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WEYL MODULES FOR CLASSICAL
AND QUANTUM AFFINE ALGEBRAS

VYJAYANTHI CHARI AND ANDREW PRESSLEY

ABSTRACT. We introduce and study the notion of a Weyl module for the
classical affine algebras, these modules are universal finite-dimensional highest
weight modules. We conjecture that the modules are the classical limit of
a family of irreducible modules of the quantum affine algebra, and prove the
conjecture in the case of sla. The conjecture implies also that the Weyl modules
are the classical limits of the standard modules introduced by Nakajima and
further studied by Varagnolo and Vasserot.

0. INTRODUCTION

The study of the irreducible finite-dimensional representations of quantum affine
algebras has been the subject of a number of papers, [AK], [CP3], [CP5], [ER], [FM],
[GV], [KS] to name a few. However, the structure of these representations is still
unknown except in certain special cases. In this paper, we approach the problem
by studying the classical (¢ — 1) limits of these representations. Standard results
imply, for example, that if V' is a finite-dimensional representation of Uy(§), its
q — 1 limit V has the same character as a g-module as V has as a U,(g)-module.

We begin by studying an appropriate class of representations of the affine Lie
algebra §. The finite-dimensional irreducible representations of § were classified in
[C], [CPT], where it was shown that such representations are highest weight in a
suitable sense, the highest weight being an n-tuple of polynomials 7, where n is
the rank of g. We therefore study the class of all highest weight finite-dimensional
representations of g. In fact, we prove that corresponding to each irreducible finite-
dimensional representation V' (7) there exists a unique (up to isomorphism) finite-
dimensional highest weight module W (), such that any finite-dimensional highest
weight module V' with highest weight 7 is a quotient of W (). We call these
modules the Weyl modules because of an analogy with the modular representation
theory of g, which we now explain.

In [CP5], we showed that the irreducible representations of Uj,(g) are also highest
weight and that their isomorphism classes are parametrized by n-tuples of polyno-
mials 7, with coeflicients in C(g). Under a natural condition on 7y, the corre-
sponding representation V,(m,) of Uy(§) specializes as ¢ — 1 to a representation
V4(mq) of § and is a quotient of W (), where 7 is obtained from 7, by setting
¢ = 1. We conjecture that every W () is the classical limit of an irreducible Uy (g)-
module. This is analogous to the fact that the Weyl modules for g in characteristic
p are the mod p reductions of the irreducible modules in characteristic zero. We
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prove the conjecture in the case of g = sly in this paper. The conjecture is also true
for the fundamental representations of Uy(g), but the details of that will appear
elsewhere.

In Section 3, we prove a factorization property of Weyl modules analogous to the
one for the irreducible modules proved in [CP1]. We also obtain a necessary and
sufficient condition for the Weyl modules to be irreducible: the interesting feature
of this proof is that it uses the fact that the specialized irreducible modules for
the quantum algebra are quotients of the Weyl module. Further, the condition for
irreducibility of the Weyl modules is the same as a condition that appears first in
the work of Drinfeld on the closely related Yangians, [Dr1].

The Weyl modules we define are quotients of a family of level zero integrable
modules for the extended affine Lie algebra, one corresponding to each dominant
integral weight of g. We call these modules W(A). In Section 6, we explicitly
construct the modules W(\) when g is of type slo. The quantum analogues of these
modules, W, (\) are also defined in this paper. In [K], Kashiwara defined a family
of integrable modules V™% (\) for each dominant integral weight of g. According
to unpublished work of Kashiwara, when A has level zero, the module V™% () is
isomorphic to Wy (A). In addition, Kashiwara has a number of conjectures for the
modules W, (). In [CPT], we use the results of this paper to explicitly construct
Vmar(X) when g is of type sly and this establishes one of his conjectures in this
case.

Acknowledgements. We thank F. Knop, D. Rush and R. Sujatha for discussions.
We also thank M. Kashiwara for explaining his conjectures to us and for drawing
our attention to the modules V™% (\).

1. PRELIMINARIES AND SOME IDENTITIES

Let g be a finite-dimensional complex simple Lie algebra of rank n, h a Cartan
subalgebra of g and R the set of roots of g with respect to h. Let I = {1,2,--- ,n},
fix a set of simple roots a; (i € I'), and let R be the corresponding set of positive
roots. Let & € R' be the highest root in R*. For a € R™, fix non-zero elements
rt € g, ho € b such that

et 23] = hay [ha, 23] = £2273.

oo

Let Q = @, Za; (resp. Q+ = @], Na;) denote the root (resp. positive root)
lattice of g. For n € Q*, n = >, rioy, we set htn = Y. r;. The lattice P (resp.
P,) of integral (resp. dominant integral) weights is the set of elements A € h* such
that A(hqo) € Z for all & € N (resp. A(ho) > 0 for all « € RT). For i € I, the
fundamental weight w; of g is given by w; () = d;5. Let (, ) be the bilinear pairing
on P such that (o;,w;) = d;5. Set a;; = (o, ;) for i,j € I. The bilinear form
induces an isomorphism h = h* such that, if 3 =Y, ra; € R, then

dj?“j
hﬁ = Z d—ﬁhjv

J

where for a root a € R, we set d, = %(a, a). Let W C Aut(h*) be the Weyl group
of g; it is well known that W is generated by simple reflections s; (i € I).
The extended loop algebra of g is the Lie algebra

L(g) =g® C[t,t" '] @ Cd,
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with commutator given by
[dz@t=rz@t", [zt 3yt =[z,yt"*

for x,y € g, r, s € Z. The loop algebra L(g) is the subalgebra g®@ C|[t,t~!] of L¢(g).
Let h° = b @ Cd. Define § € (h°)* by

5(h) =0, 8(d)=1.

Extend A € b* to an element of (h°)* by setting A(d) = 0. Set P¢ = P, Zw; BZJ,
and define P¢ in the obvious way. We regard W as acting on (h®)* by setting
w(d) =6 for all w € W.

For any « € g, m € Z, we denote by x,, the element = ® t™ € L¢(g). Set
ef = 2% ®1 and ef = o ®t*!. Then, the elements ej° (i = 0,---,n) and d
generate L¢(g).

For any Lie algebra a, the universal enveloping algebra of a is denoted by U(a).

We set
U(L%(g)) = U, U(L(g)) =U, U(g) =U"

Let U(<) (resp. U(>)) be the subalgebra of U generated by the x, ., (resp.
xt ) fori € I, m € Z. Clearly, z,, € U(<) (resp. z}, € U(>)) for all
a € R, m € Z. Set Ul"(<) = U(<) N U™ and define U/™(>) similarly.
Finally, let U(0) be the subalgebra of U generated by ham for a € R, m € Z,
m # 0. We have
Ul = U< U(n) U (>),
U° =U(<)U0)U(H)U(>).
Lemma 1.1. The assignment T(xﬁm) = xi,mip fori eI, m €Z, defines an
algebra automorphism of U. O

Next we recall some identities in U®, which are most conveniently stated using
the generating series. Thus, for any 3 € R™, we introduce the following power
series in an indeterminate wu:

o0 o0
Xy= 3w Xp)= 3wy,
m=—00 m=1
oo oo
Xp) = 3w Xl = 3
m=0 m=0
(oo} oo (o] h
5 +k
B = 3 hawt™, A= 30 Mgt = exp (- 5 ﬂT) .
m=—00 m=0 k=1
Set af =aF, 2t =2 | and define h;, AT, etc., similarly
g 1 Yag,m 7,m? 3 7 °) ‘

The next lemma follows easily from the definition of the A; ., (= Aaim)-

Lemma 1.2. The subalgebra U(0) of U is generated by the elements A;,, for
i1el,med. O

For any power series f in u with coefficients in an algebra A, let f,, be the
coefficient of u™ (m € Z) and let f’ denote the derivative of f with respect to w.
For x € U, r € Z7, set

o T
7!
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194 VYJAYANTHI CHARI AND ANDREW PRESSLEY

For an algebra A, let A, denote the augmentation ideal. The next result is a
reformulation of a result of Garland [G].

Lemma 1.3. Let s>r>1, € RT.
(i)
(@50) @) = (=1)"(X5 ()" IAf (1) mod UU(>),.

O
(@) 250)) = (=1)" (X5 ,(w) AL (1) mod UU(>),.

Proof. We use the identity in [G] Lemma 7.1], in the form given in [CP6l Lemma
5.1] for its quantum version, namely

(xgo)(v") (xEJ)(S)

T t m
= Z Z Z(_l)t (u*S“Xﬁ_ (u)(kt))tfm Ag g (X;(u)(rit))mfk
t=0 m=0 k=0
In the sum on the right-hand side of the equality, we get an element of UU(>) 4
unless ¢t = r and m = k, and so we have
T

(@} ) (25, = (-1) Z (u_S+TXE(U)(S_T)>T‘—m A mod UU(>),

m=0
m

ek (Xﬁ—(u)@—ﬂ) Af () mod UU(>)+

s—m
r=0

= (=1)" (X5 (u) AL d UU(>);.
(=17 (X5 A () mod UU(>).
The identity in (ii) follows from (i) by applying the automorphism 7' : U — U. O

We conclude this section with some elementary properties of integrable L¢(g)-
modules.

