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HECKE-CLIFFORD SUPERALGEBRAS, CRYSTALS OF TYPE
AY) AND MODULAR BRANCHING RULES FOR 3,

JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

ABSTRACT. This paper is concerned with the modular representation theory of
the affine Hecke-Clifford superalgebra, the cyclotomic Hecke-Clifford superal-
gebras, and projective representations of the symmetric group. Our approach
exploits crystal graphs of affine Kac-Moody algebras.

1. INTRODUCTION

In [LLT], Lascoux, Leclerc and Thibon made the startling combinatorial obser-
vation that the crystal graph of the basic representation of the affine Kac-Moody
algebra g = A&l), determined explicitly by Misra and Miwa [MM], coincides with
the modular branching graph for the symmetric group S,, in characteristic p = ¢+1,
as in [K5]. The same observation applies to the modular branching graph for the
associated complex Iwahori-Hecke algebras at a primitive (¢ + 1)th root of unity,
see [B]. In this latter case, Lascoux, Leclerc and Thibon conjectured moreover that
the coefficients of the canonical basis of the basic representation coincide with the
decomposition numbers of the Iwahori-Hecke algebras.

This conjecture was proved by Ariki [Aj]. More generally, Ariki established
a similar result connecting the canonical basis of an arbitrary integrable highest
weight module of g to the representation theory of a corresponding cyclotomic
Hecke algebra, as defined in [AK]. Note that Ariki’s work is concerned with the
cyclotomic Hecke algebras over the ground field C, but Ariki and Mathas [AJl [AM]
were later able to extend the classification of the irreducible modules (but not the
result on decomposition numbers) to arbitrary fields. For further developments
related to the LLT conjecture, see [LT4} [VV] [Schl.

Subsequently, Grojnowski and Vazirani [G4l, (G2l [GV], V1] V5] have developed a
new approach to (amongst other things) the classification of the irreducible modules
of the cyclotomic Hecke algebras. The approach is valid over an arbitrary ground
field, and is entirely independent of the “Specht module theory” that plays an
important role in Ariki’s work. Branching rules are built in from the outset (like in
[OV]), resulting in an explanation and generalization of the link between modular
branching rules and crystal graphs. The methods are purely algebraic, exploiting
affine Hecke algebras in the spirit of [BZ][Z;] and others. On the other hand, Ariki’s
result on decomposition numbers does not follow, since that ultimately depends on
the geometric work of Kazhdan, Lusztig and Ginzburg.
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In this article, we use Grojnowski’s methods to develop a parallel theory in the
twisted case: we replace the affine Hecke algebras with the affine Hecke-Clifford

superalgebras of Jones and Nazarov [IN], and the Kac-Moody algebra Agl) with

the twisted algebra g = Agi). In particular, we obtain an algebraic construction
purely in terms of the representation theory of Hecke-Clifford superalgebras of the
plus part Ug of the enveloping algebra of g, as well as of Kashiwara’s highest weight
crystals B(oo) and B()) for each dominant weight A. These emerge as the modular
branching graphs of the Hecke-Clifford superalgebras. Note there is at present no
analogue of the notion of Specht module in our theory, underlining the importance
of Grojnowski’s methods. However, we do not obtain an analogue of Ariki’s result
on decomposition numbers.

As we work over an arbitrary ground field, the results of the article have applica-
tions to the modular representation theory of the double covers §n of the symmetric
groups, as was predicted originally by Leclerc and Thibon [LTs]; see also [BK].
In particular, the parametrization of irreducibles, classification of blocks and ana-
logues of the modular branching rules of the symmetric group for the double covers
over fields of odd characteristic follow from the special case A = Ay of our main
results. These matters are discussed in the final section of the paper, {91

Let us now describe the main results in more detail. Let H,, denote the affine
Hecke-Clifford superalgebra of [JN], over an algebraically closed field F' of char-
acteristic different from 2 and at defining parameter a primitive (2¢ + 1)-th root
of unity ¢ € F*. All results also have analogues in the degenerate case ¢ = 1,
working instead with the affine Sergeev superalgebra of Nazarov [N], when the field
F should be taken to be of characteristic (2¢ + 1).

We consider

K(o0) = @ K(Rep; Hn),
n>0

the sum of the Grothendieck groups of integral Zs-graded representations of H,, for
all n (see H=dl for the precise definition). In a familiar way (cf. [Z3]), K(oco) has a
natural structure as a commutative graded Hopf algebra over Z, multiplication be-
ing induced by induction and comultiplication being induced by restriction. Hence,
the graded dual K (co0)* is a cocommutative graded Hopf algebra over Z.

Next, let g denote the twisted affine Kac-Moody algebra of type Ag). We will
adopt standard Lie theoretic notation for the root system of g, summarized in more
detail in the main body of the article. In particular, Ugp = Ug U&U& denotes the Q-
form of the universal enveloping algebra of g generated by the Chevalley generators
e, fiyhi (1 € I). Also Uz, = UZ_UgUi|r denotes the Kostant Z-form of Ug. The first
main theorem (Theorem [ZI7) identifies K (0o)* with U, viewing the latter as a
graded Hopf algebra over Z via the principal grading:

Theorem A. K(c0)* and Ug are isomorphic as graded Hopf algebras.
We also introduce for the first time for each dominant integral weight A\ € P a
finite dimensional quotient superalgebra H;\ of H,. These superalgebras play the

role of the cyclotomic Hecke algebras in Grojnowski’s theory. In the special case
A = Ao, H, is the finite Hecke-Clifford superalgebra introduced by Olshanski [O].
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Consider the sum of the Grothendieck groups
K(\) =P K(RepHy)

n>0

of finite dimensional Zy-graded H;\-modules for all n. In this case, we can identify
the graded dual K(\)* with

K(\)* = @5 K(ProjH))

n>0

where K (ProjH;) denotes the Grothendieck group of finite dimensional Zy-graded
projectives. It turns out that the natural Cartan map K(A)* — K(A) is injective
(Theorem [[10), so we can view both K(\)* and K()) as lattices in K(\)g =
Q®z K(A) =Q&z K(A)".

Each K () has a natural structure of right K (co)-comodule, with K (A)* C K())
being a subcomodule. In other words, according to Theorem A, K(\)* and K()\)
are left U; -modules. The action of the Chevalley generator e; here is essentially
a refinement of the restriction functors from H; to H)_;. We show moreover, by
considering refinements of induction, that the action of Ug extends to an action
of all of Uz on both K(\) and K(\)*. Hence, on extending scalars, we have an
action of Ug on K (X\)g, with K (A\)* C K (X) being two different integral forms. The
second main theorem (Theorem [7.16)) is the following:

Theorem B. For each A € Py, K(\)g is the integrable highest weight Ug-module
of highest weight X, with highest weight vector [15] corresponding to the irreducible
HY-module. Moreover, K(\)* C K(\) are integral forms for K(\)g with K(\)* =
U, [1a] and K(X) being the dual lattice under the Shapovalov form.

Now let B(co) denote the set of isomorphism classes of irreducible integral H,,-
modules for all n > 0. This has a natural crystal graph structure, the action of the
crystal operators €; being defined by considering the socle of the restriction of an
irreducible H,,-module to H,,_1. Similarly, writing B(\) for the set of isomorphism
classes of irreducible H)-modules for all n > 0, each B()) has a natural crystal
structure describing branching rules between the algebras H;y and H,_,. We stress
the crystal structures on B(oo) and each B()\) are defined purely in terms of the
representation theory of the Hecke-Clifford superalgebras. The next main result
(Theorems and B:TT)) identifies the crystals:

Theorem C. The crystal B(co) is isomorphic to Kashiwara’s crystal associated to
the crystal base of Ug - Moreover, for each A € Py, the crystal B(\) is isomorphic to
Kashiwara’s crystal associated to the integrable highest weight Ug-module of highest
weight .

Acknowledgements. We would like to express our debt to the beautiful ideas of
Tan Grojnowski in [G;]. Many of the proofs here, and certainly the overall strategy
adopted in the article, are exactly as in Grojnowski’s work. We would also like to
thank Monica Vazirani for explaining [(GV] to us, in discussions which initiated the
present work.

2. AFFINE HECKE-CLIFFORD SUPERALGEBRAS

2-a. Ground field and parameters. Let F' be an algebraically closed field of
characteristic different from 2, and choose ¢ € F'* such that
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either q is a primitive odd root of unity (including the possibly ¢ = 1),
or ¢ is not a root of unity at all.

Let i be the “quantum characteristic”, i.e. the smallest positive integer such that
I o TSI . ST S R

or oo in case no such integer exists. We refer to the case ¢ # 1 as the quantum
case and g = 1 as the degenerate case. All the results will apply to either situation,
but there are sufficiently many differences that for the purpose of exposition we
will work in the quantum case in the main body of the text, with a summary of
modifications in the degenerate case given at the end of each section whenever
necessary. We set

E=q-q!
as a convenient shorthand.

2-b. Modules over superalgebras. We will use freely the basic notions of super-
algebra, referring the reader to [Lé, ch.I], [Man, ch.3, §§1 and 2] and [BK3, §2]. We
will denote the parity of a homogeneous vector v of a vector superspace by v € Zs.
By a superalgebra, we mean a Zs-graded associative algebra over the fixed field F.
If A and B are two superalgebras, then A ® B = A ® p B is again a superalgebra
with multiplication satisfying

(a1 X bl)(ag X b2) = (—1)516’20,10,2 ® b1bs

for a; € A,b; € B. Note that this and other such expressions only make sense for
homogeneous by, as: the intended meaning for arbitrary elements is to be obtained
by extending linearly from the homogeneous case.

If A is a superalgebra, an A-module means a Zs-graded left A-module. A mor-
phism f: M — N of A-modules M and N means a (not necessarily homogeneous)
linear map such that f(am) = (—=1)f%af(m) for alla € A,m € M. The category of
all such A-modules is denoted A-mod. By a submodule of an A-module, we always
mean a graded submodule unless we explicitly say otherwise. We have the parity
change functor

(2.1) IT: A-mod — A-mod.

For an object M, IIM is the same underlying vector space but with the opposite
Zo-grading. The new action of a € A on m € IIM is defined in terms of the old
action by a - m := (—1)%m.

It will occasionally be necessary to consider bimodules over two superalgebras
A, B: an (A, B)-bimodule is an A-module M, as in the previous paragraph, which
is also a Zg-graded right B-module such that (am)b = a(mb) for all a € A,b €
B,m € M. Note that a morphism f : M — N of (A, B)-bimodules means a
morphism of A-modules as in the previous paragraph such that f(mb) = f(m)b for
all m € M,b € B. This gives us the category A-mod-B of all (4, B)-bimodules.
Also if M is an (A, B)-bimodule, IIM denotes the A-module defined as in the
previous paragraph, with the right B-action on ITM being the same as the original
action on M.

If M is a finite dimensional irreducible A-module, Schur’s lemma (e.g. [BKa)
§2]) says that End 4 (M) is either one-dimensional, or two-dimensional on the basis
idps, Oy where 67 is an odd involution of M, unique up to a sign. In the former
case, we call M an irreducible of type M, in the latter case M is an irreducible of
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type Q. We will occasionally write M ~ N (as opposed to the usual M = N) to
indicate that there is actually an even isomorphism between A-modules M and N.
For instance, if M is an irreducible of type Q, then M ~ IIM, while if M is an
irreducible of type M, then M = IIM but M % IIM.

Given another superalgebra B and A-, B-modules M, N respectively, M @ N =
M ®p N has a natural structure of an A ® B-module with

(a®b)(m®n)= (—1)5mam ® bn.

We will call this the outer tensor product of M and N and denote it M X N. If M
and N are finite dimensional irreducibles, M K N need not be irreducible (unlike
the purely even case). Indeed, if both M and N are of type M, then M X N is
also an irreducible of type M, while if one is of type M and the other of type Q, then
MXN is an irreducible of type Q. In either of these two cases, it will be convenient
to write M ® N in place of M X N. But if both M and N are of type Q, then M X N
is decomposable: let 6y, : M — M be an odd involution of M as an A-module and
On : N — N be an odd involution of N as a B-module. Then

Oy @0y : MRIN - MXN, m®@nw— (—1)"0y(m) @ 0Ox(n)

is an even A ® B-automorphism of M X N whose square is —1. Therefore M X NV
decomposes as a direct sum of two A® B-modules, namely, the ++1/—1-eigenspaces of
the linear map 6, ®0y. The map 0, ®idy then gives an odd isomorphism between
the two summands as A ® B-modules. In this case, we pick either summand, and
denote it M ® N: it is an irreducible A ® B-module of type M. Thus,

M®NoII(M®N), if M and N are both of type Q,

MXN ~
{M ® N, otherwise.

We stress that M ® N is in general only well-defined up to isomorphism.

Finally, we make some remarks about antiautomorphisms and duality. In this
paper, all antiautomorphisms 7 : A — A of a superalgebra A will be unsigned
and satisfy 7(ab) = 7(b)7(a). If M is a finite dimensional A-module, then we can
use 7 to make the dual space M* = Homp (M, F') into an A-module by defining
(af)(m) = f(r(a)m) for all a € A, f € M*,m € M. We will denote the resulting
module by M7. We often use the fact that there is a natural even isomorphism

(2.2) Homa(M,N) — Homa(N", M7)

for all finite dimensional A-modules M, N. The isomorphism sends f € Hom4 (M, N)
to the dual map f* € Homa (N7, M7) defined by (f*0)(m) = 6(fm) for all§ € N7.

2-c. Grothendieck groups. For a superalgebra A, the category A-mod is a su-
peradditive category: each Hom4 (M, N) is a Zg-graded abelian group in a way that
is compatible with composition. Moreover, the underlying even category, i.e. the
subcategory consisting of the same objects but only even morphisms, is an abelian
category in the usual sense. This allows us to make use of all the basic notions of
homological algebra by restricting our attention to even morphisms. For example,
by a short exact sequence in A-mod, we mean a sequence

(2.3) 0— My — My — M3 — 0,

that is, a short exact sequence in the underlying even category, so in particular all
the maps are necessarily even. Note all functors between superadditive categories

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



322 JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

that we shall consider send even morphisms to even morphisms, thus making sense
by restriction to the underlying even subcategory.

Let us write Rep A for the full subcategory of A-mod consisting of all finite
dimensional A-modules. We define the Grothendieck group K(Rep A) to be the
quotient of the free Z-module with generators given by all finite dimensional A-
modules by the submodule generated by

(1) My — My + Mj3 for every short exact sequence of the form (23));

(2) M —TIM for every A-module M.
We will write [M] for the image of the A-module M in K(Rep A). In an entirely
similar way, we define the Grothendieck group K (ProjA), where Proj A denotes
the full category of A-mod consisting of finite dimensional projectives.

Now suppose that A and B are two superalgebras. Then the Grothendieck groups
K (Rep A) and K (Rep B) are free Z-modules with canonical bases corresponding to
the isomorphism classes of irreducible modules. Moreover, there is an isomorphism

(2.4) K(Rep A) @7 K(Rep B) — K(Rep A® B), [L)@[L]— [L® L

for irreducible modules L € Rep A, L’ € Rep B. This simple observation explains
the importance of the operation ®.

