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THE CLOSURE DIAGRAM FOR NILPOTENT ORBITS
OF THE SPLIT REAL FORM OF E;

DRAGOMIR Z. POKOVIC

ABSTRACT. Let O7 and O3 be adjoint nilpotent orbits in a real semisimple Lie
algebra. Write O1 > O3 if O3 is contained in the closure of Op. This defines
a partial order on the set of such orbits, known as the closure ordering. We
determine this order for the split real form EV of E7.

1. INTRODUCTION

The closure diagrams for adjoint nilpotent orbits in noncompact real forms of the
exceptional simple complex Lie algebras were determined in [8, @] [T0, 1], except
for the split real forms of E7 and Eg. Here we handle the split real form of E7 (also
known as the form of type EV, in Cartan’s notation). This paper is essentially a
continuation of our paper [I0] and we shall often refer to it.

By g we denote a simple complex Lie algebra of type E7, by go a split real form
of g, and by G (respectively Gg) the adjoint group of g (respectively go). As usual,
let go = 9 ® po be a Cartan decomposition of gg, g = € ® p its complexification,
and 6 the Cartan involution. Let ¢ be the complex conjugation of g with respect
to go, and let h be a o-stable Cartan subalgebra of €. Since gq is of inner type, b is
also a Cartan subalgebra of g.

Denote by A the nilpotent variety of g and set

Ne=Nngy, Ni=Nnp.

Let K° = SLg/Z, be the connected subgroup of G' with the Lie algebra €. (By Zj
we denote a cyclic group of order k.) It is known that the orbit spaces Nr /Gy and
N1/K°, equipped with the quotient topologies, are homeomorphic and that the
Kostant-Sekiguchi bijection is a homeomorphism Ngr/Go — N1/K° (see [5 [).
Our main result, Theorem 4.1, describes the topology of N7/K". The description
is via the closure diagram shown in Figures 5 and 6. The construction of this
diagram and the proof of its correctness are based on extensive and nontrivial
computations for which we used heavily Maple [4] and LiE [I6] (in addition to
our own programs). It may be worthwhile to point out that Table 3 contains an
extensive list of the representatives of all nonzero nilpotent K%-orbits in p. In many
cases several representatives of different types are given.

It is a pleasure to thank J. Sekiguchi for his interest and several discussions that
we had about the closures of nilpotent orbits. The proposition of Section 7 is in
fact a by-product of these discussions.
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2. PRELIMINARIES

The closure diagram for adjoint nilpotent orbits in g was determined by Mizuno
[12] and verified later by Beynon and Spaltenstein [2]. We will use the version of
Mizuno’s diagram given in [10} Figure 1] where each node represents a G-orbit in A/
and is labeled by the corresponding Bala-Carter symbol (see [5]). In this diagram,
the orbits having the same dimension are positioned at the same level. Because of
its length, the diagram is split into two pieces. The dimensions of the orbits are
indicated on both sides of the figure.

There are 45 adjoint nilpotent orbits in g (including the trivial orbit). The
nonzero ones are listed in [I0, Table 1]. The k-th orbit, i.e., the one that appears as
the k-th entry of that table, will be denoted by OF. The second column of that table
contains the Bala-Carter symbol of OF, and the third one gives the weighted Dynkin
diagram of OF. The complex dimension of OF is recorded in the last column.

The nonzero Gy-orbits in Mg, or equivalently the nonzero K%-orbits in N7, were
classified in [6] (see also [H]). We shall keep the same numbering for these orbits
as in these two references. The i-th nontrivial Gg-orbit in Mg will be denoted by
Oj, and we denote by O! the nontrivial K°-orbit in A that corresponds to O}
under the Kostant-Sekiguchi bijection. The fourth column of [T0] Table 1] gives the
superscripts i of the orbits Of (or, equivalently, O%) which are contained in O*.
For instance, if £ = 7, then

O"Ngo=0uo uog?, O np=0{°00{t U0

We say that a triple (E, H, F) in g is a standard triple if [H, E] = 2E, [H,F]| =
—2F, [F,E] = H and E, H, F are nonzero. Such a triple is normal if also H € ¢
and E, F € p. We denote the root system of (g, ) by R, choose a system of positive
roots Rt C R and a base B = {o; : 1 < i < 7} C R" of R. The simple roots
«; € B are indexed as in Figure 1.

o = C—63 aq (O%:] Qy Qs (&7 a7

O

501 B2 Ps Bs Bs Bs  Br

(%)
FIGURE 1. The extended base of E; and a base of R,

Let us also introduce the subgroup K = {z € G : 0(z) = x}. Its identity
component is the group K° defined above and K/K° = Z,.

We extend the enumeration of simple roots a;, 1 < i < 7, to the enumeration
a;, 1 <i<63,of RT. Tt is given in [10, Appendix]. A negative root —«; will be
also written as a_;. The coroot of «; is denoted by H; € hh. For a € R we let g¢
be the root space of a. A nonzero element X, € g is called a root vector of cv. We
assume that a root vector X; has been chosen for each root a;, +i € {1,...,63}.

By recalling the definition of the Zs-gradation g = €+ p from [6], one can easily
distinguish the roots a for which g® C £ from those for which g* C p. Indeed, if
a = kiay + kaao + - - + kraz, then in the former case ko is even (kg = 0,+2) and
in the latter it is odd (k2 = +1).
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By adjoining the negative of the highest root g = —ag3 = a_g3 to B we obtain
the so-called extended base B, = B U {ag} (see Figure 1). Let Ry be the root
system of (£, ) where we view Ry as a subsystem of R. We set Rf = Ry N R* and
denote by By the unique base of Ry contained in R(')|r . It turns out that By C Be..
Explicitly we have

By ={ao, a1, a3, 04,05, 06,7} = {8 : 1 <i < T},
where, as in [6] Table IV],
B1=ag, Be=01, B3 =a3, Bs=ou, B5=as, Bs=as, B7=ar.

Given a nonzero K%-orbit O} C Nj, we can choose a normal triple (E, H, F)
such that E € O}, H € b, and B;(H) > 0 for 1 < i < 7. The integers (3;(H)
determine uniquely H and, consequently, also the orbit O%.

Let s; be the reflection corresponding to the root «;. The roots ayr, a4s, and
a9 are mutually orthogonal. The element w = s47548849 of the Weyl group W =
W (g,b) is an involution. We have w(By) = By and w induces the automorphism
of By of order 2, i.e., w(8;) = PBs—; for 1 < i < 7. There is an involution w € G (a
lifting of w) such that w(h) = h and the action of @ on the dual space h* coincides
with the action of w.

We remark that the standard regular subalgebra (see [10] for the definition) with
simple roots ay7, aus, and ayg is of type (341)”. Indeed if we set

Y1 = 02, Y2 = 47, V3 = 17, Y4 = (V_44, V5 = 048, V6 = X—19, V7 = Q49,

then these roots form another base of R and so there is an element of W that maps
vi — «a; for 1 <4 < 7. Hence the triple {au7, aus, @49} is mapped onto the triple
{aa, a5, a7} which is a base of a system of type (34;)".

Let us briefly indicate how the element @ can be explicitly constructed. For that
purpose only, we shall assume that the root vectors X; for +i € {1,...,63} have
been chosen (say as in [7]) so that together with the H;, 1 < ¢ < 7, they form a
Chevalley basis of go. In particular, [X_;, X;] = H; for all indices +i € {1,... ,63}.
For a € R let

6, = ead (Xa)ead (X_a)ead(Xa)7

and set §; = 0, (see [3]). Then we can take
W = O47648049.

Since the roots ay47, aus, and a9 are mutually orthogonal, we have
w? = 027028929'

This element is the identity because G is the adjoint group and {ay47, aus, aug} is
a base of a system of type (341)"”. The analogously defined element in the simply
connected group of type E7 is the central involution of that group (for more details
see [15)]).

Since w(By) = By, we have w(t) = ¢ and w(p) = p. As @ induces an outer
automorphism of ¢, we conclude that @ belongs to the non-identity component
of K. The action of w (and @) on R is described in Table 1. The involution @
permutes the nilpotent K%-orbits in p and induces a homeomorphism of the orbit
space N1 /KY. This permutation action is given in Table 2. The fact that @ induces
an involutorial automorphism of the closure diagram will be used to simplify the
proof of our main result.
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TABLE 1. The pairs 4, j such that w(e;) = a;
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1 6 2 2 3 ) 4 4 7 —63
8 12 9 9 10 11 13 —62 14 18
15 16 17 17 19 -61 20 23 21 24
22 22 25 —60 26 29 27 27 28 28
30 —59| 31 58| 32 35| 33 33| 34 -—56
36 —b7| 37 40| 38 38| 39 —54| 41 -55
42 43 44 51 45 =52 46 46 47 47
48 —48 49 —49 50 50 51 —44 52 —4b
53 b3 | B4 -39 55 —41| 56 —34| 57 -—-36
58 —-31| 59 —-30| 60 —25| 61 —19| 62 -—13
63 -7/ -1 —-6| -2 -2| -3 5| -4 -4
-8 -12y -9 -9|-10 —-11|-14 -18|—-15 -—16
-17 —-17|-20 -23 | -21 —-24 | -22 -22|-26 -29
—27 =27 -28 -28|-32 -35|-33 -—-33|-37 —40
—38 —38|—-42 —43| —46 —46|—-50 —50| —53 —53
TABLE 2. The pairs i, j such that @w(O%) = O}
1 12 23 45 5|6 6|7 7|8 9|10 11
12 12|13 14|15 15|16 17|18 19|20 20|21 21|22 23
24 24|25 25|26 26|27 27|28 29|30 30|31 32|33 34
3b 36|37 37|38 38|39 40|41 42|43 43 |44 45|46 47
48 49|50 50|51 52|53 53|54 54|55 56|57 58|59 59
60 61|62 62|63 63|64 65|66 66|67 68|69 70|71 71
72 73|74 T5|76 TT|78 79|80 80|81 81|82 83|84 84
85 86|87 8|8 90|91 92|93 94

The basic technique for the construction of the closure diagrams of nilpotent
orbits was described in [8] and perfected later in our subsequent papers [9, [10] [11].
It is especially convenient for real forms of inner type and will be employed in this

paper.

We introduce some more notation concerning a normal triple (E, H, F'). For any
integer ;7 we define the subspaces

gu(l,j) ={X €p:[H X]=jX},

and for integers i > 1 we set

pi(H) = ZQH(Lj)-

J=i

By Qg we denote the parabolic subgroup of K° with Lie algebra

ar =Y _an(0,5).