A representation V' of U¢€ is called integrable if the Chevalley generators ezi
1=20,1,---,n, act locally nilpotently on V and

, for

where
W={veV:hv=Ah)v V heb}.
It is well known that this implies that the elements x:ﬁt’m act locally nilpotently on
V for all 3 € Rt and m € Z. Set
Vii={ve VA::cEm.v:OVﬁERJF,mEZ}.

It is easy to see that, if V' is integrable, then V) # 0 (resp. V) # 0) only if A € P¢
(resp. A € PY). Further, if v € V)\Jr, then

(1.1) (@5, ") =0,
(1.2) V)\#0:>Vw)\7é0 YweW.

If A € Py, let V/"()) be the finite-dimensional irreducible U/"-module with
highest weight A. If A € P¢, the restriction of A to h*, also denoted by A, is in Py.
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WEYL MODULES FOR CLASSICAL AND QUANTUM AFFINE ALGEBRAS 195

If V is an integrable U¢-module and 0 # v € V)\+, then U™ v is a U/™-submodule
of V isomorphic to V().

Proposition 1.1. Let V be an integrable U¢-module. Let A € PS¢, let 0 # v € V)\+
and let 3 € RT. Then

(i) Agm.v =0 for m > A(hg);
(ii) forr>1, s> Ahg),

(Xg(u)m;(u)) w=0, (X@O(U)TAE(U)) w=0;
(iil) for all s € Z,
(5(5 (u)A;(u))s w=0, (ﬁﬁ(u)Ag(u)) v =0;

(iv) Ag,—m.v =0 for all m > A(hg);
(v) for 0 <m < A(hg),

A A(hg)Ag,—m-v = Mg A(hg)—m-V-

Proof. (i) This follows by taking r = s > A(hg) in Lemma[[:3[i) and using ().
(ii) This follows from Lemma [[.3 by replacing r by s — r and using (L).
(ili) Taking » = A(hg), s = A(hg) + 1 in Lemma[3(i) gives
A(hg)
(13) Z x§7m+1A57)\(hB)_m.v =0.

m=0
Applying hg i, for any k € Z, to the above equation and noting that hg kv € Vy,
we get
Alhg)
Z x§7k+m+1A6,A(hﬁ)_m.v =0,

m=0
which can be written as
X7 (w)AY (u ) w0 =0.
( g (Whs (W) k+1
Applying x;;_ s_1» for s € Z, to both sides of equation (L3)) gives

A(B)
> hom-shgathg)-mv =0,

m=0
ie.,
A(hg)—s
Z hgmAgahz)—s—m-v = 0.

m=—s

Replacing s by A(hg) — s+ 1 and using part (i) of the lemma, one sees that this
identity is equivalent to the second identity in (iii).

(iv) and (v). During the remainder of this proof, write Ag = A;;, Ag(u) =
Ag(u’l), so that

Ap(u) = exp (— Z %u’? .

k=1
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Note that, as operators on V)\+,

Ay A .

Ahg) —u-L +u=L | = g,
< Ao A

By (iii), we have

A A/ .

As(u) [ Ahg) —u=L +u=L | = HzAz =0,

Aﬁ Aﬁ

as operators on V)\+, so, since Ag(u) is invertible,
Ahp)Ap(u)Ap(u) = u(AGAg — AgAp).

Note that both sides of this equation make sense as a power series in u since Ag(u)
is already known by (i) to involve only finitely many positive powers of u. Hence,
as a series with only finitely many positive powers (but possibly infinitely many

negative powers), we have
/
A A
~—6 = )\(hﬁ)u_l ~—6 s
Ag Ag

f}ﬁ(u) :Aﬁux(hﬁ),

Ap(u)
where Ag is an operator on V)\Jr independent of u. Equating coefficients of u*(*s)
shows that Ag = Ag x(n,) and then the equation (of operators on V/\+)

and so

A ahsy (W Ag(u) = w2 Ag(u),
proves both (iv) and (v). O
Fix a total order < on RT.

Proposition 1.2. Let V' be an integrable U®-module, let A € P{ and let 0 # v €
V)\+ be such that V. =U°wv.
(i) If V, #0, then p = X\ —n+ 16 for somen € Q4+, r € Z such that VI (\)\_,

#0.
(i) V is spanned by the elements

xgly""l x,gzﬂ’z e xES,TSU(O)"U7
for 0 <ry < Ahg,), 0<t<s, 1 <PBs<---<fBs €RT.
Proof. Since U(>)4.v = 0, it follows that V' = U(<)U(0).v and hence
Vu?’éo = pu=A—n+rd,

for some n € QT and r € Z. Choose 0 € W such that (A —7n) € Py. Since V is
integrable, V,(,) # 0, hence o(XA —n) = A — 7’ for some " € Q. This implies that
VI () p(a—n) # 0, and hence that V" (X)\_, # 0.

To prove (ii), note first that it is clear that elements of the form

T mTayr T, U0)v, (0<t<s, B € R, r, €Z)
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span V. We prove by induction on s that any such element is in the span of the
elements

T Tk T 5 U0)v, (0< ke <A(hy,), <2< <y, 0S8 <m).

For s =1, 11 > A(hg, ), we have, by Proposition [LTliii), that
71
Z xgl,TAﬁl,ﬁfrU(O).’U =0.
r=0

Since Ag, o = 1, this implies that z;  .v is in the span of the elements z; U(0).v
with 0 < r < rq, from which the assertion follows. If r; < 0, we use
A(hg,)

Z x[;hr+r1Al31,/\(hﬁl)_r.v =0,
r=0

which follows from parts (i) and (ii) of Proposition 1.1. Since, by Proposition[LIv),
Ag A(ny) is invertible, it follows that Ty ,,-v is in the span of the elements Ty U
(0 > r > ry). An obvious induction now gives the result.

Suppose that we know the result for some s > 1. Let 3; € R™ and r, € Z for
0 <t <s be such that 0 < r; < A(hg,) for all t. We have

x[;oﬂ“oxﬁgln"lxl;mm o x[;sﬂ“s'v = xlgl,mxl;oﬂ“oxﬁgmm o xl;sn"s'v
+ [xgoﬂ"o’ xglﬂ"l]m,gzﬂ"z o 'xgsﬂ"s'v'
Since [xgo’ro,xgml] € g ® t™*"1 the induction hypothesis applies to the second
term on the right-hand side of the equality. As for the first term, notice that the
induction hypothesis applied to T roZhyr TV implies that this is in the
span of the elements obtained by applying ordered monomials in the z, to v, for
v € RT and 0 < k < A(hy). Thus, we must show that every element of the form

81,1 Cyr ke Tya ks " x“/m,kmU(O)"U’

where v1 < vp < -+ <, and 0 < &y < A(hy,) for 1 <t < m, can be rewritten in
the desired form. If §; < 7, there is nothing to prove. Otherwise, we have

~ ~ +k
[mﬁl,rl ) xm,kl] €981+ @ AR

and A(hg, ++,) < r1 + k1. Using the induction hypothesis gives the result. O

2. MAXIMAL INTEGRABLE AND MAXIMAL FINITE-DIMENSIONAL MODULES

In this section we define, for every A € P{ an integrable U®-module W ().
Further, for any n-tuple @ = (mi(u),m2(u), - ,7n(u)) of polynomials m;(u) in
an indeterminate u with constant term 1 and degree A(h;), we define a finite-
dimensional quotient U-module W () of W(A).

For A € P{, let Iy be the left ideal in the subalgebra U(<)U(0)U(h) of U*°
generated by the elements

h — A(h) (h € b)a Ai,m (Z € Ia |m| > )‘(hz))a
AixhiyNis—m = Dia(hiy—m (1 €1, 1 <m < A(hy)),

(X7 @AY W) U) (el me),
(X, o) Af () U©) (eI, r>1, |m|>A(h)).
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Let Iy be the left ideal in U generated by Iy and the 2} for alli e I, m € Z,

i,m

and let I~§ be the left ideal in U® generated by I and d — A\(d). Set
W(\) = U/I; = U/,
Clearly, W(\) is a left U°-module (and a left U-module) through left multiplication.
Let wy be the image of 1 in W(A). Then,
U(>)+.wy =0, W(A) =U wy = U.w,.

Since I, U(0) C Iy, we can and do regard W()) as a right U(0)-module as well.
For n € Q%, we set

W) = EP WA a-nirs.

reZ

Clearly, W(X)[n] is a right U(0)-module for all n € Q' and we have
W) = @ W)

neQ+

as right U(0)-modules.
Let I(0) = I N U(0). By the PBW theorem, it is easy to see that

(%) U(0)/1(0) = C[Ajpm, A vie 1< m < Ah)).

-1
i, A(hs)
In particular,

WN[0] = ClAim, A3
as right U(0)-modules. It follows immediately from Proposition [L2(ii) that, for all
n € Qt, W(N\)[n] is a finitely-generated U(0)-module.