2-d. The superalgebras. We now proceed to define the superalgebras of interest

to us. First, P, denotes the algebra F [Xlil, ..., XF"] of Laurent polynomials,
viewed as a superalgebra concentrated in degree 0. We record the relations

(2.5) XXt =1,X71X, =1,

(2.6) XpX; = XX, X' X = XX

XeX; = X7 X0 XX = XX
foralll1 <i<mn,1<j<k<n. (Of course, some of these relations are redundant,
but the precise form of the relations is used in the proof of Theorem [Z2.)

Let A, denote the superalgebra with even generators Xlil7 ..., XF1 and odd
generators C, ..., C,, where the Xiil are subject to the polynomial relations (2.3]),
(28), the C; are subject to the Clifford superalgebra relations
(2.7) C?=1,

(2.8) CrC; = =C;Cy,
forall 1 <i<mn,1<j<k<n,and there are the mixed relations
(29) CiX;=X,;C;, CX;'=X7'C; CX,=X'Ci, CX;'=XC;
forall 1 <4,j <n withi# j. For o« = (a1,...,a,) € Z" and 8 = (B1,...,5,) €
72, we write X® and C? for the monomials X X$? ... X% and C{'CH? ... CP,
respectively. Then, it is straightforward to show that the elements

{(XCP |aczm, B ey}

form a basis for A,,. In particular, A, = A; ® --- ® A; (n times), and P,, can be
identified with the subalgebra of A,, generated by the X iﬂ.

The symmetric group will be denoted S,,, with basic transpositions s1, ..., Sp—1
and corresponding Bruhat ordering denoted <. We define a left action of S,, on A,
by algebra automorphisms so that

(2.10) w - Xi = Xwi; w - Ci = Cwi
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for each w € S,,i=1,...,n.
Let H¢! denote the usual (classical) Hecke algebra of S,,, viewed as a superalgebra
concentrated in degree 0. This can be defined by generators T1,...,T,,_1 subject

to relations

(2.11) T? = (T + 1,
(2.12) T,T; = T;T;, TiTiaTi = Tis1 TiTigs

for all admissible i, j with |i —j| > 2. Recall HS has a basis denoted {7}, |w € Sy},
where To, =15, ... T;, if w = sy, ...s;,, is any reduced expression for w. We also
record

(2.13) 7 =T - ¢

Now we are ready to define the main object of study: the affine Hecke-Clifford
superalgebra H,,. This was first introduced by Jones and Nazarov [JN]|, being the
g-analogue of the affine Sergeev superalgebra of Nazarov [N|. By definition, H,,
has even generators T1,...,7T,_1, Xlﬂ, ..., XF" and odd generators Ci,...,Ch,

subject to the same relations as A, 23)), 2.6), .7, 2:8), @9) and as HS' @2.11),

([212), together with the new relations

(2.14) T;C; = i1,

(2.15) TzCz = Ci+1Ti,

(2.16) T,X; = X,T;, T,X; ' =X'T,
(2.17) (Ti + £CCi) XiTy = X

for all admissible ¢, j with j # 4,7+ 1. The relation (2I5) is equivalent to
(2.18) T;Ciy1 = CiT; — £(C; — Ciya),

while (2.17)) is equivalent to any of the following four statements:

(2.19) TiXi = Xi Ty — €(Xip1 + CiCi1 X5),
(2.20) TX; ' = X AT+ X7+ X CiCig),
(2.21) TiXiv1 = XiT; + (1 — C;Ciy1) Xit1,
(2.22) T X7 = X' — X711 = CiCis)

foralli=1,...,n — 1. Using (2.19) and induction on j > 1, one shows that

(2.23)
j—1
(Ti + £CiCiy1) X = X[ (T =€) — 52 (Xij_kXik-i-l + Xi_kaflkCiCHl)
k=1

for all j > 1,1 <4 < n. Hence,

(T; + €C;Ci31) X] C; =X], | Cii1 (T; + £CiCitr)

(2.24) =t e
- Z (Xi] sz'k+1Ci - X; kX%]HkCiH) )
k=1
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(Ti — &)X, _X'H—jl (T; + £CiCitr)

(2.25) kb ik
+€Z( Xivi +X; Xi+lcici+1> :

Finally, let HE" denote the subalgebra of H, generated by all C;, T for i =
1,...,n,5=1,...,n — 1. Alternatively, as follows easily from Theorem 2.2 below,
Hg“ can be defined as the superalgebra generated by elements C;, T} subject only to

the relations [27), (Z8), (1)), (ZI12) and @I4), (ZI5). Hence, 11" is the (finite)

Hecke-Clifford superalgebra first introduced by Olshanski [O] as the g-analogue of
the Sergeev superalgebra of [S7].

2-e. Basis theorem. Now we proceed to study the algebra H,, in more detail. The
first goal is to construct a basis. There are obvious homomorphisms f : A, — H,
and g : HS' — H,, under which the X;, C; or T; map to the same elements of H,,.
We write X*C# also for the image under f of the basis element X*C# of A,,, and
T, for the image under g of T, € HS. This notation will be justified shortly, when
we show that f and g are both algebra monomorphisms. The following lemma is
obvious from the relations:

Lemma 2.1. Let f e A,, x€S,. Then, in Hy,,
Tof=@ T+ fT,  [L=Ta ' )+ T,f,
y<z y<z

for some fy, f, € An.

It follows easily that H,, is at least spanned by all X*CPT,, for all o € Z", 3 € 7.3
and w € S;,. We wish to prove that these elements are linearly independent also:

Theorem 2.2. The {X“CPT, |a € Z",3 € Z},w € S,,} form a basis for H.,,.

Proof. Consider instead the algebra H,, on generators Xiﬂ, C’i,f’j for 1 < i <n,

1 < j < n subject to relations (ZB)—(2Z9), (Z11)), (Z14)-ZI6) and (ZI)-([222).

Thus we have all the relations of H,, except for the braid relations (ZI2). Using
precisely these relations as the reduction system, it is a routine if tedious exercise
using Bergman’s diamond lemma [Bel 1.2] to prove that H,, has a basis given by
all X*CPT for all o € Z", € Z3 and all words T in the T; which do not involve a
subword of the form TQ for any j. Hence, the subalgebra A, of H, generated by the
X *1C; is isomorphic to A, Also let HCI denote the subalgebra of Hn, generated by
the T]7 so that HCI is isomorphic to the algebra on generators 11, . .., T,_; subject
to relations Tj2 = §Tj + 1 for each j.

Now, by definition, H,, is the quotient of H,, by the two-sided ideal Z generated
by the elements

Qij = TiTj - ijm b; = TiTiJrlTi - Ti+1ﬂ'fi+1

for 4,7 as in (ZIZ). Let J be the two-sided ideal of HS' generated by the same
elements a; ;,b; for all 4,5. Then, by the basis theorem for H, HS /T =2 HE,
with basis given by elements T, for w € S, defined in the usual way. It follows
immediately that to prove the theorem, it suffices to show that Z = A,J in H,.

In turn, this follows if we can show that rt = t'r for each r € {a;;,b;} and each

generator ¢ of ﬁn, where t’ is some other element of gn Now again this is a routine
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check; for example, the most complicated case involves verifying that (TiJrlTiTiJrl —
T.Ti1T3) Xiyo = Xi(Tip1 TiTip1 — T;Ti41T;) using only the relations in H,. O

So we have a right from now on to identify A, and HS' with the corresponding
subalgebras of H,,. The theorem also shows that the superalgebra Hf» has basis
{CPT, | B € Z5,w € S,,}. So Theorem 221 can be restated as saying that H, is a
free right Hi"-module on basis {X® |« € Z"}.

As another consequence, it makes sense to consider the tower of superalgebras

HoCH{ CHyC---CH,C...

where for i < n, H; is identified with the subalgebra of H,, generated by C1,...,C;,
Xlﬂ, . ,Xijﬂ7 Ti,...,T;_1. Similarly, we can consider A; C A,,,P; C P,, etc....

Finally, we point out that there are obvious variants of the basis of Theorem 2.2]
reordering the C’s, X’s and T"’s. For instance, H,, also has {T, X*C” |w € S, €
Z", 3 € Zy} as a basis. This follows using Lemma [2.1]

2-f. The center of H,,. The next theorem was first established in [IN| Prop. 3.2]
(for the case F' = C).

Theorem 2.3. The (super)center of H, consists of all symmetric polynomials in
X+ X7 X, X

Proof. Let Z denote the center of H,,, i.e. the z such that zy = yz for all y € H,,.
(The argument applies equally well to the supercenter defined by 2y = (—1)*¥yz.)
One first checks that symmetric polynomials in X3 +Xf1, oo, Xn+ X1 are central
following the argument in the proof of [IN| Prop. 3.2(b)].

Conversely, take z = > s, JwTw € Z where each f,, € A,,. Let w be maximal
with respect to the Bruhat order such that f,, # 0. Assume for a contradiction that
w # 1. Then, there exist some i € {1,...,n} with wi # i. Consider (X; + X; ')z —
z2(X; + Xi_l). By Lemma[2.] this looks like f,, (X; + Xi_1 — Xwi — X;})Tw plus a
linear combination of terms of the form f, 7T, for f, € A, and x € S,, with 2 w
in the Bruhat order. So in view of Theorem[2.2] z is not central, a contradiction.

Hence, we must have that z € A,,. Considering the form of the center of A,,
one easily shows that z in fact lies in F[X; + X;',..., X,, + X,7!]. To see that z
is actually a symmetric polynomial, write z = 3, ;5 ai,; (X1 + XX+ X5 1)
where the coefficients a; ; lie in F[X3+X3' ..., X,+X 1. Applying LemmaZIlto
Tz = 211 now gives that a; ; = a;; for each 7, j, hence z is symmetric in X, —|—Xf1
and Xo + X5 ! A similar argument shows that z is symmetric in X; + Xi_1 and
Xit1+ Xijrll foralli=1,...,n — 1 to complete the proof. O

2-g. Parabolic subalgebras. Suppose that u = (u1,..., ) is a composition of
n, i.e. a sequence of positive integers summing to n. Let S, = S, x --- xS,
denote the corresponding Young subgroup of S,, and Hﬁl C H denote its Hecke
algebra. So Hf) = Hf}l R---® Hf}u is the subalgebra of HS' generated by the T} for
which s; € S,,.

We define the parabolic subalgebra H,, of the affine Hecke-Clifford superalgebra
H,, in a similar way: it is the subalgebra of H,, generated by A, and all T; for
which s; € S,,. It follows easily from Theorem [ZZ that the elements

{(X*C°T, |a € 2™, B €2y, weS,}
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form a basis for H,. In particular, H, = H,, ® --- ® H,,. Note that the parabolic
subalgebra H(; 1, 1) is precisely the subalgebra A,,.

We will need the usual induction and restriction functors between H,, and H,,.
These will be denoted simply

(2.26) indZ : H,-mod — Hp,-mod, reSZ : Hp-mod — H,-mod,

the former being the tensor functor H,®4,,? which is left adjoint to res);. More
generally, we will consider induction and restriction between nested parabolic sub-
algebras, with obvious notation. We will also occasionally consider the restriction

functor

(2.27) res!’'_, : H,-mod — H, _i1-mod

n—1

where H,,_1 denotes the subalgebra of H,, generated by Xiil7 C; and T} for i =
1,....n—=1,7=1,...,n—2.

2-h. Mackey theorem. Let p,v be compositions of n. We let D, denote the
set of minimal length left S, -coset representatives in S,,, and D;l denote the set
of minimal length right S,-coset representatives. Then D, , := D;l N D, is the
set of minimal length (S, S, )-double coset representatives in S,,. We recall some
well-known properties; see e.g. [DJ, §1]. First, for x € D, ,, S, NzS,z~! and
z71S,2N S, are Young subgroups of S,,. So we can define compositions yNzv and
1Ny of n from

SN xS,z = unzy  and x_lSux NS, = Ss-1n0-
Then, forx € D,, ., every w € 5,25, can be written as w = uxv for unique elements

ue€ S,andv € S,,ﬁD;_l1 v+ Moreover, when this is done, £(w) = £(u)+£(z)+£(v).

This fact implies the following well-known lemma which is essentially equivalent to
the Mackey theorem for HE! (see e.g. [DL.I, Theorem 2.7]):

Lemma 2.4. For & € Dy, the subspace HST,HS' of HE has basis {T, | w €
SuxSy,}.
This is our starting point for proving a version of the Mackey theorem for H,,.

Lemma 2.5. Forxz € D,,,, the subspace HMTQ,;H,C,1 of Hy has basis {X*CPT,|a €
v, B eZy,we S,xS,}. Moreover,

Ho= P H.IH.
€D,

Proof. Since H,, = Aan}, Lemma [2.4] implies at once that the given {X*C%T,}
span HMTIHﬁl. But they are linearly independent too by Theorem[Z2] proving the
first statement. The second follows immediately using Theorem [Z2lonce more. [

Now fix some total order < refining the Bruhat order < on D, ,. For x € D,, ,,

set

(2.28) Bjx = @ HHT’!!HLC/Ia
YEDu,v, y=2T

(2.29) B<w = @ HuTyHrczl’
ye€D, v, Y=<z

(2.30) By = Bz /B<a.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



HECKE-CLIFFORD SUPERALGEBRAS 327

It follows immediately from Lemma 2] that B<, (resp. Bxg) is invariant under
right multiplication by A,,. Hence, since H,, = HSA,,, we have defined a filtration of
Hy, as an (H,, H,)-bimodule. We want to describe the quotients B, more explicitly
as (H,, H,)-bimodules.

Lemma 2.6. For each x € D, ,, there exists an algebra isomorphism
P = Pg-1: Hp,ﬁzl/ - Hx_lp,ﬂu

with ©(Tyw) = Tp-14s, ©(X;) = X1, and p(C;) = Cy—1; for w € Syngy, 1 <i <
n.

Proof. The isomorphism ¥ : Sunzy — Sy-1,n,,u — 2~ 'uz is length preserving.

Equivalently, z7(i + 1) = (z7'i) + 1 for each i with s; € Synz,. Using this, it
is straightforward to check that the map ¢ defined as above respects the defining
relations on generators. O

Let N be a left H,-1,n,-module. By twisting the action with the isomorphism
0g-1 : Hunav — Hy-1,n, from Lemma 28] we get a left H,n,,-module, which will
be denoted *N. Now we can identify the module B, introduced above.

Lemma 2.7. View H,, as an (H,, Hune)-bimodule and H,, as an (Hy-1,0,, Hy)-
bimodule in the natural ways. Then, *H, is an (Hunzw, Ho)-bimodule and

By ~H, @1 P M,

is an (Hy, H,)-bimodule.

Proof. We define a bilinear map H,, xH, — By = B<y/B<s by (u,v) — vTv+B-,.
Forye S, N xS,z

TyTx = Ty:c = Lypr—lyzr = T:cT;cflyx

which is all that is required to check that the map is H,ns.-balanced. Hence there
is an induced (H,,, H,)-bimodule map ® : H,, ®4,,,, “H, — B,. Finally, to prove
that ® is bijective, note that

{(X°CP’T, @ T, |a€Z", B Ly, ucS,,veSND" 1}

is a basis of the induced module H, ®4,.,, “H, as a vector space. In view of
Lemma 23 the image of these elements under @ is a basis of B,. O

Now we can prove the Mackey theorem.

