entirely similar.

Proposition 7.8. The imbeddings Ky (Be) — Ku(3) — Ku(3) — Ku(Ae) (see

6.17(b)) identify K (B.), K (3), K (3) with H-submodules of K (A.).

This follows easily from 4.3(a).
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7.9. Note that K, W* play the same role for P/U as I, W for G.

By restricting line bundles in X to {b € B|b C p} (identified naturally with the
flag manifold of p/n) we obtain an isomorphism of X defined in terms of G with
X defined in terms of P/U. Hence X can be taken to be the same for G and for
P/U. We see that the affine Hecke algebra H associated to P/U may be naturally
identified with the A-subalgebra of H generated by the elements Tgi,i € K and
O,z € X.

Applying 4.4 to P/U instead of G we obtain natural H-module structures on
Ku(B.), Ku(A,).

7.10. Tt is clear that 3; = {(y,b) € 3|b C p} (resp. 31 = {(y,b) € 3|b C p} is
an i-saturated closed subvariety of 3 (resp. 3) for any i € K. It follows that the
images of the natural imbeddings Kz (31) — Ku(3), Ku(31) — Ku(3) are H-
submodules of the H-modules Ky (3), Kp (3) By 6.3, 31 and 3, can be regarded
as vector bundles (of the same dimension) over A_,B,. Hence by taking inverse

2er e
images we have isomorphisms

(2) Kr(A) = K (31), Kn(B.) = Knu(31)-
(b) The isomorphisms (a) are compatible with the H-module structures.

(We omit the proof.) We shall use (a) to identify Ky (B,) with the H-submodule

K (31) of Ki(3) and to identify K (A, ) with the H-submodule K (31) of K (3).
The inclusions of these submodules induce H-linear maps

() Hon Ku(A,) — Ku(3),

(d) H®n Ku(B.) — Ku(3).
Theorem 7.11. The H-linear maps 7.10(c),(d) are isomorphisms.

We show that 7.10(d) is surjective. An equivalent statement is that the H-
submodule M of KH(?)) generated by Ky (31) is the whole of Kg (3) It is enough
to show that, for any w € W,, the Ry-submodule Ky (Sgw) is contained in M.
We argue by induction on I(w). When w = 1, we have Sgl = 31 and the result is
clear. Assume now that w # 1. We can find ¢ € I such that I(o;w) = l(w) — 1 (so
that o;w € W).

From 6.16(b), we see that K (3<.,) (identified with an Rz-submodule of K (3))

is equal t0 Y e cw K (3<wr) where each term of the sum is identified with

an Ry-submodule of Ky (3). Hence by the induction hypothesis, we have
(2) Ki(3<oiw) C Kn(3<w) C M,

Let é € KH(SSM). By 7.7(b), there exist é’ € KH(SSGW) and é” IS KH(3<M) such
that € = (=T, —v~1)(£') + £". Using (a), we see that £ € M. This completes the
induction. Thus, 7.10(d) is surjective.

Next we note that H is a free (right) H-module of rank |[W/W*|; hence H @3
Ky (B,) is isomorphic as an Ry-module to a direct sum of |[W/W*| copies of Ky (B,)
hence is free of rank |[W/W*|xp_ (see 1.14(a)) hence by 6.15(b), has the same rank

as Ky (3). (Note that |W/W*| = |W,|.) Thus, 7.10(d) is a surjective Ry-linear
map between two finitely generated free Rp-modules of the same rank. Hence it is
necessarily an isomorphism. The proof that 7.10(a) is an isomorphism is entirely
similar. The theorem is proved.
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8. THE CASE WHERE e IS REGULAR IN [

8.1. In this section we preserve the setup of 6.1. We assume in addition that e is
a regular nilpotent element of [. Note that, in our case, Il = II. (If z € 3,(f) and
e+ x is nilpotent, then writing z = 2’4+ 2" with o’ € 3((f), 2" € 3.(f), we have that
e+ 2’ is a nilpotent element of a cross section in [ to the regular nilpotent class in
[, hence 2’ = 0 and e + = = e + 2 € IL.) It follows that
3=13

We have S = C where, as in 6.5, .S is the connected centre of L. The fixed point set
BH = AH is the finite set {(e, by, )|w € W.}, where by is the unique Borel subalgebra
of p such that e € b; and, more generally, b,, is the unique Borel subalgebra in
o(w) that contains by N [. Hence Theorem 2.5(b) is applicable and yields:

(a) The Ry-bilinear pairing (:) : Ky (Be) x Kg(Ae) — Ry is perfect.

For any w € W,, 3, may be regarded as a C-vector space of dimension dim 3, (f)
with linear H-action (see 6.3(b)). The origin of this vector space is the unique (e, b)
such that b € o(w) and b contains by N [.

Let w:g — g be as in 5.7.

8.2. If z € X, then C acts on the fibre at by of the G-equivariant line bundle L,
(since Ad(c)by = by for ¢ € C'); this action is via a character C — C*. This defines
a homomorphism X — C.Forie K , & = q; is in the kernel of this homomorphism.
(Indeed, in this case the fibre of L, at by is p;/b; where p; is the unique parabolic
subalgebra of type ¢ containing b;. Now there exists £ € p; N [ whose image in the
line p;/b; is non-zero. Since the adjoint action of C' on [ is trivial, our assertion
follows.) Thus, setting Xx = ), Za; C X, we have an induced homomorphism

(a) X/Xx — C.
This is surjective. (Indeed, let C’ be a maximal torus of G such that C' C C” and
Lie(C’) C by. Then X — C factors as X — ' — ' where the first homomor-
phism, defined in the same way as X — C’, is an isomorphism, and the second
homomorphism, given by restricting characters, is surjective, since C is a closed
subgroup of the torus C’.) Since (a) is a homomorphism of abelian groups of the

same finite rank and C' is free, it follows that (a) induces an isomorphism
(b) (X/Xk)/torsion = C.

8.3. If x € X, then C* acts on the fibre at b; of the G-equivariant line bundle
L, by Ad(¢(N)) (since Ad(¢(A))by = by for A € C*); this action is via a character
A — A" of C* with n € Z. Now x +— n defines a homomorphism iy : X — Z. It
is characterized by:
(a) py(as) = =2 for alli € K and (;cx Ker @; C Ker .

The assertion concerning g («;) is proved as in [L5, 12.21]. We prove the second
assertion of (a). Let z € ﬂie x Ker &;. Then L, is the inverse image of a G-
equivariant line bundle L’ on the variety of all parabolic subalgebras of type K.
Thus the fibre of L, at b; may be canonically identified with the fibre of L’ at p, so
that P acts naturally on this fibre. Hence the homomorphism C* — C* associated
to z is a composition C* — P — C* where the first map is A — ¢()\) and the second
map is some homomorphism which is necessarily trivial on the derived subgroup of
P and hence on the image of the first map. Thus the composition is trivial and (a)
is proved.
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It is easy to see that
(b) py = ek cidi : X — Z, where ¢; € Z.

I:emma 8.4. The H-module K (B,) = Ry can be described as follows. Fori € K,

T,, acts as multiplication by —v=1. For x € X, 0, acts as multiplication by the
character of H which is the image of x under the composition

X —-CxC =H.

(The first map has two components: the first one is described in 8.2(a); the second
one is ph as in 8.3(a).)

The assertion about 8, follows from 8.2, 8.3. The assertion about T, is deduced
from the assertion about 6, as in [L5, 12.21].
We can now restate 7.11 in the present case as follows.

Proposition 8.5. We have a canonical isomorphism of H- and Ryg-modules
H@n Ry = Ku(3)
where Ry is regarded as a left H-module as in 8.4.

8.6. For an H-stable closed subvariety Y C A, such that the natural map (direct
image) Ky (Y) — Kg(A) is injective, we shall often identify Ky (Y') with its image
in KH (A@)

Let p = {(e,b1)} C 31 N B.. We shall denote O, € Ky (p) again by p. Thus we
have

p€ Kg({b1}) C Ku(3:1)NKu(Be) C Kg(Ae).
By 8.4, 7.10(b), we have
(a) Tip=—v-pforanyic K.
In our case, 31 (see 7.10) becomes

(b) 31 ={(y,b1)ly € e +3a(f)}-
Thus, we have O3, € Ky (31) C Kg(3) C Ku(Ae). From (b) we see that

(€) p=[5:(f) D5, € Ku(Ao).

Let wg be the longest element of W* and let wo. = wowg. Then wo. € W, and
o(wo.) is the set of all b € B such that b is opposed to some Borel subalgebra of p.
Thus o(wox) is the open P-orbit in B. Hence 3,,,, is open in 3.

Lemma 8.7. 3,,, = {(e,b)|b € o(wp.),e € b}.

Let (y,b) € 3u,.. We must prove that y = e. Since b € o(wo.), the intersection
b N p is contained in a Levi subalgebra I’ of p. Since y € b, it follows that y € I'.
Hence for some u € U we have Ad(u)y € [. Since y € e+n, we have Ad(u)y € e+n.
This implies (since Ad(u)y € [, e € [) that Ad(u)y = e. In particular, y € Ad(G)e.
Since y—e € 34(f), y is in a cross section in g to the G-orbit of e. This cross section
intersects the G-orbit of e exactly in e. Hence we must have y = e. The lemma is
proved.

Lemma 8.8. (a) The two smooth submanifolds w(31) and 3.,, of Ae intersect
transversally at the point w(e, by).
(b) The subsets Be — 3u,. and w(31) of Ae are disjoint.
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(Note that 3 is not stable under @ : A, — Ae.)

We prove (a). We have by = (b N [) @ (by N n) and w(by NI) = by N[, while
w(n) is a complement of p in g (since w = —1 on LieC') hence w(b; Nn)Np =0
and w(b1) Np = by N[. This shows that w(b1) € o(wg.) hence

w(e, b1) = (e, @(b1)) € @(31) N Sus.-
Conversely, let (y,b) € @w(31) N 3u,.. Since (y,b) € 3u,., we have y = e and
b € o(wos). (See 8.7.) Since (y,b) € w(31), we have b = w(by). Thus, (y,b) =
(e,w(b1)). Hence w(31) N 3u,. = {(e,w(b1))}.
To check that the intersection is transversal we also need a computation in the

tangent space to A. at (e,w(b1)) which we omit. We note only that the smooth
manifold A, is of pure dimension

dim 34(f) — dim t = 2dim 3, (f) + dim 3(f) — dim t = 2dim 3, (f)

and, by 6.3, @(31), 3w,, are smooth submanifolds of pure dimension dim 3,(f) of
Ae. This completes the proof of (a).

We prove (b). Assume that (y,b) € (Be — 3uw,.) Nw@w(31). Since (y,b) € B, N
w(31), we must have (y,b) = (e,w(by)). By (a), we have (e,w(b1)) € 3uy,,. This
contradiction proves (b).

Lemma 8.9. Let w € W,. Let dy, be the image of O3, under the composition

Kr(3) Lo, Ky(3) EAN K (3w,.) where j is the open imbedding 3.,, C 3.

(a) There exists an element § € Kpu(3<w) such that the restriction of & to
Ky (3w) is (—v) @03 and € = d,, in Ky (3).

(b) If w = wos, then dy, = (—v)_l(“’)D‘ng*.

(¢) If w # wox, then dy, = 0.

We prove (a) by induction on I(w). If [(w) = 0, the result is trivial. Assume now

that [(w) > 0. We can find ¢ € I such that I(o;w) = [(w) — 1; then w’ = o;w € W,.
We have
nggl = TgiTw/Dm = —T‘iTw/D31 - ’U_l’fwlggl.

By the induction hypothesis, there exists & € Ky (3<4) such that the restriction of
¢ to Ky(3u) is (—v)7@)95  and ¢ = T,wO3, in Ky(Z). Now ¢’ € Kp(3<w)
hence we can apply toit r; : Kg(3<w) — Ku(3<w). (Note that 3<,, is i-saturated.)
By 7.6(a), the image of r;(¢') under the restriction Kg(3<w) — Ku(3w) is equal
to v~ (—v)"H@IO3 . We set &€ = —ri(¢) — v € Kp(3<w). Then € has the
required properties. This proves (a). Now (b),(c) follow easily from (a). The lemma
is proved.

Lemma 8.10. Let w € W,. Let (:) : € x & — R be as in 2.6.
(a) If w = wos, then (7:’1”931 cwtO3,) = (—v)~Hw),
(b) If w # wos, then (TyO3, : w*O3,) =0.
Let £ € Ky(3 — 3uw,.) C Ku(3) C €.. We first show that
(c) (§:@"03,) =0.
By [Th], the direct image map Kp(Be — 3w, ) — K (3 — 3w, ) is an isomorphism
after extension of scalars to R, since (Be — 3wy, ) = (3 — 3w, ). Hence there

exists & € Ky (Be — 3u,.) and f € Ry — {0} such that f¢ is the image of £’ under
this map. It is then enough to show that

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



320 G. LUSZTIG

(@) (¢ =*D3,) = 0.