Next, let @ = (71,2, ,m,) be an n-tuple of polynomials in an indeterminate
u with constant term 1, and define, for a € C, an element Ay o € (h®)* by setting
A o(h;) =degm; (i € I) and A o(d) = a. Set

degmi . (,,—1
.. u mi(u™t)
(21) T, =T, T (u) - udegﬂ'iﬂ-i(u_lﬂu:() .

vie 1< m < A(h)]

Let Ix (0) be the maximal ideal in U(0) generated by

(Af(w) =7 (w)s (i1, 520),
and let Cqr = U(0)/Ix (0) be the one-dimensional U(0)-module. Set

W(m) =W(\r..) @u(o) Crr-

Then, W () is a left U-module (but not a U¢-module) with 2 € U acting as z ® 1.
Let wr be the image of 1 in W(w). Note that AF(u)wr = 7 (wwr (i € I).
The assignment Wrg , — Wi extends to a surjective U-module homomorphism
W(Ar,a) = W(m).

Recall that the affine Lie algebra § is an extension of L¢(g) by a 1-dimensional
central subalgebra Cec. Any representation of L¢(g) is a representation of g by
making ¢ act as zero. Set hg = [ear ,€g |, the bracket being evaluated in g. Then,
ho =C— ha.

The following result is proved in [CP2].
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Lemma 2.1. Let V be a g-module generated by an element v € Vy (A € P$) such

that
(€)M o =0 if M) <0,
(e )T =0 if A(hi) >0,
fori e I. Then, V is an integrable g-module. O

Theorem 1. (i) Let A € P{. Then, W () is an integrable U®-module.
(ii) Let ™ be an n-tuple of polynomials with constant term one. Then, W (1) is a
finite-dimensional U-module.

Proof. To prove (i), note that by Lemma[2:1]it suffices to show that

efawy=0, ()", =0 (iel),
eg-wx =0, (ef)M)Hwy = 0.

Suppose that i € I. Then, ef = 37;%0 and it follows from the definition of W (\)

(3
that e .wy = 0. By Lemma [T3]ii),
= A+ (Xf Aha)+1 A+ ) —0
x W u U W
( 7,,0) A 'L,O( ) ) ( ) A(hi)+1 A
In particular, this proves that U/ w) is a finite-dimensional g-module.
Turning to the case ¢ = 0, notice that e, = :c‘;r_l is a linear combination of
products of the x:rm (i € I, m € Z). Hence, x‘;ﬁ_l.w)\ =0.
For any m > 0, let w,, = (e )™ ! .wy. Suppose that w,, # 0. Since [ed, x[;_o] =
0, it follows that
UM (<) vy, = e U (<)o,

is finite-dimensional. Since W (A)[n] = 0 for all but finitely many n € Q™ it follows
that

Wy, = Ul ap, = U™ (5)U(h) U™ (<) wp,

is a finite-dimensional g-module. Hence, for all o € W (the Weyl group of g), we
have

(Win)o (A= (m41)0+(m+1)8) 7 0

Choosing o so that o(f) = —q; for some i € I, we get

W(N)o(\)+(m+1)ai+(m+1)s 7 0

But this can only happen for finitely many values of m.

This proves that w,, = 0 for all but finitely many m. The Lie subalgebra of
L(g) generated by e(jf and hy is isomorphic to slz, and we have just shown that the
corresponding slo-submodule generated by w), is finite-dimensional. It follows from
standard results that (e ) )1y = 0.

To prove (ii), it suffices now to notice (using Proposition [L2(ii)) that W (=) is
spanned by the elements

Lg% T, © 1
for s > 0,0 <r, < Ahg,), Bt € RT. |

The modules W(\) and W (7) have certain universal properties.
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Proposition 2.1. (i) Let V be any integrable U¢-module generated by a non-
zero element v € V\F. Then, V is a quotient of W ().
(ii) Let V be a finite-dimensional quotient U-module of W(X), and assume that
dim V\ = 1. Then, V is a quotient of W () for some choice of .
(iil) Let V be finite-dimensional U-module generated by a vector v € V)\+ and such
that dim Vy = 1. Then, V is a quotient of W (m) for some .

Proof. Part (i) is immediate from Proposition [[.] and the definition of W (\).
To prove (ii), let v # 0 be the image of wy in V. Notice that dimV) = 1 implies
that

Agm.v = T3 MY,
for some scalars 73 ,,, € C. By Proposition [[1[(i), it follows that
Tom =0 (Im[ > A(hg)).
For i € I, set m;(u) = Zz(:hg)ﬂahkuk. The m;(u) are polynomials with constant
term 1 and Proposition [[I[(v) shows that
AE(u)w = 7 (u).

This shows that V is a quotient of W (), where & is the n-tuple of polynomials
defined above.
The proof of (iii) is identical. O
3. A TENSOR PRODUCT THEOREM FOR W ()

The main result of this section is the following theorem.

Theorem 2. Let m = (71 (u), ma(u), -+ ,mn(u)) and 7 = (711 (u), T2 (w), -+, Tn(w))
be n-tuples of polynomials in u with constant term 1, such that m; and 7; are coprime
forall1 <i,5 <n. Then,

W(m 7) 2 W(m) @ W(mw)
as U-modules, where w 7 = (w171, MaT2,*+ , TnTn)-
For € R" and  as in Theorem 2, define 73(u) by

(3.1) A;(u).wﬂ- = m3(uw)wr.
Lemma 3.1. Let 3 =" rio; € RY. Then,

- ’I"idi d

ma(u) = [T« (w).

i=1

If 65, € R is the highest short root of g, then mg divides mg, for all 3 € RY.

Proof. The first statement is immediate from the formula for hg in terms of the h;
given in Section 1 and the definition of the A;. The second statement is proved
case by case, using the explicit formula for 6 (there is a simple uniform proof when
g is simply-laced). O

From now on, we shall assume that, given 8 € R™ and an n-tuple of polyno-
mials 7, we have defined a polynomial mg(u) by the formula given in (B1]). The
polynomials ﬂg: (u) are defined as in ().
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Definition 3.1. Let @ = {m, -+ ,m,} be an n-tuple of polynomials in u with
constant term 1. Define M(7) to be the left U-module obtained by taking the
quotient of U by the left ideal generated by the following:

xf,  hio—degm (i€l keZ),
(A (u) =77 (u), (i€1,5>0),

(wﬁ(u)fc[; (u))s (B € Rt seZ).

Let mq be the image of 1 in M (7). It is clear from equation (B-I]) and Proposition
1.1(iii) that, for all 3 € RT and all s € Z,

(A;;(u) — ¥ (u))s ma =0,

(mg(u)Hg(u))s .mg = 0.
Set Aqr(h;) = deg ;.
Lemma 3.2. We have
M(m) = P M(m)sg—n,
neQt
and dim M (m)x_, < co. Further, for all 8 € R*, s € Z, we have

(m,s () X5 (u))s M () = 0.
Proof. The set
{z5,:8¢€ RT,0<r < Ahg)}U {z; @t"mg(t): B € Rt mecZ}

is a basis of

P Cz; | @Clt,t7].
BERT

By the PBW basis theorem, we can write
U(<) =UxUT

where Uz (resp. UT) consists of ordered monomials from the first (resp. second)
set. The relation

(Wg(u))zﬂ_(u))g =0
for all s € Z implies that (U™).mqg = 0. A further use of the PBW theorem now
shows that
M(m) 2 Ug
as vector spaces. Moreover, this isomorphism takes M () —y to
Unr(n) ={z € Ug : [h,z] =n(h)z Vh € bh}.

Since this space is clearly finite-dimensional, the first statement of the lemma fol-
lows.
For the second statement, we show by induction on ht n that

(m(u)fcg (u))s M(m)re =0 (3€R", seZ).
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If n = 0, the result is immediate from the definition of M () and the last part of
Lemma 3.1. In general, let x5 - 25 , .mm € M(7)xp - Then,

(ﬂ-es (U)Xﬁ_ (U,)) s xglvrl o x;k:""k M = (L‘Elvrl (770 (U)Xﬁ_ (U)> s .7/'52’7,2 o xgk;""k -mm
+ (X515, )

where we understand that XE+61 (u) =0 if 3+ 1 ¢ RT. The right-hand side is
zero by the induction hypothesis, and the inductive step is complete. O

+r1 Tora " Lyry, T

Lemma 3.3. The U-module W (m) is a quotient of M (), and any finite-dimen-
sional quotient of M (7) is a quotient of W ().

Proof. Let V be a finite-dimensional quotient of M (), let v € V' be the image of
mq, and let A = Aqr. Then, dim V), = dim M (7)) = 1, so by Proposition 2.1(ii),
V is a quotient of some W (7) with A = Ag. Since dim W (7)) = 1, v is a scalar
multiple of the image of wj. But then by comparing the action of Af (u) on wi
and on mqr, we see that w = 7.

To show that W () is a quotient of M (7r), it is clear from the definitions of these
modules that we only need to show that

(7r5(u))~(ﬁ_(u))‘g wr =0 (seZ).