J=0

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



288 DRAGOMIR Z. DPOKOVIC

3. REPRESENTATIVES OF THE NONZERO NILPOTENT K°-ORBITS IN p

There are exactly 95 nilpotent K-orbits in p. They are denoted by O, 0 < i <
94, where 09 = {0} is the trivial orbit. Thus

94
N =[] o
=0

The 94 nontrivial nilpotent K°-orbits O! in p and their representatives E are
listed in Table 3. (While writing [6], we compiled the lists of representatives of the
nilpotent K%-orbits in p, but they were not included in that paper.)

For each i € {1,...,94} we record in the first column the integer k such that
Of C OF (see also [0, Table 1]). We choose a normal triple (E¢, H, F*) with
E' € 0%, H' € b, and such that 8;(H?) > 0, 1 < j < 7. The third column lists the
integers 3;(H?®). The last two columns give a representative E* € O} and its type
(see below for more details about types). The representative E* is written as a sum
of root vectors all of which lie in the subspace gg:(1,2) (this can be verified by
using Table 7 given in the Appendix). The corresponding roots are always linearly
independent. In many cases we give several representatives of different types.

Let i < j be such that w(O%) = O] (see Table 2). Such pairs are recognizable
from Table 3 because they satisfy

Br(H?) = Bs_p(HY), 1<k<T.

Our representatives for O{ are obtained from those of O} by applying the involution
w. For instance if i = 3 and j = 4, then E3 = (X_5) + (X_2g) + (X_49) is our
representative of OF. Since w maps the roots a_a, a2, and a_49 to the roots
Q_2, a_og, and ayg (see Table 1), we use E* = (X_3) + (X_28) + (X49) as our
representative of the orbit Of.

If the type of E* is written as a sum of two or more symbols, then we enclose in
parentheses the contribution of each of these symbols. For instance the representa-
tive

E* = (X_3p + Xs50 + X_a0 + X_42) + (X_41)

of Of% is of type D4 + A;. The contribution of Dy (resp. A;) is X 30 + X590 +
X_40+ X_42 (resp. X_41). The roots a_zo2, aso, a_40, @—_42, and a_4; form a
base of a root subsystem of type Dy + A; (see Figure 2).

Q_32 Q50 (_42 Q41
@-—I—@ o]
Q_40

FIGURE 2. A base of a subsystem of type Dy + Aq

In Figures 3 and 4 we give the Dynkin-like diagrams for the non-standard types
that occur in Tables 3 and 4. The dotted lines in these diagrams join two roots
whose angle is /3 while the solid lines (as usual) join two roots whose angle is
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27 /3. More precisely one should view these diagrams as the objects defining the
types of representatives. For the type E7(a4) see Figure 7.

&_33 (_38 Q_43 (X_48 d_44 OQ_41

o
Q46 Q22 a_37 Q50 a_35 d—_g2 Q50 a—40 CO49

Dy(aq): orbit 27 Ds(aq): orbit 51 Dg(ay): orbit 72

Q_45 Q49 Q57

a_39 Q51 a_37 Q57 Q—g9 (37

Dg(az): orbit 64

(€471 a0 39 52

g5 @d_38 (52 a_37 (46 d—40

EG (a3 )Z orbit 63

52 a_39 Q51 a—45 52 a_39 Q51 d—45

EG (a1 )Z orbit 80

FI1GURE 3. Diagrams for some non-standard types
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52 Q43 Q50 a—49 Q52 Q43 Q50

E7 (a3 )Z orbit 87

Q_gq4 C_47 Q55 Q_49 Q45 Q51
O O O
Q45 048 a_43 Q50 Q52 44 O_46 Q50

E7 (CLQ )Z orbit 89

Qy7 Q51 Qq7 Q_44

O O [e;

Q_49 Q52 Qg4 Q4 Q50 Q50 Q42 Q48 Q52

Er(aq): orbit 91

Q7 Q42 a_3g - Q51 Qa5

o
d_g9 Q52 d_gq Gy (50 Q50 a_37 (—49

E7(aq1): orbit 91 Er(as): orbit 69

FIGURE 4. Diagrams for some non-standard types
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TABLE 3. Representatives of nonzero nilpotent orbits in p (go = E V)
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k|| B;(HY E' e O} Type

1] 110001000 | X_o Ay

2| 210100010 | (X_2) + (X_28) 24,

3| 30200000 | (X_o) + (X_as) + (X_s0) (34,)"

3| 40000020 | (X_o) + (X_as) + (Xag) (34,)"

41 511001001 | (X_g) + (X_22) + (X_33) (34;)

5| 612000002 | X_o+ X_50 Agy
(X—2) 4+ (X_28) + (X_38) + (X_46) (4A1)

51 710002000 | (Xs50) + (X—9) + (X_22) + (X_33) (441)

6| 81100100 | (X_16) + (X_20) + (X_29) + (X_a1) (44,)"

6| 90010011 | (X_15) + (X_23) + (X_sg) + (Xs5) (44,)"

7110 | 2010001 (X715 + X743) + (ngo) As + Ay
(X-15) + (X—26) + (X_30) + (X_38) 54,
+(X,40)

7111 | 1000102 | (X_16 + X_42) + (X59) Ay + Aq
(X_16) + (X_29) + (X59) + (X _38) 5A;
+(X—37)

7112 (0101010 (X57) + (szo) + (ngg) + (szg) 5A4
+(X,36)

8 | 13 | 3000100 | (X_95 + X_38) + (X_30) + (X_47) As + 24,
(X_22) + (X-30) + (X-32) + (X-33) 64,
+(X-35) + (X-a7)

8|14 | 0010003 (X722 + X738) + (ng) + (X47) Ay + 24,
(X—22) + (Xs59) + (X-35) + (X-33) 641
+(X_32) + (Xu7)

81151 1010101 | (X_22 + X _35) + (X59) + (X—30) Ay + 24,
(Xs59) + (X—22) + (X_30) + (X_32) 64,
+(X-33) + (X-35)

9|16 | 4000000 (sz + X749) + (ngg) + (ngg) + (X747) Ag + 34,
(ng) + (szg) + (ngg) + (X746) TA,

(X a7) + (X oa8) + (X -a9)

9| 17 [ 0000004 | (X_o + Xag) + (X_08) + (X_sg) + (Xa7) | Az + 34,
(X_2) + (X_28) + (X_38) + (X_46) A
+(Xa7) + (Xag) + (Xao)

9| 18 | 2000200 (X722 + X738) + (ng) + (X730) + (X747) Ay +3A;
(Xs59) + (X—22) + (X_30) + (X_32) A
+(X33) + (X-35) + (X—a7)

9 (19 | 0020002 (X—22 + X—38) + (X_go) + (X59) + (X47) Ay + 34,
(X—30) + (X—22) + (X59) + (X_35) A
+(X_33) + (X_32) + (Xu7)

10 | 20 | 0102010 | Xss + X_o5 + X_30 As

11 | 21 | 0200020 | (Xs2 + X_23) + (X_20 + X_43) 24,

12 | 22| 0202000 | (X50 + X 28 + X _33) + (X _49) (As + Ay)”
12 | 23 | 0002020 (X50 + X _ 98 + X733) + (X49) (A3 + Al)//
13| 24 | 1101011 | (Xs7 + X_35) + (X_s0 + X_57) + (X_s3) | 245+ 4
14 | 25 | 1011101 | (X510 + X o5 + X _30) + (X _35) (As + Ay)
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TABLE 3. (continued)

k|| B;(HY E' €O Type

15 | 26 | 2002002 (X54 + X _ 98 + Xf?,g) + (ngg) + (X,46) (A3 + 2A1)/

15 | 27 | 0020200 (X46 + X _ 90+ ngg) + (X54) + (ngg) (A3 + 2A1)/
(Xa6 + X_22) + (X4 + X _39) 34
+(X_35 + X_39)

Xag+ X 00+ X_ 33+ X_33 Dy(a1)

16 | 28 | 1111010 | (Xs7 + X—a1 + X_33) + (X_32) + (X_10) | (A3 +24,)"

16 | 29 | 0101111 (X736 + X5 + X733) + (X735) + (X737) (A3 + 2A1)”

171 30 | 2004002 | X o8 + X50 + X33 + X_46 Dy

18 | 31| 2101101 | (X590 + X _40 + X _39) As + 34,
+(X32) + (Xoa1) + (X -42)

18 | 32 | 1011012 (X_g() +X_37—|-X54) Az + 34,
+(X_35) + (X55) + (X _43)

18 | 33 | 0120101 (X51 + X _ 36+ ngg) Az + 3A;
+(Xs57) + (X -33) + (X _40)

(X51+ X _96 + X _36 + X_41) + (X_40) Dy(ar) + Ay

18 | 34 | 1010210 | (X_4q4 + X57 + X_35) Az + 34,
+(X_36) + (X_33) + (X_37)

(X—aa + X909 + X574+ Xs5) + (X_37) Dy(ar) + As

19 | 35 | 1030010 (X729 + X555 + ngg) + (X738 + X745) As + Ay
(Xo5 + X_09 + X_39+ X_4s) Dy(ar) + 24,
+(X38) + (X-a1)

19 | 36 | 0100301 | (X_o6 + X_a1 + Xs4) + (X_35 + X32) As + As
(X741 4+ X o6+ X514 + X48) D4(a1) + 24,
+(X_38) + (X55)

19 | 37 | 1110111 | (X55 + X_33 + X _36 + X_41) Dy(ayr) + 24,
+(X37) + (X-10)

20 | 38 | 2200022 | X_33 + X52 + X _30 + X_50 Ay

21 | 39 | 0040000 (X37 + X _ 90+ ngg) + (X59 + X748) Az + Ay + Ay
+(X,41)

(X37+X722+X720+X738) D4(a1) + 34,
+(X55) + (X—a1) + (X _48)

21 | 40 | 0000400 | (X40 + X _22 + X _38) + (X_30 + Xus) As+Ar+ Ay
+(X55)

(X40 + X 90+ X o3+ ngg) D4(a1) + 34,
H(Xa1) + (X55) + (Xas)

21 | 41 | 2020020 | (X_29 + X55 + X_39) + (X_38 + X _45) Az + Ay + Ay
+(X-37)

(X55 + X 20 + X 39 + X _43) Dy(a1) + 34
+(X37) + (X-38) + (X-a1)

21| 42| 0200202 | (X_o6 + X_41 + X54) + (X _35 + X52) As + Ay + A
+(X-40)

(X_a1 + X_96 + X51 + Xus) Dy(a1) + 344
+(X—40) + (X-38) + (X55)

20 | 43 | 0202020 | (X_32 + X50 + X_35) 243
+(Xs2 + X33+ X _45)

22 | 44 | 0402020 | X50 + X 30 + X _49 + X520 + X _33 (A5)”
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TABLE 3. (continued)