Theorem 2.8 (“Mackey Theorem”). Let M be an H,-module. Then res)ind, M
admits a filtration with subquotients =~ to indjn,, " (resy 1, M), one for each
x € D, Moreover, the subquotients can be taken in any order refining the Bruhat

. ) - u y
order on Dy, ., in particular, indj,, res;~, M appears as a submodule.

Proof. This follows from Lemma [Z7 and the isomorphism
(Hy @Hpner “Ho) Qn, M ~ indZ:ﬁm”(reSH” M),

wnzv wal;mu

which is easy to check. O
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2-i. Some (anti)automorphisms. A check of relations shows that H,, posesses
an automorphism ¢ and an antiautomorphism 7 defined on the generators as fol-

lows:
(231) o:Ti— =T, ; +&, Cj — Cn+1,j, X]‘ — Xn+1,j;
(232) TITiHE—FfCiCH_l, CjHCj, le—>Xj,

foralli=1,...,n—1,7=1,...,n.

If M is a finite dimensional H,-module, we can use 7 to make the dual space
M* into an H,-module denoted M™; see P-bl Note that 7 leaves invariant every
parabolic subalgebra of H,,, and induces a duality on finite dimensional H,,-modules
for each composition p of n.

Instead, given any H,-module M, we can twist the action with ¢ to get a new
module denoted M?. More generally, for any composition v = (v1,...,1,) of n
we denote by v* the composition with the same non-zero parts but taken in the
opposite order. For example, (3,2,1)* = (1,2,3). Then o induces an isomorphism
of parabolic subalgebras H,~ — H,. So if M is an H,-module, we can inflate
through o to get an H,+-module denoted M?. If M = M; X ---X M, is an outer
tensor product module over H,, then M7 = M7 X ... X M7. The same holds if
each M, is irreducible and X is replaced with ®. These observations imply:

Lemma 2.9. Let M € H,,-mod and N € H,-mod. Then
(indjpt " M K N)7 2 ind] F" N7 K M.
Moreover, if M and N are irreducible, the same holds for ® in place of K.
2-j. Duality. Thoughout this subsection, let p be a composition of n and set

v = pu*. Let d € D,, be the longest double coset representative. Note that
pNdv=pand d'pnv=wv,so S,dS, =S,d=dS,. There is an isomorphism

(233) Y =Pd-1: Hu - Huv
see Lemma As in R0 for an H,-module M, ‘M denotes the H,-module

obtained by pulling back the action through ¢. We begin by considering the classical
situation, adopting the obvious analogous notation for modules over ’Hf}, HL

Lemma 2.10. Define a linear map 0 : HE — YHE by
Ty-1y if wedS
cl _ d=lw v
0% (Tw) = { 0 otherwise,
for each w € S,,. Then
(i) < is an even homomorphism of (HS!, HS')-bimodules;
(ii) ker 6! contains no non-zero left ideals of HS;
(iii) the map
F My — Homgga (K, HE), he ho!
is an even isomorphism of (HE, HE)-bimodules.
Proof. (i) Since d~'pNv = v, HIT/HE = TyHS' is isomorphic as an (HS!, HE')-
bimodule to 4H¢!, the isomorphism being simply the map T, +— Ty-1,, for w € dS,,

compare Lemma 2.7 Now (i) follows because 6! is simply this isomorphism com-
posed with the projection from HS to HﬁleHf,l along the bimodule decomposition

cl _ cl cl
H = ®,ep, , HITH.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



HECKE-CLIFFORD SUPERALGEBRAS 329

ii) We show by downward induction on ¢(z) that 6°(HCc!t 0 whenever we are
n

given z € D, and
t= > Tyhy
y€eD, with £(y)</t(x)

with each h, € HS and h, # 0. Since d is the longest element of D,,, the induction
starts with = d; in this case, the conclusion is clear as 6°'(t) = h, # 0. So now
suppose ¢ < d and that the claim has been proved for all higher z € D,. Pick a
basic transposition s such that sz > x and sx € D,,. Then,

Tt = Z Tyh,
y€D, with £(y)<{(sx),
for h) € HS' with hf, = h, # 0. But now the induction hypothesis shows that
0 (Hs't) = 0°'(H5\Tit) # 0.

(iii) We remind the reader that h0°' : H{ — 9H¢ denotes the map with
(h)(t) = (—1)"6°(th) (the sign being + always in this case). Given this and (i),
it is straightforward to check that f<! is a homomorphism of (H¢!, H<)-bimodules.
To see that it is an isomorphism, it suffices by dimension to show that it is injective.
Suppose h lies in the kernel. Then, (f°'(h))(t) = 6<(th) = 0 for all t € HS'. Hence
h =0 by (ii). O

Now we extend this result to H,, recalling the definition of ¢ from (Z33).

Lemma 2.11. Define a linear map 0 : H,, — *H, by
Ty-1, f wedS,y,
g(fTw) _{ @(f) d f

0 otherwise,
for each f € Ay, w € S,. Then
(1) € is an even homomorphism of (H,, H,)-bimodules;
(ii) the map
f: Hn — Homy, (Hn, “H,), h i+ ho

is an even isomorphism of (H,,H,)-bimodules.

Proof. (i) According to a special case of Lemma [277] the top factor By in the
bimodule filtration of H,, defined in (Z30) is isomorphic to 9H, as an (H,,H.,)-
bimodule. The map 6 is simply the composite of this isomorphism with the quotient
map H, — By.

(ii) Recall that {T, | w € D'} forms a basis for H, as a free left H,-module,
and %H,, is isomorphic to H,, as a left H,-module. It follows that the maps

{thw |w € D;l}

form a basis for Homy,, (H.,, 4H,) as a free right H,-module, where 1, : H,, — ¥H,,
is the unique left H,-module homomorphism with 1.,(T},) = 6y 4.1 forallu € D;l.

The analogous maps ¢ € Homyya (HE, YHEY) defined by ¥<(T,) = 6 u.1 for
u € D;;* form a basis for Homyya (HS, YHEY) as a free right H-module. So in view
of Lemma [ZT0(iii), we can find a basis {a, |w € D'} for Hg viewed as a right
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H¢'-module such that f(a,,) = 1 for each w € D', ie.

0N (Tyay) = {

for every u € D', But H, = H{'A,, so the elements {a, | w € D, '} also form
a basis for H,, as a right H,-module, and f(a.,) = 1, since = 6! on HE.. Thus
J maps a basis of H,, to a basis of Homs, (H,, 9H,) (as free right H,-modules),
hence f is an isomorphism of (H,,,H, )-bimodules. O

1 ifu=w,
0 otherwise

Corollary 2.12. There is a natural isomorphism Homy, (Hp,"M)~H, @, M of
H,-modules, for every left H,-module M.

Proof. Let f : M, — Homsy, (Hy, 4H,) be the bimodule isomorphism constructed
in Lemma ZTT] Then, there are natural isomorphisms

Ho @30, M S Homyy, (Hy, “H,) @20, M ~ Homyy, (Hp, “H, @3, M)
~ Homyy, (H,, M),

the second isomorphism depending on the fact that H,, is a free left H,-module;
see e.g. [AEL 20.10]. O

Recall the duality (232)) on finite dimensional H,- (resp. H,-) modules.

Corollary 2.13. There is a natural isomorphism ind;,(MT) ~ (indj,(*M))™ for
every finite dimensional H,-module M .

Proof. One routinely checks using ([22) that the functor 7 o indj; o 7 (from the
category of finite dimensional ,-modules to finite dimensional H,-modules) is
right adjoint to res);. Hence, it is isomorphic to Homy, (H,,?) by uniqueness of
adjoint functors. Now combine this natural isomorphism with the previous corollary
(with p and v swapped and d replaced by d—1). O

We finally record a special case, which is the analogue of [G;] Proposition 5.8]:

Theorem 2.14. Given a finite dimensional H,,-module M and a finite dimen-
sional Hy-module N,

(indjpt P MR N)™ = ind) [ (NT R MT).
Moreover, if M and N are irreducible, the same is true with X replaced by ®.

2-k. Modifications in the degenerate case. Now we summarize the necessary
changes in the degenerate case ¢ = 1. So now F' is an algebraically closed field of
odd characteristic h and ¢ = 1. The superalgebras Py, An, Hn, H,,, HE® need to be
replaced with their degenerate analogues (but we keep the same symbols).

First of all, P, becomes the ordinary polynomial algebra Flzi,...,z,] con-
centrated in degree 0. Then, A, is replaced by the algebra on even generators
1,...,T, and odd generators ci,...,c,, where the x; satisfy the relations of a
polynomial ring and the ¢; satisty the same Clifford relations as before (27), [2-8).
The relations (229) become instead

(2.34) CiTi = —TiCi, CiTj = T4C

for 1 <i,j <n with 7 # j. The algebra H¢' is replaced by the group algebra FS,,
of the symmetric group, always writing simply w in place of Ty,.
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Now the affine Hecke-Clifford superalgebra becomes the affine Sergeev superalge-
bra of [N]. This is the superalgebra H,, defined on even generators 1, ..., 2y, S1,. ..,
Sp—1 and odd generators ci,...,c,. The relations between the x’s and c¢’s are as
in the new A, the relations between the s; are the usual relations of the symmet-
ric group, i.e. (2I1), [2I2) with ¢ there equal to 1, and there are new relations

replacing (2.14)-217):
(2.35) S§iC; = Ci41S54, SiCi+1 = €Sy, §iCj = CjSj,
(2.36) §iT; = Ti415; — 1-— CiCi+1, SiTi41 = XTiS; +1-— CiCi+1, SiTj = T;8;

for all admissible 4, j with j # 4,7+ 1. We record the useful formula, being the
analogue of (2:23):
(237) Sixg = ‘(E£+1Si - Z(xgikilxﬁ-l + xgikil(—xprl)kciclurl)

k=0

for all j > 1,1 < i < n. Finally, K" is replaced by the subalgebra of H,, generated
by the ¢;, s;: it is alternatively the twisted tensor product of a Clifford algebra with
the group algebra of the symmetric group, i.e. the original Sergeev superalgebra
considered in [S;]; also see [BK2 §3].

The automorphism o : ‘H,, — H,, and antiautomorphism 7 : ‘H,, — H,, are now

defined by
(2.38) 018+ —8n—i, Cjr> Cnyi—j, Tj— Tnyl—j;
(2.39) T8 — S, ¢j — ¢y, xj = T,

foralli=1,...,n—1,7=1,...,n.

The basis theorem, proved in an analogous way to Theorem[2.2] now says that H,,
has a basis given by {z%c’w |« € Z2,, 8 € Z3,w € S, }. The center of H,,, proved
as in Theorem 23] is now the set of all symmetric polynomials in 2%, 23, ..., 22
(see also [N|, Prop. 3.1]). Parabolic subalgebras H,, of H,, are defined in the same
way as before. The Mackey Theorem and Theorem 2.14] are proved in an entirely

similar way.

3. CycLoToMiC HECKE-CLIFFORD SUPERALGEBRAS

3-a. Cyclotomic Hecke-Clifford superalgebras. Keep all the notation from
the previous section. Suppose now that f € F[X1] C H, is a polynomial of the

form

(3.1) ag X+ ag 1 X4+ a1 Xy + ao

for coefficients a; € F with ag = 1 and a; = agaq—; for each i = 0,1,...,d. This
assumption implies that

(3.2) Cif = aoX{%fCy.

Define Z; to be the two-sided ideal of H,, generated by f and let

(3.3) HL = H, /s

We call H/ the cyclotomic Hecke-Clifford superalgebra corresponding to f. It is the
analogue in our setting of the cyclotomic Hecke algebra of [AK].
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3-b. Basis theorem. The goal in this subsection is to describe an explicit basis
for HJ, analogous to the Ariki-Koike basis [AK] for cyclotomic Hecke algebras. We
introduce some further notation for the proof. Set f; = f and for i = 2,...,n,
define inductively f; = (Ti—1 + £Ci—1C;) fi—1T;—1. The first lemma follows easily
by induction from (2.23):

Lemma 3.1. Fori=1,...,n,

fi = X& + (terms lying in P;_1 XEHI for 0 < e < d) + u;

where u; € HI is a unit.

Given Z ={z1 < --- < z,} C{1,...,n}, let fz = fo, f2s ... f2., € Hn. Define
(34) I, ={(a,2)|ZCA{1,...,n},a € Z" with 0 < o; < d whenever i ¢ Z},
(35) T ={(a,2) € T, | Z £0}.

Lemma 3.2. H,, is a free right Hi-module on basis {X*fz | (o, Z) € 11, }.

Proof. Define a total order < on Z so that
2] < (4] -1=<|g]+1<[4]—2<[E]+2=....
We have a corresponding reverse lexicographic ordering on Z": o < ' if and only
if ap = .. 041 = ) q,a8 < a) for some k = 1,...,n. It is important
that Z™ has a smallest element with respect to this total order. Define a function
v : I, = Z" by y(a, Z) := (71, ..,7Vn) where
o ifi¢ Zora; <0,
Vi = o; +d ifie Z and o; > 0.
We claim that for (a, Z) € II,,,
Xfy; = X2y 4 (terms lying in XPHE for § < v(a, Z)),

where u is some unit in Hf*. In other words, X f; = X%yt (lower terms).
Since 7 : II,, — Z™ is a bijection and we already know that the {X|a € Z"} form a
basis for H,, viewed as a right H"-module by Theorem [Z2 the claim immediately
implies the lemma.

To prove the claim, proceed by induction on n. If n = 1, the statement is quite
obvious. Now assume n > 1 and the statement has been proved for (n—1). We need
to consider X*fz for (o, Z) € II,. If n ¢ Z, then the conclusion follows without
difficulty from the induction hypothesis, so assume n € Z. Let o' = (a1, ..., an—_1)
and Z' = Z — {n}. Then by induction

X fz = X720 4 (terms lying in X&' HI® | for B < y(o/, Z')),

where v’ is some unit in Hi" . Multiplying on the left by X2 and on the right by
fn, using Lemma BT, one deduces that
XOfz = XgHax @20y 4 xon X102y,
+ (terms in XAHI for 8 < y(a, Z))
where both u’ and u'u,, are units in H". Noting that

stz _ { XX i oy > 0,
Tl Xen X2 if a, <0,

this is of the desired form. O
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Lemma 3.3. (i) For 1 <i<mn,
i—1
CifHA™ € X7 UfHE + > Py fHin,
k=1

(i) For1<i<j<n,

J
Pi(Ti1 = &) (Topr — (T — X, U fiHE © Py frHE™.
k=1

(iii) Formn > 1, Hin | f,Hir = f,Hin,

Proof. (i) Proceed by induction on i, the case i = 1 being immediate from (B2)).
Fori>1,

CifiHE = Ci(Ti—1 4 £Ci1Cy) fioa HE™ = (Timy — €)Cimr fima HE®
1—2

C (T — X% fia M Z(Ti—l — EPiy fyHin
k=1

C X, UTioa +£CiaCy) fi HE®
i—1 i—1
+ Y PHE = XTUHE Y P M,

k=1 k=1

applying Lemma 2] the relations in H,, especially (Z25), and the induction hy-
pothesis.

(ii) Proceed by induction on (j—1), the conclusion being immediate in case j = 1.
If j > 4, an application of (Z2H]), combined with (i) to commute C; past f;, gives
that

Pi(Tjo1 = &) ... (T — X, fHE

J
C Pi(Tjm1 =€) .. (Tirr = XS firt M3 + ) Py fuHy™.
k=1
Now apply the induction hypothesis.