Since W () is a quotient of W (s o), this follows from Proposition [T, thus com-
pleting the proof of the lemma. O

Denote by A : U — U ® U the comultiplication of U defined by extending to
an algebra homomorphism the assignment

T—zR1+1®uw,
for all x € L(g). The following lemma is proved in [G].
Lemma 3.4. For all 3 € RT,
A(Ay) = A5 ®AF,
where
AE@AS = > (Apk ® Agam)u .

k,m>0
O
Theorem Plis now clearly a consequence of the following proposition.
Proposition 3.1. Assume that w = {m,ma, -+ , 7} and ® = {71, T2, -+ ,Tn} are

n-tuples of polynomials with constant term 1, such that m; and 7; are coprime for
all1 <i,57 <n. Then

(i) M(m &) 2 M(mw) @ M(7);
(ii) every finite-dimensional quotient U-module of M (m) ® M (7) is a quotient of
W(m) @ W(x).
Proof. Set A = Ag + Ai. It is clear from the proof of Lemma B.2] that, for all
n € Q4+, we have

M(m 7)x—pn = (M(m) @ M(%)), _,
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as (finite-dimensional) vector spaces. To prove (i), it therefore suffices to prove that
there exists a surjective homomorphism of U-modules M (7 &) — M(7) ® M (7).
It is easy to see, using Lemma[3.4] that the element ma ® mz satisfies the defining
relations of M (w7r), so there exists a U-module map M(w &) — M(w) ® M(7)

that sends mz to mg ® mz. Thus, to prove (i), we must show that, if m; and

T
7; have no roots in common, the element mx ® mz generates M () @ M(7) as a
U-module.

Set

N =U.(mg @ mz).

Assume that, for all n = >, r0y, ) = >, iy, with htn = > r; < s, htf) =
> ;i < s, we have

M(mT)ap—n ® M(ﬁ')Aﬁ_,ﬁ C N.
We shall prove that
(@i M(T) A=) ® M(ﬁ'))\ﬁ_—f;
M (s ® i (M () _5)
for all i € I, m € Z. This will prove that
M(T) s —n ® M(fr)kﬁ__;, C N,

C N,
CN

when htn < s, ht 7 < s, and hence, by induction on s, that N = M (w) ® M (7).
Since mp, and 7y, are coprime, we can choose polynomials R(u), R(u) such that

Ry, +R7~T95 =1
By the second part of Lemma 3.2,
(RWGSX[(U)) w =0,

(Rfrgsf(i_(u))m =0,
forallie I, meZ, we M(xw), w € M(7). Hence,
(Rmo. X7 () (w@a)
= (Bmo, X7 ()

—w® ((1 — Rig ) X[ (u)) 7

m

W RW+w® (RW@SX;(u)> D

m

=W, , W
Taking w € M(m)x;— and W € M(ﬁ'))\ﬁ_,n, so that w ® w € N, it follows that

Wz, weN for all i € I, m € Z. The other inclusion is proved similarly, and
the proof of part (i) is complete.

Suppose that V' is a finite-dimensional quotient of M (7) ® M (7) with kernel K.
We shall prove that, for all 7 > 1,3 € I, s > A (hi) +1, 5 > Az (h;) + 1,

(3.2) (mi(u) X, (w)"), .mmx @ M(%) C K,
(3.3) M(m) @ (mi(w)X; (u)"), mz C K.
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Since the sum of these subspaces is the kernel of the quotient map
M(m)@ M(7) —» W(w) @ W(7T),

it follows that V' is a quotient of W (mw) @ W (), which proves part (ii).
To prove equation (B.2)), it suffices (by the proof of Proposition [L1I(ii)) to prove
that, for alli € I, m € Z,

(:c;m)”ﬂ.mﬂ- @mz € K,

where r; = degm; = A (h;). Since V is finite-dimensional, the element (x;m)r.mﬂ-
®@mz € K for some r > 0. Let 79 be the smallest value of r with this property.
Since

.T/'+ — — )7"0—1

iﬁm(mi!m)m.mﬂ- ®@mz = (ri —ro+ 1)(l‘i’m mp @ mz,

it follows by the minimality of r¢ that r; + 1 = rq.
Equation (3.3) is proved similarly, and we are done. O

Note that, since dim W (), = 1, it follows that W () has a unique irreducible
quotient V(7). Write 7 as a product

7 7@ k)

where 7 is such that

W(gj) =(1—a;u)™,

s

for some m; > 0 and a; € C* with a; # ay if j # k. The following result was
proved in [CP1].

Proposition 3.2. With the above notation,
Vim)2V(ar)eVEr®) e o v(ah)
as L(g)-modules. Further,
V(r) = VI ()

as g-modules. O

4. THE QUANTUM CASE

In the remainder of this paper, we shall assume that g is simply-laced.

Let ¢ be an indeterminate, let C(g) be the field of rational functions in ¢ with
complex coefficients, and let A = CJ[g, ¢~!] be the subring of Laurent polynomials.
For r,m € N, m > r, define

m

q"—q

e q—qt

O O B |
Then, [7'] € A.

Let Ug be the quantized enveloping algebra over C(q) associated to L¢(g). Thus,
Uy is the quotient of the quantum affine algebra obtained by setting the central
generator equal to 1. Tt follows from [Dr2], [B], [J] that Uj is the algebra with
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generators xi, (i € I, r € Z), K (i € I), h,, (i € I, v € Z\{0}), D*', and the
following deﬁmng relations:

KK, '=K 'K;,=1, DD '=D7'D=1,
K,K; = K,;K;, K;h;, =h;, K,
Kix;'erfl = gtuixt Dx?frD_1 =q¢'x*

3o 4,
1
_ . +7 xE
[hi T hj s] - O; [hz T X]‘ S] - i;[raz]]xj,yursv
+ + tai; £ LE tai; £ £ + +
Xi,r+1xj,€ q JX] sXi ,r+1 T =q sz rxj,s-i-l j,s—i—lxi,r?
+ -1 wz r4s wz r4s
[Xi,r’ xj,s] - 6’%] ’
q—q
+ + + _ e .
Z Z [ } Kire) Ky X080 P er 1y T Ty 0, ifi#j,
TES, k=0
for all sequences of integers 71,... ,7;,, where m = 1 — a;;, X, is the symmetric

group on m letters, and the wiim are determined by equating powers of u in the
formal power series

oo
Zd)f,ﬂuir = K} lexp < (g—q~ Zhl sl ) ,
r=0

Define the ¢-divided powers

+ \r
(xip)!") = )
ik [r]! 7
foralliel, keZ,r>0.
Suppose that a;; = —1. Then, a special case of the above relations is

(Xi_,s)2X4_T —(g+q¢ Hx;x;,x;, + X (Xi_s)z —0.

1,84, r .S

Set 'yé{n =X; X;, — 4X;,.X; ;. Again, the relations in Uy imply that

0,85, T
Ve = et
The following result is proved in [L2].
Proposition 4.1. For i,5 € I with a;; = —1, r,s,l,m € Z, and [,m > 0, there

exist fp € A, for 0 < p < min(l,m), such that

(065 05,00 = 37 05,0 P (D ().
p

Further, there ezists g, € A, for 0 < p < m, such that

'Ys’jr (M) = Zg (p) )(M)( X, T)(m P

Define

m=0

A:t Z A,L :Emu = exp (— Z [}j]:k uk> .
k=1
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The subalgebras Uy, U(J;m, U,4(<), etc., are defined in the obvious way. Let U, (h¢)
be the subalgebra of U generated by K+ (i € I) and D*'. Let U,(0) be the
subalgebra of Ug generated by the elements A;,, (i € I, m € Z). The following
result is a simple corollary of the PBW theorem for Uf [B].

Lemma 4.1. Uy = Uy (<)U,(0)Uy(h°)U,y(>). O

For any invertible element x € Ug, define

x| xqr _ xfqur
] a—gqt
Let U} be the A-subalgebra of U generated by the Kiil, (xfk)(") (tel keZ,
r>0), D!, and [?] (r > 1). Then, [L2], [BCP],
U; = C(q) ®a Uj.

Define Ua (<), Ua(0) and Ua(>) in the obvious way. Let Ua (h°) be the A-
subalgebra of Ua generated by the elements K', D!, [Ki] and [D] (i € I,
r € Z). The following is proved as in Proposition 2.7 in [BCP).

Proposition 4.2. Uy = U (<)UA(0)US (H)Ua(>). O
The next lemma is easily checked.

Lemma 4.2. (i) There is a unique C-linear anti-automorphism ¥ of U such
that ¥(q) = ¢~ and

foralliel, reZ.
(ii) There is a unique algebra automorphism ® of Uy over C(q) such that ‘I)(Xfr)
=x;_,, ®(Af(u) = A7 (u).
The first part of the following result is proved in [BCP|, and the second part
follows from it by applying V.
Lemma 4.3. (i) Let s > s', mym’ >0, i € I. Then, (xi_,s)(m)(xi_’s/)(m/) is in
the span of the elements

(35,0, )" (7)) (i, ),
where s’ <ry <rg<--- <1 < s, Zpk =m+m' and Zp kprp = ms+m's’.
(i) Let s < s', mym’ > 0,4 € I. Then, (X;S)(m)(XZS,)(m’I) is in the span of the

elements

- k — k: — k
(Xi,rl)( 1)(X )( 2. (Xi,m)( l)7

1,72
where 8" > 11 >1ro > > >8, > k,=m+m' and Y kyr, = ms+m's.
O

Fori € I, let X (u), X; (u), X o(u) be the formal power series with coefficients

in U, given by the same formulas as the X . (u), etc., in Section 1. The next result
is a reformulation of results in [CP, Section 5].
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Lemma 4.4. Lets>r>1,i€ 1.
(i)
(x70) " (%)@ = (=1)"(X; () A (u)s mod UgUy(>) .