293

k|| B;(HY E' €O Type

92 | 45 | 0202040 | X0 + X35 + Xao + X_45 + X _s3 (A5)”

23|46 | 2103101 | (X_32+ X50 + X 40 + X_42) + (X_41) Ds+ Ay

23 | 47 [ 1013012 | (X_s5 + Xs50 + X_a7 + X_13) + (Xs55) Dy + A

24 | 48 | 3101021 | (X_38 + X57 + X_41 + X_46) + (X_39) Ay + Ay

24 | 49 | 1201013 | (X _38 + X 36 + X55 + X _46) + (X5 ) Ay + Ay

24 | 50 | 1111111 (X—37+X54+X_41) 2A3 + Aq
+(Xs5 + X_g9 + X_a0) + (X_38)

25| 51| 3013010 (X,37 4+ X500+ X _38 + X740) D4+ 2A;
+(X_a1) + (X_4s)
X 37+ X550+ X 35+ X_43+ X_43 Ds(ay)

25| 52| 0103103 | (X_40 + X50 + X35 + X_37) Dy +2A;
+(Xs55) + (Xag)
X_40+ X0 + X_32 + X_42 + Xug Ds(ay)

25|53 | 1112111 | (X_37 + X50 + X358 + X _40) D4+ 2A;
+(Xs5) + (X_a1)

26 | 54 | 2020202 | (X_37 + X51 + X_36 + X_43) Ay + Ay
+(Xs57 + X_14)

27 | 55 | 4004000 | (X_a5 + X50 + X358 + X _46) D4+ 3A4A;
+(X747) + (X748) + (X,49)
(X_o8+ X50 + X35+ X_46+ X_51) Ds(a1) + As
+(X_49)

27 | 56 | 0004004 | (X_o8 + X50 + X358 + X _46) D4+ 3A4A;
+(Xa7) + (Xasg) + (Xa9)
(X_28 + X50 + X_38 + X_46 + Xua) Ds(a1) + As
+(X49)

27| 57 | 2022020 | (X_37 + X_38 + X50 + X_40) D4+ 3A;
+(Xs5) + (X—a1) + (X_as)
(X_37+ X50 + X_35 + X_43+ X _43) Ds(a1) + As
+(X55)

27 | 58 | 0202202 (X,40 + X _38 + X50 + X737) D4+ 3A4A;
+(X_a1) + (Xs5) + (Xus)
(X_a0+ X50 + X320+ X_40 + Xug) Ds(a1) + As
+(X,41)

28 | 59 | 1211121 | X54 + X _45 + X_38 + X50 + X _39 (A5)'

29| 60 | 1311111 (X54 + X _37 4+ X_49 + X55 + X739) (A5 + Al) !
+(X_35)

29 | 61 | 1111131 | (X_39+ X _40 + X9 + X_41 + X54) (As + Ay)”
+(X_3s)

30 | 62 | 2202022 (X54 + X_ 45+ X_ 35 + X590 + X739) (A5 + Al)
+(X,46)

30 | 63 | 0220220 | (X466 + X_40 + X_30 + X52 + X_38) (A5 + Al)
+(Xs54)
Xsa+ X 45+ X 38+ X2 + X_39 + X590 Eg(a3)
X sr+Xag+ X a0+ X 33+ Xso+X_u5 | Eglas)

31|64 | 1310301 | X_359 + X51 + X 37+ X_49 + Xs7+ X_45 | Ds(a2)
Xor+X_ a9+ X 37+ Xs1 + X 390+ X 44 | Dg(a2)
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TABLE 3. (continued)

k|| B;(HY E' €O Type

31| 65| 1030131 | X554 + X_4a + X_40 + Xag + X_36 + X502 Dg(ag)
X_36 + Xug + X_s0+ X_sa + Xs4 + X51 Deg(az)

32| 66 | 2204022 | X _46+ X50 + X _38 + X520 + X _45 D5

33| 67 | 2220202 | (X_30+ X51 + X 37+ X _49 + X57 Dg(az2) + Ax
+X_45) + (X_43)
(Xs7+ X s+ X 37+ X1 + X _39 De(az) + As
+X744) + (X,43)

33 | 68 | 2020222 (X54 + X_ag+ X_40+ Xag + X_36 Dg(ag) + A;
+X52) + (X_42)
(X _36 + Xug + X 40+ X a4 + Xs4 De(az) + As
+X51) + (X_42)

33| 69 | 0400400 | (X51 + X _39 + X _40 + Xu3 + X _30) As + Ay
+(Xs7 + X_42)
(X_go+ Xus + X 33+ X_45 + X1 Dg(a2) + As
+X _40) + (Xs7)
(X51+ X 45 + X 33+ Xuz + X 32 De(az) + Ax
+X_37) + (Xs7)
X_38 + Xs50 + X_37 + X_49 + X55 E7(as)
+ X510+ X_33

33| 70 | 0040040 | (X_44 + X54 + X_37 + Xyo + X_35) As + Ao
+(X 36 + X_43)
(X 35+ Xuo + X 33+ X2 + X 44 De(az) + As
+X737) + (X,36)
(X—aa+ X2 + X 334+ Xuo + X_35 Dg(a2) + As
+X _40) + (X_36)
X_38 4+ X50 + X_40 + Xg9 + X_41 Ex(as)
+X_44+ X _33

34| 712220222 | X_yo + X _45 + X51 + X_39 + X550 + X_43 Ag

351723013131 | X_yo+ X550+ X_uo+ Xag+X_ga+X_41 Dg(al)

35| 73| 1313103 | X _43 4+ X500+ X_37 + X_49 + X51 + X55 Dg(aq)

36 | 74 | 3113121 | (X_43+ X0+ X0+ X5+ X _45) Ds + Ay
+(X_44)

36 | 75| 1213113 (X,42 + X0+ X_y3+X_41 + X52) Ds + A,
+(X51)

371 76 | 2222202 (X,43 + X550 + X_37 + X51 + X_49 Dg(al) + Ay
+X_45) + (X_a4)

37| 772022222 | (X_yo + X50 + X0+ X_44 + Xyo Dg(a1) + Ay
+X52) + (X51)

37| 78 | 4004040 | (X_43 + X50 + X35 + Xa9 + X_51 Dg(aq) + 4
+X_45) + (X_a4)
X_ a7+ X 43+ X50 + X_35 + Xy Er(as)
+X 45+ X5

37|79 | 0404004 | (X_40 + X50 + X320 + X _49 + Xyu Dg(a1) + Ay
+X52) + (Xg,l)
X+ X 40+ X500+ X 30+ X 49 E7(ay)
+X50+ X _45
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k|| B;(HY E' €O Type

38 | 80 | 4220224 | X550 + X _39 + X51 + X_u5 + X_46 + X_50 Eg(al)
Xoo+ X 30+ X1+ X a5+ X_u6+X s | Eglar)

38 | 812222222 | X571+ X_ 45 + X 40+ X50 + X_43 + X50 A
+X_44

39|82 (3413131 | X_qo+ X0+ X_uzs+ Xso+ X_au+ X_49 | D

39 | 83 | 1313143 | X_y3 + Xs50 + X_so + X_45 + X51 + Xug Ds

40 | 84 | 4224224 | X590+ X50 + X _aqa + X 46+ X51 + X _45 FEs

41| 85 | 2422222 | (X_yo + Xs0 + X4z + X5o + X_s4 D¢ + Ay
+X_49) + (X51)

41| 86 | 2222242 | (X_y3+ X50 + X g2 + X 45 + X51 De + Ay
+Xu9) + (X_44)

41 | 87 | 4404040 | (X_46 + X50 + X 38 + X50 + X _4s D¢ + A;
+X749) + (X,47)
X_49 4+ Xso + X_u3 + Xs50 + Xs5 E7(a3)
+X 47+ X4
X 46+ X50 + X 38 + X52 + X 49 Ex(a3)
+X 35+ X 5

41 | 88 | 0404044 | (X_46 + X50 + X358 + X _45 + Xus D¢ + A;
+X49) + (X47)
Xgo+ X 45+ X 42+ Xso+ X 11 Ex(a3)
+Xu7 + X _39
X_46 + X50 + X_38 + X_45 + Xy Ex(a3)
+X 38+ Xusg

42 | 89 | 4404404 | X_45 + X550 + Xug + X_u3 + X_47 + X55 E7(a2)
+X_44
Xso+ Xso+ X g4+ X 46+ Xs1+ X 45 Ex(az)
+X_49

421 90 | 4044044 | X590 + Xs0 + X _us + X_g0 + Xy7 + X431 Er(a2)
+X51
X a5+ X0+ Xo1 + X ug+ X_aa + Xs2 E7(as)
+Xug

43 | 91 | 4444044 | X_49 + Xuy7 + X2 + X g4 + X_46 + Xs50 Er(aq)
+X51
Xso+ X g0+ Xa7 + X g4 + X5+ X g9 Ez(ay)
Xso+ X g0+ Xu7 + X_44 + X0+ X 49 E7(a1)
+X_46

43 | 92 | 4404444 | Xyo + X _47 + X _45 + X51 + X_46 + X590 Er(aq)
Xso+ X g3 + X 47+ X1 + X 45 + X9 Ez(ay)
+Xus
Xso+ X 43+ X_ 47+ X51 + X 45 + Xyg E7(ay)
+X_46

44 | 93 | 8444444 | X550+ X a7+ X _46 + X51 + X_48 + X590 FEr

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



296 DRAGOMIR Z. DPOKOVIC

TABLE 3. (continued)
k|| B;(HY E' €O Type
44 | 94 | 4444448 | Xs0 + X7 + X_u6 + X_aa + Xug + X _u5 E;

4. DESCRIPTION OF THE CLOSURE DIAGRAM
We can now state our main result.

Theorem 4.1. Let go be of type EV. Then the closure ordering of the nilpotent
KO-orbits in p is as given in Figures 5 and 6.

For typographical reasons the closure diagram is split into two parts. The top
part is shown in Figure 5 and the bottom part in Figure 6. From now on the word
diagram will refer (unless stated otherwise) to the diagram exhibited in these two
figures. The orbit O is represented by the node with label i.

The numbers on the left-hand side of the diagram are the complex dimensions
of the orbits on that level. On the right-hand side we indicate the action of w on
N1/K°. We write i — j to indicate that w(O%) = O (see also Table 2). The part
of the diagram that is fixed by @ is highlighted by using thicker bonds and nodes.