Here (:) may be considered as the pairing in 2.4 with &’ regarded as an element
of Ky (B.) and w*O3, regarded as an element of Ky (A.). But £ comes from an
element in Ky (Be — 3u,.) and w*O3, comes from an element in Ky (w(31)). To
prove (d), it is enough, by the definition of (:), to show that B, — 3,,. and w(31)
are disjoint subsets of A.. But this is known from 8.8(b). Thus, (d) and hence (c)
are proved.

Now (b) follows from (c) (which is applicable in view of 8.9(c)).

We prove (a). Let w = wo«. Let V be the closure of 3,, in B.. (See 8.7.) Let [V]
be the image of Oy € Ky (V) under the direct image map Ky (V) — Kg(B.). By
8.9(b), TwO3, and (—v)~H®)[V] (regarded as elements of K (3)) have the same
restriction to Kp(3.), hence T,,03, — (—v)~H®)[V] is the image of an element
£ € Ky(3— 3w). Applying (c) to &, we deduce that

(TwD3, : @ D3,) = ((—0) V] w"D3,).

Hence, to prove (a), it is enough to prove that

(€ (V]:=w"93,) = 1.
Here (:) may be considered as the pairing in 2.4 with [V] regarded as an element of
Kp(B.) and w*O3, regarded as an element of Ky (A.). Then (e) follows immedi-
ately from 8.8(a),(b). The lemma is proved.

We can reformulate Lemma 8.10 in terms of (||) as follows.

Lemma 8.11. Let w € W,.
(a) If w = wo., then (T} T,,93,[193,) = (~v)*~2() (—v)~100),
(b) If w # wo., then (T, T w93,[[93,) = 0.

Lemma 8 12. Let c = p=20(e) | For any w,w’ € W, we have

(a) ( D31||T 931)—5 ' C.
From 8.11(a) we have
(TJ(;D% ||D31) = (_U)V_2b(€) (—’U)_V—H(wg),
Substituting here T;glgh = (=)o) 95 (which follows from 8.6(a),(c)) we obtain
((_U)l(w3)931||931) — (_U)—2b(e)(_v)l(w(’;)’

so that (a) holds for w = w’ = 1. Similarly, from 8.11(b) we deduce that (a) holds
for w # 1 and w' = 1.

We prove (a) by induction on I(w’). If [(w') = 0, then (a) holds for any w as
we have just seen. Assume now that [(w') > 0. We can find ¢ € I such that
l(oqw") = l(w') — 1. We have o;w’ € W,.. For w € W, we have

(T ,1931” w! — 1931) ( Dal||T 1T<71w’) 1
(b) = (I T 5 05,17y -1 O3.)-

Assume first that l(o’iw) = l(w) — 1. Then T;'T Y, = (vt —0)T 1 + T(;_jw),l

931)

and o;w € W, hence (b) becomes (using the induction hypothesis):
(vt —U)(T;lﬁal||T(;jw/)f15331) ( (o w) 1931||TU w')~ 1903,)

(c) = (1;—1 _ v)(sw,giw/c + 0o w,0w C-
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We cannot have w = o;w’ since l(o;w) = I(w) — 1 and I(oy0;w’) = l(o;w’) + 1.
Hence (c) becomes 0;u,031'C = O w C-
Assume next that [(o;w) = I(w) + 1 and o;w € W,. Then w # w', T, 1T1; L=
T(_Uilw),l and (b) becomes (using the induction hypothesis):
(T}

(oiw)~

D3l||T 93,) = 0psw,050' C = Ow ¢ = 0.

(ow’)~ 1t
Finally, assume that l(o;w) = l(w) + 1 and o;w ¢ W,. Then o,w = wo; where
j € K. Note also that w # o;w’. (If we had w = o;w’, then o;w = w’ would be in
W..) We have

N R

(‘71“’) b
and (b) becomes (using the induction hypothesis):

(T, T, 03, |7 rony1931) = (—o)(T, 1 O3, ||T(;jw,),1931) = (—0)0w.ouc = 0.
The lemma is proved.

Lemma 8.13. (a) The elements fTuj,lle (where f runs over C C Ro C Ry
and w runs over W, ) form an A-basis of K (3).
(b) Let f, f' € C C Rc C Ry and let w,w' € W,.. We have

(f D31||f w/ 1931) = ff/_léw,w’c'

(c) For any £,&' € Kg(3) we have (¢]|€') € Ry. )
(d) Let € € Ky (3). We have (€|1€) = 1 if and only if £ = 0% fT1, O3, for
some f,w as in (a).

T(:UUJ )t

_ =1 -1
=T LT

(a) is clear from 7.11; (b) follows immediately from 8.12; (c) follows immediately
from (a),(b). (Note that in (c) we have apriori only (£]|€) € R.)
We prove (d). We can write uniquely

&= Z cw,fvb(e)fj’;,llﬂjn
w, f

where w, f are as in (a) and ¢,y € A are zero for all but finitely many w, f. Assume
that (£[|§) = 1. From (b) we deduce >_, - cﬁj,f = 1. It follows easily that there is a
unique w, f for which ¢, 5 # 0 and for that w, f we have in fact ¢,y = £1. Hence
§==xfT, 1, 93,. The converse is clear from (b). The lemma is proved.

Lemma 8.14. Let £ € K (3) be an element such that Tgé =—v7 ¢ forallieI.
Then there exists g € Ry such that £ =g cw. (—U)l(w)T;,lle.

By 8.13(a), we can write uniquely £ = Y7 ng;,l15331 where g, € Rp. As
in the proof of 8.12, we see that

To'_llé- = Z gw((v )T —1931 +TU w)— 193,)
weW,
l(O',iw):l(w)—l
+ Y Tt 193, — S gl 03,
weW, we W,
l(oiw)=l(w)+1 l(oiw)=l(w)+1
g,weW, o, wgW,
The condition that this equals —v€ can be written in the form g, = —vgs,w for

any w € W, such that I(o;w) = [(w) — 1. It follows that g, = (—v)"®)g; for all
w € W,. The lemma is proved.
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Lemma 8.15. Let z = |3n(f) | € Ry. Then z' =|3.(f)* | € Ru. Let p be the one
dimensional representation of C on Qy (5 (restriction from H). We have
(a) zt — (—1)b(e)vb(e)+l(w°*)pz;
(b) Let C> (resp. C<) be the image of X> (resp. X<) under X — C (see 8.2)
and let Cs = Cs — {1} (resp. C< = C< — {1}). We have
P

z= H(l —o™Ty,)

u=1
where for any u we have n, € Zo and 1, € C’<.

We prove (a). The restriction of the one-dimensional H-module §2; () to 1 x C*
is v® for some t € Z. Using 3.1(a) and the equality b(e) = dim 3,(f), we see that
we only have to prove that

(c) t="0b(e) + l(wos).
Let n’ be the nil-radical of the parabolic subalgebra opposed to p and containing .
Now @ : g — g defines an isomorphism 3,(f)" = 3. (f) as H-modules. Hence the
restriction of ; , () to 1 x C* is vt. Since f is regular nilpotent in [, the restriction
of Q. () to 1 x C* is v?(w0)+2" where 7 is the rank of G (or of L). From the direct
sum decomposition 34(f) = 3n(f) © 5:(f) B sn (f) we deduce

Qi = L) © Q55 O Q5,,(p)

hence the restriction of Q;, (s) to 1 x C* is v**+2/(w)¥2r " In the restriction of Qg

to 1 x C*, the action of (1,)) is by multiplication by A24™8_ (We use the fact
that Ad(¢(\)) : g — g has determinant 1 since ¢(\) is in the derived group of G.)
Since Qg = Q; () @ Qg/5.(s), it follows that the restriction of Qg/; (5 to 1 x C* is
p2dimg—2t=2l(wg)=2r  Thjg restriction can be also computed directly, using the fact
that g/34(f) has a natural symplectic form (Kirillov) which is preserved up to a
scalar A\=2 by the action of (1,\) € 1 x C*; namely, the restriction is v3™(8/3s(/)),
We deduce that

,Udim 9/30(f) — ’U2 dim g—2t—2l(w;)—2r

from which (c) follows easily.
Since 34 (f) C ®n§0 gn, we see that z is a product of factors of the form 1 — o™

where 7 € C and m € Zo. We have in fact 7 € C’<0 since 3,(f) C n. This proves
(b). The lemma is proved.

Lemma 8.16. (a) 2Ky (3) C Ku(B.);
(b) 2T K (Ae) € Kg(3).

We prove (a). Since O3, generates Ky (3) as an H-module (see 8.13(a)) and
z, 21 differ only by an invertible element of Ry (see 8.15(a)), it is enough to show
that 2103, € Ky (B.). But 2193, = p (see 8.6(c)) and clearly p € Ky (B.). This
proves (a).

We prove (b). Let £ € Ky (A,). Since the canonical inclusion Ky (3) C Kg(A.)
becomes an equality after tensoring with 9 over Ry, we see (using 8.13(a)) that

9276 =" guT, 1903, € Ku(3)

weW,
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for some g, g, in Ry with g # 0. Using 8.12 we have

(T,1,03,l92'¢) = glv™>"
or equivalently

9" (2T, 1,93,11€) = gl
for any w € W,. By definition of (|[) we have (&i]|€) € Ry for any & € Ky (Be).
(Recall that € € Ky (A.).) By (a), we have zT;,115331 € Ky (B.), hence

(2T.193,]€) € Ra.

It follows that g}:,v_zb(e) S RHgT. Hence g, = g for some u,, € Ry. We see that

gzTé = Z uwgi;,llgg-,l.

weW,

We can cancel g in both sides and we obtain

ZT§: Z uwT;LDgl.

we W,

This shows that z7¢ € K (3). The lemma is proved.

8.17. Remark. From 8.16 we obtain a new proof and a strengthening (in the
present case) of 3.5.
As in the proof of 8.15(a) we have

Ve=[3D]- [0 =[aD] [5)] [sw (D] [T = 22 Ta)] -0

Now | 31(f) -_1 € Ry, by 3.2(a) applied to [ instead of g. It follows that V. is
divisible by zz' in Ry.

Now 8.16(a),(b) shows that 22T Kz (A.) C Ky (B.). It follows that V. Kz (A,)
Ky (B.), which is the statement of 3.5. Note that the statement zzTKp(A.)
K (B,) is stronger than the statement that V. Kg(A.) C Kg(B.).

C
C

Lemma 8.18. ZO,, = Zwew*(—v)l(w)i;}lz)m € Ky(3).

Let ¢ = 204, and let & = 3 i (—0)!W T 1, O3,. By 8.15, 8.16, we have
¢ € Ki(3). By 4.6, we have T,,& = —v~'¢ for all i € I. Using 8.14, we deduce
that £ = g¢’ for some g € Ry. From 8.13(b), we have

(93,11¢) = ¢'(93,11¢") = gTv ™).
We have
(93,116 = (93,11204.) = (£'D3,[[9O4.) = (p/[On.)
= (=) (p: Tuy@™On,) = ()" (p: Ty Da.) = (—v) > (p: Oa,).
(The last equality follows from 4.6.) Thus we have
9" = (p:9On.)

Here (:) may be considered as the pairing in 2.4 with p regarded as an element of
Kp(B.) and Dy, regarded as an element of Ky (A.). From the definition it is then
obvious that (p: O4,) = 1. Hence g = 1 and g = 1. The lemma is proved.
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Lemma 8.19. We have

(a) va%(@)DAe = (_1)l(wo*)p Z (_U)l(w)—l(wo*)(_v)b(e)jﬁgjlgsl e Ku(3).
weEW,

By 8.15(a), 8.18, the left hand side of (a) is

(_ 1)b(e) v—b(e)—l(wo* ) pé’l}2b(e) DAe

= ()OOl 206§ (i)l o
weW,

The lemma follows.
Proposition 8.20. v?*(©)D, ¢ Bfi'

By the argument in 5.14 we see that we only have to verify that
(a) (VD) [0 On,) € 14+ v Re[[v™1]).
By 8.19, the left hand side of (a) equals

(ZZT)—1U2b(e)( Z (_v)l(w)—l(wm)’f';}lDal” Z (_U)l(w)_l(wo*)T;}1931)

weW, weW,

which, by 8.13, is equal to

(ZZT)—l Z ,U2l(w)—2l(wo*).

weW,

Using 8.15(b), we have 2z € 1 + v ' Rc[v™!] hence (227)~! € 1 + v~ Re([[v™1]].
On the other hand, we have 3, ;. v?(W)=2lwo-) € 14 y=1Z[v=!] and (a) follows.
The proposition is proved.

9. A REVIEW OF [L4]

9.1. We preserve the setup of 8.1. In addition we assume that G is adjoint. Let
Y =R ®X. We identify X with a subgroup of V by z — 1 ® z. We can regard
&; as R-linear forms on V. Let CT = {z € V|&;(z) > 0 Vi € I}. We extend the
W-action on X to V in the obvious way. Let Z be the subgroup of the group of
affine transformations of V generated by W and by the translations by elements of
X. The action of Z on V is written as (w,z) — “x. Let Zy be the set of elements
of 7 that are conjugate to o; for some i € I. For o € Zy, let h, be the fixed point
set of 0 : V — V. Let § be the set of hyperplanes in V of the form h, for some
o0 € Zy. The set of points of V that are not contained in any hyperplane in F is a
union of connected components called alcoves. Let X be the set of alcoves. The set
of points of V that belong to exactly one hyperplane in F is a union of connected
components called faces. Let S be the (finite) set of Z-orbits on the set of faces.
If s € S and F' is a face in the Z-orbit of type s, we say that F' is of type s. Let
opp : S — S be the involution defined by the following requirement: if F' is a face
of type s, then —F is a face of type opp(s).