7’7

+
—
S~—"
—
3
<
—~
>
|
S~—"
—
@
N2
Il

(Xi,

(_1)T(XZO(U)(87T)A;F(U))S mod U,U,(>)+.

(X7 =3 msoss - Y)W -

where the sum is over those non-negative integers so, s1,--- such thaty_, s, =
roand Y, ts; = s+, and the coefficients u(so,s1,---) € A. In particular,
the coefficient of (x;’sﬂ)(") in (X;(U)(T))(s—i-l)r is ¢°" (11, O
Definition 4.1. A Ug-module V; is said to be of type 1 if
Vo= @ (Va)x,
AePe
where

Vor={veV,: Kjv=¢""yV icl, Dv=¢" Dy}
The subspaces (VZJ);\r are defined in the obvious way. We say that a type 1 module
is integrable if the elements x;%k act locally nilpotently on V; for alli € I and k € Z.
As in the classical case, one shows [[.2] that, if V; is integrable, then
Vo #0 = (Vg)o(n) 70 Vo € W
The type 1 U{;i”—modules and their weight spaces are defined analogously. If A €

P, there is a unique finite-dimensional irreducible U(J;m—module qu in(\) generated
by a vector v such that

kiv =gy, 13;:0.1} =0, (mzo)”\(hi)+1.v =0,
for all 7 € I. Further,
dimg(g) (V™ (V) ) = dime (V™ (V),.)
for all 4 € P.

From now on, we shall only consider modules of type 1. The next result is the
quantum analogue of Proposition [[.1] and is proved in exactly the same way.

Proposition 4.3. Let Vy be an integrable Ug-module. Let A € P{ and assume that
0#ve (Vo

(i) Ajm-v =0 for alli e I and |m| > A(h;).

(i) Ajrh)Ai,—m-v = A \(hy)—m-v for alli € I and 0 < m < A(hy).
(iil) Forr>1,s> A h;), meZ,i€l,

(X; (u)’"Aj(u))g v =0, (X;O(u)rAj'(u))s =0,

(X; (u)Aj(u))m 0 =0, (I;Ii(u)A:r(u)) w=0.

m

((I)(X;(U)T)A;(u))s v =0, (@(X;O(U)T)Af(u))s v =0.
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O

Proposition 4.4. Let V, be an integrable type 1 Ug-module and assume that A €
P, 0# v e (Vy)a is such that V, = Ug.v and

x;."k.v =0Veel, keZ
Then, there exists sy > 0 such that V, is spanned by the elements

(x5, 60" (x5, ) (x5, ) UA(0)0

12,52 ilmsk)

fO?”OSjSk, 1]20, ijEI, OSS]‘SS)\.
Proof. For any N > 0, let Viy be the C(g)-subspace of V; spanned by the elements

(%561 (x7,,0,) 1) - (367, ) U A(0) 0

for0<j <k, 0<s; <N,I; >0.
By Lemma H.T] we have V; = Uy(<)U,4(0).v and hence

Vo = B Vo) r—nsms,
7,

where 7 € QT, m € Z. The argument given in the proof of Proposition 1.2(i) (but
replacing the modules by their quantum analogues) shows that (V) x—y+ms # 0 for
only finitely many n € Q. Hence, it suffices to prove that:

Jor each n € Q% there exists N (1) > 0 such that (Vo)x—n+ms C Vi
for all m € Z.

We proceed by induction on ht 7. By Proposition 23] we see that, if s > A(h;),
p=1,
(X7 @PAF () Ua).00 =0,
ps
or equivalently that

ps

(4.1) 3 (X; (u)<p>)l AF (1) ps—1UA(0).05 = 0.
=0

If p =1, it follows easily from equation (1)) by induction on s that
X; o (Vg)rx+ms C Vany)

if s > A(h;). To deal with the case s < 0, we apply h; s to both sides of equation
(), and as in the proof of Proposition [[.2 use the fact that A; x,) is invertible.
Thus, the induction begins with N(c;) = A(h;).

Assume that we have proved the italicized statement above for all n € Q* with
ht n < p. We deal first with the case n = pa;, for some i € I, p > 1. We show that
we can take N(pay;) = A(h;). For this, it suffices to prove that

(4.2) (x5 P (Vo) ak (mstys—p—tyas € Vaao)

for all m,s € Z, p > 1 > 0. We prove this by induction on s (for p fixed),
assuming first that s > 0. The induction begins since there is nothing to prove if
0 < s < A(h;). Assume that s > A(h;) and that the result holds for all smaller
values of s > 0.
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If p > I > 0 then, by the induction on p, we have
(V)= —tyas+(m—siys € D (X o) VAL pmtmt) et (m—st—s'1)65
sl

where 0 < s’ < )\(h~) I’ > 0. By Lemma [3[i), we have

(x;) M (x;,)" MV (ot yast (m—sl—s1)5 C Z X; o) ) VA ety asot (i 715
where s’ < s < s. It follows by the induction hypothesis on s that

Z(X;,su)(l )V/\—(p—l”)af,—i-(m—l”s”)é C Va(hi)s

which proves equation ({.2)).
In the case p = [, we must show that

(x;,)PUA(0).v C Vagny)-
Since ps > A(h;), by Proposition 3] we see that
(Xz_( )( ))Z)SUA U+ Z ( ) /A'Lps S’UA( ) =0.

s'<ps

Now, by Lemma [£A4(iii), we see that for s’ < ps the element (X; (u )(p))s, is a sum
of terms of the form

(43) (i) ;,) )

1,51
where 0 < 51 < 89 < ---,71,72,--- >0, and s; < s. The induction hypothesis on p
and s proves that (Xi_ (u)(p))s, Ua(0).v C Vyp,)- Finally, again by Lemma F.4]iii),
we have
(X7 @) =)@ + 4,
ps

where A is a sum of terms of the form in (@3]) where either s; < s or s; = s and
ri < p. If sy < s it follows as before that (X; (u)(p))s, Ua(0).v C Vi), and
if s1 = s it follows by the case | < p of equation (£2) proved above. Thus, the
induction on s is completed in the case p = [ also.

This completes the proof of (£2) when s > 0. Next, consider the case when
s < 0. The case p = 1 was proved above. For p < [, the same method used for
s > 0 works, this time using Lemma 4.2(ii). Finally, for the case p =, we use the
relation

(@(X; (w)")A; (w)),, v =0

and parts (i) and (ii) of Proposition 23] and proceed as in the case s > 0. We omit
the details.

This completes the proof of the italicized statement when 7 is a multiple of «; .

We now turn to the case of arbitrary n = > r;a; of height p. Choose M so that
if > r; < p, then (Vg)a—n+ms C Var. As in the special case n = pa;, to complete
the induction on p it suffices to prove that there exists IV > 0 such that

(XZS)(Z) (Vvq))\f(nflai)Jr(mfls)(? C VN
foralli eI, s € Z,1>0. Since ht(n — loy) < p, it follows that

(Va)a—(m—tas)+(m—1s)s C Z X ) ) (Vo) A= (n—tevi—ty 05 )+ (m—Ls—15,)5
J,85:L5
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where 0 < s; < M. Thus, we must show that there exists N such that

(X;s)(l) (X;sj)(l‘j)(Vvq))\f('r]flai7l]a])+(m7l57l]s])5 - VN;

for all 4,5 € I, s,s; € Z, 0 < s; < M. Assume that s > 0 (the case s < 0 is
similar). If s < M, there is nothing to prove. Assume that we know the result for
all 7, and all smaller positive values of s. If i = j, then we prove exactly as in the
case 11 = rq; that we can take N = M.

If a;; = 0, the result is obvious. Assume now that a;; = —1. Then, with the
notation in Proposition 1] we see that

’

(’Y;",Z»j)(m) = (_1)m(7g;-i+1,571)(m) = Z 9p’ (X;,s—l)(p )(xji,sj+1)(m)(xz'7,3—1)(m7p ),
p'=0

where the g,y € A. Using the induction hypothesis on s, we get that

('Yi’,gj)(m)-(V(I)Af(nfmarmaj)er/é - VM+1
for all m’ € Z. Now, using Proposition 1] again, we see that

(Xf,s)(l)(X;sj)(lj)(V:z)A—(n—la,;—zjaj)Jr(m—zs—zjsj)a C Vgt
This proves the result. O
Let 1,(0) be the left ideal in Uy generated by the following elements:
Ay (G €I, Im| > Ah)),
Az Ni—m — Nixhy—m (€1, 1 <m < X(hy)),
(Xr WA W) Uy0) (el mez),
(X0 Af (W), Ug(0) (i€, r=1, [m| > Ahi)).

Let I5(A) be the left ideal in Uf generated by I,(0), Ugy(>), the elements K —
¢ ") (i € I), and D! — ¢*M9). The ideal I,()\) in U, is defined in the obvious
way. Let

Wy(A) = Ug/I5(A) = Uy /1,(N)
be the corresponding left Ug-module. Let wy be the image of 1 in W, (\). We have
Uy (0).wr = U,(0)/14(0)
as Ug(0)-modules.
Proposition 4.5. The Ug-module W, ()) is integrable.