5. JUSTIFICATION FOR THE LINES IN THE DIAGRAM

We write Q% > OF if O > OJ, and O} > O if OF # O. In this section we
prove that if ¢ and j are two nodes in the diagram, with i above j, which are joined
by a line, then Of > Of. Clearly, we may assume that j # 0. If O > O}, then
w(O%) > w(O)). This reduces considerably the number of cases that we need to
consider. L 4

Since pa(H®) C O, in order to prove that O > OF it suffices to exhibit an
element E € py(H') N OJ. Such elements are given in Table 4. The fact that
E € pa(H?Y) is easy to verify by using Table 7 (see the Appendix).

It is more complicated to verify that E € (’){. By using Table 7, one can easily
determine whether or not E belongs to ggs(1,2). If this is the case, then E € O{
holds if and only if dim(K° - E) = dim(®?). The last condition is easy to test
because the dimension of K- E is determined by the type of element E given in
the last column of the table. (Alternatively, one can just compute the dimension
of K. E.) This method is applicable to all entries of Table 4 except when (i, 5) is
one of the following pairs:

(60,54), (59,54), (64,59), (87,80), (44,38),
(83,78), (94,91), (90,85), (51,48), (43,35).

In the cases (60,54) and (59, 54) E is of type A4 + Az and so E € 0?5, Since
0% Np =03, we have E € O3*. The same argument is valid for the pair (64, 59)
where E is of type (A4s)’.

In the case (87,80) E is of type Eg(a1) and so E € O38. As O3 np = O UOf!
and only the orbit Of° has a representative of type Fg(a;), we conclude that E €

O%0. This argument is also applicable to the pair (44, 38).
Let us consider in detail the pair (83,78). In this case

E=X 40+ X 45+ X51+ X 39+ X50 + X_43 + Xyo.

In the table, its type is given as Er(aq4).
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FIGURE 5. The closure diagram of EV (top)
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FIGURE 6. The closure diagram of EV (bottom)
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The Dynkin-like diagram for the set of roots
A = {o_42,a_45, 051,039, 52, 43, Q49 }

is shown in Figure 7. The dotted line indicates that the angle between the roots
ayg and sz is /3.

FIGURE 7. Type Er(a4)

A computation shows that dim(K° - E) = 58, and so E indeed belongs to the
orbit @37 with Bala-Carter symbol Er(a4). The intersection of this orbit with p is
the union of four K%orbits: O, O77, O7%, and O]°. Let H € b be the unique
element such that

am(H) =0,-10,4,-4,4,4,0 (1<m<7).

It follows that

B(H) =4,0,4,-4,4,4,0 (1<m<7).
Then a(H) = 2 for all @« € A. By applying a suitable element of the Weyl group
of (&, h) to H, we obtain the element H' € § such that

B(H') =4,0,0,4,0,4,0 (1<m<7).
Hence H' = H™®.

Since a(H) = 2 for all & € A, we have E € gy(1,2). Since H' = H"8, this

implies that E belongs to the closure of O7%. As dim(K°- E) = 58 = dim(O7?), we
infer that E € O]%.

For the remaining four pairs (i,j) the argument is similar. We just give the
element H € b used in each case:

(94,91) am(H) =4,-26,4,4,4,—4,8 (1<m <7),
(90,85) :  am(H)=6,-16,4,4,—6,4,4 (1<m<7),
(51,48) am(H)=1,-7,0,1,1,1,-3 (1<m<7),
(43,35) :  am(H)=0,-6,3,0,1,0,—1 (1<m<7).

An alternative and simpler argument can be used for the pair (94,91): The reflection
corresponding to the simple root 3 of Ry transforms the diagram of the element
E from Table 4 into the diagram of the representative E?! from Table 3.
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TABLE 4. Elements E € py(H?) N O}

) j E Type
94 | 91 | X_45 4+ Xur + Xug + X 44+ X_46 + X50 + X55 | Er(ar)
93 |91 | X 49+ X51 + X2+ X 45+ X 40+ X50 Ez(ay)
+X_46
92 | 89 | X55 + X50+ X_a7 + X_y3+ Xyg + X_45 E7(as)
+X_44
91 | 89 | X5o+ X500+ X 4s+ X 46+ X51 + X 45 E7(as)
93 | 87 | (X_46 + Xs0 + X_38 + X52 + X_us + X_49) D¢ + Ay
+(X_47)
89 | 87 | X_uo+ Xso+ X3+ X2+ X9+ X a4 E7(as3)
90 | 85 | (Xs2 + X 48+ X51 + X_46 + X50 + X_41) D¢ + Ay
+(X,20)
89 | 85 | (X_a2 + Xs0 + X_ug + X520 + X_aa + X_49) D¢ + Ay
+(Xs51)
89 | 84 | X5o+ X5o+ X 4s+ X 46+ X51 + X 45 Es
85,87 | 82 | X_yo+ X500+ X_u3+ Xso+ X_uq + X _49 Dg
84,85 | 81 | X51 + X_u5 + X_42 + X50 + X_43 + X520 A
+X_44
87180 | X 49+ Xso+ X 43+ X50+ X 47+ X55 FEs(ay)
84| 80 | X5o 4+ X 39+ X51 +X_ 45+ X_46+ X_u4 Es(a1)
83|78 | X 40+ X 45+ X51+X 30+ X520+ X 43 E7(ay)
82,81 T8 | X_44 —|—X52 —|—X_43 —|—X5Q + X_49 —|—X_45 E7(a4)
+X55
80 | 78 | (X_us + Xsa + X_4s+ Xso + X _46 + X_43) De(ar) + As
82| 76 (X,43 + X550+ X_so+ X5+ X _45 + X749) Dg(al) + Ay
+(X,44)
81 | 76 | (X_a3+ Xs0+ X_a2 + X_u5 + Xs5 + X51) De(ar) + A;
+(X_44)
76,78 | T4 | (X_as+ Xso+ X_ao+ X5+ X_u5) + (X_aa) | Ds+ Ay
76,79 | 73 | X_a3 + Xs0+ X 37+ X1+ X_g9 + X_45 De(ay)
7881 | 71| X_ao+ X s+ Xoa+ X s+ Xso+ X_u3 Asg
T4 |69 | (Xs5 + X 42+ X a5 + Xs54 + X 44 + X50) Dg(az) + Ay
+(X-26)
73169 | Xs5 +X_49+ X 37+ X0+ X_38 + X551 Ex(as)
+X 33
72169 | (Xso+ X_aa+ X 40+ Xs0+ X_a0 + X54) Dg(az2) + Ax
+(X,26)
71169 | (Xoga+ Xoa+ X 45+ X 40+ X55 + X52) Dg(az) + As
+(X—26)
71,74 1 67 | (X—aa + Xoa+ X_us + X_uo + X55 + X_37) Dg(az) + Ax
+(X,43)
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1 j E Type
73| 67 | (X_39+ Xs5+ X_uo + X 45+ Xsa + X_49) Dg(az) + Ax
+(X,43)
73,74 | 66 | X_43 + X50 + X_a2 + X5+ X_45 Ds
67,69 | 64 | X_39+ X51+ X 37+ X 490+ Xsv + X_u5 Dg(asz)

69 | 63 | (Xu6 + X_40 + X_30 + X520 + X _338) + (X54) (As + Ay)

66 | 63 | X54 +X_45 + X _38 + X0 + X_39 + X50 Eg(a3)
66,67 | 62 | (Xoa+ X_as + X a0+ Xp5 + X_39) + (X_43) | (A5 + A1)

64| 60 | (Xsa +X_ g7+ X 49+ X55 + X_30) + (X_33) | (A5 + A41)”

64 | 59 | X57 + X _49 + X 37 + X51 + X_39 (As)

62,63 | 59 | X54 + X 45+ X 38+ X520+ X 39 (As)
63,64 | 57 | (X_37 4+ Xsa + X 45 + X_4s+ X_38) + (X55) | Ds(a1) + A1

67 | 55 | (X_aa+ Xoa+ X 37+ X 45+ X_u9) + (X_43) | Ds(a1) + As
59,60 | 54 | (X_s7 + Xsa + X_u5 + X_38) + (X5 + X_39) | As+ A

57154 | (X a7+ Xsa+ X ga+ X 40)+ (X5 +X_36) | As + A

57 | 53 | (X 37+ Xs50 + X 38 + X _40) + (Xs55) + (X_a1) | Da+ 24,
55,57 | 51 | (X_35 + X50 + X_37 + X _43) + (X_44) Dy +24A,

+(X_45)
53,54 | 50 | (Xs5 + X_39 + X_a0) + (X_g7+ Xsa + X_a1) | 2435+ 4
+(X,38)

54 | 48 | (X_s2 + Xs7 + X 41+ X_43) + (X_39) A+ Ay

51 | 48 | (X 37+ X50 + X 35 + X _48) + (X _33) Ag+ Ay
51,53 | 46 | (X_37 + X50 + X 38 + X_40) + (X_41) Dy+ Ay

60 | 44 | X5a + X 37+ X _49 + X55 + X_39 (As)”

44,50 | 43 | (Xs5 + X390 + X_a0) + (X g7+ X5a + X_41) 245
46,48,50 | 41 | (X_38 + X57 + X_41) + (X _39 + X _40) A3+ A+ Ay
+(X_37)

50 | 39 | (Xs55 + X390+ X_40) + (Xsa+ X_a1) + (X_33) | Az + Aa+ Ay

48 | 38 | X_38 + X7 + X_a1 + X_u4s Ay

44 | 38 | X_320 + X_49 + X520 + X _33 Ay

38,41,43 | 37 (X55 4+ X 33+ X_36+ X741) + (X,37) D4(a1) + 24,
+(X-40)

43 | 35 | (X_32 4+ Xs50 + X_35) + (X_33 + X_45) As + Ay
39,41 | 35 | (X_20 + X555 + X_39) + (X_38 + X_45) As + A
35,37 | 33 (X55 4+ X 33+ X_36+ X741) + (X,40) D4(a1) + Ay

41 | 31 | (X590 + X0 + X _39) + (X_37) + (X_33) As + 3A;

+(X_11)

46 | 30 | X_32 + X50 + X_40 + X_42 Dy

33 (28| (Xs7 +X_ 41+ X_33) + (X_32) + (X_40) (A3 +2A4,)"

31128 | (Xsg+ X_40+ X _39) + (X_32) + (X_41) (As +2A41)"

33|27 | (X51 4+ X_36 +X_32) + (Xs7) + (X_33) (As +24,)

30 | 27 | (X_s2 4+ Xs0 + X_35) + (X_22) + (X_33) (A3 +24,)

37|26 | (Xs7+ X 38+ X _36) + (X_37) + (X_a0) (Az +24,)
30,31 | 26 | (X590 + X 40 + X 39) + (X_32) + (X_42) (Az +24,)