For any alcove A and any s € S, there is a unique face d5(A) of type s such
that 05(A) is in the closure of A. For s € S and A € X we denote by sA the
unique alcove # A such that d5(A) = d5(sA). Then A — sA is an involution of
X. The maps A — sA generate a subgroup of the group of permutations of X
which is a Coxeter group (W%,S) (an affine Weyl group). The permutation of X
corresponding to w € W is denoted by A — wA.
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For h € F let h be the unique connected component of the complement of h in
V which contains 2 + C™ for some 2z € V. For any A € X let £(A) be the set of all
s € S such that, if h is the hyperplane in F containing d5(A), then A C ht.

Let A(‘JIr be the unique alcove contained in C* and having 0 in its closure.

For each i € I let s¥ be the type of the unique face of A that is contained
in ¢&;!(0). Then o; + s is an isomorphism of W onto a subgroup of W which
carries I bijectively onto a subset of S. We identify W with its image in W?.

The Hecke algebra (over A) attached to this Coxeter group (as in [L5, 1.4] is
denoted in loc. cit. by Haq. A homomorphism of algebras from our H to Haq is
defined in [L5, 1.15-1.20] and is in fact an isomorphism. (We take ¢ = 0 in [L5,
1.15]). We use this to identify the two algebras. Thus, in H we have generators T

(s € S) which include the elements T}, ; we have T, 0= =T, fori e I; in H we also

have elements T, for w € W*. Let™: H — H be the ring involution defined as in
L5, 1.5].
Let < be the partial order on X defined as in [L5, 1.3].

9.2. Let Vk = ;ex &; '(0) C V. Let FX be the set of all h € F such that
h + Vi = h. The set of points of V that are not contained in any hyperplane in
FX is a union of connected components called K -alcoves. The subgroup ZX of
generated by {0 € Zo|h, € FX} acts transitively on the set of K-alcoves. Let = be
a K-alcove. Let X= be the set of alcoves that are contained in =.

If z € X, then z + = is a K-alcove hence = + = = “'Z for a unique w € 7K.
The map 2’ — “(z + ') is then a homeomorphism v, : = = =Z. If A € Xz, then
vz(A) € X=. As in [L4, 2.12],  +— 7, is an action of X on = and an action of X
on X=. The restrictions of these actions to Xi (see 8.2) are trivial, hence z +— 7,
can be regarded as an action of X/Xk on E and an action of X'/ Xk on Xz=.

Let M= be the A-module consisting of formal .A-linear combinations of alcoves
A € X=. The support of an element m = ZAGXE maA € M= (with my € A is
the set supp(m) = {A € Xg|ma # 0}. Let MZ be the set of all m € M= such that
supp(m) is finite.

Lemma 9.3. (a) There is a unique H-module structure on the A-module MZ such
that for s € S and A € Xz we have
To(A) = sA if sAe Xz, s ¢ L(A);
To(A) =sA+ (v —v A if sA€ Xz, s € L(A);
To(A) =vA if sA ¢ X=.
(b) There is a unique H-module structure on the A-module MZ such that for
s€ S and A € Xz we have
[s(A) = sA zfsAEX , s ¢ L(A);
(A) =sA+ (v—v1)A if sA€ Xz, s € L(A);
[((A) = —v'A if sA ¢ X=.

(a) is proved as in [L4, 4.7]. We shall deduce (b) from (a) as follows. Consider
the involution of abelian groups 1 : MZ — MZ given by 1 (v"A) = (—v) " A for
all A € Xz,n € Z. Tt is easy to check that T} : MEZ — MEZ in (b) is equal to
wfsw where T}, is the map MZ — MZ in (a). Hence the braid group relations for
the operators in (b) follow from the corresponding braid group relations for the
operators in (a). The fact that the operators in (b) satisfy (T + v~ 1)(Ts —v) =0
is obvious. The lemma is proved.
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9.4. We shall assume that = is the unique K-alcove that contains AJ. We shall
denote by M, the H-module M= described in 9.3(b).

Lemma 9.5. Let pfyy : X — Z be as in 8.3. Let x € X. We have 0, Af =
(=) @y, (AT in M.

See [L4, 7.5] for a closely related result.

Lemmg 9.6. In M. we have
(a) Y}I.Aar = —vjllA(‘)|r forallie K;
(b) T;,llAa' =w A(")|r € Xz for all w € W,.

This follows easily from the definitions.

9.7. For x € X, the map A — 7, A in 9.2 extends to a A-linear map M, — M,
denoted again by v,. This map is in fact H-linear (as in [L4, §5]). Thus, M,
becomes an A[X]-module.

We shall identify X/Xx = C by 8.2(b). (In the present case, X' /Xx has no
torsion since G is adjoint.) We define an Rp-module structure on the A-module
M., in which the generator 7 € C' of

Ry = Refv, v = A[C] = A[X ) Xk]
represented by x € X acts by
mi— 1m = (—1)*x @, (m).
This again commutes with the -module structure.

(Note that the Rg-module structure and the A[X]-module structure on M, are
almost the same: they differ only by a sign; it will be convenient to use sometimes
one, sometimes the other.)

Let T — €, be the homomorphism C' — {1, —1} given by e, = (—1)*x®) for 7,z
as above. Then for any B € Xz and 7 € C we have 7B = e+ A for some A € Xz
which will be denoted 7% B. Thus 7B = ¢,7 * B with 7% B € Xz.

We define an A-linear map H ® 4 Ry — M, by

(a) €@ f = (—0) "=t FE(AY)
where £ € H, f € Ry.

Recall that Ry is a module over the subalgebra H of H (see 8.4). We show that
for ¢ € H, f € Ry, the element ££' @ f —£® (€' f) is mapped by (a) to 0. It suffices
to show that &'(fAF) = (¢ f)Ag for a set of algebra generators ¢’ of H and for
fe€Ry. If ¢ =60, where x € X, this follows from 9.5, 8.4; if £’ = Tgi with ¢ € K,
this follows from 9.6(a), 8.4. It follows that (a) factors through an A-linear map

(b) H Qn Ry — M.,
(in fact an H-linear and Rp-linear map).

9.8. Let ko :V — V be the involution z — —*0z. Then ko maps any alcove onto
an alcove. Moreover, ko(E) = Z. Hence ko maps any alcove in Xz onto an alcove
in Xz. For any x € X we have

(a) Yoko = KoV—z-
(See [L4, 2.3, 2.12(d)].) We define an involution of the abelian group M, by v A —

v "ko(A) for any A € Xz and any n € Z. We denote it again by xo. This involution
is H-semilinear with respect to the ring involution of H given by
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(b) Ty — TO;;(S) forse S, v" — v~ " forn € Z,
and Ry-semilinear with respect to f ~— fT. (The first assertion is proved as in [L4,
6.5]; the second assertion follows from (a).) Let

(c) ey = Z (—v)H@)—Uwon) (“flAar) € M.,.
weW,
We have
(d) Ho(eo) = Z (_U)—l(w)-&-l(wm)(wgwfleAS-) _ (_U)l(wg*)eO.
weW,

We consider the A-algebra involution of H given by
(e) TS = Topp(s)

This carries 8, to 6_wo, for all x € X.

for se S.

Lemma 9.9. There exists a unique map t : M, — 2~ 1M, (where z7'M, is re-
garded as a subspace of (M¢)s) such that t is H-semilinear with respect to 9.8(e),
Ry -semilinear with respect to f — f1, and such that t(ey) = eo.

The uniqueness of t follows from the known fact that (M.)x is an irreducible
H-module and that the natural map M, — (M,.)s is injective (since M. is free
over Ry). The existence of t will be proved in 10.5.

Lemma 9.10. Let t : M, — (27)"'M, be given by t(m) = (z7)"'2t(m). (Here
(21)~IM.. is regarded as a subspace of (M), ). Let

& = (=)W 2e5 € M.

We hazje
(a) t(&) = &o.
(b) Ko(&g) = (—1)Hwo-) (—)b(e) pg.
(

The lemma is proved.
9.11. We define b : M, — ()™M, by b(m) = (—1)1@0-) (—p) =) ptiy(m).
We define b : M, — 27 'M, by b(m) = (—v) @)ty (m).

Lemma 9.12. (a) b(&) = &.
(b) b(eo) = €q.

We have
b(&g) = (—1) o ()7 ptkg (&)
= (=)o (=) D pi((— 1)) (—0)"( p&g ) = &,
b(eg) = (—v) 70 trg(eg) = (—v) 0 t((—v)! ("0 )ep) = ep.

The lemma is proved.
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Lemma 9.13. (a) & is equal to A plus a finite A-linear combination of alcoves
Ae Xz, A< A7

(b) Let Al = ngAa- € Xz. Then ey is equal to A} plus a finite A-linear
combination of alcoves A € Xz, A > Aj.

(b) is obvious. We prove (a). We have eg = (—v)~"*o-) A plus a finite A-linear
combination of alcoves A’ € X=, A’ < AJ. Moreover, by 8.15(b), we have z equals
1 plus an A-linear combination of elements in C'.. One can show (see [L4, 2.10])
that, for any A’ € X= and any 7 € C., we have TA’ < A’. This proves (a). The
lemma is proved.

9.14. We can find (and we fix) 1,2 € X such that, for any w € W,
WAT C oy AT +CT, AT C oAl — Y
For any A € Xz we define elements pa,p’y,qa, ¢y in M, as follows. Assume first

that A = “flflJr for some w € W,. We have A = y(v,, A}) and A = y/(v,, A}) for
unique y,y’ € W“ and we set

pa = Ty(12:80), P4 = T, (72,80, 44 = Ty (Yaz€0), ds = T, 11 (Yaz€0).

For general A, we can find a unique z € X such that A = ~,(A’) with A’ = w71A3r
for some w € W,. Then pas,p's:, qar, ¢y, are already defined and we set
PA = YaDar g = YaDlars4A = Vadars 4o = Vodar-

Using the definitions and 9.13, 9.12(a),(b) we see (as in [L4, 4.16]) that, for any
A€ Xzs:

(a) p A equals A plus a finite A-linear combination of alcoves A1 < A;

(b) 'y equals A plus a finite A-linear combination of alcoves A; < A;

(c) qA equals A plus a finite A-linear combination of alcoves A; > A;

(d) q 'y equals A plus a finite A-linear combination of alcoves A; > A;

(e)
)

( ) pAa

(f) b(ga) = ¢y

9.15. The H structure of M, extends in an obvious way to the whole of M E. We
will denote M= with this H-module by M. Similarly, the A[X]-module structure
and the Rpy-module structure on M, extend in an obvious way to M. Let Mc
be the set of all m € M such that supp(m) is bounded above under <. Let M>
be the set of all m € M such that supp(m) is bounded below under <. Note that
M, M are H-submodules, A[X]-submodules and Rg-submodules of M.

Let Ry < be the set of formal sums 3 _ ¢, 7 where 7 runs over C' and ¢, € A are
zero except possibly for 7 in some translate of C< in C'. Let Ry > be the set of
formal sums ) ¢,7 where 7 runs over C and ¢, € A are zero except possibly for 7
in some translate of C'Z in C. Then Ry <, Ry,> are naturally rings containing Ry,
and z, z, 21, Z1 are invertible elements of Ry < and Ry, >. (See 8.15(b).) Note that
the Rp-module structure on M< extends naturally to an Ry <-module structure
on Mc and that the Ry-module structure on My extends naturally to an Ry >-
module structure on M.

Lemma 9.16. (a) There exists a unique map b’ : M< — Mc which is H-semi-
linear with respect to™: H — 'H, Ry-semilinear with respect to f — f, continuous
(in the sense of [L4, 4.13]), and satisfies b’ (&) = &.
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(b) For any A € Xz, b'(A) equals A plus an (infinite) A-linear combination of
alcoves Ay < A.
(¢) We have a commutative diagram

M, —>— (zH)~IM,

! l

where the vertical maps are the natural imbeddings.

(d)b'% =1.

(e) There exists a uniqgue map b’ : M> — M> which is H-semilinear with respect
to”: H — H, Ry-semilinear with respect to f — f, continuous (in the sense of
[L4, 4.13]), and satisfies b’(eg) = eg.

(f) For any A € Xz, b'(A) equals A plus an (infinite) A-linear combination of
alcoves Ay > A.

(9) We have a commutative diagram

b _
M, —— 27 'M,

I l

where the vertical maps are the natural imbeddings.
(h) b2 =1.

Assume that for each A € Xz we are given an element L4 € Mc so that
Ly a =L for any x € X and any A. Then there is a unique continuous map
L : M« — Mc which is Ry-semilinear with respect to™: Ry — Ry, and such that
L(A) =Ly, for all A€ X=.

We apply this remark to the case where La = b(A) € (21)"!M, ¢ M< for each
A. The resulting map M< — Mc is denoted by b’. This map satisfies (c), hence
it takes & to &y (since b does). Hence it satisfies (a). Thus the existence part of
(a) is established.