(iii) By considering the antiautomorphism 7 of Hf", one sees that Him | is
generated by the elements C; for 1 <i <n—1and (T;+£C;Cjy1) for 1 < j <n-—1,
and the latter satisfy the braid relations. We show that each of these generators of
HED | leave f,HAM invariant.

First, consider C, f, Hi" for 1 <i < n — 1. Expanding the definition of f,, and
commuting C; past the leading terms, it equals

(Tr—1 + €Cy1C) ... Ci(T; + ECiCiyr) fiHE™,

By the relations, C;(T; + £C;Ciy1) = (T; + €C;Ci41)Ciy1. Now the conclusion in
this case follows immediately since C;, fiHi® = f;Hfn,

Next, consider (T} + £C;Cj1) frHE® for 1 < j < n — 1. Expanding and com-
muting again we get

(Tn-14€Cn1Cn) ... (Tj + £C;C1)(Ty1 + €C;11C12)(Tj + £C;Cyn ) [ HR™
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Applying the braid relation we get
(Th—1+E£Ch_1Ch) ...
(T + ECj11Cji2)(Ty + £C;Ciin ) (Tj1 + ECj11Ca) fH"

which again equals f, Hi" as required. O
Lemma 3.4. Zy = > ;' P, frHA".

Proof. Let HA", denote the subalgebra of HA® generated by Cs,...,Cp,Ts,...,
Tp-1, so Hin = Hfin . We first claim that

Hy" QZ i1 +€CinCy). . (T + ECLC)HE"

Z i—1 — . (Tl - E)Cngnn
i=1

To prove this, it suffices to show that T,,C” lies in the right-hand side for each
w € Sy, B € ZY. Proceed by induction on the Bruhat order on w € S, the case
w = 1 being trivial. For the induction step, we can find 1 < i <n and u € Sy,
such that

T,C% =T,y ... TWT,C° =T,_,... T.CP'T,C"
where 8/ = (0,82, ..., 8n). Now an argument using Lemma 2] gives that

T Cf — { (Tim1 +£Ci1Cy) ... (Th +§C}02)Tucﬁ/ if 6 = (:)’
b (Ty—1—€)...(Th — )1 T,CP if B =1,

modulo lower terms of the form T, C?” with w’ < w. The claim follows.

Now let J = Z?zl Pnfin‘l“. Clearly J C Zy. So it suffices for the lemma to
show that Z; C J. Noting that H,, = P, HA® and using the result in the previous
paragraph, we get that

Tr = HofrHn = Ho fiP HIY = H,, fiHED = P, Hi0 £ H0n

CZP i1+ €010y . (Ty 4 €01.Cy) frH®

+ ZP 1= 8. (T — OCL T HE
Now, each P, (T;—1 + £C;i_1C;) ... (T + £C1Co) frHEM = P, fiHE™ C F. Also each
’Pn(ﬂ_l —&) ... (Ty —€)Cy frHi" is contained in J thanks to Lemma B3(i),(ii). O
Lemma 3.5. Iy = }° , et X fyHon,

Proof. We proceed by induction on n, the case n = 1 being almost obvious. So
now suppose that n > 1. Clearly we can assume that d > 0. It will be convenient
to write 7} for the two-sided ideal of H,_1 generated by f, so

(3.6) Tp= > XYfyHi

(o, Z") €M),
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by the induction hypothesis. Let J = Z(a Z)ert X fzH Obviously J C Zy.
So in view of Lemma [E4] it suffices to show that X< f;Hi* C 7 for each a € Z"
and eachi=1,...,n.

Consider first X f, Hin. Write X = X X# for 8 € Z"~!. Expanding X” in
terms of the basis of H,,_1 from Lemma [32] we see that

Xaanfan C Z XS"Xa,fZ/H?LIllfTLH?Ln'
(a/,Z7)€M—1

This is contained in J thanks to Lemma [3:3[(iii).

Finally, consider X f;HI" with i < n. Write X® = X% X* for 3 € Z"~1. By
the induction hypothesis,

Xafngn — XanﬁfiHTﬁln C Z X’r?nXa/fZIHfln'
(o, Z")€eM,)_,

Now we need to consider the cases a,, > 0 and «a,, < d separately. The argument

is entirely similar in each case, so suppose in fact that a,, > 0. Then we show
by induction on a,, that X% X< fzHi» C 7 for each (o/,Z') € T . This is

n—1-
immediate if a,, < d, so take «,, > d and consider the induction step. Expanding
fn using Lemma B11 the set

X XY fp faHy € T
looks like the desired X2» X f7/H plus a sum of terms lying in X;‘L‘"_d“I}HfL“
with 0 < e < d. It now suffices to show that each such Xf;"*d*el'}Hg“ C J. But

by (3.6),
Xgeodterppfin g N xgeodtex e fphn
(o, Z")€eM,)
and each such term lies in J by induction, since 0 < oy, — d + e < . O
Theorem 3.6. The canonical images of the elements
{(XCPTy | aeZ” with0< ay,...,a, < d, B €Z}, we S,}
form a basis for HJ.

Proof. By Lemmas and B0, the elements {X*fz | (o, Z) € 1L} form a basis
for Ty viewed as a right Hir-module. Hence Lemma implies that the elements

{X¥|aeZ” with0 < ay,...,a, <d}
form a basis for a complement to Z; in H,, viewed as a right Hf"-module. The

theorem follows at once. O

3-c. Cyclotomic Mackey theorem. We will need a special case of a Mackey
theorem for cyclotomic Hecke-Clifford superalgebras. Let f € P; be a polynomial of
degree d > 0 of the special form (B]). Let HfL denote the corresponding cyclotomic
Hecke-Clifford superalgebra. Given any y € H,,, we will write § for its canonical
image in 1. Thus, Theorem [3.6] says that the elements

{XQC'BTMMxEZ" with 0 < an,...,a, < d,B € Zy,w € S, }

form a basis for HJ.
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It is obvious from Theorem B.8 that the subalgebra of Hfl 41 spanned by the
XoCPT,, for a € Z™ with 0 < a1,y ...,0n <d, 8 €ZY and w € S, is isomorphic to
Hf We will write 1nd ’f”“ and reszf“rl for the induction and restriction functors
between HJ and Hn 1 to avoid confusion with the affine analogue from (2.27).
Thus,

ind :L“M Hnﬂ @yt M.

J

Lemma 3.7. Forall1 <i<mn,j >0, kEZg,

X/ CFAT, — T,X]CF € Z (XP A+ X Cia A
h=1

Proof. Rearrange (223) and (224). O

Lemma 3.8. (i) Hflﬂ is a free right H-module on basis
{(XeCMTy ... T |0<a<dbeZy1<j<n+1}.
(ii) H£+1 =H/T,H! @ Do<a<davez, X2, Ch  HY as an (MY, HL)-bimodule.
(iil) For any 0 < a < d, there are isomorphisms
Xe ML ~Hl, X0 Cop ML ~THE,  HITHE ~HS R, HI,
as (M, HS)-bimodules.
Proof. For (i), by Theorem 6l and dimension considerations, we just need to check

that Hfl 41 is generated as a right Hfb—module by the given elements. For this, it
suffices to show that all elements of the form

X’aéﬁf’j...fn (a€eZ™,BeZy,0<a1,...,ant1 < d)
lie in the right ;-module generated by {X,?C‘kfk Tnl0<a <d,b€Zy,j<k<
n+1}. This involves considering terms of the form X“Cka 1... T, forj <k <n+l1
and 0 < a < d,b € Zsy, for which Lemma [37 is useful.
For (ii) and (iii), define a map M}, x M} — HLT, H{, (u,v) — uT,v. This is
kal—balanced, and thus induces a well-defined epimorphism

© MY, @y M — HITH],
of (M, H})-bimodules. We know from (i) that M Ryt H/ is a free right H -
module on basis X;‘C’ffj...fn_1 R1lforl <j<n0<a<dbeZy, But ®

maps these elements to X;‘C’;’T] ...T,_1T,, which, again using (i), form a basis for
'HfLTanL as a free right H7-module. This shows that HfLTanL ~ Hi Qs H.

n—1
Now the remaining parts of (ii) and (iii) are obvious consequences of (i). O

We have now decomposed Hfb 41 asan (HI,H])-bimodule. So the same argument
as for Theorem 2.8 easily gives:

Theorem 3.9. Let M be an Hf-module. Then, there is a natural isomorphism

HE HS . f f
res. ind BN o (M & TIM)®4 @ ind™™  res’'

M
H, H, HZ: 1 H£ 1

of Hi -modules.
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3-d. Duality. We wish next to prove that the induction functor md ”“ commutes
with the 7-duality. We need a little preliminary work.

Lemma 3.10. For 1 <i<mn anda >0,

(3.7) (To + €CnCrp1) .. (Ti + ECiCip)) XPTy . Ty = X4y + (%)

where (%) is a term lying in HiT, HI + S ( koML + Xn+1Cn+IH£); and

(38)  (Tn+&CnCnp) .. (Ti + £CiCis1) X{PCTi ... Ty = X Crigr + (%)
where (%) is a term lying in LT, HE + 30, (Xﬁ_HHfL + Xﬁ;iénﬂ?lfb)

Proof. We prove (31) and (B.8) simultaneously by induction on n = 7,7 + 1,.
In case n = i, they follow from a calculation involving (2:23) or (2.:24) respectlvely,
together with Lemmal[37 to commute Xe by and Xn+1Cn+1 past T},. The induction

step is similar, noting that both (T4 1 + £Cpy1Cpy2) and T4 centralize HS. O
Lemma 3.11. For any s € H/,

d-1
Xg_Hs = —aps + (a term lying in M T, HE + Z (X,’f+17'{£ + XS_&C’ +1H£>> .
k=1

Proof. Recall the polynomial f € F[X;] from [BI). Its image fe H{ is zero.
Hence,

(T 4+ €CCrir) ... (Ty + ECLCY) Ty ... Ty, = 0.

But a calculation using (3:7) shows that the left-hand side equals Xg 41t ag modulo

terms of the given form. The lemma follows easily multiplying on the right by s. O

Lemma 3.12. There exists an even (H{,H{)-bimodule homomorphism 0 : H{L-’rl
— M/ such that ker  contains no non-zero left ideals of Hflﬂ,

Proof. By Lemma [38[ii), we know that
d—1
Hn+1 - Hfz ® C~'n+1Hfz & @ (Xerlez & Xr(i+1én+1H£> & Hszanz

is an (H/,H])-bimodule. Let 6 : Hn+1 — '} be the projection onto the first
summand of this bimodule decomposition. We just need to show that if y € H£ 11

has the property that 8(hy) = 0 for all h € H£+1, then y = 0. Using Lemma[3:3(i),
we may write

d—1 d—1 n
y=3 (X;;Hsa + Xg+1cn+1ta) +3 3 (X“ Tttay + X0, Ty T, vw)
a=0 a=0 j=1
for sq,ta,Uq,j;Va,j € H{. Consider 9(5(3;}6’"4_13;). An application of Lemma 3.7
reveals that this equals ¢4_1, hence t;_1 = 0. Next consider 9()~(n+1y). Using
Lemma [3.1T as well as Lemma [3.7 this time, we get that sq—1 = 0. Now con-
sider similarly 9(Xg+%0 +1%), H(XTQLJrly), (X n+1C +1%), H(XSJrly), ... in turn to
deduce ty_o = Sq_0 =tg_3 =8Sq_3 =---=0.
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We have now reduced to the case that

d—1 n

y—ZZ(X“T Tty + X0CT; )

a=0 j=1

Now consider 3 := (Tn + fC‘nC'nH)y. Note that

(Tn + fénén—i-l)fn T = T Tn(fn—l + fén—lén)7

so the terms of y with j < n yield terms of y’ which lie in HﬁTanl. Hence, by
Lemma, also,

y' = ngr}éwrlvdfl,n + (%)

where () is a term lying in M/ T, HS + EZ: ( T HL+ Xn+1Cn+1Hfl>. Now

multiplying y’ by X,‘f;}é‘nﬂ and applying 60, as in the previous paragraph, gives
that v4_1,, = 0. Hence, in fact, by Lemma[3.10/ once more, we have that

y' =X a1+ (%)

and now one gets uq—1,, = 0 multiplying by X'nﬂ and applying 6, again as in the
previous paragraph. Continuing in this way gives that all ug , = v4,, = 0.
NOW repeat the argument in the previous paragraph again, this time considering
(T + &C, Cn+1)( 1+ EC_1C, )y to get that all ugp—1 = vgn-1 = 0.
Contmumg in this way eventually gives the desired conclusion: y = 0. |

Now we are ready to prove the main result of the subsection:

Theorem 3.13. There is a natural isomorphism H£+1 ®H£’M:Hom71£ (’HfH_l, M)
for all HI-modules M.

Proof. We show that there is an even isomorphism ¢ : H/ nt1 — Homy s (Hfl 1 HE)

of (Hn 11 H/)-bimodules. The lemma then follows by applying the functor Q4,5 M:
one obtains natural isomorphisms

ML, @y M Z p®id HomH (HL, 1, M) @40 M ~ Hom,, (H5+1,M)

Note the existence of the second isomorphism here uses the fact that Hfb 41 isa
projective left HJ-module; see [AF], 20.10].

To construct ¢, let 6 be as in Lemma B2, and define ¢(h) to be the map hé,
for each h € Hflﬂ One easily checks that ¢ : Hflﬂ — Homy, s (H£+1,Hf) is
then a well-defined homomorphism of (Hn 1, H{)-bimodules. To see that it is an
isomorphism, it suffices by dimensions to check it is injective. Suppose <p(h) =0
for some h € H£+1- Then for every z € HfLH, O(xzh) = 0, i.e. the left ideal Hn+1h
is contained in ker #. So Lemma B.12]implies h = 0. |

Corollary 3.14. H/ is a Frobenius superalgebra, i.e. there is an even isomorphism

of left Hi-modules HI ~ Homp(HL, F) between the left reqular module and the F-
linear dual of the right reqular module.
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Proof. Proceed by induction on n. For the induction step,
HE =) @, Hiy =M ©y  Homp(H),_,, F)

o~ HomHﬁ_l(H Homp(H!_ |, F)) ~ Homp(H! _, @yt HIF)

~ Homp(HZ, F),
applying Theorem 313 and adjointness of tensor and Hom. O
For the next corollary, recall the duality induced by 7 (2Z332)) on finite dimensional

H,-modules. Since 7 leaves the two-sided ideal Zy invariant, it induces a duality
also denoted 7 on finite dimensional HJ-modules.

f
Corollary 3.15. The exact functor md ”“ 18 both left and right adjoint to resZ”“,
Moreover, it commutes with dualzty in the sense that there is a natural isomorphism

indH}f+1 (MT™) ~ (md o M)

for all finite dimensional H-modules M.

.M HIy . .
Proof. The fact that de’f”’Jrl HfH @45 7 is right adjoint to resH;Z+1 is immediate

from Theorem [3.T3] since Hom,, s (Hﬁ 41, 7) is right adjoint to restriction by adjoint-

ness of tensor and Hom. But on finite dimensional modules, a standard check using
e

(B2) shows that the functor 7o de”+1 o7 is also right adjoint to restriction. Now
the remaining part of the corollary follows by uniqueness of adjoint functors. O
3-e. Modifications in the degenerate case. In the degenerate case, H} be-
comes the cyclotomic Sergeev superalgebra defined for f € F[z1] C H, a polynomial
of the form
xl—l—ad gml —l—ad 43:(11 4+...,
i.e. the powers of x1 appearing are either all even or all odd and the leading coef-
ficient is 1. By definition, H{ = H,,/Z; where Z is the two-sided ideal generated
by f. The basis theorem says that ; has basis given by the images of
{xacﬁw|a€Z So with 0 <oy < d, B € Zy ,w E Sy},

where Z; is the two-sided ideal of ‘H,, generated by f.