26,27,28 | 25 (X57 + X 35+ X_ 39) + (X 32) (A3 + Al)/
25| 24 (X57 + X_ 35) (X 32 + nge) + (X733) 2A5 + Aq

28 | 22 | (X57 + X_a1 + X_33) + (X_40) (As + Ap)”
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TABLE 4. (continued)

1 J E Type
24 | 21 (X57 + X735) + (X730 + X737) 245
22 |21 (X57 + X735) + (ngo + X745) 245
22,25 120 | X5q+ X 905+ X_39 As
24 | 18 | (X 30 + X _37) + (Xs50) + (X _33) + (X _35) Ay + 34
31116 | (X_39+X_40) + (X_32) + (X—a1) + (X_42) Ao + 34,
18,21 | 15 | (X_26 + X_35) + (X59) + (X_30) Ay + 24,
20| 15 (szs + ngg) + (X59) + (ngo) As + 24,
16,18 | 13 | (X_29 + X_44) + (X_16) + (X_37) As + 24,
15| 12 | (X59) 4+ (X-26) + (X-28) + (X—-20) + (X_30) 5A;
15 | 10 | (X_26) + (X_28) + (X_29) + (X_30) + (X_38) |54
13110 | (X_22 + X_38) + (X_30) Ay + Ay
10,12 | 8| (X_20) + (X_28) + (X_29) + (X_30) (4A7)"
12 7 (X59) + (sze) + (ngg) + (ngo) (4A1)’
10 6| X_15+ X _43 As
6,7,8 5 (X_lﬁ) + (X_Q()) + (X_Qg) (3141)/
81 3| (X 16)+ (X 20) +(X_u1) (341)"
3,9 2 (X715) + (Xfle) 24,
21 1| X Aq

6. PROOF OF THE CORRECTNESS OF THE DIAGRAM

We shall write ¢ — j if ¢ and j are two nodes in the closure diagram (see Figures
5 and 6), with ¢ above j, that are joined by a line. We shall say that a pair (i, 7) is
a critical pair if the following four conditions are satisfied: ‘

(i) The node i lies above the node j, i.e. dim(O%) > dim(O7).

(ii) The diagram contains no downward path from ¢ to j.

(iii) If £ — ¢, then there is a downward path from ¢ to j.

(iv) If j — k, then there is a downward path from ¢ to k.

We shall say that a critical pair (i, ) is good if O} % O{. In order to complete
the proof of the main theorem, it suffices to show that all critical pairs are good. It
is tedious to find the critical pairs by inspection of the diagram. We used a short
program to find all such pairs. The involution w (see Section 2) permutes the set
of critical pairs. Clearly, it suffices to consider just one critical pair from each of
the w-orbits. In Table 5 we list the representatives of the w-orbits of critical pairs.

TABLE 5. Representatives of w-orbits of critical pairs

(7,3  (17,3)t  (12,6)  (16,7)  (19,13)f
(22,13)  (23,13)  (39,16)t (40,16)  (44,16)

(45,16)  (56,16)T (24,20)* (30,22)* (32,22)f
(40,22)" (39,26) (31,27)  (60,30)* (62,30)

(56,35)  (53,38)  (44,39)* (45,39)* (55,39)1
(75,44)t (68,51)  (77,55)  (69,62) (71,66)*
(79,72)T  (79,74)T (88,76)  (85,80)  (84,82)*

(86,82)T  (90,87)1

By using the Mizuno’s diagram (see [I0} Figure 1]), it is easy to see that the eight
critical pairs in Table 5 that are marked by an asterisk are good. For instance, the
critical pair (7,3) is good because O C ©°, O3 C O3, and 0% # 03.
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Let w; (1 <4 <7) be the fundamental weights of R and let V' be the fundamental
g-module with highest weight w7. We make it into a Z,-graded module as explained
in the Appendix. The integers d;(j, k) defined there are recorded in Table 8. We now
invoke [8] Theorem 4.1] to obtain a list of pairs (i, ) such that dim(O}) > dim(O?)
and OF % OJ. Some of these pairs (those that will be used in our proof) are listed
in Table 6. By inspecting this table, we see that the 12 critical pairs in Table 5
that are marked by a dagger are good.

TABLE 6. Some pairs (i, ) such that Qi % O]
3

(17,3)  (19,13) (20,13) (21,13) (36,16)
(38,16) (39,16) (43,16) (56,16) (32,22)
(40,22) (54,30) (42,35) (55,39) (75,44)
(56,51) (58,51) (61,51) (69,55) (75,55)
(79,72) (79,74) (86,82) (90,87)

We are now faced with the most difficult part of the proof: To show that the 17
unadorned critical pairs in Table 5 are good. For that purpose we shall use some
basic concepts from the theory of prehomogeneous vector spaces (PV’s) [I3] [14].
Unfortunately, the arguments are too long and tedious to be included in this paper.
For that reason we shall give an outline of our method and then apply it to one
typical critical pair.

7. OUTLINE OF THE METHOD

Let us consider a fixed node, say ¢, in our diagram. We shall say that a node j
is a child of i if O > O] and there is no k such that O} > OF > O]. Let us also
say that the node 7 is good if it has the property that ¢ — j if and only if j is a
child of 7. (A posteriori, all nodes are good.)

The centralizer Z = Zyo(H") is a connected reductive subgroup of K® which
can be easily determined (up to local isomorphism) from the integers By (H') given
in Table 3. Furthermore, Z is a Levi factor of the parabolic subgroup Qg of K°
(defined in Section 2). The centralizer M of E’ in Z is reductive, and consequently
the PV (Z, ggi(1,2)) is regular [T3]. The intersection O% N gg:(1,2) is the open
dense Z-orbit in ggi(1,2). Its complement, S, in ggi(1,2) is a hypersurface. In
the theory of PV’s, S is called the singular set. We note that the representative E°
of O is a generic element of this PV. The set S is a union of irreducible conical
hypersurfaces Sy defined by equations fi = 0, where the fi (k = 1,2,...,r) are
the basic relative invariants of this PV. Recall that fi,...,f, are algebraically
independent irreducible homogeneous polynomials on ggi(1,2). One knows that
r < {, where ¢ is the length of gzi(1,2) as a Z-module. More precisely, r =
dim(Z/Z' M) where Z’ is the derived subgroup of Z (see [14]).

The pair (Qg:, p2(H?)) is also a PV and its singular set S is the union of the
irreducible hypersurfaces Sp = Sy + p3(H?). For each k extend the polynomial
function fy : gi(1,2) — C to the polynomial function fr: p2(H') — C by setting
fe(z+y) = fu(z) for z € gg:(1,2) and y € ps(H'). These fi are the basic relative
invariants of (Qgi, p2(H?)) and Sy is defined by the equation fj, = 0.

The basis of our method is the following result which was formulated after several
discussions that I had with J. Sekiguchi.
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Proposition 7.1. Use the above notation. For each k € {1,2,...,r} there exists
a unique node ji in our diagram such that Sy N O is a dense open subset of Sy.
Every child of i belongs to the set {j1,J2,... ,jr}-

Proof. Let k be fixed. Since Sy C pa(H?) C N and there are only finitely many
KY-orbits in A7, it follows that there exists a j such that Sk N (’)J is dense in Sk
For two different K 9-orbits, it is impossible that each of them be contained in the
closure of the other. This implies that the above j is unique and we denote it by
jr. U E € Sk \ OJF, then E € O for some m # ]k Since Sk N (93" is dense in Sk,
we have OJ* > O{”. Consequently, the closure of S N O} is contained in Sy, \ O .
This shows that the set Sj N (’){"‘ is open in Si. The first assertion is proved.
To prove the second assertion, let j be a child of 7. Since

O] = K pa(H') = (U K. 5k>

we must have O] C K- S, for some k. Then O} > O > O and, since j is a
child of i, we must have O = 07, i.e., j = ji. O

To simplify notation, we set Py = S N (’){’“ for 1 <k <r.

We now make several remarks concerning this proposition. First, it is clear from
the definitions that Of > OJ* for 1 < k < r. Second, the nodes ji, ja, ... ,j, are
not necessarily distinct. Third, there exist examples such that OJ* > ©J for some
k and ¢. Then j, is not a child of 4.

In most cases, the hypersurface S), contains a dense open @ gi-orbit which is
necessarily contained in Pj. In such cases it is not difficult to determine ji. Once
all the j, are computed, it is easy to identify all the children of the node i and thus
verify that i is a good node.

8. TREATEMENT OF A CRITICAL PAIR

In this section we illustrate our method by proving that the critical pair (62, 30)
is good. The centralizer Z = Zyo(H%?) = (SLy)? - T5 has a 5-dimensional central
torus Ts. The simple roots of the two SLy factors are {ag} and {as}. The space
gpez(1,2) is a direct sum of five simple Z-modules: the 4-dimensional Z-module
V(4) = (X_46, X _43, X 42, X _35) on which both factors SLy act non-trivially, the
2-dimensional Z-module V(2) = (X592, X55) on which the second SLy factor acts
trivially, the 2-dimensional Z-module W (2) = (X_45, X_41) on which the first SLy
factor acts trivially, and two 1-dimensional modules V(1) = (X_39) and W(1) =
(X54). The PV (Z, gpo2(1,2)) has only 4 basic relative invariants. Thus, using the
notations from the previous section, we have r = 4 and £ = 5.

For illustrative purposes we exhibit the weight diagram for this module in Figure
8 (all weights are simple). A vertex labeled ¢ stands for the one-dimensional weight
space spanned by the root vector X;. The action of the simple root vectors of the
Lie algebra of Z is indicated by the arrows. The involution @ fixes the characteristic
H%2 and so leaves the space gge2(1,2) invariant. More precisely, by using Table 1
we see that this involution leaves invariant the module V' (4), and interchanges the
modules V(2) and W (2), and also V(1) and W(1).

Our representative of the orbit O%2 from Table 3 is

E% = (X34 + X_a5 + X_38 + Xso + X_39) + (X_s6)
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and its type is (As + A1)’. This representative is a generic element of the PV
(Z, gre2(1,2)), i.e., Z-E% is a dense open subset of g2 (1,2). The six black nodes
in Figure 8 depict the weights of the weight vectors that occur in the expression for

E62.
—42 —38 —41
Oo—>0 O
(o7 Qs
o—O [ ] [ ]
—46 @3 —43 52 a3 54 —45 -39 54

FIGURE 8. The weight diagram of gpe2(1,2)

Let us consider the following four vectors in po(H52):
Ey = X540+ X 45 + X35 + X520 + X3,
By = (X54+ X 45 + X 38 + X52) + (X _46),
E3 = (X_45 + X 38 + X52 + X_39) + (X_46),
By = (X5a+ X 45+ X 38) + (X35 + X 30 + Xs55 + X _46)-

The vector Ej is of type (As)’, while Es and Ej5 are of type A4 + A;. The vector
Ey is not of type Az + Ay; its diagram is shown in Figure 9.