Now let b’ be any map as in (a). Using 9.15(a), any A € X= can be written
uniquely as a series A =) ,, . 4 carpas in M< where car € A and ¢4 = 1. Since b’
is H-semilinear, Ry-semilinear and it fixes &y, we must have b’(pas) = py,. Using
now the continuity of b’, we obtain b’(A) = 3 ,,. , @arply,. This shows that b’(A)
is uniquely determined for each A and then, by the remark at the beginning of the
proof, we see that b’(m) is uniquely determined for each m Mc<. This completes
the proof of (a) and (c). Now (b) follows from the formula b'(A) = 3 ,, ., Tarp'y,
together with 9.15(b). -

Since b’? is ‘H-linear, Ry-linear, and it fixes &y, we have B'Q(pA/) = pys. Since
it is also continuous, we have b’2(4) = 3 ,,_ , capar. Hence b’?(A) = A. Using
again the continuity of b’2, we see that 5’2(m) = m for all m € M<. This proves
(d). The proof of (e)—(h) is completely analogous to that of (a)—(d). (We replace
Pa, P’y by qa,q.) The lemma is proved.
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9.17. Letm={m=>,maA € M|ma € Z[v™'] VA}. Let
m,=mNM,mc =mNMc,m>=mnNM-;.

Let B € X=. Using 9.16(b),(d),(f),(h), we see as in [L4, 11.2] that
(a) there exists a unique element B< € m< such that B< — B € v~ 'm< and such
that b/(B<) = Be;
(b) we have B< = > 1o x..a<p 7A,BA where T4 5 € v 1Z[v7 for all A < B
and 7~TB,B = 1;
(c) there exists a unique element B> € m> such that B> — B € v™'m> and such
that b/(Bz) = Bz;
(d) we have B> = >, v_.p<a7B,4A where 754 € v 1Z[v™1] for all B < A
and TB,B = 1.
If B = A}, then clearly B> = eg. (Note however, that & is not in general of the
form B< for some B.)

9.18. We define b: M, — (z1)"!M,, b’ : M> — M> by
b(m) = (—v)*"b(m) = 2/ (zN)""b(m), B'(m) = 21(z") "D/ (m).

Then b/((27)"'eg) = (z1)~'ey and b’ is Ry-semilinear with respect to f — f,
continuous. Moreover, b’? = 1 and, for any A € Xz, b’(A) equals A plus a formal
A-linear combination of alcoves A; > A. From this we deduce as in [L4, 11.2] that
for any B € X=:
(a) there exists a unique element B> € m> such that EZ — B € v~'m> and such
that bI(BAz) = Ez;
(b) we have B> = > 1 x_.p<s 7B,aA where 754 € v 1Z[v~ for all B < A
and ﬁ'B,B =1.

Note that (z7)~' B> satisfies the defining property (a) of B, hence
B> = (z")7'B>.
9.19. We define b : M, — 2~ 'M,, b’ : M< — Mc by
b(m) = (—v)?@o)b(m) = zz7'b(m), b'(m) = zz"'b'(m).

Then b/(271&y) = 27'& and b’ is Ry-semilinear with respect to f — f, continu-
ous. Moreover, b’2 = 1 and, for any A € X=, b/(A) equals A plus a formal A-linear
combination of alcoves A; < A. From this we deduce as in [L4, 11.2] that for any
B e X=:
(a) there exists a unique element B< € m< such that B< — B € v~ 'm< and such
that BI(Bs) = Bs;
(b) we have B< = > aexeia<p TaBA where o p € v 1Z[v~ for all A < B
and ﬁ'B,B =1.

Note that 27! B> satisfies the defining property (a) of Bg, hence
B< = Z_lBs.

9.20. We conjecture that
(a) a5 € N[v~!] for all A < B,
(b) 5.4 € N[—v~ ] for all B < A.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



BASES IN EQUIVARIANT K-THEORY. II 331

10. ReLaTING BE B 7O [L4]

10.1.  We preserve the setup of 9.1. In this section we give a proof of the exis-
tence part of Lemma 9.9 and describe a relationship between B%ﬁ,Bfe and the
constructions in §9.

Lemma 10.2. There exists a (necessarily unique) isomorphism of H- and Ry-
modules ® : Ky (3) — M, such that ®((—1)!(wo-) (=) pD3 ) = Af. Under @,
the A-basis {(—l)l(“’f’*)(—v)b(@)pfj’;,llﬂjn|w eW,,feCYof Ku(3) (see 8.13(a),
8.15) corresponds to the A-basis {A|A € X=} of M..

The uniqueness of ® is clear since Ky (3) is generated by D3, as a (H, Ry)-
bimodule. We prove the existence. We define ® : Ky (3) — M, by

® () = (-1)"ar (a2(6)),

where ag is the inverse of the isomorphism in 8.5 and a; is the map 9.7(b). Then
¢ is H-linear and Rp-linear map. From the definitions, ® carries the basis element
(—1){wo) (—)2 @ p Tt O3, of Ky(3) (where w € Wi, f € C) onto fT 1 Al =
f(“’flAar). (The last equality follows from 9.6(b)). By [L4, 2.12(f)], the elements
f (“’71145r ) above form an A-basis of M, which coincides with {A|A € X=}. In
particular, ® is an isomorphism. The lemma is proved.
Lemma 10.3. ® carries the element 210?90, € Kp(3) (see 8.16) to
(a) eo= D (—v)llmo AT € M.
weW,
This is a reformulation of 8.19.

Lemma 10.4. Let D3 : Ky (3) — Ky (3) be Serre-Grothendieck duality on 3. For
m € M, we have

(o) 1oy =2 O 2 (1) " g (m) = (T, D3 (@7 ().

Both m +— (—v)V~Hwo-)y=26(€) 7(; 1) =14 (m) and m — @(T501D3 (®~1(m))) are
H-semilinear with respect to 9.8(b) and R-semilinear with respect to f +— f1. (For
the second map this follows easily from [L5, 12.8, 9.7, 1.22], since D3(&) = Dx_(&)
for £ € Kp(3) C Kp(Ae).) It follows that these two maps extend naturally to maps
of the H-module and R-vector space (M.)n into itself, which are H-semilinear and
M-semilinear in an obvious sense. Since the H-module (M.)x is known to be
(absolutely) irreducible and the natural map M, — (M, )s is injective (since M. is
free over Ry ), we see that it is enough to verify that our two maps have the same
value on a particular non-zero vector of M., which we take to be ey. (See 9.8(c).)
We have

®(T,, D3(®7 " (e0))) = (T, Da, (z10*(9D4,)) = (T, (204,))
= (—0)"20(04,) = (—v)"2(z") T (e,
where we have used 10.3, 5.14(b), 5.14(c), 10.3. The lemma is proved.

10.5. We now prove the existence part of Lemma 9.9. Let ©o* be the composition
Ky (3) = Ku(Be) = Kn(Be) — 2 'Ky (3)

where the first map is £ — 2£ (see 8.16(a)) and the third map is & — z71£. Then
w* is H-semilinear with respect to 9.8(e) (this is seen as in [L5, 12.6(a), 9.11])
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and Rjp-semilinear with respect to f — ff. We define t : M, — 27'M, as the
composition

M, 25 Ky (3) 25 2 Ku(3) B 2,

where the last ® is the obvious extension of K (3) 2, M.. We must only verify
the equality

(a) t(eg) = ep.

Since w*Oy, = O4, in Ky (A,) and zfo?@ O, € Ky (3) (see 8.16(b)), we have

& (2P0, ) = 2l (22O 0y ) = 27zt (v 0y ) = 2T @0,

in Ky (3). We apply @ and use 10.3; (a) follows. Lemma 9.9 is proved.

10.6. Tt will be convenient to extend 3,Dp, : Ku(B.) — Ku(B.), 8,Da,
Ku(Ae) — Kg(Ae), by the appropriate Ry-semilinearity, to PR-semilinear oper-
ators 3, D,3,D : &€ — €&.. It will be also convenient to extend the operators

Ko : Me — M, t: M, — 27 M., t: M, — (z7)"1M,,
b: M, — (ZT)_1M07B ‘M, — (ZT)_le
by the appropriate Ry-semilinearity, to $R-semilinear operators
Ko, t, 6,0, b 1 (M) — (M)

We extend ® : Kz (3) — M, by Ry-linearity to an isomorphism @ : ¢, = (M.)n.
By 10.5, 9.10, we have

(a) P ® " (m) = z(21) "t (m) = t(m).
Using (a) and 10.4, we have

( ) ( )—V@W*TJOID(I)—I(m):(_U)—V(Dw*(b—I(DT;OlD(I)—I(m)
=< 0) " R((—0) 710 =2 5(F) g (m)) = (—1)10) (—u) M) pig(m)
=b(m),

PP~ (m) = (—v)?)PFD 1 (m) = (—v)?*@b(m) = b(m), hence
PpP! = b, &P = b.

We now prove that

(b) Kotkg = t.

Since kotro has the same H- and Rpy-semilinearity properties as t, it suffices to
show that kotro(eo) = ep. This follows from 9.8(d) and 9.9.

The pairing (||) : €. x €, — R can be transported under ® : ¢, = (M.)n to a
pairing

(©) () : (Mo) x (M) — .

The pairing (a) is R-linear in the first variable and 9R-semilinear (with respect
to f + fT) in the second variable. Note that, by 8.13(b), for A, B € X= we have

(d) (A||B) = e,7 if 7% B = A for some 7 € C (see 9.7); (A]|B) = 0, otherwise.
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Proposition 10.7. (a) Let £ € Bie. Then ®(§) = £B< for a unique B € X=.
(Here we regard ®(§) € M. C M<.)

(b) Let & € Bt, Then ®(21¢) = £B> for a unique B € Xz (equivalently,
®(¢) = +Bs ). (Here we regard ®(z7¢) € M. € Ms.)

(c) Let &£ € Ky (Be). Assume that ®(§) € M, is equal to £B< for some B € X=.
Then & € Bie.

(d) Let ¢ € Ky(A.). Assume that ®(27¢) € M, is equal to £B> for some
B € X=. Then ¢ € By .

We prove (a). Since G(¢) = € and b = &3P, we have b(®(€)) = ®(¢). Hence
we have b’(®(€)) = ®(£). Writing

= Z l(w()* _ )b(e)PCf,wa;LDm

(finite sum over w € W, f € C with ¢;,, € A), see 8.13(a), and using the orthog-
onality formula 8.13(b), we see that

f”f Zcfw

By assumption, (¢]|€) € 1+ U_ch[U_l], hence 9(¢[[¢) € 1+ v 'Z[v™!]. Hence
Do Craw € LA v Z[v™H. Tt follows that cf., € v~ Z[v™"] for all (f,w) except
one, for which cs,, € £1+v7 Z[v™!]. Thus, £®() satisfies the defining properties
9.17(a) of B< for some B € X=. This proves (a).

We prove (b). Since 8(€) = € and b = &3, we have b(®(¢)) = ®(¢). Hence
we have b’(®(£)) = ®(£). Writing

Tf Z l(wm _ )b(E) fT 71931

(finite sum over w € W,, f € C' with s € A), see 8.13(a), and using the orthog-
onality formula 8.13(b), we see that

TfHZTf Zcf,

By assumption, (¢]|€) € 1 +v~ ! Re[[v™1]]. Hence
(=1¢]|z"¢) = 22" (€]1€) € 1+ v Re[[v™1])-

(See 8.15(b).) Since z¢ € Ky (3) (see 8.16) we may use 8.13(c) to deduce that
(21¢||27¢) € Refv,v™Y. Tt follows that (2%¢|[27¢) € 1 4+ v 'Ro[v™!]. Hence
A(z"¢l12T¢) e 1+ v Z[v7 ).
It follows that ¢, € v~'Z[v™'] for all (f,w) except one, for which ¢}, €
+1+ v~ 1Z[v™1]. Thus, there exists a unique B € Xz such that

(e) +®(z7¢) — Bev lmnM,.
Now (21)7!B — B € v='ms and (27)"}(v"!ms) C v~'m>. Hence (e) implies
+®(&) -~ B v 'ms.

Thus, £®(¢) satisfies the defining properties 9.18(a) of Bs for some B € Xz=. This
proves (b).
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We prove (c). Using 9.17(b) (where the sum is in our case known to be finite)
and 10.6(d), we see that

(B<||B<) = Z FreaBTABET €14+v 'R,
A,m;A<B,7*A<B

Hence (¢]€) € 14+ v~ Re[v™!]. From b(B<) = B< we deduce that 3(¢) = €. This
proves (c). The proof of (d) is similar to that of (¢). The proposition is proved.

10.8. Let V¢ be as in 3.1(b) for [ instead of g. Thus, V. =3 /(f) -_1
(see 3.2(a)). Since f is regular nilpotent in [, we have V. € A.