The proof is entirely similar to that of Theorem actually in this case it is
much more straightforward. To give a little more detail, one defines the element
fi=8i-1...81fs1...8;_1 for each ¢ = 1,...,n then defines fz as before for Z C

{1,...,n}. By (237,
fi = 2 + (a linear combination of terms lying in P;_jz¢HI for 0 < e < d).
Given this, one easily proves as in Lemma that
{2%fz | Z C{1,...,n},a € Z%; with 0 < a; < difi ¢ Z}
form a basis for H,, viewed as a right Hi"-module. Moreover, arguing as for
Lemma 5]
{x2fz10#ZC{1,....,n},a € Z%; with 0 < a; < difi ¢ Z}

form a basis for Z; as a right Hi"-module. Finally, the proof is completed as in
Theorem B.6.
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Theorem[3.9 goes through without significant alteration. Note a suitable decom-
position of H{L-’rl as an (H{, H1)-bimodule is

(3.9) M= P i M eHsH.
0<a<d,bEZs

To prove that induction commutes with duality, i.e. Theorem B.13, there is a slight
twist in proving the analogue of Lemma the map 6 should be taken to be the
projection

0 : H£+1 — x‘f;llel ~HI

along the direct sum decomposition ([B.9)).

4. THE CATEGORY OF INTEGRAL REPRESENTATIONS

4-a. Affine Kac-Moody algebra. Now we introduce some standard Lie theoretic
notation. Let us treat the case h # oo first, when we let £ = (h —1)/2 and g denote
the twisted affine Kac-Moody algebra of type A(Qi) (over C); see [Kd, ch. 4, table
Aff 2]. In particular, we label the Dynkin diagram by the index set I = {0,1,...,¢}

as follows:
0 1 2 =2 (-1 ¢ . 0 1
OO O0——0==0 if £> 2, and = ifl=1.

The weight lattice is denoted P, the simple roots are {a;|i € I} C P and the corre-
sponding simple coroots are {h; | ¢ € I} C P*. The Cartan matrix ((h;, a;))
is

0<i,5<L

2 -2 0 0O 0 0
-1 2 -1 0o 0 0
0o -1 2 0o 0 0
. 2 -4 .
) if £> 2, and (_1 2> if £=1.
o o o0 ... 2 -1 0
o o o0 ... -1 2 =2
o o o0 ... 0 -1 2

Let {A; | i € I} C P denote fundamental dominant weights, so that (h;, A;) = d; 5,
and let Py C P denote the set of all dominant integral weights. Set

¢ -1
(4.1) c=ho+ Y 2h; 5= 2a;+ay.
i=1 i=0
Then the Ag,..., Ay, 6 form a Z-basis for P, and (¢, ;) = (h;,d) =0 for all i € I.
In the case h = 0o, we make the following changes to these definitions. First, we
let £ = oo, and g denotes the Kac-Moody algebra of type Boo; see [Kcl §7.11]. So
I={0,1,2,...}, corresponding to the nodes of the Dynkin diagram
0o 1 2

Note certain notions, for example, the element ¢ from (@Il) only makes sense if one
passes to the completed algebra b, (see [Kd, §7.12]) though the intended meaning
whenever we make use of them should be obvious regardless.
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Now, for either h < oo or h = oo, we let Ug denote the Q-subalgebra of
the universal enveloping algebra of g generated by the Chevalley generators e;, f;,
h; (i € I). Recall that these are subject only to the relations

(42) [h’m h]] = Oa [eia f]] = 6i,jhi7
(43) [hivej] = <hi7aj>eja [hivfj] = _<hiaaj>fjv
(4.4) (ad ei)l_w"’“”ek =0, (ad fi)l_m"’“”fk =0

for all ¢, j,k € I with i # k. We let Uz denote the Z-form of Ugp generated by the
divided powers el = el'/n! and fi(n) = f7*/nl. Then, Uz has the usual triangular

i

decomposition
Uz = U, UJU,.
(n)

We are particularly concerned here with the plus part UZJr , generated by all e;

(n)

i

It is a graded Hopf algebra over Z via the principal grading deg(e
i€ l,n>0.

) = n for all

4-b. Cyclotomic Hecke-Clifford superalgebras revisited. Giveni € I, define

(4.5) g(i) = 2

Note in particular that ¢(0) = 2. For A € P4, let Z) denote the two-sided ideal of
‘H,, generated by the element

£
(4.6) (X1 =)o TT(X1 + X771 = q(3)) V.

i=1

Up to a power of the unit X7, this is an element of the form (3:I)), so the quotient
superalgebra

Hi; = Hn/I)\

is a special case of the cyclotomic Hecke-Clifford superalgebras introduced in the

previous section. This quotient of H,, defined for A € P, should not be confused

with the parabolic subalgebra H,, defined earlier for ;1 a composition of n.
Theorem immediately gives the following basis theorem for H):

Theorem 4.1. For any A € Py, the canonical images of the elements
{(XCPT, |a € Z" with0 < aq,...,an < {c,\),B €LY, we S,}
form a basis for H;\. In particular, dim H) = (2(c, \))"(n!).

Remark 4.2. In the special case A = Ay is the first fundamental dominant weight,
the cyclotomic Hecke-Clifford superalgebra H;\ can be identified with the superal-
gebra HA". This follows easily from Theorem BT} since (¢, Ag) = 1, HA° has basis
given by the images of the elements {C°T,, | 3 € Z5,w € S, } just as Hi", and the
multiplications are the same by construction. See also [IN], Prop. 3.5].

Introduce the functors

(4.7) pr’ : H,-mod — 'Hg—mod, infl* Hf‘b—mod — H,-mod .
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Here, infl® is simply inflation along the canonical epimorphism H,, — H;\, while on
a module M, pr*M = M/Z,M with the induced action of H;. The functor infi*
is right adjoint to pr*, i.e. there is a functorial isomorphism

(4.8) Homg,» (pr*M, N) ~ Homy, (M, infi* N).

Note we will generally be sloppy and omit the functor infl* in our notation. In
other words, we generally identify H}-mod with the full subcategory of H,-mod
consisting of all modules M with ZyM = 0.

4-c. Elements i)j. We will need certain elements of H,, defined originally by Jones
and Nazarov. Given 1 < j < n, define
(4.9) =X+ X = X - X =
2 2
’ _¢ %

XXX = DX X, - 1),

(4.10) ‘i)j = ZJQ»T]' +§ CjCj_H.

Then ®; is equal to 27®; where ®@; is the element defined by Jones and Nazarov in

[JN, (3.6)]. Note ®; really does make sense as an element of H,,, unlike ®; which
belongs to a certain localization. An easy calculation as in [JN]| (3.7)] gives that

(4.11) ;X =X, X7 =XT0;, 9X =X,
(4.12) ®;0;=Cind;, ;0 = Cj¥y, ®;C, = Ci®,
for k # j,j + 1. Moreover, [JN, Prop. 3.1] implies that
(4.13) @2 = z]?(Xf?(X-XjJrl — 12X X - 1)
- 52 ]+1(X XJ+1 - 1) 52 1XJ+1(X X;H )2)
In order to make use of this, we need the following technical lemma:
Lemma 4.3. Suppose a,b € F* with b+ b1 = q(i) for some i € I. If
“2(ab—1)*(ab”" —1)*(a"*(ab — 1)*(ab™ ' — 1)
—&a b (ab—1)* = a " b(ab™ = 1)%) =0,
then a +a~t = q(j) for j € I with |i —j| <1.

Proof. Follow |IN} (4.1)—(4.4)]. O
A more lengthy calculation as in [IN] Prop. 3.1] shows that the elements ®;

satisfy the braid relations, i.e.

(414) &)'L(i) = (i> '(i)i; (ii(i)i-i-l(i)i = (i)i-l—l(i)i(i)i—i-h

for all admissible 14, j with |i — 7] > 1. This means that for any w € S,,, we obtain

well-defined elements ®,, € H,,, namely, ®,, := ®;, ... ®; where w =s;, ...s;, is

any reduced expression for w. According to (EIT),([IZ), these elements have the
property that

(415) i)inil = Xui”;l&)w; é)wcz - Cwii)w;

for all w € Sp,,1 <4 < n. Note we will not make essential use of (Z.I5]) or the fact
that the ®; satisfy the braid relations in what follows.
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4-d. Integral representations. Now call an A,,-module M integral if it is finite
dimensional and moreover all eigenvalues of X; + X L X+ X, on M are
of the form ¢(i) for i € I, see (H). Call an H,-module, or more generally an
H,-module for p a composition of n, integral if it is integral on restriction to A,.
In what follows we will restrict our attention to these modules, and write Rep; H.,
(resp. Rep;An, Rep;H,) for the full subcategory of H,-mod (resp. .A,-mod,
H,-mod) consisting of all integral modules.

Lemma 4.4. Let M be a finite dimensional H,-module, and 1 < j < n. Assume
that the eigenvalues of X —l—Xj_l on M are of the form q(i), i € I. Then the same

is true for the eigenvalues of all other X + Xk_l, k=1,2,...,n.

Proof. It suffices to show that the eigenvalues of X;+X ]»_1 are of the form ¢(4) if and
only if the eigenvalues of X ;11 +X j_+11 are of the same form, for 1 < j < n. Actually,
by an argument involving conjugation with the automorphism o, it suffices just to
prove the ‘if’ part. So assume that all eigenvalues of X1 + X j_+11 on M are of the
form ¢(i) for various i € I. Let a # 0 be an eigenvalue for the action of X; on M.
We have to prove that a+a~! is also of the form ¢(i). Since X; and X1 commute,
we can pick v lying in the a-eigenspace of X; so that v is also an eigenvector for
Xjt1, of eigenvalue b say. By assumption, b+ b~! = ¢(i) for some i € I. Now
let ®; be the element @I0). By @I, (X1 + ijrll)éj = 0,(X; —l—Xj_l). So if
éjv # 0, we get that

(a+a v = &;(X; + X; o = (X1 + X)) @50
so that a + a~! = ¢(i’) for some i € I by assumption. Otherwise, ®;u = 0 so
72 . . -1 _ .
®%v = 0. So applying (AT3) and Lemma B3] we again get that a +a~" = ¢(i’) for
some i’ € I. O

Corollary 4.5. Let M be a finite dimensional H,,-module. Then M is integral if
and only if ITYM = 0 for some X € Py.

Proof. Tf ZyM = 0, then the eigenvalues of X; 4+ X; ! on M are of the form ¢(i) for
i € I, by definition of Zx. Hence M is integral in view of Lemma 4] Conversely,
suppose that M is integral. Then the minimal polynomial of X; + X Lon M is of
the form [T, (t — q(i))* for some A; > 0. So if we set A = 2X\gAg + AtAy + -+ +
Aelg € Py, we certainly have that the element (8] acts as zero on M. O

Recall from 2=d that Rep H;' denotes the category of all finite dimensional H;}-
modules. Corollary implies that the functors pr* and infl* from D) restrict
to a well-defined adjoint pair of functors at the level of integral representations:

(4.16) pr* : Rep; H, — Rep HQ, infl* : Rep ’H;\l — Rep; H,,.

Let us also check at this point that induction from a parabolic subalgebra of H,
preserves integral representations, the analogous fact for restriction being obvious.

Lemma 4.6. Let u be a composition of n and M be an integral H,-module. Then,
indj; M is an integral H,-module.

Proof. By Theorem 2.2, indZM is spanned by elements T,, ® m for m € M, in
particular, it is finite dimensional. Let

Yy = [T0G+ X571 = (i),
icl
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By Corollary L5, it suffices to show that YV annihilates indYM for sufficiently
large N. Consider YNT,, ® m for w € S,,,m € M. We may write T\, = T,/ T} ... Tk
foru € So. ,, 2 S,—1 and 0 < k < n. Then, Y;¥ commutes with T, so we just need
to consider Y{¥Ty ... T, ® m. Now using the commutation relations, one checks
that Y;NT ... T, ® m can be rewritten as an H,-linear combination of elements of
the form 1®YjN/m for1 <j<mnand N—k < N’ <N. Since M is integral by
assumption, we can choose NN sufficiently large so that each such term is zero. O

It follows that the functors indz,
(4.17) ind; : Rep; H, — Rep; Ha, res,, : Rep; Hn — Rep; H,,

on integral representations. Similar remarks apply to more general induction and
restriction between nested parabolic subalgebras of H,,.

4-e. Modules over A,,. Let i € I and define
. 5
(4.18) ba(i) = 10 4\ JAO7
2 4
i.e. the roots of the equation z +2~1 = ¢(i). Let L(i) denote the vector superspace
on basis w,w’, where w is even and w’ is odd, made into an A;-module so that

Crw=w', Crw' =w, XF'w =by(i)w, XTw' = bx(i)w'.

One easily checks:

res, restrict to well-defined functors

Lemma 4.7. For each i € I, L(i) is an irreducible A;-module, of type M if i # 0
and of type Q if i = 0. Moreover, the modules {L(3) | i € I} form a complete set of
pairwise non-isomorphic irreducibles in Rep; A;.

Recall that A, 2 A1 ® --- ® A; (n times) as superalgebras. Hence, for i =
(i1,...,in) € I"™, we can consider the irreducible A,,-module L(i1) ® -+ ® L(iy).
By Lemma B 7] and the general theory of outer tensor products P-bl one obtains:

Lemma 4.8. The A,-modules {L(i1) ® --- & L(iy,) |2 € I™} form a complete set
of pairwise mon-isomorphic irreducible A, -modules. Moreover, let vy denote the
number of j = 1,...,n such that i; = 0. Then, L(i1) ® --- ® L(4,) is of type M if
Yo is even and type Q if vo is odd. Finally, dim L(iy) ® - -- ® L(i,) = 2"~ Lw/2],

Now let M be any module in Rep; A,,. For any i € I, let M[i] be the largest sub-
module of M all of whose composition factors are isomorphic to L(i1) ®- - - ® L(iy).
Alternatively, since each X + X, ! acts on L(i1) ® - -- ® L(i,) by the scalar q(iy)
and all the scalars ¢(¢) for ¢ € I are distinct, we can describe M|[i] as the simultane-
ous generalized eigenspace for the commuting operators X; + Xl_l, s X+ X
corresponding to eigenvalues ¢(i1), ..., q(iy), respectively. Hence:

Lemma 4.9. For any M € Rep; An, M =D, M[i] as an Ay,-module.