Proof. In [K], Kashiwara defines an integrable Ug-module V"™ ()) for all A € P¢.
In fact, according to unpublished work of Kashiwara,

VImEE(A) = We (),

and hence W, ()) is an integrable Ug-module. One can also give a direct proof that
Wy (A) is integrable along the lines of the proof of Theorem[I. One works with the
presentation of Uy in terms of Chevalley generators and the quantum version of
Lemma [ZT] proved in [K], [L2]. We omit the details. O
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Given any Ug-module V; and a U a-submodule Va of V; such that
Vq = C(q) ®a Va,
we set
V, 2 Ci ®4 Va,

where we regard C; as an A-module by letting ¢ act as 1. The algebra U° is a
quotient of C; ® A Ua by the ideal generated by K; — 1, ¢ € I. In particular, this
means that we can regard V; as a U®-module. Similar results hold for U,-modules.

Let w4 be an n-tuple of polynomials with constant term 1 and coefficients in
C(q). Define Axr, € P$ and m (u) as in Section 2. Let I,(my) be the left ideal in
U, generated by I,(A\r,) and the elements

(Af(u) =7 (), (i€1,s>0).
Set Wy(mq) = Ug/Iq(mq).
Lemma 4.5. W,(m,) is a finite-dimensional Ug-module.

Proof. This is proved in the same way as the corresponding result for U. We use
Proposition [£4] instead of Proposition [L2. O

One has the following analogue of Proposition 2] for the modules W, (\) and
Wy(my). We omit the proof, which is entirely similar to that of Proposition 211

Proposition 4.6. (i) Let V, be any integrable Ug-module generated by an ele-
ment of (V,)1. Then, Vy is a quotient of Wy(\).
(ii) Let Vy be a finite-dimensional quotient Ug-module of Wy (X\), and assume that
dim (Vg)x = 1. Then, Vy is a quotient of Wy(my) for some choice of m,.
(iii) Let V; be finite-dimensional Ug-module generated by an element of (V,)y and
such that dim (Vg)x = 1. Then, V, is a quotient of Wy(m,) for some m,.

Definition 4.2. We call 7, integral if the polynomials 7 (u) have coefficients in
A for all i« € I. Equivalently, for all i« € I, m;(u) has coefficients in A and the
coefficient of the highest power of u should lie in C*¢%. Let 7, be the n-tuple of
polynomials with coefficients in C and the constant term one obtained from m, by
evaluating its coeflicients at ¢ = 1.

For any m,, Wa(m,) = Ua.wr, is a Ua-module.

Lemma 4.6. Assume that 7, is integral.

(i) Wal(my) is a free A-module and we have

Wy(mg) = Cq) ®a Wa(my).

(ii) The U-module Wy(mq) is a quotient of W (7y).

Proof. Since Wa(my) is a quotient of W,(Ax ), it follows from Proposition E4
that Wa(m,) is a finitely-generated A-module. Since it is clearly a torsion-free
A-module, part (i) follows.

To prove (ii), observe that the defining relations of W, (m,) specialize to those
of W(7). The result now follows from Proposition ZT] O
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The Ug-module W, (7 ) has a unique irreducible quotient V,(m,). Let vz  be
the image of wzx, and set

VA(ﬂ'q) = UA.Uﬂ-q.

If 7, is integral, Va(m,) is a Ua-module and is free as an A-module (since it is
torsion-free and the quotient of a finitely-generated A-module). Let V() be the
unique irreducible quotient of the U-module W (7).

Lemma 4.7. The U-module V(7g) is a quotient of Vy(7y).

Proof. The module V,(7,) has a unique irreducible quotient V. By Lemma 4.6(ii),
V is a quotient of W (7,) and hence by uniqueness V = V(7). O

We have thus proved the following statement. Assume that 7, is integral. Then,
we have a commutative diagram of surjective U-module homomorphisms

W(my) — Wylmg)
! !
V(mg) «— Val(mg).

Conjecture. If w, = 7 has coefficients in C, the natural map W(mw) — Vy(7) is
an isomorphism of U-modules, and hence Wy (m) =2 V(7). O

In Section 6, we prove this conjecture when g = sis.

5. AN IRREDUCIBILITY CRITERION

In this section we return to the classical case and obtain a criterion for the
irreducibility of the modules W ().
For any a € C*, and any U/"-module V, define a U-module structure on V by
(z@tHw=d"zwv

forzeg,reZ,veV. Let V(a) denote the corresponding U-module.
For i € I, a € C*, we denote by W(i,a) the U-module corresponding to the
n-tuple 7 of polynomials defined by

mi(u)=11ifj#4, m(u)=1-au,

and denote wz by w; 4. Clearly, V/¥(w;)(a) is the irreducible quotient of W (i, a).
We set V™ (w;)(a) = V (i, a).

For i € I and a € C(¢)*, the U,modules W,(i,a) and V,(i,a) are defined
similarly.

We need the following result, due to [CP3| for g of type sls and due to [K2] and
[FM] in general.

Proposition 5.1. Let r > 1, a1, -+ ,a, € C(q)*, i1,i2, - ,ir € I. There is a
finite set S C C(q)* (depending on i1,--- ,i,) such that the tensor product

Vo(in, a1) ® Vg(iz, a2) ® - - @ Vg(ir, ar),
is irreducible if aj/am & S for all ,m=1,2,... ,r. If g = sla, S = {qg*2}. O
Proposition 5.2. Forie€ I, a € C*, W(i,a) 2 V(i,a) if and only if r; = 1.
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Proof. The proof rests on the following fact, which can be established by a case by
case check: r; = 1 if and only if there exists p € Py with 0 # w; — p € Q4+ such
that V/% (1) occurs as a component of V™ (0) @ V/*(w;).

Suppose first that r; > 1. Let 4 € P4 have the above property. For x € g,
m € Z,veVIm(w), v e VIm(y), define

Tm-(v,0") = a™(zv, mpr(z®@v)+x0"),

where pr : VI (0) @ V" (w;) — VI (1) is the g-module projection. It is straight-
forward to check that this defines a U-module structure on V/(w;) @ V™ (u),
and that this U-module is generated by the highest weight vector in V™ (w;). It
is therefore a quotient of W (3, a).

To prove the converse, notice that, as a g-module, W (i, a) is completely reducible,
and hence

Wi,a) = V" (w) & @ VI (™,
p<w;

where m,, is the multiplicity with which V% (u) occurs in W (i,a). Consider the
map L(g) ® W(i,a) — W(i,a) given by

Ty QU = Ty.0.

This is clearly a map of g-modules, where we regard L(g) as a module for g through
the adjoint representation. For each m € Z, consider the restriction of this map to
(g®t™) ® V(w;). Since g ® t™ = V() as g-modules, we have a g-module map
VIin(9) @ V(i,a) — W(i,a). By the fact stated above, this map takes (g ® t™) ®
V(w;) into the U(g)-submodule V¥ (w;) of W (i, a) for all m € Z. This proves that
VI (w;) is a U-submodule of W (i,a) and hence (since w;, € V™ (w;)) is equal
to W(i,a). O
Remark 5.1. The same criterion r; = 1 occurs, for the same reason, in Drin-

feld’s work on finite-dimensional representations of Yangians, [Drl]. See also [CP4]
Proposition 12.1.17].

We can now state the main result of this section.

Theorem 3. Let w = (71,... ,m,) be an n-tuple of polynomials in Clu] with con-
stant coefficient one. Then, the U-module W () is irreducible if and only if g has
distinct roots.

Proof. Assume that my has distinct roots. By Lemma [B1] it follows that m; = 1 if
r; # 1. Let

I'={iel:r,=1}.
If i € I’, then 7; must have distinct roots, and for any 4,5 € I’, i # j, the polyno-

mials 7; and 7; must be relatively prime. Hence, by Theorem [ and Proposition
B2, it follows that

wm= Q) Wiay)= & Viag),
i€l’,a;;€CX i€l’,a;;€CX
where the a;; are all distinct. By Proposition 32 we see that the second tensor
product in the preceding equation is an irreducible L(g)-module.

For the converse, suppose that myp has repeated roots. By Theorem ] it follows
that W (sr) is isomorphic to a tensor product of modules W (w®), where 7® is an

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



214 VYJAYANTHI CHARI AND ANDREW PRESSLEY

n-tuple of polynomials such that 7§ = (1 — au)™ for some a € C* and m > 1, and
where m > 1 for at least one value of a. Thus, it suffices to prove the theorem in
the case where mp(u) = (1 — au)™ with a € C* and m > 1. From now on, we shall
assume that we are in this case.

To prove that W () is not isomorphic to V() as L(g)-modules, recall that by
Proposition 3.2, we have V(7) = V/"(\x) as g-modules. Hence, it suffices to
prove that W () is reducible as a g-module.