Proposition 10.9. Let £, & € Bi and B, B" € Xz be such that ®(§) = :l:B},

O(¢') = +B. (see 10.7(b)). Then
3(Ve€||€’) = :I:ve,[ ZA;AZB;AZB’ TB,ATB/ A-

As in 8.17, we have V. = 227V, (. Hence
A(Vel||€) = 0(22"V e 1E]|€) = OV (27¢]|2T¢) = ive,ra(zngﬂzTglz)

=4V 10(Bx||BY) = £Ve10( Y 7mpadll Y. wpad)
A;A>B A A > B’

=V, E TB,ATR A
A;A>B;A>B’

The proposition is proved.

Proposition 10.10. (a) Let £,¢' € By, be such that £¢' ¢ C¢. Let B, B’ € Xz be
such that ®(§) = £B<, ®(¢') = +BL (see 10.7(a)). We have ([|¢') € v 'Rolv™!].

(b) Let &,&' € Bj\: be such that +¢' ¢ C¢. Let B, B' € Xz be such that ®(&) =
+Bs,®(¢) = :l:BA’Z (see 10.7(b)). We have (£||¢') € v Re[[v™1]].

We prove (a). We have
+ (€l¢) = (B<|BL) Zm BA||Z7TA Py

~ ~ 1 _
= E €T awr,BTA BT €V Reofv .
AT

We prove (b). We have
+227(¢|l¢) = (B2 |1BL) = ZwB AA]| ZWB/ 44)

1 1
= g €rTB, Axr TR/, AT € 0V Re[v™].
AT

The proposition follows.

11. INVERSION

11.1.  We preserve the setup of 9.1. Let™: B — R be the field involution extending
Ry — Ry.
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Lemma 11.2. For m,m’ € (M.)x we have
(@) (b(m)||m') = (m||b(m"));
(b) (b(m)[[m’) = (m|[b(m")).

(a) follows by transferring the identity [L5, 12.15] (which holds in our case with
the same proof) and using 10.6. We shall deduce (b) from (a). We have b(m) =
zz7'b(m) and b(m/) = z(z7)~'b(m’) (see 9.19, 9.18). Hence

(b(m)||m') = 227" (b(m)|jm') = 2z~ (m||b(m"))
=z~ (m||zf(zF)~b(m’)) = (m|[b(m)).

The lemma is proved.

11.3.  We have
b'(A) = Y pea Fp,aD,
b'(A) = ZDZA ra,pD,
b'(A) = ZDZA ra,pD,
b'(A) = ZDSA Tp,aD,
where ¥p A,74,p,74,0,"D,A € Aarelfor D=A If D L Aweset Tpa=7pa=
0;if AL D weset ra,p =74,p=0.
Lemma 11.4. For any B < A in Xz we have

(a) TB,A =TB,A;
(b) rB,A = TB,A-

We have b(zTA) = S 2paD € M, b(zB) = Y, yppD € M,, where
zp,A,yB,p € A. By 11.2, we have

(b(z'4)[|B) = (A||b(=B))
or equivalently (Y, zp,aD||B) = (A]|S., ys.pD). Using 10.6(d), we deduce
Y Trpa&T =Y Yp; a7 € R,
reC red
hence
(€) Tr«B,A =TUB.r-12A
for any 7 € C. We write 2z = ETEC’ z;7 (finite sum) with z, € A. We have
b(ztA) = 2'b'(A) hence 3", 2p aD = 2" S, 7p aD and
(d) £p,a =), 2r€rT7r4D, A
We have b(zB) = zb’(B) hence 3, yp.pD = 23, 75.0D,
(e) yB,D = >, Zr€rTp r—14D-

Using now (c),(d),(e), we see that, for any 7’ € C,
Z Z'rerf(rr’)*B,A = Z ZTGT"A’B,(T*LH*l)*A'
T T

Clearly, 723)(7-717./71)*14 = ’,:(TT,)*B7A' Hence

(f) ZT ZTeTI):(TT/)*B,A = ZT ZTeTIf:(TT/)*B,A'
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Let
~ _1 -~ _1
g1 = E €773, AT - € R >, g2 = E €-Pr«B,AT ~ € Ry >.

T T

(Ru,> as in 9.15.) Then (f) implies zg1 = zg2. Since z is invertible in Ry >, it
follows that g1 = go. This proves (a). The proof of (b) is entirely similar. The
lemma is proved.

Lemma 11.5. The elements A p,TB.A,TA.B,TB,.A in 9.17(b), 9.18(b), 9.19(b),
9.17(d), satisfy for A< A’ in Xz:
(a) ZD;AngA/ TA,DRD,A" = 0aa7,
(b) > p.a<p<ar TADTD.A =044
We prove (a). For any A < B we define 7!y 5 by the system of equations
ﬁA,DﬂJD“A/ = 5A,A/
D;A<D<A’

for any A < A’ in X=. This system of equations has a unique solution and it clearly
satisfies

7Tf4,A = 177Tf4,3 cv 'Z[v™!] for A< B.
It is then enough to show that 7!y p = 74 p for all A < B. From the equalities

(Y dpad)= > dpaA,

AeX=;B<A A€X=;B<A

b'(A) = > #apD,

D>A
(see 9.18, 11.3) we deduce

TB,D = Z TB,ATA,D,
A;B<A<D

or in matrix form, # = #7. In fact, this equation, together with the condition
fiaa = 1,7ap € v 1Zv7] for A < B, characterizes #. Hence it is enough to
show that the matrix 7' satisfies the same equation as #, that is, that

(¢) " = x'f.

From

b'( > FapA)= Y FapA b(A) = 7paD,

A;A<B A;A<B D<A
(see 9.17, 11.3) we deduce

Tp,B = Z TD,ATA,B
A;D<A<B

for any D < B, or in matrix form, # = 7#7. Taking inverses gives 7/ = 7/#~!. Hence
to show (c), it is enough to show that

(d) 7t =7,

Since b’?2 = 1, we have the matrix equation 77 = 1. Thus to prove (d), it is
enough to show that # = 7. But this follows from 11.4(a). This proves (a). The
proof of (b) is entirely similar. The lemma is proved.
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11.6. The pairing M, x M. — A given by m,m’ — 9(m|lm’) (where (m||m’) is
as in 10.6(c)) can be extended to a pairing

MSXMZ—MA

given by m,m’ — > ,mam/y for m =3 ,maA,m' =3 ,, A" with ma,m/y € A.
(See 10.6(d).) We denote this pairing by 9(||) even though (m]||m’) is not defined.
With this notation we can reformulate 11.5 as follows.
Lemma 11.7. For A, A’ € X= we have

(a) O(A<[|AL) = 0a,ar;

(b) O(A<||AL) = ba.ar

With the notation of 11.5, we see that (a) is equivalent to the matrix equation
77 = 1. This is equivalent to the matrix equation 74 = 1, which is just 11.5(a). A
similar argument gives (b).

12. BOUNDEDNESS OF POLES

12.1.  We preserve the setup of 9.1.

Lemma 12.2. For any m,m’ € (M¢)n we have
(a) (m|[t(m")) (t(m)||ml’)T,
(b) (mllt(m”)) = (t(m)|m")T.
From 5.6(a) it follows easily that (w@*¢||¢') = (&||w*¢")T for £,& € &.. This
implies, by 10.6(a) that (b) holds. Now (b) follows from (a) using the equality
(¢) 2(z7)~"t(m) = t(m).
Lemma 12.3. The maps t,t : (M.)m — (M.)n are involutions.
Using 10.6(a) we have t? = ®w*®~ ' ®w*d~! = 1 since w* = 1. By 12.2(c),
t2(m) = t(z(z") 71t (m)) = 27121t (t(m)) = t3(m).
Thus, t? = 1. The lemma is proved.

12.4. Define t; : M, — M. by t1(m) = zt(m) = z't(m).
For m,m’ € M. we have (using 12.2, 12.3)

(1 (m)l[tr(m")) = 22" (6(m)|[6(m")) = 22" (£2(m)[|m")" = 22¥(m][m").

In particular, (t1(A)|[t1(4)) = 227. Hence d(t1(A)||t1(A)) = 9(zz7). Setting
t1(A) = > 9p,aD, we can rewrite this, using 10.6(d):

S b= 0lz=) € L4 v 2]
D
It follows that, for fixed A we have
gp.a € £1 + v~ Z[v~!] for one value of D, denoted by D = A*;
gp.a € v Zv7 for all D # A*.
Thus, t; maps m, into itself and we have t;(A4) = A* mod v~ !'m,. Since t? =
2zt i m, — m, is the identity map modulo v~ m,, it follows that
(A*)* =1 for any A.
Lemma 12.5. (a) For any A < D we have ra.p € v~""%)Z[v]; more precisely,
rap € 14+ v W0 HZ] if D = ko(A*) and ra,p € v~ W) Z[v] if D # ko A*.

(b) For any D < A we have Tp a € v_b(e)Z[v]; more precisely, Tp.a € £1 +
v OFIZ] if D = ko(pA*) and Fp.a € v U TIZ[v] if D # Ko(pA*).
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From 10.6(b) we deduce

(C) kot1ko = ETZ_ltl : M. — M..

The bijection kg : M. — M, extends in an obvious way to bijections x : M< 5
M, k- M> = Mc (inverse to each other).

We write 27! = 37 s 2.7 where 2, € v~ Z[v™!] for 7 € Co,m#1and 2z = 1.

We prove (a). In M< we have

1AW
E TAD/HO _Féog ra,p' D _ﬁo (A4)

= K ((—v) Tt 27 1t1(,<;0(A))) = (—0)!o) (1) " hotiro(A)
_ (—v)l(wo*)z_ltl(A) _ l (wos) ,—1 ZQD AD.

Hence

TA koD = Z(_v)l(wo*)z'rergrfl*D7A'
By 12.4, the right hand side is in v"(*0-)Z[v=1]. The first assertion of (a) follows.
The same argument gives the second assertion of (a).
We prove (b). In Mx> we have

S T aro(D) =Ky Y FpraD’ = kb (A)
D’ D’

= ro((=1)') (—0) ™" p(2T) T (k0 (A)))
— (= 1)1 (<)) p= 5 gty o (A) = (—1)0) (<)) () T4 (4).
Hence
FroD, A = Z(—l)l(wo*)(—U)b(e)Zfefﬁpg(pflr)*D,A-

By 12.4, the right hand side is in v*®Z[v=!]. The first assertion of (b) follows.
The same argument gives the second assertion of (b). The lemma is proved.

Proposition 12.6. (a) For B < A we have np 4 € v~ '(W0)Z[v]. More precisely,
np.a € v WIHIZy] if D # ko(A*) and mp 4 € Hv~HWor) 4yl wo)F1Z ) jif
D = ko(pA*).

(b) For A < B we have 7a g € v-"©Z[v]. More precisely, 7p.a € v~ (1 Z[y]
if D # ko(pA*) and 7a g € +v =06 Ly~ YOFLIZ[y) if D = ko(pA*).

We prove (a). For B < D we have as in the proof of 11.5:

(¢) ™B,0 = > 4.p<a<p TB,ATAD-

For any A in the sum we have mp 4 € Z[v™!] hence T4 € Z[v] and rap €
v~ Hwo)Z[v] (by 12.5(a)). Hence the right hand side of (c) is in v~'(®0+)Z[v]. The
first assertion of (a) is proved. The same argument gives the second assertion of
(a).

We prove (b). For D < B we have as in the proof of 11.5:

(d) Tp,p = EA;DgAgB TD,ATA,B-

For any A in the sum we have m4 5 € Z[v™!] hence 74 5 € Z[v] and 7p 4 €
v~ Z[w] (by 12.5(b)). Hence the right hand side of (d) is in v=*(®)Z[v]. The first
assertion of (b) is proved. The same argument gives the second assertion of (b).
The proposition is proved.
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12.7.  We conjecture that for B € Xg, we have B< € M., B> € M.. Note that
12.6 provides some support for this conjecture by showing that there are only finitely
many powers of v that can appear with a non-zero coefficient in some 7p 4 or in
some 7p 4 (with A variable). In the remainder of this section we develop a method
which shows at least that if all of B< are in M., then all of B> are in M, (and
conversely).

12.8.  Let Ry ine = Z[C]((v™")) be the ring of power series in v~ with coefficients
in the group ring of C over Z. Since Ry = Z[C][v,v™!], we can regard Ry naturally
as a subring of Ry jn¢. By 8.15(b), the elements z, 2T of Ry are invertible in Ry .

Let Mn; be the subset of M consisting of the formal sums m =3 . maA4
(with m4 € A) such that

(a) there exists ng € Z such that v"™my € Z[v™!] for all A € Xz;

(b) for any n € Z, there are only finitely many A € Xz such that v™ appears
with non-zero coefficient in m 4.

Note that M, is naturally contained in M;,; and that the Ry-module structure
on M, extends naturally to an Ry in-module structure on M;y,.

Proposition 12.9. The following siz statements are equivalent.
(1) B> € My, for all B € X=;
(2) B< € My, for all B € X=;
(3) B> € My, for all B € Xz=;
(4) B< € My for all B € X=;
(5) B> € M, for all B € X=;
(6) B< € M, for all B € X=.

Since B< = 2B< and z is invertible in Ry int, we see that (2),(4) are equivalent.

Since B> = 2 B> and 2! is invertible in Ry in¢, we see that (1),(3) are equivalent.