We write K(Rep; Ay), K(Rep; Hy), ... for the Grothendieck groups of the
categories Rep; Ay, Rep; Hy, . . . , defined as in2=d. Note for an integral A,,-module
M, knowledge of the dimensions of the spaces M[i] for all 4 is equivalent to knowing
the coefficients a; when [M] € K(Rep; Ay,) is expanded as

[M] =" ai[L(i) ® - ® L(in)]

ieln
in terms of the basis {[L(i1) ® --- ® L(i,)] |2 € I"}.
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Now suppose instead that M is an integral H,-module, so that its restriction
resf 1M to A, is in Rep; A,,. We define the formal character of M by

(4.19) ch M = [resf ;M] € K(Rep; Ay).
Since the functor resy  ; is exact, ch induces a homomorphism
ch : K(Rep; Hy) — K(Rep; Ay)

at the level of Grothendieck groups. We will later see that this map is actually injec-
tive (Theorem B.12), justifying the terminology. Note we will occasionally consider
characters of integral modules over parabolic subalgebras H,, for ;1 a composition
of n, or over the cyclotomic algebras H;) for A € P;. The definitions are modified
in these cases in obvious ways.

Lemma 4.10. Leti = (i1,...,in) € I"™. Then
chind  L(i1) ® - @ L(in) = Y [Lliy-11) ® - @ L(iy-1)]
wESy
Proof. This follows from Theorem 2§ with p = v = (1"). O

Lemma 4.11. (“Shuffle Lemma”) Let n = m + k, and let M € Rep; Hy, and
K € Rep; Hy be irreducible. Assume

chM =3 aL(in)® @ L(im)l,  chK =) bL(1) & ® L(jk))-
ielm jerr

Then
chindj, M&K = > > a;b;(>_ L(h1) ® - ® L(hn)),

iel™ jerk A

where the last sum is over all h = (hy,...,hy) € I™ which are obtained by shuffling

i and j, ie there evist 1 < up < .-+ < Uy < 0 such that (huy,...,hy,,) =
(il,...,im), and (hl,...,hul,...,hum,...,hn) = (jl,...,jk).
Proof. This follows from Theorem X8 with ¢ = (17) and v = (m, k). O

4-f. Central characters. Recall by Theorem 23 that every element z of the center
Z(Hy) of H,, can be written as a symmetric polynomial f(X;+X; ', ..., X, + X 1)
in Xg + X,;l. Given i € I™, we associate the central character

Xii Z(Hp) = F, f(Xa+ X7 Xn+ X0 = fq(in), ... q(in).

Consider the natural left action of S,, on I" by place permutation. We write i ~ j
if 4, j lie in the same orbit. The following lemma follows immediately from the fact
that the ¢(i) are distinct as ¢ runs over the index set I.

Lemma 4.12. Fori,j € I", xi = x; if and only if i ~ j.
Given i € I"™, we define its weight wt(i) € P by

(4.20) wt(i) = Y vy where v =#{j=1,...,n|i; =i}.

icl
So wt(i) is an element of the set T'), of non-negative integral linear combinations
Y = > ie1 Vi of the simple roots such that », ;v = n. Obviously, the S,-orbit
of i is uniquely determined by its weight, so we obtain a labelling of the orbits of
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Sp on I™ by the elements of I';,. We will also use the notation x. for the central
character x; where i is any element of 1™ with wt(i) = . So x; = Xwt(i)-

Now let M be an integral H,-module and v = »_,_;vic; € I',. We let M[y]
denote the generalized eigenspace of M over Z(H,,) that corresponds to the central
character x., i.e.

M[y] ={m € M| (z — xy(2))*m = 0 for all z € Z(H,,) and k > 0}.

Observe this is an H,,-submodule of M. Now, for any i € I" with wt(2) = v, Z(Hy)
acts on L(i1) ® - -- ® L(i,,) via the central character x,. So applying Lemma [£.12]
we see that

Mphl= @ M,

i with wt ()=
recalling the decomposition of M as an A,-module from Lemma 9 Therefore:

Lemma 4.13. Any integral H,-module M decomposes as

M= P MDp]

RISIEY
as an H,-module.

Thus the {x | v € '} exhaust the possible central characters that can arise in
an integral H,-module, while Lemma shows that every such central character
does arise in some integral H,-module.

Let us write Rep,, H,, for the full subcategory of Rep; Hy, consisting of all mod-
ules M with M[y] = M. Then, Lemma[£13]implies that there is an equivalence of
categories

(4.21) Rep; H,, = GB Rep, Hn.

Y€

We say that Rep, H,, is the block of Rep; H,, corresponding to the central character
X~- In particular, if M # 0 is indecomposable, then M belongs to Rep,, H,, i.e.
M = M), for a unique v € T,,.

We can extend some of these notions to H)-modules, for A € P,. In particular,
if M € Rep ™, we also write M|y] for the summand M[y] of M defined by first
viewing M as an H,-module by inflation. Also write Rep,, H for the full subcat-
egory of Rep H} consisting of the modules M with M = M[y]. Thus we also have
a decomposition

(4.22) Rep ) = GB Rep, H)

YET

induced by (4.21). Note that we should not yet refer to Rep., H) as a block of
Rep H): the center of ) may be larger than the image of the center of H,,, so we
cannot yet assert that Z(H2) acts on M[y] by a single central character. Also we no
longer know precisely which v € T';, have the property that Rep,, H) is non-trivial.
These questions will be settled in [8=dl
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4-g. Kato’s theorem. Let i € I. Introduce the principal series module
(4.23) L(i") :=ind} ,L(i)®---® L(i).

By Lemma .10, we know immediately that ch L(:"™) = n![L(i) ® - - - ® L(4)], hence
L(i") belongs to the block Rep,,,,, H,. In particular, for each k = 1,...,n, the only
eigenvalue of the element X, + Xk_1 on L(i") is q(¢). In addition, if ¢ = 0, then the
only eigenvalue of each Xy, is 1.

Lemma 4.14. Letn > 2, 1 < j <n,i € I —{0}, andv € L(Z) X --- K L(7)
(n copies). Then X;l(l —C;Cip1)v # (1 - C;C541) X 410

Proof. The elements of A, which are involved in the inequality act only on the

positions j and j 4+ 1 in the tensor product. So we may assume that n = 2 and
7 =1. Let

v=aw@uw+bwRuw +cw @w+dw @w
for a,b,c,d € F. Then

X711 = C1Cs)w = (b_(i)a + b_(i)d)w ® w + (b_(3)b + b_(i)c)w @ 0’
+ (by (i)e — by (ib)w’ @ w + (by (i)d — by (i)a)w’ @ w,

(1 —C1C2) Xov = (by(i)a+ b—(i)d)w @ w + (b—(i)b + by (i)c)w @ w’
+ (b4 (i)c = b_())b)w’ @ w + (b—(i)d — by (i)a)w @ w'.
Now the lemma follows from the inequality b_ (i) # by (¢) for ¢ # 0. O

Lemma 4.15. Leti €. Set L=L(E)®---® L(i), so L(i") = H, ®a, L.

(i) Ifi # 0, the common q(i)-eigenspace of the operators X1 + X, 4, ... X1 +
XY on L(i") is precisely 1 ® L, which is contained in the q(i)-eigenspace
of X + X, 1 also. Moreover, all Jordan blocks of X1 + X1_1 on L(i™) are of
size n.

(ii) Ifi =0, the common l-eigenspace of the operators X1,...,X,_1 on L(i") is
precisely 1 ® L, which is contained in the 1-eigenspace of X, also. Moreover,
all Jordan blocks of X1 on L(i"™) are of size n.

Proof. We prove (i), (ii) being similar. Note that L(i") = @, .5 Tx @ L, since by
Theorem we know that H,, is a free right A,,-module on basis {7, | z € Sy, }.

We first show that the eigenspace of X; + X 1'is a sum of the subpaces of
the form Ty, ® L, where y € Sy, = S,_1 is the subgroup of S, generated by
52,...,5n—1. Well, any T, can be written as TyT1T5...T; for some y € Ss.., and
0 < j < n. Note that

(X1 + X —q(i)v=0
for any v € L, by definition of L. Now the defining relations of H,, especially (2:21)),
([Z22) imply
(X1 + X =), W T... Ty ®@v
=TT Tjo1 @ (X7 (1= C5C541) — (1= CiCra) Xy )v + (%),

where (x) stands for a sum of terms which belong to subspaces of T,/ Ty ... T ® L
fory’ € So. p,and 0 <k <j—1.
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Now assume that a linear combination

2= > > Y e INT . Ty e

yES2.. .n 0<j<n veEL

is an eigenvector for X; + Xfl. Then it must be annihilated by X7 + Xfl —q(7).
Choose the maximal j for which the coefficient ¢, ;, is non-zero, and for this j
choose the maximal (with respect to the Bruhat order) y such that ¢, ;. is non-
zero. Then the calculation above and Lemma@Idshow that (X;+X; ' —q(i))z # 0
unless j = 0. This proves our claim on the eigenspace of X; + X .

Now apply the same argument to see that the common eigenspace of X; + X 1
and X + X2_1 is spanned by Ty ® L for y € Ss.., and so on, yielding the first
claim in (i). Finally, define

V(m):={z € L(i") | (X1 + X; ' —q(i))"z = 0}.
It follows by induction from the calculation above and Lemma[4Z.T4] that
V(m) =span{T,'T>...T; Qv |y € So.pn, j <m, veEL},
giving the second claim. O

Now we are ready to prove the main theorem giving the structure of the principal
series module L(i"), compare [Kt].

Theorem 4.16. Let i € I and p = (u1,..., @) be a composition of n.
(i) L(i™) is irreducible of the same type as L(i) ® --- ® L(i), i.e. type M if either
1 £ 0 ori =0 and n is even, type Q otherwise, and it is the only irreducible
module in its block.
(ii) All composition factors of res);L(i") are isomorphic to L(i"*) & --- & L(i"“),
and socres), L(i") is irreducible.
L") 2 res! VLG @ L(i).

n—1
Proof. Denote L(i) ® --- & L(i) by L.

(i) Let M be a non-zero H,-submodule of L(i"). Then, resy ;M must con-
tain an 4;-submodule N isomorphic to L. But the commuting operators X; +
X X+ X (or Xy,..., X, if i = 0) act on L as scalars, giving that N is
contained in their common eigenspace on L(i™). But by Lemma [EIH] this implies
that N =1 ® L. This shows that M contains 1 ® L, but this generates the whole
of L(i™) over H,. So M = L(i").

To see that the type of L(i") is the same as the type of L, the functor indy _;
determines a map

(iii) socres!_,

End g, (L) — Endy,, (L(E™)).

We just need to see that this is an isomorphism, which we do by constructing the
inverse map. Let f € Endyy, (L(i")). Then f leaves 1® L invariant by Lemma FT5]
so f restricts to an A,,-endomorphism f of L.

Finally, to see that L(i™) is the only irreducible in its block, we have already
observed using Lemma B0 that ch L(i™) = n![L(:) ® - -- ® L(i)]. Hence all com-
position factors of resy ;L(i") are isomorphic to L(i) ® --- ® L(i). Now apply
Frobenius reciprocity and the fact just proved that L(i") is irreducible.

(ii) That all composition factors of resj;L(i") are isomorphic to L(i*') ® --- &
L(i#+) follows from the parabolic analogue of (i). To see that soc res); L(i") is simple,
note that the submodule H,, ® L of resy, L(:") is isomorphic to L(i#1)®- - -® L(i*!).
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This module is irreducible, and so it is contained in the socle. Conversely, let M
be an irreducible H,-submodule of L(i™). Then using Lemma [ZTH as in the proof
of (i), we see that M must contain 1 ® L, hence H, ® L.

(iii) By (ii), L(:") has a unique H,,—1 1-submodule isomorphic to L(i" ') ® L(3),
namely, H,—1,1 ® L. Since this is completely reducible by restriction to H,_1, it
follows that Hy_1,1 ® L C socres!_; L(i™). Conversely, take any irreducible H,,_1-
submodule M of L(i™). The common eigenspace of X1 + X, %, ..., X1 + X, 1,
(resp. Xi,...,X,_1 if i = 0) on M must lie in 1 ® L by Lemma [£15 Hence,
M C Hp—1,1 ® L which completes the proof. O

4-h. Covering modules. Fix ¢ € I and n > 1 throughout the subsection. We will
construct for each m > 1 an H,,-module L, (i") with irreducible cosocle isomorphic
to L(i™). Let J(i") denote the annihilator in H,, of L(i"). Introduce the quotient
superalgebra

(4.24) Ron (i) i=Hn /T (™)™

for each m > 1. One checks that J(i") contains (Xj + X, ' — q(i))™ for each
k=1,...,n. It follows easily from this that each superalgebra R,,(i") is finite
dimensional. Moreover, by Theorem L(3™) is the unique irreducible R, (i")-
module up to isomorphism.

Let L,,(i"™) denote a projective cover of L(i") in the category R, (i")-mod. For
convenience, we also define Lo (i) = Ro(i") = 0. Note that we know the dimension
of L(i") from Lemma L8] and moreover L(:") is of type Q if i = 0 and n is odd, type
M otherwise. Using this and the general theory of finite dimensional superalgebras,
one shows:

Lemma 4.17. For each m > 1,
(Lo (i) ® TLL,, (7)) 22" 00 if i #0,
")

Rm(i") = § (Lm(i") @ H{/T(in))@z("—”ﬂ(n!) if i =0 and n is even,
L (i7)®27 702 () if i =0 and n is odd,

(i
(i

as left Hp-modules. Moreover, Ly, (i") admits an odd involution if and only if i =0
and n is odd.

There are obvious surjections
(4.25) R1(1") « Ra(i") « ...

~

In the case m = 1, we certainly have that Lq(i") & L(i"); let us assume by the
choice of L;(i™) that in fact L1(i"™) = L(i"™). Then we can choose the L,,(i") for
m > 1 so that the maps ({25) induce even maps

(4.26) Ly(i") « La(i"™) « .. ..
Moreover, in case i = 0 and n is odd, we can choose the odd involutions
(4.27) O+ Ly (i™) — Ly, (™)

given by Lemma FT7]in such a way that they are compatible with the maps in

The significance of the H,,-modules R, (i") is explained by the following lemma:
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Lemma 4.18. Let M be an H,,-module annihilated by j(z’”)k for some k. Then,
there is a natural isomorphism

Homyy, (R, (i), M) — M
for allm > k.
Proof. The assumption implies that M is the inflation of an R, (i"™)-module. So
Homy, (R (i"), M) ~ Homp, (in)(Rm (i"), M) ~ M,
all isomorphisms being the natural ones. O

Let us finally consider the most important case n = 1 in more detail. In this
case, one easily checks that the ideal J (i)™ is generated by (X; + X, ' — q(d))™ if
i#0or (X1 —1)™ifi=0. It follows that
4m if i # 0,
2m ifi=0.

Moreover, Lemma [£.17 shows in this case that

(4.28) dim R, (i) = {

~ ) Lm(i) ® Ly (3) if i #0,
(4.29) Ron (i) == { L (i) if i =0.
Hence, dim L, (i) = 2m in either case. Using this, it follows easily that L, (7) can be
described alternatively as the vector superspace on basis w1, ..., W, Wy,...,w,,

where each wy is even and each wj, is odd, with H;-module structure uniquely
determined by
Xiwg = by (D)wg + w1, Crwy, = wy,

for each k = 1,...,m, interpreting wy,+1 as 0. Using this explicit description, one
now checks routinely that L,, (i) is uniserial with m composition factors all ~ L(7).

We can also describe the map L, (7) = Ly,+1(i) from (£28]) explicitly: it is the
identity on wy,. .., wm,w, ..., w,, but maps w41 and w),,; to zero. Also, the
map 0, from (27) can be chosen so that

wy — V—1w), wj, — —vV—lwy,
foreach k=1,...,m.