O O v v O o)

Q54 Q45 Q38 Q_35 Q-39 Q55 Q46

FI1GURE 9. The type of Fy

From the proof that 62 — 59 (see Table 4) we see that E; € O}°. By computing
the characteristic H of Eo, we can show that Fy € (’)‘118. The details are as follows.
By using [3, Chapter VIII, §7, Lemma 2], we have

H =4H_45+6H _33 +6Hs52 +4H _39 + H_46.
By using [10, Table 10], we obtain that
H=-5H, —9H, — 10Hs — 14H, — 8H5 — 3Hs — 2H7,
and so
Bi(H) =5,0,-1,-1,1,4, -1 (1<i<7).

By transforming H with a suitable element of the Weyl group of (¢ b5), we obtain
the element H’' € b such that

Bi(H')=3,1,0,1,0,2,1 (1<i<T).

By looking up Table 3, we see that H' = H*® and, consequently, B, € Of%. By
applying the involution w, we infer that E3 € O7°. Finally, we show that E4 € O3*.
The seven roots in Figure 9 are linearly independent. Consequently, the vector
E} = E; — X_335 belongs to the closure of the orbit K°- E;. A computation shows
that both orbits K° - E; and K° - E} have the same dimension, namely 53. It
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follows that these orbits are the same. As FE) is of type A4 + As, we conclude that
Ey, E} € O (see Table 3).

Another computation shows that each of the @ ye2-orbits through Ej has dimen-
sion 28. Since p2(H%?) has dimension 29, we conclude that the four hypersurfaces

Sy =Qpez - B, (k=1,2,3,4)

are the irreducible components of the singular set S of (Q ez, p2(H2)). It follows
that j1 = 59, jo = 48, j3s = 49, and j, = 54 (using the notation from the previous
section). Since 62 — 59 — 54 — 48 and 54 — 49, we conclude that the node 62
has only one child, namely 59. Thus we have shown that the node 62 is good, i.e.,

(8.1) 052 = 082y O,

Next we have to examine the node 59. The centralizer Zo(H%) = Ty is the
maximal torus of K° (with Lie algebra h). The space ggso(1,2) is a direct sum of
five 1-dimensional T7-modules:

(X5a), (X-as), (X-38), (Xs2), (X-39).

Hence, in this case, r = £ = 5. The involution @ fixes the characteristic H%,
thus leaving the space ggso(1,2) invariant. By using Table 1 we see that this
involution leaves invariant the module (X _3g), and interchanges the modules (X54)
and (X _39), and also the modules (X_45) and (X52).

Let us write an arbitrary X € po(H%Y) as

X =21 X5a + 22X 45 + 23X _38 + 24 X520 + 15X _30 + X,

where X' € p3(H®). The singular set S of the PV (Qpso, p2(H®)) is the union
of the five hyperplanes Sy, : z; =0 (1 < k < 5).
Our representative of O}° from Table 3 is

E% = X5y + X _45+ X 38+ Xs50 + X_39

and its type is (A4s)". It is a generic element of the PV (T7, gyso(1,2)).
Let us consider the following three vectors:

Ep = (X_45+ X 35+ X520+ X_39) + (X_20) € 51,
By = (X_40+X_39 + X5o+ X_38) + (X_41 + X54) € S5,
Es = (X732 + X5q4 + X745) + (X52 + X _39 + X735) + X _4 € Sg.

A computation shows that each of the @Qgso-orbits through Fj has dimension 25.
Since pa(H®?) has dimension 26, we conclude that

S =Qpew B (k=1,2,3).

The vector Ej is of type Aq + Ay, while Es is of type Aq + Ap. Tt follows that
By € O U 07 and By € O}* (see Table 3). Hence S1,52 C 0. By applying 1,
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we infer that also Sy, S5 C O3*. The vector Fj is not of type 2As + Ay; its diagram
is shown in Figure 10.

a_32 Q54 g5 Qg0 (-39 52

F1cURE 10. The type of F3

We also claim that S5 C O3%. The seven roots in Figure 10 are linearly indepen-
dent. Consequently, the vector E} = E3 — X_49 belongs to the closure of the orbit
K°. E5. A computation shows that both orbits K°- E3 and K° - E} have the same
dimension, namely 50. It follows that these orbits are the same. As Ej% is of type
243, we conclude that Ej, E} € O3 (see Table 3). As O > OF3 (see the closure
diagram), our claim is proven.

In summary, we have shown that all five hyperplanes S are contained in O3t
This implies that the node 59 is good, i.e.,

(8.2) 0P = 0¥ UOH,

Since O3* # 030 (see Table 6), the equalities (8.1) and (8.2) imply that O$2 % O3°.
Hence we have shown that the critical pair (62, 30) is good.

9. APPENDIX

In Table 7 we list, for each 4, the indices k of the roots ay, for which g® C po(H?).
We list first those k for which g* C gz (1,2) and separate them by a semicolon
from the k’s for which g C p3(H?).
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TABLE 7. Root spaces in pa(H?) (go =E V)

p2(H")

.

—2;

—928,-22, 16, —15, -9, —2;

—49, —45, —41, —40, —36, —35, —30, —29, —28, —23, —22, —16, —15, —9, —2;
49,52, —37,55, —32, 57, —28, —26, 59, —22, —20, —16, —15, —9, —2;
—33,-29, —26, —23, —22, —20, —16, —15, —9; —2

—50, —46, —43, —42, —40, —38, —37, —35, —33, —32, —29, —28, —26, —23,
—922,-20, 16, —15, -9, —2;

7 | 50, -39, 54, —36, —33, 57, —30, —29, —26, 59, —23, —22, —20, —16, —15, —9;
)

8 | —20,—41, —36, —35, —30, —29, —28, —23, —22, —16; —15, —9, —2

9 | —23,55,—32,57, —28, —26,59, —22, —20, —15; —16, —9, —2

10 | —30, —43, —40, —38, —35, —33, —32, —29, —28, —26, —22, —20, —15;
—23,-16, -9, —2

11| —42, —38, —37, —35, —33, —32, —29, —28, —26, —23, —22, —16, 59;
—20,—15, -9, —2

12 | —28, —36, —30, —29, —23, 57, —26, 59, —20; —22, —16, —15, -9, —2

13 | —47, —44, —42, —41, —39, —38, —37, —36, —35, —33, —32, —30, —29, —28,
—26,—23, 22, —16; —20, —15, —9, —2

14 | 47, 43,51, —40, —38, 54, 55, —35, —33, —32, 57, —29, —28, —26, 59,
—922,-20,—-15; —23,—16, -9, —2

15 | —30, —38, —35, —33, —32, —29, —28, —26, —22, 50;
—20,—15,—23, —16, -9, —2

16 | —59, —57, —55, —54, —52, =51, —50, —49, —48, —47, —46, —45, —44, —43,
—42,—41, 40, —39, —38, —37, —36, —35, —33, —32, —30, —29, —28, —26,
—923,-22,-20,—16, —15, 9, —2;

17 | 30,36,39, 41, —50, 44, 45, —46, 47, 48, 49, —43, —42, 51,52, —40, —38, —37,
54,55, —35, —33, —32, 57, —29, —28, —26, 59, —23, —22,
—20,-16,—15, —9, —2;

18 | —47,—44, —42, —41, —39, —38, —37, —36, —35, —33, —32, —30, —29, —28,
—26,—23, —22, —16,59; —20, —15, —9, —2

19 | —30,47, —43,51, —40, —38, 54, 55, —35, —33, —32, 57, —29,

—28, 26,59, —22, —20, —15; —23, —16, —9, —2

20 | —28, 50, —39, 54, —33;

—36,—30, —29, —23, 57, —26, 59, —20, —22, —16, —15, —9, —2

21 | —45, —41, —40, —36, —35, —30, —29, —23, 52, —37, 55, —32, 57,

—26,59, —20; —28, —22, —16, —15, -9, —2

22 | —49, —45, —41, —40, —35, —28, 50, —39, 54, —33, 57, —26, 59, —20;
—36,—30, —29, —23, —22, —16, —15, -9, —2

23 | 49,52, —37,55, —32, —28, 50, —39, 54, —36, —33, —30, —29, —23;
57,—26,59, —22, —20, —16, —15, —9, —2

24 | —33,—36, —30, —37, —32, —40, —35, 57, 59;

—26,—20, —28, —29, —23, —22, —16, —15, —9, —2

25 | —38,—35, —32, —28, —39, —36, 54, 57;

—30,—33, —29, —26, —22, 59, —20, —15, —23, —16, —9, —2

ST W N

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CLOSURE DIAGRAM FOR EV 309

TABLE 7. (continued)

p2(H")

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

—39, —36, —30, —46, —43, —42, —40, —38, —37, —35, —32, —28, 54, 57, 59;
—33,-29, —26, —23, —22, —20, —16, —15, —9, —2

46, —44,50,51, —41, —39, —38, 54, 55, —36, —35, —33, —32, 57, —29,
—928,-26, —22; —30, —23, —16,59, —20, —15, —9, —2

—32, -39, —33, —45, —41, —40, —35, 57, 59;

—26, —20, —28, —36, —29, —22, —15, —30, —23, —16, —9, —2

—35, 36, —30, 52, —37, 55, —32, 54, —33;

—928,-29, —23,57, —26, —22, —16, 59, —20, —15, —9, —2

—46, —43, —42, —40, —38, —37, —35, —32, —28, 50; —39, —36, —30, 54, 57,
59, —33, —29, —26, —23, —22, —20, —16, —15, —9, —2

—39, 40, —41, —42, —38, —37, —32, 59;

—33, -26, —35, —28, —36, —30, —20, —29, —23, —22, —16, —15, —9, —2
—30, —37, —43, —40, —38, —35, 54, 55;

—32,-28, 33, —29, 57,59, —23, —26, —22, —20, —15, —16, —9, —2

—40, —41, —36,51, —38, 54, 55, —33, —32, 57, —26;
—35,-29, —28, —22, 59, —20, —15, —30, —23, —16, —9, —2

—37,—44, —41, —39, —38, —36, —35, —33, —29, 55, 57;

—30, —23, —32, —28, —26, —22, —16, 59, —20, —15, -9, —2

—48,—45, —44, —43, —41, —40, —39, —38, —36, —35, —33, —29, 55, 57, 59;
—32,-28, —26, —22, —20, —15, —30, —23, —16, —9, —2