We show that (1),(5) are equivalent. Trivially, if (5) holds, then (1) holds.
Assume now that (1) holds. Let B € X=. By (1) there are only finitely many A
such that v™ with n € [—I(wo«), 0] appears with non-zero coefficient in 75 4. By
12.6(a), if n ¢ [—l(wos), 0], then v™ appears with coeflicient in 75 4 for any A. It
follows that B> € M. and (5) holds.

Similarly, (2),(6) are equivalent. Thus, (1),(3),(5) are equivalent and (2),(4),(6)
are equivalent.

We show that (6) implies (3). Since (6) is assumed to hold,

(a) for any B, the set {A|7a g # 0} is finite.

We show that

(b) for any A, the set {B|7a,p # 0} is finite.

We can find a finite subset By, Bs, ..., By, of Xz so that any B € Xz is of the
form 7 * By for a unique k € [1,m] and a unique 7 € C. To show (b) we must
show that {(k,7)|Ta,r«B, # 0} is finite. From the definitions we have 74 r.p, =
Tr-1x4.B,- Thus we must show that Z = {(k,7)|T;-1.4,5, # 0} is finite. If
(k,7) € Z, then using (a) for B = By, we see that 771 * A must belong to a fixed
finite set. Hence 7 must belong to a fixed finite set. Hence Z is finite and (b) is
proved.

Let D € Xz and let any n € Z. Let Yp ,, be the set of all A € Xz such that v
appears with non-zero coefficient in #p 4. If n > 0, then Yp,, = 0. If n =0, then
Yp.n = {D}. Assume now that n < 0.
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From 11.5(a) we see that

Apa =Y (1) a9 FA1 45 - Fa, 1 A,

where the sum is taken over all sequences Ag, 41, ..., A, in Xz such that A = Ay <
A; <--- < A, = D. Note that each pa; 4,,, is in v 1Z[v™1]. Hence, if A € Yp ,,
then in the sum above we may restrict r to be in [0, —n]. By (b) there are only
finitely many sequences Ag, A1, ..., A, in Xz such that r € [0,—n], A, = D and

TAg, A1 T AL As -+ TA, 1,4, # 0.

Since A = A for such a sequence we see that A is in a fixed finite set. Thus, Yp ,, is
finite for any D,n. We see that D> € M,,;. We have thus proved that (6) implies

(3).

An entirely similar proof shows that (5) implies (4). The proposition is proved.

13. EXAMPLE OF AN ELEMENT OF BjB:e

13.1.  We return to the general setup of 1.8. We consider the following conditions
on (e, h, f):

(a) there exists a parabolic subalgebra ¢’ of g such that e is in the Richardson
orbit in ng;

(b) e is regular in a Levi subalgebra of some parabolic subalgebra of g.

For example, (a),(b) certainly hold if G is of type A.

In the remainder of this section we will assume that (a),(b) are satisfied. We
choose a parabolic subalgebra p as in (b) and we define K', W' W) in terms of ¢’
in the same way as K, W™ W, were defined in terms of p in 6.1, 6.14.

13.2.  Let Y’ be an irreducible component of B.. Since 3 is partitioned into locally
closed subvarieties 3., which are irreducible of dimension b(e) and Y” is a projective,
irreducible subvariety of 3 of dimension b(e), there exists a unique w € W, such
that 3,, is an open dense subset of Y.

The map Y/ — w is an injective map from the set of irreducible components of
B, into W,.

13.3. Let Y = {b € BJb C q'}. From 13.1(a) it follows that Y is an irreducible
component of B.. We can find an H-equivariant line bundle £ on Y such that
L ® L is isomorphic to fQ where () is the canonical line bundle of Y and f € H.
Moreover, £ is unique up to multiplication by an element in H.

By 13.2, there is a unique w € W, such that 3,, is an open dense subset of Y.

Lemma 13.4. For any i € K' we have Tgié =oL.

The proof is along the lines of the proof of [L6, 3.8].
In the remainder of this section we assume that G is adjoint.

Lemma 13.5. Let w € W, be as in 13.3. We can normalize L uniquely so that
®: ¢ 5 (mo)m carries L to (—1)1(“’)*‘1’(6)“’71148' plus an Ry -linear combination
of elements 7“PIA(')" with w' € Wy, w' < w.

The image of £ under Ky(3<w) — Kg(3w) (inverse image under the open
imbedding 3, C 3<.) is just the restriction of the line bunde £ to 3,,. Using 6.3,
we see that any H-equivariant line bundle on 3,, is of the form f©O3, for some
fe H. Replacing if necessary £ by f~'£, we may assume that the image of
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L under Kg(3<w) — Ku(3w) is v"@v=1®) p9O5 . By the proof of 8.9, we have
TwO3, € Ki(3<w) and the image of this element under K (3<w) — Ki(3w)
is (—v) "M@ QO3 . Thus, £ — (=1)"®)€) pT,, O3, is in the kernel of K (3<w) —
K (34) hence it belongs to Kg(3<y); it is then an Rp-linear combination of
elements of the form T,,9O3, with w’ € W,,w’ < w (again by the arguments in
8.9). Now T,,03, is equal to T;LD;,I plus an A-linear combination of elements
Tuj,l,lﬂgl with w' € W,,w' < w. It follows that £ equals (—1)l(w)vb(e)pf7;,1193l
plus an Ry-linear combination of elements vb(e)pTuj,l,ngl with w' € W,,w' < w.
Now the result follows from 10.2.

Lemma 13.6. Let m' = Zw,eW* G’ (“JHIAS') € M, where g, € Ryg. Leti € 1.
The following two conditions are equivalent:

(a) T,,m = vm;

(b) Gojuw = VG for any w € W, such that l(o;w) = l(w) — 1 and g, = 0 for
any w' € Wy such that l(o;w') = l(w') + 1, 00w ¢ W,.

The proof is along the same lines as that of 8.14.

13.7.  We consider the following property of K, K':
(a) dim{m’ € (M,)x|T,,m’ =vm’ Vie K'} = 1.
One can show that this property is satisfied if G = PGL,,.
In the remainder of this section we assume that (a) is satisfied for our (e, h, f).

13.8. Let w € W, be as in 13.3. Let m = (—1)+b)d(L) € M.. (We assume
that £ is normalized as in 13.5.) By 13.4, 13.5, we have

(a) m="""Af + D €W < gu (VT AY), where gu € Ry,

(b) T,,m = vm for any i € K.

Lemma 13.9. (a) w has mazimal length in W'w.
(b) Ww C W,.

We prove (a). We write m =3 oy gw/(wlflAar) as in 13.6. It suffices to show
that I(o;w) < l(w) for any i € K'. Assume that i € K' and l(oyw) = I(w) + 1.
Since g, # 0, we see from 13.6(b) that o;w € W, and that g,,., = v~ 1g, # 0. This
contradicts 13.8(a).

We prove (b). We show that y € W, for y € W'w by descending induction on
I(y). Our claim is true in the case where y has maximal length in W'w by (a).
Assume now that y € W,,Il(y) < l(w). We can find i € K' such that I(o;y) =
I(y) + 1. By the induction hypothesis we have o;y € W,. This implies y € W,. (In
general, if y' € W, and o;y’ <y’ then 0,3y’ € W,.) The lemma is proved.

13.10. Using 13.7(a), we see that the vector m in 13.8 is proportional to the vector
D rew! o!® ()™ A%) which belongs to the space in 13.7(a), by 13.9(b) and 13.6.
Since “flAar appears with coefficient 1 in both vectors, we see that

(a) m = Yo o' (07 AF).

13.11. From 13.7(a) we see also that
(a) w is the unique element of W, such that w has mazimal length in W'w.
Indeed, if w' € W, has maximal length in W'w’, then Y, ;- ol ()70 A
would again be a vector in the space in 13.7(a), hence it would be proportional to
m, which forces w = w’.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



342 G. LUSZTIG

Lemma 13.12. b(m) = v~ 2,

From the H-semilinearity property of b : (M), — (Mc), we see easily that b
maps the space in 13.7(a) into itself. In particular, we have b(m) = fm for some
f € M. Since b maps M, into (z7)"'M,, we must have f € (/)" 'Ry. Then
the equality B(m) = fm implies the equality B'(m) = fm in M<. Let wj be the
longest element of W'. Since I(w)) = b(e), we have m = v*(€) (®o®) ™" AF) plus an
A-linear combination of alcoves A" < (wéw)71A3' .

Using 9.16(b), we deduce that b’(m) = v~ ((wéw)flAar) plus a formal A-linear
combination of alcoves A’ < (Wow) ™" A%

Using now b/(m) = fm and comparing the coefficients of (wéw)flAar , we see that
v~ = f4%(€) The lemma follows.

Theorem 13.13. (a) We have v="®)m = B< where B = (wéw)flA{f.
(b) We have v~ L € Bgﬁ.

From 13.10(a) we have

v MO = 7 OO 48y € By p i,
tew!

from 13.12, we have b(v="¢)m) = v=%()m. This proves (a). Now (b) follows from
(a), using 10.7(c). The theorem is proved.

14. A CASE WHERE THE (H, Ry )-MODULE Ky (B.) IS CYCLIC

14.1. In this section we assume that (e, h, f) satisfies 13.1(a),(b). In fact we shall
assume that, in addition, the following strengthened form of 13.1(a) holds:

(a) there exists a homomorphism ¢ : C* — G with corresponding weight de-
composition g = P, c,5 9" such that, if we set ¢’ = @, ¢g" (with corresponding
subgroup Q'), W' = @, ., 9", then e € g>, h € g%, f € g2
open Q’-orbit in n’.

It is likely that this automatically holds in the presence of 13.1(a),(b). It certainly
holds if G = SLy. (See 14.12.)

and e is in the unique

14.2. Let ¢, q',n',I' = g° be as in 14.1(a). Let

Z(e;h, ) = {(g,)) € G x C*[Ad(g)e = Me, Ad(g)h = h, Ad(9)f = \*f},
Z(e,h, f) ={g € G|Ad(g)e = e, Ad(g)h = h,Ad(g)f = [}
We have an isomorphism
(a) Z(e,h, )° x C* = Z(e, b, f)°

given by (g,A) = (g(A), A). N

Note that T1 = {(¢(A), \)|A € C*} C Z(e, h, f)°. Also To = {(#(N),\)|A € C*}is
in the centre of Z(e, h, £)°. Under (a), Ty corresponds to 1 x C* and T} corresponds
to a one-dimensional torus T} in Z(e,h, f)? x C*. Now T is contained in some
maximal torus of Z (e, h, f)° x C* (necessarily of form C x C* where (' is a maximal
torus of Z(e, h, f)?). We shall assume that C' in 1.8 is the one just considered. Then
T, C CTy, hence

(b) «(C") C CH(CY).
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Now let [ be the centralizer of C' in g and let p be any parabolic subalgebra of
g with Levi . We have e, h, f € [. Condition 13.1(b) implies that e is regular in [.
Thus, p, [ are as in 8.1.

14.3. Asin 13.1, let K', W', W), < be defined in terms of q’ in the same way as
K, W* W,, < were defined in terms of p in 6.1, 6.14. We define a partition

Be: |_| Be;wa

weW,

where B, ,, is the set of all b € B, such that, for some b’ € B,b’ C ¢, the relative
position of b, b’ is w.

Since e is a Richardson element of n’ (see 13.1(a)), we can apply [DLP, 3.2, 3.3]
and we see that

(a) each By, is smooth of pure dimension b(e).

Let Be7§w = Uw1€Wy;w1<w B€7wl7 Be,<w = Be7§w - Be;w'

Again, since e is a Richardson element of n/, H stabilizes q’; it follows that
Be,w, Be,<w, Be,<w are H-stable subvarieties of B.

14.4. Let w € Wi,i € I be such that o,w = w’ < w. Then w’' € W, and we can
define ¢ : By — Be,w as follows.

Let b € Be,,. There is a unique b’ € B such that b, b’ are in relative position
o; and b’,b” are in relative position w’, for some b” € B,b” C q'. Since e € ¢,
exp(e)b’ satisfies the defining properties of b’, hence it is equal to b’. Thus, e € b/,
hence b’ € B, .. This defines (.

Since b, b’ both contain e and are in relative position o;, it follows that any
point on the ¢-line in B containing b must contain e. Hence that line (minus b’)
is contained in B.,. Thus, ¢ is a line bundle over its image, a closed smooth
submanifold of Be ., of pure codimension 1. Since Be ), Be o are smooth (14.3(a)),
the map ¢* : Kg(Bew) — Kpu(Bew) is well defined.

Lemma 14.5. (* is surjective.

By an argument like the one in 1.13(a),(b), we see that Be ), Be . are vector
bundles over Bé(g ),Bb(c )

e,w’

. We are reduced to showing that

J* Ku(BU)) = Ku(BLS7)
is surjective, where j : Bé(s RN BQSS,*) is a natural imbedding (of smooth projective
varieties) induced by ¢. Note that the fixed point sets of .(C*) are H-stable, by
14.2(b).