4-i. Modifications in the degenerate case. For i € I, the definition (EH) of
q(%) becomes

(4.30) q(i)=i(i+1) e F
for each i € I. For A € P, the quotient superalgebra H?, is defined to be the

quotient H,,/Zx of the affine Sergeev superalgebra H,, by the two-sided ideal Zy
generated by
¢
(4.31) 2" T} = i) ®e.
i=1
The basis theorem for H) gives that H) has a basis given by the images of the
elements

(4.32) {z°Pw|ac 75, with 0 < a; < (¢, \), B € Z5,w € Sp}.

The definition of the category Rep; H, of integral representations is modified in
the appropriate way to ensure that the integral representations of H,, are precisely
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the inflations of finite dimensional representations of H;y for A € P;. To be precise,
an integral A,-module now means a finite dimensional A,-module such that the
eigenvalues of all 27, ..., 22 are of the form ¢(i) for i € I. The appropriate analogue
of Lemma 4] involving elements xf now of course, is proved using the elements

D = sj(xF —af 1)+ (2 + 2j40) + e () — 241)
from [N, (3.4)]. Proofs of the basic properties of ®;, analogous to those in =d, can
be found in [N, Prop. 3.2] and at the end of [N, §4].
The module L(i) in 4= is now defined to be the A;-module on basis w, w’ with

action

/

cw=uw, cw' =w, xw = +/q(i)w, zw' = —/q(i)w'.

The remaining definitions go through more or less unchanged; for example, for
an integral H,,-module M, M[i] is the simultaneous generalized eigenspace of the
operators z7,...,x2 corresponding to eigenvalues q(i1), ..., q(i,) respectively.
Kato’s theorem (Theorem [410) is the same, as is Lemma [Z15 when X; + X, !
is replaced by z? and eigenvalue 1 for X; is replaced by eigenvalue 0 for x; in the
usual way. Note the main technical fact needed in the proof of Lemma [£15is the

following: for ¢ # 0, and every 0 # v € L(i) X --- X L(¢) (n copies),

(zj(1 = cjejn) + (1 = cjcjr1)xjp1)v # 0

foreach j=1,...,n—1.

5. CRYSTAL OPERATORS

5-a. Multiplicity-free socles. The arguments in this subsection are based on
IGV]. Let M € Rep;H, and ¢ € I. Define A;M to be the generalized q(i)-
eigenspace of X, + X7t on M. Alternatively,

AM= @ M,
€l™, in=1

recalling the decomposition from Lemma L9l Note that since X, + X, ! is central
in the parabolic subalgebra H,,—1 1 of H,, A; M is invariant under this subalgebra.
So in fact, A; can be viewed as an exact functor

(5.1) A; : Rep; Hn, — Repy Hp—1.1,

being defined on morphisms simply as restriction. Clearly, there is an isomorphism
of functors

resZ_L1 ~ANg DA DDAy
Slightly more generally, given m > 0, define
(52) Ajm Rep[ Hn — Rep] 7_{nf'm,m

so that A;m M is the simultaneous generalized ¢(i)-eigenspace of the commuting
operators Xy + Xk_1 fork=n—m+1,...,n. In view of Theorem ET6(i), A;m M
can also be characterized as the largest submodule of res;_,, . M all of whose

composition factors are of the form N ® L(i™) for irreducible N € Rep; Hp—m.-
The definition of A;~ implies functorial isomorphisms

Homy, _,, ..(N R L(i™), Ajm M) ~ Homyy,, (ind), NXLGE™), M)

n—m,m
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for N € Rep; Hp—m, M € Rep; H,,. For irreducible NV this immediately implies

5.3 omyy ® L"), Ajm = Homyy, (in ® L(z™), .
H N®LGE™),Am M) = H (ind N®L@GE™),M

n—m,m

n—m,m

Also from the definitions we get:

Lemma 5.1. Let M € Rep; Hy, with ch M = 37,1, ai[L(i1) ® - & L(in)]. Then
we have that ch Ajm M =3, a;[L(j1) ® - - ® L(jn)], summing over all j € I"™ with

jnferl ::]n:Z
Now for ¢ € I and M € Rep; H,,, define
(5.4) gi(M) =max{m > 0| Aym M # 0}.

Note that Lemma BTl shows that £;(M) can be worked out just from knowledge of
the character ch M.

Lemma 5.2. Let M € Rep; H,, be irreducible, i € I, ¢ = &;(M). If N ® L(i™) is
an irreducible submodule of Ajm M for some 0 < m < e, then ;(N) =€ —m.

Proof. The definitions imply immediately that &;(N) < e — m. For the reverse
inequality, (5.3) and the irreducibility of M gives that M is a quotient of ind}; ,, =N
® L(i™). Now applying the exact functor A;-, A;-M # 0 is a quotient of
Age(indy,_,, ,, N®L(i™)). In particular, A (ind;,_,,, ,N®L(i")) # 0. Now we get

that €;(N) > ¢ —m applying the Shuffle Lemma (Lemma FTT) and Lemma BTl O

Lemma 5.3. Let m > 0, i € I and N be an irreducible module in Rep; H, with
gi(N)=0. Set M :=ind}; """ N @ L(i™). Then

(i) AjmM = N® L(i™);
(ii) cosoc M is irreducible with &;(cosoc M) = m;
(iil) all other composition factors L of M have &;(L) < m.

Proof. (i) Clearly a copy of N@® L(i"™) appears in A;m M. But by the Shuffle Lemma
and Lemma B.1], dim A;m M = dim N ® L(i™), hence Ajm M = N ® L(i™).

(ii) By (£3), a copy of N ® L(i™) appears in A;=(Q for any non-zero quotient
Q@ of M, in particular for any constituent of cosoc M. But by (i), N ® L(:™) only
appears once in A;m M, hence cosoc M must be irreducible.

(iii) We have shown that A;m M = A;m(cosoc M). Hence, A;jm L = 0 for any
other composition factor of M by exactness of A;m. O

Lemma 5.4. Let M € Rep; H,, be irreducible, i € I, € = ¢;(M). Then, A M s
isomorphic to N & L(i¢) for some irreducible Hy—.-module N with ¢;(N) = 0.

Proof. Pick an irreducible submodule of A;sM. In view of Theorem FEI6(i), it
must be of the form N & L(i¢) for some irreducible H,,_.-module N. Moreover,
€;(N) =0 by Lemma[52l By (£3) and the irreducibility of M, M is a quotient of
ind;, _. .N® L(i%). Hence, A= M is a quotient of Ajindy; . .N @ L(i). But this is

isomorphic to N ® L(i¢) by Lemma [B.3|(i). This shows that A;e M 2 N@ L(i€). O
Lemma 5.5. Let m > 0, ¢ € I and N be an irreducible module in Rep; H,.

Set M := ind}, 7" (N @ L(i™)). Then, cosoc M is irreducible with &;(cosoc M) =
ei(N) +m, and all other composition factors L of M have €;(L) < &;(N) + m.
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Proof. Let € = €;(N). By Lemma B.4] we have that A;e N = K ® L(i°) for an
irreducible K € Rep; Hy— with ¢;(K) = 0. By (&3) and the irreducibility of N,
N is a quotient of ind;; . K ® L(i®). So the transitivity of induction implies that

indz%mN(@L(im) is a quotient of ind”*™_, K ® L(i*T™). Now everything follows

n—e,e+m

from Lemma B3 O

Theorem 5.6. Let M be an irreducible module in Rep; H,, and i € I. Then, for
any 0 <m < g;(M), soc Ajm M is an irreducible Hy,—m, m-module of the same type
as M, and is isomorphic to L ® L(i™) for some irreducible H,,—,-module L with
gi(L) =¢;(M) —m.

Proof. Let ¢ = ;(M). Suppose K; ® L(:™) & Ko ® L(i™) is a submodule of
A;m M, for irreducibles Ki, Ky. By Lemma B2, we have ¢;(K;) = ¢ — m, hence
Ajm-c Kj = Ki®L(i"™~¢) for some irreducible K, for each j = 1,2. This shows that
res, .} 1AM contains K{®L(i)**®K;®L(7)®° as a submodule. But according

to Lemmal[5:4] and Theorem [£16} res, ] A M has irredicible socle, so this is
a contradiction. Hence soc A;m M is irreducible. Now certainly soc Ajm M = L &
L(i™) for some irreducible H,,_n,-module L, by Theorem dT6(i). It remains to show
that L ® L(i") has the same type as M. Note by Lemmab.5, ind,, ,, ,,,L ® L(i™)
has irreducible cosocle, necessarily isomorphic to M by Frobenius reciprocity. So

applying (53) we have that
Endy,_,, . (L ® L(i"™)) ~ Homy,,_,, . (L ® L(i™), Ajm M)
~ HOIan (md” L® L(im)a M) = End?‘(n (M)a

n—m,m

which implies the statement concerning types. O
The theorem has the following consequence:

Corollary 5.7. For irreducible M € Rep; Hy,, the socle of resy_4 1 M is multipli-
city-free.

We can also apply the theorem to study res!’_; M, meaning the restriction of M
to the subalgebra H,,—1 C H,; see [2:27).
Corollary 5.8. For an irreducible M € Rep; H,, with ;(M) > 0,

LeTIL if M is of type Q or i # 0,

L if M is of type M and i =0,
for some irreducible H,_1-module L of the same type as M if i # 0 and of the
opposite type to M if i = 0.

Proof. Let § := 1 if M is of type M and ¢ = 0, § := 2 otherwise. By Theorem [5.6]
the socle of A;M is isomorphic to L & L(7) for some irreducible H,,—1-module L,
and

soc resZ:%’l o Ay(M) ~

resﬁj’lL ® L(i) L9
indeed it is exactly as in the statement of the corollary. Now take any irreducible
submodule K of resZ:}’l o A;(M). Consider the H,—1 1-submodule H} K, where
H/ is the subalgebra generated by C,, X'. All composition factors of H} K are
isomorphic to K ® L(¢). In particular, the socle of H} K is isomorphic to K ® L(%)
which implies K 2 L. We have now shown that soc res/'” ;"' A; (M) 2 L% for some
6 > 0.
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By Lemma 52 ¢;,(L) = € — 1 where ¢ = ¢;(M), and Aj—1L is irreducible by
Lemma [5.4. So at least §" copies of Aj—1L appear in socres; 27 As(M). But

A;eM =2 N ® L(i°) for some irreducible N, thus applying Theorem ELT6(iii) and
the facts about type in Theorem [.6]

socres, ¢ A (M) & socres, ¢ [N ® L(i°)

n—e,e—1 n—e,e—1
= res) SN @ L) @ L(i) = (N @ L(i€71))®.
Hence ¢’ < § also. O

5-b. Operators ¢; and ﬂ Let Irry’H,, denote the set of isomorphism classes of
irreducible modules in Rep; H,,. We define

(5.5) B(oo) = | e/ M.,
n>0
For each i € I, we define the affine crystal operators
(5.6) é; : B(oo) U{0} — B(c0) U {0},
(5.7) fi : B(oo) U {0} — B(oo) U {0}
as follows. First, we set €;(0) = fi(0) = 0. Now let M be an irreducible module in
Rep; Hy. Then, f;M is defined by
(5.8) fiM := cosoc indZﬁlM ® L(7),

which is irreducible by Lemma [5.5] To define &; M, Theorem shows that either
A;M =0 or soc A;M =2 N ® L(i) for an irreducible module N € Rep; H,,—1. In
the former case, we define ¢;M = 0; in the latter case, we define ;M = N. Thus,

(5.9) soc A; M 22 (e; M) ® L(i).
Note right away from Lemma [5.2] that
(5.10) gi(M) = max{m > 0| ¢&*M # 0},

while a special case of Lemma [F.H shows that
(5.11) ei(fiM) = ;(M) + 1.

Lemma 5.9. Let M be an irreducible in Rep; Hy, i € I and m > 0.
(i) soc Ajm M = (e]"M) ® L(i™).
(i) cosocindy "M @ L(i™) = f" M.

Proof. (i) If m > &;(M), then both parts in the equality above are zero. Let
m < g;(M). Clearly, (€/*M) is a submodule of res; " A;m M. Hence, (€"*M) ®
L(i)®™ is a submodule of res; """ | Aym M. So Frobenius reciprocity gives that
(erM) ® L(i™) is a submodule of A;m M. Now we are done by Theorem

(i) By exactness of induction, f/"M is a quotient of ind "M @ L(i™). Now
the result follows from the simplicity of the cosocle; see Lemma [5.5] O

Lemma 5.10. Let M € Rep; Hy, and N € Rep; Hyy1 be irreducible, and i € 1.
Then, f;M = N if and only if ¢,N = M.

Proof. Suppose fiM = N. Then by (5.3), Homy, , (M ® L(i), A;N) # 0, s0 M ®
L(i) appears in the socle of A; N. This means that M ® L(¢) = (é; N)® L(i), whence
=~ ¢;N. The converse is similar. O
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Corollary 5.11. Let M, N be irreducible modules in Rep; H,. Then, fiM = f;N
if and only if M = N. Similarly, providing €;,(M),e;(N) > 0, &;M = é;N if and
only if M = N.

We can also define cyclotomic analogues of the crystal operators. So now suppose
that A € Py, and let Irr H; denote the set of isomorphism classes of irreducible
H)-modules. Define

(5.12) B(\) = | Ir A,

n>0
The functors infi* and pr* induce maps
(5.13) infi* : B(A) U{0} = B(cc) U{0},  pr*: B(co)U{0} — B(\) U {0},

with pr* o infl*(L) = L for each L € B()\). In other words, we can view B(X)
as a subset of B(co) via the embedding infl*. Now by restricting é; and f; to
B(\) C B(o0), we obtain the cyclotomic crystal operators, namely,

(5.14) & =pr* o oinfi* : B(A) U {0} — B(\) U {0},

7; =
(5.15) 2 =prto fiomf*: B\ U {0} — B(\)U{0}
for each i € I and A\ € P,. Note that é; already maps B()) into B(\) U {0}, so
we always have that é;M = ENM for M € B()\). This is certainly not the case for
fir for M € B()\), it will often be the case that (M) = 0 even though f;(M) is

never zero.

5-c. Independence of irreducible characters. We can now prove an important
theorem, compare [V1} §5.5]:

Theorem 5.12. The map ch : K(Rep; Hy,) — K(Rep; A,) is injective.

Proof. We need to show that {ch L | [L] € IrryH,,} is a linearly independent set in
K(Rep; A,,). Proceed by induction on n, the case n = 0 being trivial. Suppose

n > 0 and
Z archL =0
LelrriHy

for some ay € Z. Choose any i € I. We will show by downward induction on
k=mn,...,1 that a;, = 0 for all L with ¢;(L) = k. Since every irreducible L has
g;(L) > 0 for at least one ¢ € I, this is enough to complete the proof.

Consider first the case that k¥ = n. Then, A;»L = 0 except if L = L(i"), by
Theorem ET6((i). Since ch A;n L can be worked out just from knowledge of ch L
using Lemma [5.1] we deduce on applying A;» to the equation that the coefficient
of ch L(3™) is zero. Thus the induction starts. Now suppose 1 < k < n and that we
have shown ay, = 0 for all L with ¢;(L) > k. Apply A;x to the equation to deduce
that

Z aLCh Asz =0.
L withe;(L)=k

Now each such AL is irreducible, hence isomorphic to (éFL) ® L(i*), according
to Lemmas 5.4 and [5.9(i). Moreover, for L % L', é¥L % é¥ L’ by Corollary 5111 So
now the induction hypothesis on n gives that all such coefficients aj, are zero, as
required. O
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Corollary 5.13. If L is an irreducible module in Rep; Hyp, then L = L7.