—41,-36, 30,48, —42, 51,52, —38, —37, 54, 55, —33, —32, 57, —26;
—35,-29, —28, —23, —22, —16,59, —20, —15, —9, —2

—37,—38, 33, —40, —41, —36, 55, 57;

—30, —32, —26, —35, —29, 59, —20, —23, —28, —22, —15, —16, —9, —2

—45, —41, —36, —30, —50, —46, —43, —42, —38, —33, 52, 55, 57, 59;
—37,-32, —26, —20, —40, —35, —29, —23, —28, —22, —16, —15, —9, —2

37, —52,42, —49, —48, 46,47, —45, —44, —43,50, 51, —41, —40, —39, —38, 54,
55, —36, —35, —33, —32, 57, —29, —28, —26, 59, —22, —20, —15;
—30,—23, 16, -9, —2

40,43, 45, —A7, 46,48, 49, —44, —42, 50, 51, 52, —41, —39, —38, —37, 54, 55,
—36,—35, —33, —32, 57, —30, —29, —28, —26, —23, —22, —16;

59, —20, —15, —9, —2

—37,—48, —45, —44, —43, —41, —40, —39, —38, —36, —35, —33, —29,
55,57,59; —30, —23, —32, —28, —26, —22, —20, —15, —16, —9, —2
—40,—41, —36, —30, 48, —42, 51,52, —38, —37, 54, 55, —33, —32, 57, —26;
—35,-29, —28, —23, —22, —16,59, —20, —15, —9, —2

—45, —41, —40, —35, 50, —39, 54, —33, 52, —37, 55, —32;

—28, —36, —30, —29, —23, 57, —26, 59, —20, —22, —16, —15, —9, —2
—49,50, -39, 54, —33, 52, —37, 55, —32; —45, —41, —40, —35, 57, —26, 59,
—20, —28, —36, —30, —29, —23, —22, —16, —15, -9, —2

—45, —41, —40, —35, 49, 50, —39, 54, —33; —36, —30, —29, —23, 52, —37, 55,
—32,-28,57, —26,59, —20, —22, —16, —15, —9, —2

—40, —41, —42, —38, —37, —32,50; —35, —28, 54, 57, —39, 59, —33, —26, —36,
—30, —20, —29, —23, —22, —16, —15, —9, —2

—37,—43, 40, —38, —35, 50, 55; —32, —28, —39, —36, —30, 54, —33, —29,
57,59, —23, —26, —22, —20, —15, —16, —9, —2
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TABLE 7. (continued)

p2(H")

48

49

50

o1

52

593

o4

95

o6

57

98

59

60

61

62

63

64

65

66

67

68

—39, —45, —41, —46, —43, —42, —38, 57,59; —33, —36, —30, —40, —35,
—29, —23, —37, —32, —26, —20, —28, —22, —16, —15, —9, —2

—36,—30, —46, —43, —42, —38,52, 55, 54; —33, —37, —32, 57, 59, —26, —20,
—40, —35, —28, —29, —23, —22, —16, —15, —9, —2

—37,—38, -39, —40, —41, 54, 55; —32, —33, —35, —36, 57, —26, —28, —29,
—30,59, —20, —22, —23, —15, —16, —9, —2

—37,—48, —45, —44, —43, —41, —40, —38, —35, 50, 54; —32, —28,57, 59,
—39, 36, —33, —29, —26, —22, —20, —15, —30, —23, —16, —9, —2

—40,48, —42,51,52, —38, —37, 55, —32, 50, —39; —35, —28, —36, —30, 54,
—33,57,-26, —29, —23, —22, —16,59, —20, —15, —9, —2

—37,—38, —40, —41, 50, 55; —32, —35, —39, 54, —28, —33, —36, 57, —26,
—29, —30,59, —20, —22, —23, —15, —16, —9, —2

—42,-37,—43, —40, —44, —41, —39, —36, 51, 54, 55, 57; —30, —38, —35,
—33,-32,-29, —28, —26, —22, 59, —20, —15, —23, —16, —9, —2

50,54, 57,59, —55, —52, —51, —49, —48, —47, —46, —45, —44, —43, —42, —41,
—40, —38, —37, —35, —32, —28;

—39, 36, —33, —30, —29, —26, —23, —22, —20, —16, —15, —9, —2

41,44, 45, —46,47, 48,49, —43, —42, 51,52, —40, —38, —37, 55, —35, —32,
—28,50, —39, —36, —30;

54, —33,57, —29, —26, 59, —23, —22, —20, —16, —15, —9, —2

—37, —48, —45, —44, —43, —41, —40, —38, —35, 50, 54, 55; —32, —28, —39,
—36,—33, —29, 57,59, —26, —22, —20, —15, —30, —23, —16, —9, —2
—40,—41,48, —42, 51,52, —38, —37, 55, —32, 50, —39; —35, —28, —36,
—30, 54, —33,57, —26, —29, —23, —22, —16, 59, —20, —15, —9, —2

—38, -39, —45,52, 54; —33, —37, —40, —41, 55, —32, —35, —36, 57, —26, —29,
—30,59, —20, —23, —28, —22, —15, —16, —9, —2

—37,—38, -39, —49, 54, 55; —32, —33, —45, 57, —26, —40, —41, 59, —20,
—35, 36, —28, —29, —30, —22, —23, —15, —16, —9, —2

—38, -39, —40, —41,49, 54; —33, —35, —36, 52, —29, —30, —37, 55, —23,
—32,57, —26, —28,59, —20, —22, —15, —16, —9, —2

—39, —45, —41, —46, —43, —42, —38, 52, 55, 54; —33, —36, —30, —37, —32,
—40, —35,57,59, —26, —20, —28, —29, —23, —22, —16, —15, —9, —2
—45,—40, 46, —44, 50, 51, —39, —38, 54, —33, 52, —37; —41, —36, —35, —29,
55, —32,57, —26, —28, —22, —30, —23, 59, —20, —15, —16, —9, —2
—42,-37, —44, —39, —49, —45,51, 54, 55,57; —38, —33, —32, —26, —40,
—41,-36,59, —20, —30, —35, —29, —28, —22, —23, —16, —15, —9, —2

—43, 40, —44, —41, —39, —36,49, 52, 51, 54; —37, —38, —35, —33, —29,
—30, 55,57, —23, —32, —28, —26, —22, 59, —20, —15, —16, —9, —2
—45,—41, —46, —43, —42, —38,50, 52, 55; —37, —32, —39, —40, —35, 54,
—28,-33, 36, —30, 57, 59, —26, —20, —29, —23, —22, —16, —15, -9, —2
—42, 37, —43, —44, —39, —49, —45, 51, 54, 55, 57; —38, —33, —32, —26,
—40, —41, —36, 59, —20, —30, —35, —29, —28, —22, —15, —23, —16, —9, —2
—42, 43, —40, —44, —41, —39, —36, 49, 52, 51, 54; —30, —37, —38, —35,
—33,-29,55,57, —23, —32, —28, —26, —22, 59, —16, —20, —15, —9, —2
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TABLE 7. (continued)

p2(H")

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

43, —47,46, 48, —44, —42, 50,51, 52, —39, —38, —37, 54, 55, —33, —32, 57,
—26, —49, —45, —A40;

—41,-36, —35, —30, —29, —28, —23, —22, —16, 59, —20, —15, —9, —2

42, —48, 46,47, —45, —44, —43, 50, 51, —41, —40, —39, —38, 54, —36, —35,
—33,-29,49, 52, —37;

—30,—23,55, —32, 57, —28, —26, 59, —22, —20, —15, —16, —9, —2

—42,-43, 44, —39, —45,51,54,52; —37, —38, —33, —40, —41, —36, 55, 57,
—30, —32, —26, —35, —29, 59, —20, —23, —28, —22, —15, —16, —9, —2

—42, 43, —40, —44, —41,49, 52, 50; —38, —35, 54,55, —37, —39, —36, —30,
—32,-28, 33, —29, 57, —23, 59, —26, —22, —16, —20, —15, —9, —2

—42, 37, —43, —49, —45,50, 51, 55; —38, —32, —39, —41, —40, 54, 57, —33,
—26, —35, —28, —36, 59, —20, —30, —29, —22, —15, —23, —16, —9, —2

—42, 43, —44, —45,50,55; —38, —40, —41, 54, —35, —37, —32, —39, 57,
—28,-33, 36,59, —29, —30, —23, —26, —20, —22, —15, —16, —9, —2

—41, 42, —43,50,51,52; —37, —38, —39, 55, —32, —40, —35, —36, 54,

—28, 30, —33, 57, —26, 59, —20, —29, —22, —23, —15, —16, —9, —2
—42,-37,—43, —44, —49, —45,50, 51, 55; —38, —32, —39, —40, —41, 54, 57,
—33, 26, —35, —28, —36, 59, —20, —29, —22, —30, —15, —23, —16, —9, —2
—42, 43, —40, —44, —41,49, 52,50, 51; —37, —38, —35, —39, —36, 54, 55,
—30, —32, —28, —33, —29, 57, —23, —26, —22, 59, —16, —20, —15, -9, —2
49,52, 55,50, 54, —51, —48, —47, —46, —45, —44, —43, —42, —41, —40, —38,
—35; —37,—32, —28, —39, —36, —33, —30, —29, —23, 57, 59, —26, —22, —20,
~16,—15,-9, -2

44, —46,47,48, —43, —42, 51,52, —38, —37, 55, —32, —49, —45, —41, 50, —39;
—36, —30, —40, —35, —28, 54, —33, 57, —26, 59, —20, —29, —23, —22,
~16,—15, -9, -2

—44, -39, —45, —50, —46, 51, 54, 52;

—41, 36, —42, —43,55,57, —30, —37, —38, —33, —40, 59, —32, —26, —35,
—29, 20, —23, —28, —22, —15, —16, —9, —2

—42,-43, —44, —45,50,51,52; —37, —38, —39, —40, —41, 54, 55, —32, —33,
—35,—36, 57, —26, —28, —29, —30, 59, —20, —22, —23, —15, —16, —9, —2
—42, 43, —44, —49,50,52; —38, 54,55, —37, —39, —45, —32, —33, —40, —41,
57, —35,59, —26, —36, —20, —28, —29, —30, —23, —22, —15, —16, —9, —2
—42,-43,—45,49,50,51; —38, —39, —41, —40, 52, 54, —33, —35, —36, —37,
55, —30, —32, —29, 57, —23, —26, —28, 59, —20, —22, —15, —16, —9, —2