Now j*, j. are adjoint with respect to the bilinear forms 1.5(a) for these two
varieties, and these bilinear forms are perfect, by 1.7(c) (since the H-action on
both varieties has only finitely many fixed points, by 13.1(b)). We are therefore

reduced to showing that j, : KH(BéSs*)) — KH(BQSS,*)) is injective. But after
tensoring with R over Ry, it is certainly injective since for the fixed point sets of
H we just have the inclusion of one finite set in another finite set. Since our K
groups are free over Ry, the map is also injective before tensoring. The lemma is

proved.
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14.6. In the setup of 14.4, B <, is an i-saturated subvariety of B.. Hence r; :
Ky (Be,<w) = Ku(Be <w) is defined. As in 7.5, there is a unique Ry-linear map

f : KH(Be;w’) - KH(Be,w)
such that the composition

KH(Be,Sw’) - KH(Be;w’) L’ KH(Be;w)

(where the first map is inverse image under Be v C B¢ <) is equal to the compo-
sition
K (Be<w) = Kn(Be,<w) = Ki(Be,<w) — Ki(Be,w)

(where the first map is direct image under Be <. C Be < and the third map is
inverse image under Be ., C Be,<w)-

Lemma 14.7. f =v~I(¢*.

The proof is similar to that of 7.6(a). It is based on the fact that the intersection
in A x A (smooth of dimension 4v) of the subvariety Z; (smooth of dimension
2v) with the subvariety A X Bc,, (smooth of dimension 2v + b(e), by 14.3(a)) is
transversal: it is Be , (smooth of dimension b(e), by 14.3(a)). The lemma follows.

14.8. We regard Ky (B 1) as a subspace of Ky (B.) via direct image under Be 1 C
Be.

Lemma 14.9. The H-module K (B.) is generated by Kg(Be.1).

The proof is entirely analogous to the proof of surjectivity of the map 7.10(d),
given in 7.11; instead of using 7.6, we use 14.5, 14.7.
In 14.10, 14.11, we assume that G is simply connected.

14.10. We have B.; =Y (see 13.3). Note that the subspace K (Be 1) of K (B.)
is stable under the operators 0, : Ky(B.) — Kg(B.) with x € X.) Let L be
an H-equivariant line bundle on B.; =Y as in 13.3. By [L5, 7.8(c)], for any H-
equivariant line bundle £" on B, 1, the Ry-module Ky (B, 1) is generated by the
elements 0,£" with x € X. (It is here that the simply connectedness of G is used.)
In particular, this holds for £’ = L. Hence from 14.9 we deduce the following result.

Theorem 14.11. The (H, Ru)-module Kg(B.) is generated by L.
Lemma 14.12. If G = SLy, then condition 14.1(a) is automatically satisfied.

Let G = SL(V), where V is an N-dimensional vector space over C. Let ¢ :
V — V be a nilpotent endomorphism. Define aj,as,as,... by a; = dimkere —
dimkere/~!. Then a; > ay > az > ... and a; +as + --- = N. Consider a direct
sum decomposition V =V, ® Vo @ ... with dimV; = a;. For j <0 we set V; = 0.
Let q' C 5((V) be the stabilizer of the filtration V4 € V3 @ Vo C .... Tt is well
known that e belongs to the Richardson orbit in n’ = nq. We grade g by g =
{T € sl(V)|T(Vjyn) C V; Vj} and g***1 = 0. Then @,~,0" = ¢, P, 0" =1’
In g? we can find T such that T restricts to an injective map Vji; — V; for
j €l,n—1] and T(V1) = 0. We have dimkerT = a;,dimker T? = a; + as, etc.
Thus dimker 77 = dimker ¢/ for all j hence T € Ad(G)e. But Ad(G)e Nn’ is the
Richardson orbit in n’. Thus, T belongs to the Richardson orbit in n’. By a known
graded variant of the Morozov-Jacobson theorem, there exists 7" € g=2, 17" € g¢°
such that T, T, T" is an slo-triple. Note that (e, h, f) is in the G-orbit of T, 7", T".
Thus, condition 14.1(a) is verified. The lemma is proved.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



BASES IN EQUIVARIANT K-THEORY. II 345

15. RELAXING THE SIMPLY CONNECTEDNESS ASSUMPTION

15.1. In this section we assume that G is adjoint. Let 7 : G — G be a simply
connected covering of G. We assume that (e, h, f) satisfies conditions 13.1(b),
14.1(a), 13.7(a) relative to G. Let q’,p be as in 14.1, 14.2. What in 14.2 was denoted
by C will now be denoted by C, and we set C' = W(C) =CxC*H=CxC
The notation X, H will refer to G; the analogous objects for G will be denoted by
X,H. Note that X may be naturally identified with a subgroup of X and H may
be naturally identified with a subalgebra of H.

The finite group X = X /X acts on W (see 9.1) by Coxeter group automor-
phisms (¢, w) — ‘w as in [L5, 1.3].

The results in [L5, §1] give us an imbedding ¢ — T, of X into the group of
invertible elements of H such that ¢ ® h — T,h defines an isomorphism

AX] @4 H S H

and TLHTL_l = H for all . € X. More precisely, TLTSTL_l =T, forse€S.
For any x € X we denote by z the image of z in X.

15.2. By 1.17(a), we have canonically
(a) Ry ®ry Ku(Be) = Kg(Be).
In particular, Ky (B.) may be naturally identified with a subgroup of K (B.).
Let T" be the kernel of the canonical map H — H or equivalently the Akernel of
the canonical map ¢ — C. Let I' = Hom(T',C*). For any w € I' let C\, (resp.

H w) be the set of characters of C (resp. H ) whose restriction to I' is w. We have
a direct sum decomposition (as an Ry-module)

Rg =Ry,

wel

where Ry , is the subgroup of Ry spanned by H, (in particular, Ry , = Ru) .
Combining this with (a) we obtain a direct sum decomposition (as H-modules)
(b) KH(Be) = @wef KH(Be)w
where K (Be)w = R, Kn(Be) (in particular, Kz (Be)1 = Ku(Be)).
_ Let z — [2] be the homomorphism X — C with kernel Xk defined as in 8.2 (for
G instead of G).
Let  — [[z]] be the composition X — C' — I’ where the first map is 2 — [z]

and the second one is restriction of characters.

Lemma 15.3. Let x € X. We have
(a) [2]Kg(Be)w C Kpg(Be)oz)):
(b) 6 Kg(Boo © K (Be)u-a])i
(c) T, Ky (Be)w C KH(BG)W[[—IH'

(a),(b) f

have
(d) 0_p = h,Ty

where h, € H is invertible.

ollow from the definitions; (c) follows from (b) since, by [L5, 1.10], we
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15.4. Let Y C B be as in 13.3. We have K5(Y) C K5(B.), Ka(Y) C Ku(B.)
and the direct sum decomposition 15.2(b) induces a direct sum decomposition

(b) Kg(Y) = @er K(Y)e
where Kz (Y), = Rg ,Ku(Y) (in particular, K5 (Y)1 = Ku(Y)). The operators
[#],0, : Kz(B.) — Kg(B.) map K;(Y) into itself (z € X) and from 15.3 we
deduce that
[CE]KH(Y)M C KH(Y)w[[r]]a
0. K3 (V) C K (Y)o)-

for z € X. In particular, [#]§_, maps K 7(Y); = Ky(Y) into itself for = € X.
Let £’ be any H-equivariant line bundle on Y. We shall need the following result.

Lemma 15.5. The Ry-module Ky(Y') is generated by the elements [2]0_,L" for
various * € X.

Let 77 be a maximal torus of G containing C' and contained in the parabolic
subgroup of G corresponding to q'. Let Ty = m(Ty). The H-action (resp. H-action)
on Y is the restriction of the natural action of Ty x C* (resp. Ty x C*)on Y. It
is then enough to prove a statement analogous to that of the lemma in which H is
replaced by T7 x C*. That statement can be deduced from [L5, 7.8] (or rather, its
obvious extension to the case of a reductive group with simply connected derived

group).

Lemma 15.6. Let L € Ky (Be) be as in 13.5. The (K, Ry)-module Kp(B.) is
generated by the elements [x)0_,L for various x € X.

This follows immediately from 14.9 and 15.5.

15.7. We define an action of X on K 7 (B.) by
(a) w: €= w0 = [](Tat)
where Tl acts by the H-action and [z] acts by the Rj-module structure. From 15.3

we see that this restricts to an action of X on K (B.).
We can now state the following variant (for adjoint groups) of Theorem 14.11.

Proposition 15.8. Let L € Kpu(B.) be as in 15.5. Then the elements x o L (for
various © € X ) generate the H-module K (Be).

Let £ € Ky (B.). By 15.6 we have
§= Z hz,z’[zl][x]o—zé
wE/\;,w’EX

where hy ,» € H are 0 for all but finitely many z,2’. Using now 15.3(d), we obtain

&= Z hm,m’[xl][x]hw,—flé = Z ha by [x/] [;U] Nié

€X' EX zEX ' EX
, -
= E hw,w’hw [!E + x]Tw—i-w’éa
2EX 2’ EX

since ' = 0. The proposition is proved.
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15.9. For z € X, the map i, : £ — z o0& of Ky (B,) into itself is Ry-linear and H-
semilinear with respect to the automorphlsm of H given by conjugation by T in H.
Hence it extends to an JR-linear map £, of &, into itself which is again H-semilinear
as above.

15.10. In the setup of 9.1, we may identify X with the set of vectors z € V
buch that &;(z) € Z for any ¢ € I. The definition of the action x — v, of X on
= and Xz (see 9.2) extends without change to a definition of an action  — 7,
of X on Z and X=. For # € X we define an A-linear map ¢, : M. — M, by
ty(A) = (—1)"x @, (A). This is well defined since p)(z) € Z, by 8.3(b). Note
that = — t, is an action of X. The map t, : M. — M, is Ry-linear and H-
semilinear with respect to the automorphism of H given by conjugation by Tg in
H. Hence it extends to an PR-linear map t, of (M.)m into itself which is again
‘H-semilinear as above. Using the (absolute) irreducibility of the H-module (M,)m,
it then follows that the map ®,®! : (M,)s — (M,)s must be a multiple of the
map 7, : (M) — (Mc)s. Thus, ®t,@~" = fyt, for some f, € R — {0}. Clearly,
x v f, is a homomorphism X — R — {0}. For x € X both the action ¢, and #,
are given by the Ry-module structures. Hence f, = 1 for z € X. Thus, z — f,
factors through a homomorphism X /X — %R—{0}. Since X' /X is finite and R — {0}
contains no roots of 1 other than =+1, it follows that f, = +1 for any z € X.

15.11. Let M. be the H-submodule of M, generated by the elements
tw( Z Ul(t ((tw A+))

tew!

where 2 runs over X and w is as in 13.11(a). Let M” be the set of all m’ € (M,)n
such that (mq||m’) € Ry for all m; € M.
The following result describes Ky (B.), Kg(A.) in an almost combinatorial way.

Theorem 15.12. (a) ® maps Ky (B.) isomorphically onto M.,.
(b) ® maps K (A.) isomorphically onto M.

(a) follows from 15.8, 15.10, and the results in §13. To prove (b), it is enough to
show that the pairing (||) : Kg(Be) X Kg(A.) — Ry is perfect. This follows from
8.1(a), since (]|) is obtained by twisting (:) using some transformations which are
invertible over Ry . The theorem is proved.

15.13. In addition to the assumptions in 15.11 we make the following assumption:

(a) For any B € Xz we have B< € M.; moreover, { B<|B € Xz} is an A-basis
of M.

(It is likely that (a) follows automatically from the assumptions in 15.11.) We
show that, in this case, Conjecture 5.12 holds for (e, h, f) except possibly for 5.12(g).
Using 15.12(a), 10.7(a),(c), we see that Bi = o 1{:l:B<|B € X} and that this
is a signed basis of the A-module Ky (B, ) Thus, 5.12(a) holds in our case. By
12.9, we have B> € M, hence B> € (z')"'M, for all B. By (a) and 11.7(a),
{B>|B € Xz} is an A-basis of M”. Using 15.12(b), 10.7(b),(d), we see that
Bi = & 1{+B>|B € X} and that this is a signed basis of the A-module Kp(A.).
Thus, 5.12(b) holds in our case. The argument above also yields 5.12(e),(f). Now
5.12(c),(d) follow from 10.10; 5.12(h) holds by 8.20.
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16. EXAMPLES

16.1. By [L6], Conjecture 5.12 holds for e subregular nilpotent in G of type D,
or E,. In this section we give a number of examples where the arguments in 15.13
can be applied, yielding most of the statements of 5.12. In these examples G is
adjoint and (e, h, f) is as in 8.1.

16.2. In this subsection we assume that e = h = f = 0. Conditions 13.1(b),
14.1(a) are trivially satisfied; we may take K = (), K' = I. Condition 13.7(a) is also
satisfied. Condition 15.13(a) holds by results in [L1]. Hence by 15.13, conjecture
5.12 holds in this case except possibly for 5.12(g).

16.3. Assume now that k is an integer > 1 and V is a C-vector space of dimension
N > 2k. Let G = PGL(V) so that g = sl(V'). Assume that (e, h, f) is as in 8.1 such
that e has exactly two Jordan blocks, of sizes k, N — k. Note that the assumptions
of 15.1 are satisfied in this case. (See 14.12.)
In this case, the alcoves in Xz can be indexed by sequences (a;);cz with a; € Z
such that
(a) a; < aij+1 and a;yp = a; + N for all 4.