Let 7, be an n-tuple of polynomials with constant term 1 such that

mi(u) = (1 —a;1u)(1 — azou) - (1 — asm,u),
where a; ; = aq'is, for some l;j € Z. Let v; ; be the highest weight vector in V (¢, a;)
and consider
V=Vy(La11) ®@V4(1,012) @+ @ V(L agm,) @
® ‘/q(nv an,l) K- ‘/;1(”7 an,mn)-
Let v=01,1 ®v12® - ® Up,m, and set
Zg(mqg) =UqvCV, Za(mwg) =Ua.v.
Since Z,(m,) is a quotient of W (m,), and 7, is integral, it follows that
Zy(mq) = Za(mq) ®a C(q),
so we can define the U-module Z,(7,) = Za(my) ®a C;i. Clearly, Z,(m,) is a
quotient of W () and hence it suffices to show that Z,(m,) is reducible as a g-
module.

Suppose first that m,;, > 2 for some iy € I. Take l;; = 0 for all i € I and
j=1--- ,m;. Let Uf]‘) be the subalgebra of U, generated by ngl and mi’k for
k € Z. Consider the Uflo—module

Z;O (mq) = Ufzo.v.

Let w be the fundamental weight of sls. Then, by Proposition 5], we know that
Vo(w,a)®™io is irreducible and hence is a quotient of Z!(,). Clearly,

dim(Zq(ﬂ'q)A—aio) > dim(V (w, a)®mio )miow—a = My,
hence

dim(Zy(mg) > mg, > 1.

)\—Ot,‘,o
On the other hand, V(=) is a quotient U-module of Z,(m,), since w, = m, and
V(mw) 2 VI (\x) as Uf™-modules from above. But

dim(V/™ (Am ) ag—as,) = 1.

Hence, Z,(m,) is reducible as a U/™-module.

We can therefore assume that each m; = 0 or 1, and that at least one m; = 1.
Consider first the case m;, = m;, =1 with 9 < i1, and m; = 0 for all 49 < j < 41.
Set J = {ip,i0+ 1,... ,i1}. By a suitable choice of the numbering, we can assume
that the corresponding diagram subalgebra g’ of g is of type Apg- Let Ug be the
subalgebra of U, generated by KijEl and xfk for k € Z and i € J. Define

Z(}](Tl'q) = Ug.v.
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By Proposition 5.2, the U;-module V,/ (ig, as,) ® V,/ (i1, a4,) is irreducible except
for finitely many values of the ratio a;,/a;,. Since each a; can be chosen from
the infinite set {a¢g™ : m € Z}, we can assume that a;, and a;, are chosen so
that V,/ (io, a;,) ® V;/ (i1, a4,) is an irreducible U;-module and hence a quotient of
Z;]’(ﬂ'q). If 6 is the highest root of the subdiagram J, then

dim(Z(I(Trq))\ﬂ'q—eJ) = dim(Z:]](Trq))\ﬂ'q—eJ)
> dlm((v:]J (iOa aio) & V;]J (ila ail)))\ﬂ'q *91)
> dim((Vy""™ 7 (wio) @ V™ (wi)))o) = |T] +1

(in an obvious notation). On the other hand, V(=) is a quotient U-module of
Zg(mq) and

V(ﬂ-))\ﬂ'*eJ = VJ(Tr)/\ﬂ'*GJ = Vfin’J()\ﬂ'))\ﬂ-fam

which has dimension |J|. Hence, V(7) is a proper quotient of Z,(,). This shows
that Z,(m,) is not isomorphic to V, (A, ) and hence is reducible as a U, (g)-module.
It remains to consider the case when exactly one m; = 1, say m;, = 1 and all
other m; = 0. Since 7y has repeated roots, this means that r;, # 1. By Proposition
we know that W(mw) = W (i,a) is reducible.
This completes the proof of the theorem. O

6. THE sly CASE

In this section, g = sly. Let w be the fundamental weight, « the positive root, and
set 2 = 244, h = ha. Let 7 be a polynomial with coefficients in C and constant
term 1. When 7 = 1 — au, denote V(7) by V,(a), and define V(a) similarly. Note
that these modules are two-dimensional over C(gq) and C, respectively.

Set V = V71" (w) and let L(V) = V ® C[t,t~!] be the obvious U*-module, given
by

(vt =0t dvet) =rvet,
forr,se€eZ, xcgandveV.

Set P, = C[tlﬂ,tfl, oo tE1. Let X, be the symmetric group on m letters
and let P>™ be the subalgebra of polynomials invariant under the obvious action
of X,,.

Let S™(L(V)) be the symmetric part of the m-fold tensor product T (L(V))
of L(V). Then, T™(L(V)) is a U®-module in the obvious way, and S™(L(V)) is a
U¢-submodule. Moreover, as vector spaces,

T™(L(V)) = VE" @ Py,
and so T™(L(V)) is a right module for P,, by right multiplication. This induces a
right P2m-action on S™(L(V)).

The left U-module W (mw) is also a right P¥m-module. In fact, by equa-
tion [(+)}, W (mw) is a right U(0)/ ., (0)-module, i.e., a right module for the algebra
C[Ay, -+, A, A Y] But this algebra is isomorphic to P¥= by taking A, to the
rth elementary symmetric function of ¢1, -« , tm,.

In this section, we shall prove the following two theorems.

Theorem 4. As left U¢-modules and as right P=m-modules, we have
W (mw) = S™(L(V)).
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To prove Theorem [4 we shall need

Theorem 5. Let w(u) be a polynomial with coefficients in C and constant term 1.
Then, the dimension of W (r) is 2487, In fact,

W(m) 2 Vy(r),

as U-modules, and
Vy(m) = &) Va(a)

1

where a~+ runs over the set of roots of m counted with multiplicity.

It does not follow from this result that W(m) = @, V(a). In fact, this is false
except when degm = 1. The point is that the A-form of @), V;(a) is not the tensor
product of the A-forms of V;(a) (in fact, the former is a proper subset of the latter,
unless degm = 1). We note the following corollary.

Corollary 6.1. For any w(u) as in Theorem [3, we have Wy(m) = Vy(m) as Ug-
modules.

Proof. Since V() is a quotient of W, (), it suffices to prove that

dimc(q)Wq(w) < 2deg7r.

But this is clear from Theorem [, since W, (7) is a quotient of W (), so

dimg(g) Wy(7) = dimeW, () < dimcW (r) = 249%™,
O

Assume Theorem [§ for the moment. To prove Theorem @ we begin with the
following trivial lemma.

Lemma 6.1. The U®-module S™(L(V')) is integrable. O
Let {v4,v_} be the usual basis of V, so that

ztoy = 0, xi.v:F =v4+, hvy = Ffovg.

For0<r<m,ly, -l €Z, define
V(l1’l27... 1)y (gt o) = Z Ua(l)tla(l) R ® va(m)tla(M)’
oELm

where we set

vg=v_, ifl<s<r,
Vs =04, ifr4+1<s<m.

Clearly the set

Ve ) (gr ey 0 S <my Dy - ooy € 2,
is a C-basis of S™(L(V)).
Lemma 6.2. The PZm-module S™(L(V)) is free of rank 2™.
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Proof. For 0 < r < m, let S™(L(V)), be the subspace of S™(L(V')) spanned by
the elements

IVUida o 1) e ) = 115 5l € 2}
Clearly, S™(L(V)), is a right PZm-submodule of S™(L(V)). It is easy to see that

it is isomorphic to the P2m-module PE[XZ"”’_T, consisting of the elements in P,

invariant under permutation of the first » and the last m — r variables. But it is
well known that the latter module is free of rank ('). This proves the lemma. O

Lemma 6.3. The assignment Wy, — v?m extends to a well defined surjective

homomorphism W (mw) — S™(L(V)) of left U¢-modules and right P=m -modules.

Proof. Tt follows by Proposition [2Z[(i) that there exists a U¢-module homomor-
phism ¢ : W (mw) — S™(L(V)) that takes wp,, to v = v$™. It is trivial to check
that ¢ is also a map of right PZm-modules. To show that ¢ is surjective, it is
enough to prove that

(6.1) S™(L(V)) = Uc.v.

We prove by induction on r that

(62) V(ll,l2,~~~ 7l7')7(l7'+1:"' 7l7n) S Ue.V

for all ly,---,l,, € Z. Consider the case r = 0. For any ki, ke, -,k € Z, we
have

- - - k k k
(xﬁ{)mxkl% SRERE Z vpthe® @ uythe® @ ... @ vy thom

0EX M,
which proves (62)) in this case. The case r = m can be done similarly, since the
element v- = 0% = L(z7)m.v € Uclv.