—44, —45, 46,50, 51,52; —41, —42, —43,55, —37, —38, —39, —40, 54, —32,
—35,—36,57, —28, —30, —33, 59, —26, —29, —20, —22, —23, —15, —16, —9, —2
—42, 43, —44, —49,50,51,52; —37, —38, —39, —45, 54, 55, —32, —33, —40,
—41,57, 26, —35, —36, 59, —20, —28, —29, —30, —22, —23, —15, —16, —9, —2
—42, 43, —44, —45,49,50,51; —38, —39, —40, —41, 52, 54, —33, —35, —36,
—37,55,-29, —30, —32, 57, —23, —26, —28, 59, —20, —22, —15, —16, —9, —2
—49, 50,54, —51, —48, —47, —46, —44, —43, —42, —38, 52, 55;

—37,-32, -39, —33, —45, —41, —40, —35, 57, 59, —26, —20, —28, —36,
—30,—29, —23, —22, —16, —15, -9, —2
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TABLE 7. (continued)
i p2(H")
88 | 44, —46, 47,48, —43, —42, 51, —38, —45, —41,49, 50, —39;
—36, —30, —40, —35, 52, —37, 55, —32, 54, —33, —28, —29, —23, 57, —26,
59, —20, —22, —16, —15, 9, —2
89 | —46, —43, A7, —44,48, 51,52, 55, —49, —45, 50;
—39,—40, —41, —42, —38, —37, —32, 54, 57, —33, —26, —35, —28, —36,
—30,59, —20, —29, —23, —22, —16, —15, —9, —2
90 | —46, —42,47,51, 48, —45, —44, —41, 49, 52, 50;
37, -39, —36, —43, —40, —38, —35, 54, 55, —30, —32, —28, —33, —29. 57,
59, 23, —26, —22, —20, —15, —16, —9, —2
91 | —46, —42, 47,51, —48, —44, —49, 50, 52;
_37,-39, —43, —38, —45, —41, 54,55, —32, —33, —36, —40, —35, 57, 59,
96,20, —28, —29, —30, —22, 15, —23, —16, 9, —2
92 | —45, —46, —43, —47, —44, 48,51, 49, 50;
—39, —40, —41, —42, —38, 52, 55, 54, —33, —35, —36, —30, —37, —32,
—96,-28,—29, —23, 59, —20, —22, —16, —15, —9, —2
93 | —46, —47, —48, —49, 50, 51, 52
42,43, —44, —45,54,55, —37, —38, —39, —40, —41, 57, —32, —33, 35,
—36,59, —26, —28, —29, —30, —20, —22, —23, —15, —16, —9, —2
04 | —44, —45, 46,47, 48, 49, 50;
30, 41, —42, —43,51,52, —36, —37, —38, —40, 54, 55, —30, —32,
—33,-35,57, —26, —28, —29. 59, —20, —22. —23, —15, —16, —9, —2

Let V' be the 56-dimensional simple g-module with highest weight w7 (one of
the fundamental weights). It can be equipped with the Zs-grading such that V =
Vo @& Vi, dim Vy = dim V5 = 28, and the highest weight vector belongs to V. Thus

tVicV, p-VicVig
holds for ¢ = 0, 1. We introduce the integers
di(j, k) = dim(V; N ker p(E*))
where i = 0,1; j > 1; 1 < k < 94, and p is the representation of g on V. (E* is a

representative of OF from Table 3.) These integers are easy to compute using the
slo-theory (see [8]) and are displayed in Table 8.
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TABLE 8. The integers d;(j, k) for the module V' (wr)

k do(j,k); 5 =1,2,... di(j,k); 5=1,2,...
12228 22 28
2|18 27 28 18 27 28
3|14 272728 13 27 28
41132728 14 27 27 28
5116 25 28 16 25 28
6| 16 22 28 16 22 28
7116 22 28 16 22 28
8| 14 24 27 28 13 24 28
91324 28 14 24 27 28
10 | 14 22 26 28 12 22 28
11122228 14 22 26 28
12 | 1322 27 28 13 22 27 28
13| 14 21 24 28 10 21 28
14 | 10 21 28 14 21 24 28
15 | 12 21 26 28 12 21 26 28
16 | 14 21 21 28 721 28
17| 72128 14 21 21 28
18 | 11 21 24 28 10 21 25 28
19 | 10 21 25 28 11 21 24 28
20 | 1217 22 27 28 12 17 22 27 28
21 | 10 18 26 27 28 10 18 26 27 28
22| 917 22 27 27 28 817 2227 28
23 | 81722 27 28 917 22 27 27 28
24 | 10 18 24 27 28 10 18 24 27 28
25 | 10 17 22 26 28 10 17 22 26 28
26 | 10 16 22 25 28 10 16 22 25 28
27 | 10 16 22 25 28 10 16 22 25 28
28 | 9 16 22 26 27 28 8 16 22 26 28
29 | 8 16 22 26 28 916 22 26 27 28
30 | 10 13 16 19 22 25 28 10 13 16 19 22 25 28
311916212527 28 716 22 25 28
32| 71622 25 28 916 21 25 27 28
33 | 8 16 22 25 27 28 816 21 25 28
34 | 816 21 25 28 8 16 22 25 27 28
35 | 8 15 22 25 26 28 8 15 20 25 28
36 | 8 15 20 25 28 8 15 22 25 26 28
37 | 8 15 21 25 27 28 8 15 21 25 27 28
38 | 8 13 18 22 26 27 28 8 13 18 22 26 27 28
39 | 71522 25 25 28 8 15 18 25 28
40 | 8 15 18 25 28 71522 25 25 28
41 | 8 15 20 25 26 28 71520 25 27 28
42 | 715 20 25 27 28 8 15 20 25 26 28
43 | 8 13 18 22 26 27 28 8 13 18 22 26 27 28
44| 59 14 18 22 26 26 27 27 28 4913 18 22 26 27 27 28
4549 13 18 22 26 27 27 28 59 14 18 22 26 26 27 27 28
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TABLE 8. (continued)

do(j,k?); j = 1,2,...

dl(j,k?);j: 1,2,...

46
47
48
49
50
o1
52
53
54
95
o6
o7
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80

81

82

83

84

85

8 13 16 19 22 25 27 28
7131619 22 25 28

813 18 22 24 27 28

6 13 18 22 26 27 28

713 18 22 25 27 28

81216 19 22 25 26 28

6 12 16 19 22 25 28

71216 19 22 25 27 28

6 12 18 21 24 26 28

8121519 22 25 25 28

41216 19 22 25 28

6 12 16 19 22 25 26 28

6 12 15 19 22 25 27 28

6 10 14 18 22 25 26 27 28

59 14 18 22 25 26 27 27 28
4913 18 22 25 27 27 28

6 10 14 18 22 24 26 27 28

6 10 14 18 22 24 26 27 28

5914 18 21 24 26 27 27 28
491318 22 24 26 27 28

6912 15 18 20 22 24 26 27 28
5914 18 21 24 25 27 27 28
491318 21 24 26 27 28

5914 18 20 24 26 27 27 28
491318 22 24 25 27 28

4 81215 18 21 24 25 26 27 28
48121517 20 22 24 26 27 28
481215 18 20 22 24 26 27 27 28
591215 18 20 22 24 25 27 28
49121518 20 22 24 26 27 28
481215 18 20 22 24 25 27 27 28
48111517 20 22 24 26 27 28
481215 17 20 22 24 25 27 28
4811151820 22 24 26 27 27 28
471013 16 18 20 22 24 25 26 27
28
47101316 18 20 22 24 25 26 27
28
469111416 18 20 22 24 25 26
26 27 27 28
368111316 18 20 22 24 26 26
27 27 28
46810121416 18 20 21 22 23
24 25 26 27 28
369111416 18 20 22 24 25 26
26 27 27 28

71316 19 22 25 28

8 13 16 19 22 25 27 28

6 13 18 22 26 27 28

813 18 22 24 27 28

713 18 22 25 27 28

612 16 19 22 25 28

812 16 19 22 25 26 28

71216 19 22 25 27 28

6 12 18 21 24 26 28

41216 19 22 25 28

812 15 19 22 25 25 28

6 12 15 19 22 25 27 28

6 12 16 19 22 25 26 28

6 10 14 18 22 25 26 27 28

4913 18 22 25 27 27 28

59 14 18 22 25 26 27 27 28

6 10 14 18 22 24 26 27 28

6 10 14 18 22 24 26 27 28

4913 18 22 24 26 27 28

5914 18 21 24 26 27 27 28

69 12 15 18 20 22 24 26 27 28
4913 18 21 24 26 27 28

5914 18 21 24 25 27 27 28
4913 18 22 24 25 27 28

59 14 18 20 24 26 27 27 28
481215 18 21 24 25 26 27 28
4812 15 18 20 22 24 26 27 27 28
481215 17 20 22 24 26 27 28
491215 18 20 22 24 26 27 28
5912 1518 20 22 24 25 27 28
48111517 20 22 24 26 27 28
4812 15 18 20 22 24 25 27 27 28
481115 18 20 22 24 26 27 27 28
48121517 20 22 24 25 27 28
4710 13 16 18 20 22 24 25 26 27
28

4710 13 16 18 20 22 24 25 26 27
28
368111316 18 20 22 24 26 26 27
27 28
469111416 18 20 22 24 25 26 26
27 27 28
46810121416 18 20 21 22 23 24
25 26 27 28
368111316 18 20 22 24 25 26 27
27 28
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TABLE 8. (continued)

k do(j k); j =1,2,... di(j k) j=1,2,...

86 368 111316182022242526 | 369 11 14 16 18 20 22 24 25 26 26
27 27 28 27 27 28

87 469111416182022242426 |268 1113 16 18 20 22 24 26 26 27
26 27 27 28 27 28

88 [268111316182022242626 | 46911 14 16 18 20 22 24 24 26 26
27 27 28 27 27 28

89 [358101214161819212223 | 257101214 16 18 20 21 22 23 24
24 25 26 27 27 28 25 26 27 28

90 [ 25710121416 1820212223 | 358101214 16 18 19 21 22 23 24
24 25 26 27 28 25 26 27 27 28

9112468101214 1517182021 | 2468101213 1516 18 19 21 22
22 23 24 25 25 26 26 27 27 28 23 24 25 26 26 27 27 28

922468101213 1516181921 | 24681012 14 15 17 18 20 21 22
22 23 24 25 26 26 27 27 28 23 24 25 25 26 26 27 27 28

9323568911121415161718 |134679101213 1516171819
19 20 21 22 23 23 24 24 25 25 26 | 20 21 22 23 24 24 25 25 26 26 27 27
26 27 27 28 28

94[13467910121315161718 [235689 111214151617 18 19
19 20 21 22 23 24 24 25 25 26 26 | 20 21 22 23 23 24 24 25 25 26 26 27
27 27 28 27 28
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