Let A(,,) be the alcove corresponding to (a;). Moreover, we may identify S = Z/NZ
so that the H-module structure on M, is described as follows.

Assume that (a;), (a}),n are such that for some residue class v (modulo k) in Z
we have

(b) a}=a;+1,a;,=n mod Nifi€~anda;,=aqa;ifi¢n.

Then TnA(ai) = A(a;) and TnA(a;) = A(ai) + (U — U_I)A(a(i).

Assume that (a;),n are such that there is no (a) so that (b) holds. Then
TnA(aq;) = —’U_lA(ai).

Assume that (a}),n are such that there is no (a;) so that (b) holds. Then
TnA(a;) = —U_lA(a(i).

For any A € Xz, the elements A< can be computed explicitly, at least if k& €
{1,2,3}. The result is as follows.

Case k = 1. Let A= A(,,). Then

AS = A(...ao...) + U_lA(...ao—l...)-
Case k = 2. Let A= A(,,) be such that a;11 —a; > 2 for all i. Then
Ac = Al apar) VA w1010 F VT A agan—1.) T O TP A ao—1,a1-1...)-

Let A = A(,,) be such that a; = a,a;+1 = a+ 1 for some i. Then

Ac=A¢ aar1. )+ AL amta41.) F 0 A a0 ) FUTPAC 201y
Case k = 3. Let A= A(,,) be such that a;11 —a; > 2 for all i. Then

AS = A(...ao,al,ag...) + U_lA(...ao—Lahag...) + U_lA(...ao,a1—l7a2...)

+ v_lA(...ao,al,ag—l...) + v_2A(...ag—1,a1—l,a2...) + v_2A(...ao,a1—1,a2—1...)

-2 -3
+U A(...ao—Lal,ag—l...) +U A(...ao—l,al—Lag—l...)'
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Let A = A(,,) be such that for some i, a; = a,a;41 =a+1,a;-1 =b<a—3,a;42 >
a+ 3. Then

Ac = A baat1.) FV T AL b1aa41) TV A bastat1.)

+ v_lA(..,b,a—Za...) + ’U_ZA(...b—l,a—l,a...) + ’U_ZA(...b,a—Za—l...)
+ 02 A bmt,a-2,0.) F VTP A b—1,a-2,0-1...)-

Let A = A,,) be such that for some i, a; = a,a;41 = a+1, a;—1 = a—2,a;12 > a+3.
Then

AS = A(...a—Q,a,a+1...) + U_lA(.,.a—3,a,a+1.,.) + U_lA(...a—2,a—1,a+1...)
+ U_lA(...a—4,a—27a...) =+ U_2A(...a—37a—1,a+1...) =+ U_2A(...a—4,a—27a—1...)
+ U_2A(...a—4,a—3,a...) + ’U_BA(,..a—4,a—3,a—1...)'

Let A = A(,,) be such that for some i, a;—1 =a —1,a; = a,a;+1 = a+ 1. Then

A< =A( a-1aa+1...) + U_lA(,,,a—2,a,a+l...) + U_lA(...a—B,a—l,a+1...)
+ U_lA(...a—4,a—1,a...) + U_2A(,,,a—3,a—2,a+1...) + v_zA(...a—4,a—2,a...)
+ U_2A(...a—4,a—37a—1...) + U_BA(...a—47a—3,a—2... ).
In particular, A< € M, for all A. Using the formulas above one can check that

we also have A< € M/ (notation of 15.11). Hence the arguments in 15.13 are
applicable, so that conjecture 5.12 holds in this case except possibly for 5.12(g).

16.4. Let V be a C-vector space of dimension 2N > 6 with a given symmetric
perfect bilinear pairing (,) : V x V — C. Assume that G = SO(V)/ £ 1, so that
g =s0(V). We list the elements of I as
123.. N-1
1

where 03, 0; do not commute if ¢, j are adjacent elements in the same row or column
and 0;, 0; commute, otherwise. Let (e, h, f) be as in 8.1, such that with the notation
of 8.1, we have K = I — {N — 1}. Then e : V — V has one Jordan block of size
2N — 3 and 3 Jordan blocks of size 1. Thus e satisfies condition 13.1(b).

We show that (e, f, h) satisfies condition 14.1(a). Consider a direct sum decom-
position

V=V_N12BV_Ni3s®.. 0V 10V EVIB...H VN_q,

where dimVy = 4,dimVy, = 1 for +k € [1,N — 2], such that (Vi, Vi) = 0 for
k+k #0. We set Vi, =0 for |k| > N — 2. We define

g*" ={T € so(V)|IT(Vj4n) C V; Vij},
g27’L-|—1 — 0

Then g = €P,, g" is a grading of the Lie algebra g and q' = €p,,~, g" is a parabolic
subalgebra. It consists of all T' € g such that, for any k, T maps V1 @ Vo @ ... dVj,
into itself. The nil-radical of q" is n’ = €p,,~, 9" It consists of all T' € g such that,
for any k, T maps V1 @ Vo & ... 5 Vi into V1 @ Vo @ ... B Vi_1. It is easy to see
that e belongs to the Richardson orbit in n’.

In g? we can find T € so(V) such that the following holds: there exists an
orthogonal direct sum decomposition Vo = Vj @ Vi’ with dimVy = 1,dim V" = 3
such that T(V{') = 0 and T restricts to isomorphisms Vj11 — V; for j € [-N +
2,—2]U[L,N — 3] and Vi & VI 5 V..
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Clearly, T € Ad(G)e. But Ad(G)e Nn’ is the Richardson orbit in n’. Thus, T'
belongs to the Richardson orbit in n’. By a known graded variant of the Morozov-
Jacobson theorem, there exists T € g=2, T’ € g" such that T, T/, T"” is an slo-triple.
Note that (e, h, f) is in the G-orbit of T, T, T". Thus, condition 14.1(a) is verified.

With the notation of §13, we have K' = {1,1’}. Tt is easy to see that K, K
satisfy the condition 13.7(a). Thus the assumptions of 15.1 are verified in our case.

The alcoves in Xz can be labelled as

Ap, (n€Z), and A, (n€Z,n=1 mod N —1),

in such a way that 4,, < A, for any n and 4,1 < A/, < A,y for any n =1
mod N — 1.
The elements B< can be computed for any alcove B. They are given

(An)< =An+ v ' Ap 1+ v " Apangs + 02 AL onso,
(A< =A, +v " A1 + v Ap_ongs + 0 2 Ap_ange,
ifn=1 mod N —1,
(An)< = An + v A, 1+ v_lA;L_l + v 24, o,
ifn=2 mod N — 1,
(Ap)< = Ap +v Ay + o M Apngg + 0 2 A,

if24+(p-1)(N-1) <n < 1+pN—-1), and n” is given by (n” +n)/2 =
1+ (p—1)(N —1). In particular, B« € M.. Using the formulas above one can
check that we also have B< € M, (notation of 15.11). Hence the arguments in
15.13 are applicable, so that Conjecture 5.12 holds in this case except possibly for
5.12(g).

16.5. The elements B> can be computed for any alcove B. They are given by:

(An)> = A, + Z (—0) P Ange + (—0) N (Apsn-1 + AL v_q)
te[1,N—2]

Y T A+ ()R

(An)= = A, + Z (=) Appe + (o) N (Angnn + AL pv)

te[l,N—2]
+ (—0) N A v+ (<o) PN A o,
te[1,N—2]
ifn=1 mod N —1,
(An)> = (—v) " Apge + Z (—v) " At
te[0,2N —3] te[1,2N—2]
+ Z (_U)_tA;H-t + Z (_U)_tA’/n,/-‘,-t?
te[0,2N—3] te[1,2N—2]
n+t=1 mod N—1 n'4+t=1 mod N—1

if1+(p—1)(N—1) <n <1+4+p(N—1)and n'is given by (n'+n)/2 =14+p(N-1).
Using these formulas and 10.9 we see that Conjecture 5.12(g) holds in our case.
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17. CONJECTURES

17.1. We return to the setting in 1.8. We assume that G is of adjoint type. Let
(We,8), Ty € H: H — H be as in 9.1. For any w € W, let ¢/, be the unique
element of H such that &, = ¢, and ¢, = T, mod v~ > yewa Zv T, Let
a: W*» — N be the function defined in [L3, I]. Consider the largest number ag
such that ¢}, : Kg(B.) — Kp(B.) is non-zero for some w € W% with a(w) = ao.
It is known [L3, IV] that the two sided cell ¢ containing such a w is well defined
(it depends only on e) and that ag = b(e). For any right cell R contained in ¢, we
set Kp(Be)f =3 er Cw(Ku(Be)n). According to [L3, I11, 3.7], we have a direct
sum decomposition

(a) Ku(Be)w = @p(Ku(Be)st)

where R runs over the right cells in ¢. We conjecture that

(b) any element of Bge is contained in one of the summands in (a).

This would give us a map

(c) Ba — set of right cells in ¢

If we assume 5.12(a) and 5.16(a) we see (by 5.17) that (c) factors through a
surjective map

(d) Ba — set of right cells in c.

We conjecture that the finite set B?E (which carries a natural action of the
(finite) group of components of the centralizer of e) is the set Y which appears in
[L3, IV, 10.5]. In particular, we expect that the orbits of the finite group above are
precisely the fibres of the map (d).

17.2.  Assume that G is adjoint. Let g’ be the Lie algebra of an adjoint algebraic
group of the same type as G, but over an algebraic closure k of the field with p
elements (p sufficiently large). Let x be a nilpotent element in g’ of the same type
as e € g. Let C, be the abelian category considered in [L5, 14.1]. Its objects are
modules over a k-algebra U, of dimension of p3im8 which are at the same time
modules over a torus with the same character group as C. We fix a generic block
of this category. Let I be an indexing set for the simple objects in this block. Note
that C' acts naturally and freely on I. For i € I, let L; be the corresponding simple
object of Cy and let @Q; be the indecomposable projective cover of L;. Forie I we
have Q; = Ei,el n4 i Ly in the appropriate Grothendieck group. Here n; 3 € N are
0 for all but finitely many i’.

We conjecture (cf. [L7, 2.4]) that there exists a bijection ¢ : I = Bi/ + 1 which

is compatible with the natural free C-actions on the two sets, such that
(a) iy = [0(VeCHIICH))v=-1]

for all i,i" € I. (This conjecture is a revised form of [L5, 14.5].)

The category C, admits a quantum analogue (in characteristic 0) in which instead
of g’ one uses a quantum group (as in [DK]) at a root of 1. T expect that exactly
the same formalism as in the conjecture above applies in this quantum case.

17.3.  Assume now that (e, h, f),[,/W* are as in 8.1. In this case, we can assume
that I = Xz (as in 9.2, 9.4). Hence L4, Q4 are defined for A € Xz and ng 4 € N
are defined for A, A" € X=. Moreover, we can consider for each A € Xz, the
corresponding “baby Verma module” Z4 with simple quotient L. We conjecture
that
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a) (: Xz = B} /& is given by ®(((B)) = B> (see 10.7(b)),
b) Z4 = ZB’;AZB’ 7w, A(—1)Lp and

(c) Qs = ZA;AZB W*|rp,.a(=1)Za4,
for any A, B € Xz in the Grothendieck group of our block. Here mp 4 is as in
9.17(d). (In particular, the sums (b),(c) should have only finitely many non-zero
terms.)

We show that this conjecture implies the conjecture 17.2(a) (in the present case).
Indeed, assuming that (a),(b),(c) hold, we have

QB:Z|W*| Z WB)A(—l)’]TB/7A(—1)LB/.
B’

A;A>B;A>B’
We note that |W*| = V, (—1) and we use 10.9; we obtain

Qs =Y 10(Vl(B)I[¢((B')u=—1|Lp
B/
so that 17.2(a) holds.
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0.2. G,g,gnil,B,V,A/,A,np,I,X,X,Lr,ai,di,Xz,XS,Ui,W,l W — N,A,H
1.1. Xx,A*(X),COhH(X),VeCH(X),KH(X),K}{(X),RH
1.8. e, h, f, 0, 3m(f), Be, X0, B, A A, C, H, R
1.15. &,

2.4. (2)

3.1. [V]Qv,": Ry — Ru,: Ry — R, 4, V., V,
4.2. O,,,0;, Z;

5.1. I.,b(e)

57. 7T

5.8. (|I)

5.9. 0

5.11. 3,5, Dg,, Dy,,Bf_,B¥.

6.1. p,n, P, L,U, I, 1,11, 3,3, K, W*, W, B,, A, b!
79. H

8.1. w

8.2. X

8.3.

8.15. z

9.1. V,CT,I,F, X, S, W2 AL, Haa, <

9.2. X=,7,:Z — =, M=%, MZ

9.4. 2, M,

9.7. ¢, 7x B

9.8. Ko, €0

9.10. t, &g
9.11. b,
9.13. A}
9.15. M<,M>

9.16. b’, b’

9.17. Bg,%A,BaBZJTB,A

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



BASES IN EQUIVARIANT K-THEORY. II 353

9.18. b,b', B>, 7.4
9.19. b,b’, B<,7a

10.2. ®
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