Assuming the result for r, we prove it for r 4+ 1. For this we shall proceed by an
induction on
N=#{j:j>r+1, I #0}.
Now,

m

Li - V(l,la, e ole),(Lrgaselm) = E , Vita o, oot k) (g e )"
s=r+1

Taking I = 0 for all s > r, we get that

V(s Lz k).(0,-,0) € UV,
for all k£ € Z, proving our assertion when N = 0. Assume the result for N — 1. We
have to show that

€
V(i e brger), ez, e v g1,0,0,0) € Uty

Now
Ty Ve, ) ez, e v 41,0, ,0)
is in U°.v by the induction hypothesis on r, and is a sum of the term
(M = )V o 1) (ras g 1,0, ,0)
and terms of type

V(llu"' dedls+lrg1),(lrg2,lsy o Jlrg N41,0,-0-,0)?
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for r+2 < s <r+ N + 1. Since, by the induction hypothesis on NV, all the terms
of the second type are in U€.v, it follows that

e
Vg, log1)y (bt sl n1,0,--,0) € Uty

This completes the proof that ¢ is surjective. O

Proof of Theorem[f] Let K be the kernel of the homomorphism W(mw) —
S™(L(V)) given by Lemma [63] Since S™(L(V)) is a free, hence projective, right
PZm_module by Lemma [62 it follows that

W(mw) = S™(L(V)) ® K,

as right P>m-modules.
Let m be any maximal ideal in P>m. Identifying P2 with U(0)/I,,.(0) as
described earlier in this section, it is clear that

m = I,(0)/I.(0),
for some polynomial 7 with constant term 1 such that degm = m. It follows that
W (mw)/W (mw)m = W ()

as vector spaces over C, and hence has dimension 2™. On the other hand, by
Lemmal[6.2] S™(L(V))/S™(L(V))m also has dimension 2™ over C. It follows that
K/Km = 0. Since this holds for all maximal ideals m, Nakayama’s lemma implies
that K = 0, proving the theorem. O

The rest of the section is devoted to proving Theorem [l First, observe that, in
view of Theorem [ it suffices to consider the case when 7 (u) = (1 — au)™ for some
a € C*. Since we have a surjective map W (mw) — Vg (), it suffices to prove that

(6.3) dimc W(w) < dimcV,(7) = 2™.

For a € C*, let 7, : g ® C[t] — g ® C[t] be the Lie algebra automorphism
obtained by extending the assignment

rth sr®(t—a), Yreg k>0.
Set

0o _a k
X () = 7a(Xarg ), A () = (AL () = exp (— %Q .

k=1
It is easy to see, using the relation between the A,, and h,,, that

(6.4) hiwr = maFwsr,
or equivalently that
h@ (t—a)*wr =0,
for all £ > 0. It follows that
(6.5) AD)pwr =0, YVEk>0.

Further, using Lemma [[3|(ii) and observing that the identity there is actually an
identity in U(g ® CJt]), we get by applying 7, that

ral@f) () = (1) (X7 (@) VA (@) mod UU(>)s,

a
S
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for s > r > 1. Together with (GH), it follows that
(6.6) (Xa_(u)(s_r)) wre =0 V r>1 s>m+1.

In particular, this means that

(2”@ ({t—a))wg =0V s>m.

Let U} (<) be the commutative subalgebra of U generated by the elements 7,(x},)
for all k > 0, and let I,(m) be the ideal in U] (<) generated by the elements
(X (* )Sforallr21,32m+1.

Lemma 6.4. The assignment u — u.wg induces a surjective map of vector spaces
U5 (<)/Ia(m) — W (m).

Proof. The map is well defined by (6.6). It is obviously surjective because the
polynomials (t — a)* for k > 0 are a basis of C[t]. O

Thus, to prove (G.3) it suffices to show that the dimension of U} (<)/I,(m) is
at most 2™. It is convenient to reformulate the problem as follows.

Let R, = Clzo,- -+ , 2m—1] be the polynomial algebra in m variables. For 0 <
7 <m, set

m—1
= Z ziu' I € Ry, [ul.
i=j

Let J,, be the ideal in R,,, generated by the elements (Zy(u)"),, forr > 1, s > m+1.
It is trivial to see that

R/ Jm = UF(<)/1a(m),

via the map 7(z, ) — 2. It is clear that (6.3) is now a consequence of the following
proposition and Lemma [6.4]

Proposition 6.1. Form >r >0, let
B =A{ziy2ip 20, 10 <1y <idg <+ <i4p <m—r}.

Let By = {1}. The set

spans Ry, [ I,

We prove Proposition [6] by induction on m. The case m = 1 is trivial, but for
the inductive step, we need the following lemmas.
Set Jym = Jm,o and, for 0 < j < m, define ideals J,, ; in Ry, inductively by

J
Tng = Jmg—1+ Y RZi(@) )m—g =Jm+ Y > Ru(Zi(w)),.
r=1 s>m—j 1<r<m-—s
Lemma 6.5. If j > 1, there is a unique homomorphism of algebras
R i/ Tm—j = Bonf T 1
such that z; — zjy1 for 0 <i<m—j.
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Proof. To establish the lemma, we must prove that

(6.7) ((%zu) ) € Jmj-1,
i=1 s

forallr>1and s>m —j+ 1.
We proceed by induction on j. For j = 1, we must show that

(Z1(uw)"), € Jm ¥ s 2>m.

If » = 1, this is trivial from the definition of Z;(u). Assume the result for smaller
values of r. Writing

Zo(u) = u(zo0 + Z1(u)),

(Zo(w)), ( WEL >>

Take s = n +r with n > m. Then, (Zo(u)"),,, € Jm by the definition of J,,, so

Z <;> 26(Z1(u) ™) € Jim.

t=0

we have

But, if ¢ > 0, then (Z;(u)""%),, € Jy, for all n > m by the induction hypothesis
on 7, 80 (Z1(u)")n € Jp for all n > m, thus completing the induction on r, and
establishing (6.7) when j = 1.

So now assume that we know (6.7) for j — 1. Write

m—j+1

By the induction hypothesm on j,

m—j+1 r
<< Z Ziuz) ) © Jm,j_Q
i=1 s

forallT > 1, s >m—j+2. Since 2m—j+1 € Jm,j—1, we can conclude, by using the

binomial expansion, that
m—j r
()
i=1 s

if r >1,s>m—j+ 1. Thus, it suffices to prove that

m—j r
(68) <<Z ziui> > S Jm7j_1
i=1 m—j+1

forall r > 1. If r < j — 1, we have (Z1(4)")m—j+1 € Jm,j—1 by definition. Further,
the elements zpm—j41,+ , Zm—1 € Jm,j—1. Thus, writing

S 8

i=m—j+1

and using the binomial expansion, we see that (6.8)) follows.
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Ifr>j—1,thenr+m—j+1>m,so
(ZO(U)T)rer—jH € Jm C JImj
by the definition of J,,,, we have
((z0 + Z1(u) ) jy1 € Jmoj—1-

Now, Z1(W)m—j+1 = Zm—j+1 € Jm,j—1 by definition, and so using the binomial
expansion again and an induction on 7, we conclude that

(Z2(w)" ) jir € Tt

But now the proof is completed as in the case r < j. O
The proof of the following lemma is elementary.
Lemma 6.6. Let r > k > 0. Then, the matriz
(k+1 kE+1 k+1
1 2 r—k+1
k+2 k+2 k+2
1 2 r—k+1
r+1 r+1 N r+1
[\ 1 2 r—k+1
has determinant ('”,gl) and hence is invertible. O

Lemma 6.7. Forr >t>0,0<s <r, the element 2§~ °(Z1(u)*™1),,—_¢ belongs to
the span of

{267 (Za(u) ) i 1 < G <t

Proof. We assume that m > 1, otherwise there is nothing to prove. We consider
the following equations in R, /Jp,:

zg_j(Zo(u)j+1)m+j+1_t =0, 0<t<y,
ie.,

20 (20 + Zu (@) e =0, 0<t <],

ie.,

J

>

i1 L o
(j i ) 2y () g = 0.
i=0
We must show that these equations, for j = ¢,¢ + 1,--- ,r, can be solved for the
elements z§(Z1(u)"T17%),,— with t < s < 7 in terms of those with s < ¢. But this

follows from the preceding lemma. O
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Proof of Proposition[6.1. The proposition is trivially true if m = 1. Assume now
that we know the result for m — 1.
For 0 <k <r <m, set

Bm,r,k = {Zilzig T2, € Bm,r D41 > 1}-
The proposition obviously follows from

Claim. Let r > k > 0, and let g € R,,, be a homogenous polynomial of degree r — k
in 21,29, -+ , Zm—_1. Then, zFg is in the span of Bo,r,; modulo Jy,.

We proceed by induction on k. If k = 0, then by Lemma G5l we have a homomor-
phism R,,—1/Jm-1 — Ry /Jm which sends z; — z;41. Clearly, g is in the image of
this homomorphism and the induction hypothesis on m implies that g € B, 0.

Assume the result for k — 1. Write

g=9go+ 912m—k + 92Zm—k+1 + -+ GkZm—1,

where for 0 < j < k, g; is a polynomial in 21,22, -, 2m—g4j—1. Now, for j > 0,
we see by Lemma [6.7] that the element z(’fzm_kﬂ is in the span of the sets By, j+1,s
with s < k. Thus, the element 2§ 2, —k4;gj4+1 can be written as a sum Y, _, z5hs;,
where the hg; are polynomials in 21, - , z,—1. Hence, by the induction on &,

k
20 2m—k+59j+1 € Bm.rk,

for j > 0. Finally observe that by Lemma [6H, go is in the image of the map
Ry—k—1/JIm—k+j—1 — Rm/Jm and hence, by using the induction on m, we get
that

go € span(By, r—k,0) mod Jp, kg1

Thus, z(’)“go is in the span of B, , » provided that Z§Jm7k is also in the span of By, 1k,
i.eif 25(Z1(u)")m—k—1 is in the span of B, ., forall s > m—k, 1 <r < m—s. But
this follows from Lemma [6.7 again, and the proof of the proposition is complete. [
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