Proof. Since 7(X;) = X;, T leaves characters invariant. Hence it leaves irreducibles
invariant since they are determined up to isomorphism by their character according
to the theorem. O

We can also show at this point that the type of an irreducible module L is
determined by the type of its central character:

Lemma 5.14. Suppose L € Rep; H,, is irreducible with central character x., where
Y= icrvici € Iy Then, L is of type Q if o is odd, type M if o is even.

Proof. Proceed by induction on n, the case n = 0 being trivial. If n > 1, let L be
an irreducible H,-module with central character x~. Choose ¢ € I so that é;L # 0.
By definition, é;L has central character v — ;. So by the induction hypothesis,
é;L is of type Q if v — 8; 0 is odd, type M otherwise. But by general theory 2-H and
Lemma 7] (&;L) ® L(7) is of the opposite type to &L if i = 0, of the same type if
i # 0. Hence, (é;L) ® L(4) is of type Q if 7o is odd, type M otherwise. Finally, the
proof is completed by Theorem [B.6] since this shows that L has the same type as
soc A;L = (&;L) ® L(i). O

5-d. Crystal graphs. We can view the datum (B(cc),é;, f;) as a combinatorial
structure: the crystal graph. This is the directed graph with vertices the set B(oo)
and an edge

[M] - [N]

whenever [M],[N] € B(co) satisfy fiM = N, or equivalently, by Lemma [5.10]
=~ ¢;N. Similarly, (B(\), &2, ff‘) can be viewed as a crystal graph.

Motivated by this, we introduce some notation to label the isomorphism classes
of irreducible representations, or equivalently the vertices of the crystal graph.
Write 1 for the (trivial) irreducible module of Hy. If L is an irreducible module in
Rep; Hy, one easily shows using Lemma [5.T0l repeatedly that

L=fi, .. fufil
for at least one tuple i = (i1, 42,...,4,) € I"™. So if we define

L(i) = L(iy, ... in) i= fi, .- fi fi, 1,

we obtain a labelling of all irreducibles in Rep; H,, by tuples in I". For example,

L(i,i,...,i) (n times) is precisely the principal series module L(i") introduced in
#23). Similarly, any irreducible H)-module can be represented as
Az Az - A FA 2y
L (1) =1L (Zla s 72") = JinJipg g 1‘1]'>‘7

where 1y is the irreducible H}-module. Of course, L*(i) = pr* L(3).

Thus, our labelling of the irreducible modules in Rep; H,, is by paths in the
crystal graph starting from 1, and similarly for Rep H}. Of course, the problem
with this labelling is that a given irreducible L will in general be parametrized
by several different tuples i € I™, corresponding to different paths from 1 to L.
But basic properties of L(i) are easy to read off from the notation; for instance,
the central character of L(z) is x;, so by Lemma BI4] L(7) is of type Q if an odd
number of the i; are zero, type M otherwise.
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5-e. Boring central characters. Given i = (i1,...,4,), let
ind(i) = ind(iy, ..., i,) ;= indy 1 L(i1) ® - ® L(in).

Note the character of ind(i) is D c g L(ip-11)®: - ®L(iy-1,). So every irreducible
constituent of ind(z) belongs to the block Rep., H,, where v = wt(i).

Lemma 5.15. Let v € T, and pick any i € I™ with wt(i) = ~. Then
(i) resy . ;L(i) has a submodule isomorphic to L(i1) ® --- ® L(in);
(ii) ind(i) contains a copy of L(1) in its cosocle;
(iii) every irreducible module in the block Rep, Hy, appears at least once as a con-
stituent of ind (7).

Proof. (i) Proceed by induction on n. For the induction step, let j = (i1,...,in—1).
By Frobenius reciprocity, there is a non-zero (hence necessarily injective) Hy,—1 1-
module homomorphism from L(j) ® L(iy,) to res;_; 1 L(Z). Hence by induction we
get a copy of L(i1) ® -+ ® L(in_1) ® L(iy) in resH:L(g’).

(ii) Use (i) and Frobenius reciprocity. '

(iii) We have just shown that L(i) appears in ind(i). But for any other j with
the same weight as i, ind(j) has the same character as ind(z), hence they have the
same set of composition factors thanks to Theorem Hence, L(i) appears in
ind(y). O

We also need the following criterion for irreducibility, compare [G;}, Lemma 5.9]:

Lemma 5.16. Let M, N be irreducibles in Rep; Hm, Rep; H, respectively. Sup-
pose

(i) ind "M @ N = ind "N @ M;

(i) M ® N appears in resﬁ:‘;bnindﬁ;"M ® N with multiplicity one.
Then, indj, "M ® N is irreducible.

Proof. Suppose for a contradiction that K = indzjl”M ® N is reducible. Then
we can find a proper irreducible submodule S, and set Q@ = K/S. By Frobenius
reciprocity, M ® IN appears in resm:';l”Q with non-zero multiplicity. Hence, it cannot
appear in resm:';l”S by assumption (ii). But assumption (i), Corollary 13 and
Theorem 2.T14] show that K = K7. Hence, K also has a quotient isomorphic to
ST = S, and the Frobenius reciprocity argument implies that M ® N appears in

m+n
resy, S, O

Lemma 5.17. Leti € I™,j € I" be tuples such that |iq — jp| > 1 for all 1 < a <

m,1 <b<mn. Then, indy, ;" L(i) ® L(j) = ind}}' ;" L(j) ® L(i) is irreducible.

Proof. By Lemma and the Shuffle Lemma, it suffices to show that
ind" " L(i) ® L(j) = ind' 7" L(j) ® L(3).

By the Mackey Theorem, res/t"ind];'#" L(j) ® L(i) contains L(i) ® L(j) as a sum-
mand with multiplicity one, all other constituents lie in different blocks. Hence by
Frobenius reciprocity, there exists a non-zero homomorphism

foind " L(3) @ L(j) — ind}) 5" L(j) ® L(3).
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Every homomorphic image of ind,mn:;”L(Z) ® L(j) contains an H,, »-submodule iso-
morphic to L(i) ® L(j). So, by Lemma B.I5(i), we see that the image of f contains
an Ay, +n-submodule V isomorphic to L(i1) ® - -+ ® L(im) ® L(j1) ® - - & L(jn).

Now we claim that the image of f also contains an A,,;,-submodule isomorphic
to L(j1)®- - - ®L(jn)®L(i1)®- - -®L(iy,). To see this, consider ®,,V. Pick a common
eigenvector v € V for the operators X:t! and ani_l‘_l; then (X, + X, ))v = q(im)v
and (Xp,41 + Xn_q_l‘_l)v = q(j1)v. So according to [EIZ), ®2, acts on v by a scalar,
and the assumption that |i,, — 71| > 1 combined with Lemma [£.3] shows that this
scalar is necessarily non-zero. Thus, ®,,V # 0, so by @I5) it is an irreducible
A tn-module, namely,

0,V 2 L(i1)® - ® L(im_1) ® L(j1) ® L(i) ® L(j2) ® - - ® L(jn).

Next apply ®,,_1,...,®1 to move L(j;) to the first position, and continue in this
way to complete the proof of the claim.

We have now shown that the image of f contains L(j1)®- - -®L(j,)®L(i1)®- - -®
L(iy,). However, by the Shuffle Lemma, all such composition factors of
res’ffﬁindﬁfj‘n"L(j) ® L(i) necessarily lie in the irreducible Hy, m,-submodule 1 ®
L(j) ® L(7) of the induced module. Since this generates all of indnm’;"L(j) ® L(1)
as an H,+n-module, this shows that f is surjective. Hence f is an isomorphism by
dimension, which completes the proof. O

Theorem 5.18. Let i € I™,j € I" be tuples such that |i, — jp| # 1 for all 1 <
a <m,1<b<mn. Then, ind); 1"L(i) ® L(j) = ind}' ;" L(j) ® L(i) is irreducible.
Moreover, every other irreducible module lying in the same block as indm;"L(g') ®
L(j) is of the form indj, " L(i") @ L(j") for permutations i’ of i and j' of j.

Proof. The second statement of the theorem is an easy consequence of the first and
Lemma [5T5(iii). For the first statement, proceed by induction on m + n, the case
m + n = 1 being trivial. For m 4+ n > 1, we may assume by Lemma [B.T7 that
there exists k € I that appears in both the tuples i and j. Note then that for every
a=1,...,m, either i, = k or |i, — k| > 1, and similarly for every b = 1,...,n,
either j, = k or |5, — k| > 1. So by the induction hypothesis, we have that
L(i) =indy_, L") ® L(K"),  L(j) =indy_, (L(j") ® L(k%)
for some r, s > 1, where ¢/, il are tuples with no entries equal to k. By Theorem 2.14]
Corollary and Lemma BT7],
ind ™ L(k") ® L(j') = ind) “3TL(5") ® L(K").

rm—s m—s,r

So using Theorem ELT6(i) and transitivity of induction,

indy " L(8) ® L(j) = ind 07, (L() ® L(K") ® L(j') ® L(k")
= ind;njry,bm—s,r+sL 1,) &) L(ll) @ L(kTJrS)'

Finally this is irreducible by the induction hypothesis and Lemma B.17. [l

5-f. Some character calculations. At this point we need to compute the char-
acters of certain very special H,,-modules explicitly.
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Lemma 5.19. Let i,j € I with |t — j| = 1. Then, for all a,b > 0 with a +b <
—(hi, o), there is a non-split short exact sequence

0 — L(i*™ji*) — ind3 317 | L(i%i%) ® L(i) — L(i"ji**') — 0.

Moreover, for every a,b >0 with a +b < —(h;, o)),
ch L(i*§i") = (a!)(0")[L(i)®* ® L(j) ® L(i)®"].
Proof. We proceed by induction on n =0,1,...,—(h;, ;) to show that
ch L(i"j) = nl[L(0)*" & L(j)],

this being immediate in case n = 0. For n > 0, let M := indelL(inflj) ® L(4).
We know by the inductive hypothesis and the Shuffle Lemma that

ch M =nl[L(H)®" @ L(j)] + (n — DILEPY @ L) @ L(i)].
Now consider the H, ;-submodule
N = (Xpp1 + X, 1 — q(i))M = L(i") ® L(j)

of M. The key point is that N is stable under the action of T,, hence all of
Hp+1. Although this is in principle an elementary calculation, it turns out to be
extremely lengthy. It was carried out by hand for n < 2 but for the cases n = 3,4
(when ¢ necessarily equals 1), we had to resort to a computer calculation using the
GAP computer algebra package. This proves the existence of an irreducible H,,1-
module N with character n![L(i)®"®L(35)]. This must be L(i"5), by Lemmal5.15(i),
completing the proof of the induction step.

Now we explain how to deduce the characters of the remaining irreducibles in
the block. In the argument just given, the quotient module M /N has character
(n—1)[L(H)®" Y@ L(j)® L(i)], so must be L(i"~'5i). Twisting with the automor-
phism o proves that there exist irreducibles with characters n![L(j) ® L(:)®"] and
(n— VL) ® L(5) ® L(i)®™~ V)], which must be L(5i") and L(iji" ') respectively
by Lemma E.TH(i) once more. This covers everything unless n = 4, when we neces-
sarily have that ¢ = 0,5 = 1 and ¢ = 1. In this case, we have shown already that
there exist four irreducibles with characters

ch L(00001) = 24[L(0)®* ® L(1)], ch L(00010) = 6[L(0)®* ® L(1) ® L(0)],

ch L(10000) = 24[L(1) ® L(0)®*], ch L(01000) = 6[L(0) ® L(1) ® L(0)*®?].
So by Lemma [5.15] there must be exactly one more irreducible module in the block,
namely L(00100), since none of the above involve the character [L(0)®? ® L(1) ®
L(0)®2]. Considering the character of indelL(()OlO) ® L(0) shows that ch L(00100)
is either 4[L(0)®2® L(1)® L(0)®2] or 4[L(0)®2® L(1)® L(0)®?]+6[L(0)®3® L(1)®
L(0)]. But the latter is not o-invariant so cannot occur as there would then be too
many irreducibles.

Now that the characters are known, it is finally a routine matter using the

Shuffle Lemma and Lemma BEH to prove the existence of the required non-split
sequence. [l

Lemma 5.20. Let i,j € I with |i —j| =1 and set n =1 — (h;, o). Then
L(i"j) = L(i" ' j4).
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Moreover, for every a,b >0 with a +b = —(h;, o)),

L(i%ji*1) = indzﬁlL(i“jib) ®L(i) > 1nd”+1L( )@ L(i%i)
with character al(b+1)[L(i)®* ® L(j) ® L(i)®C+ D] + (a + )WL) @ L(j) ®
L(i)®"].

Proof. Let M = 1nd”+1L( "~15) ® L(i). We first claim that M is irreducible. To
prove this, arguing in the same way as the proof of Lemma [5.19] it suffices to show
that the H, 1-submodule
(Xn+1 + Xn+1 (Z))M = L(ln) ® L(J)
of M is not invariant under T;,. Again this was checked by an explicit computer
calculation. Hence, there is an irreducible H,,-module M with character
nl[L(0)®" @ L(j)] + (n = DILEH®" Y @ L(j) @ L(i))-

Hence é;M = L(:"'j) and é;M = L(i") by Theorem 6] So we deduce that
M =2 L(i""1ji) = L(i"j) thanks to Lemma [5.101

Now consider the remaining irreducibles in the block. There are at most (n — 1)
remaining, namely L(i%ji®!) for a > 0,b > 1 with a + b = —(h;, ;). Considering
the known characters of indelL(i“ ji®) ® L(i) and arguing in a similar way to the
second paragraph of the proof of the preceeding lemma, the remainder of the lemma
follows without further calculation. O

5-g. Higher crystal operators. In this subsection we will introduce certain gen-
eralizations of the crystal operators fj, following the ideas of [Gy] §10]. The results
of this subsection are only needed in below. To simplify notation, we will write
simply ind in place of indZ throughout the subsection.

Lemma 5.21. Let i,j € I with i # j. For any a,b > 0 with a +b = —(h;, i),
ind L(i%ji%) ® L(™) = ind L(i™) ® L(i%i°)
1s irreducible.
Proof. We first claim that
ind L(i%4®) ® L(i™) = ind L(i™) ® L(i%}i%).
This is immediate from Lemmal[5.1qin case [i—j| > 1. If [i—j| = 1, then transitivity
of induction and Lemma give that
ind L(i%ji%) ® L(™) = ind L(i%}i®%) ® L(i) ® L(i™™Y)
=~ ind L(i) ® L(i"§i%) ® L(i™ 1),

and now repeating this argument (m — 1) more times gives the claim.

Hence, by Corollary 513 and Theorem E14, K := ind L(i%ji®) ® L(i™) is self-
dual. Now suppose for a contradiction that K is reducible. Then we can pick a
proper irreducible submodule S of K, and set @) := K/S. Applying Lemmas (.19

and T1T]

ch K = Z( ) a+k) (b-l—m—k)![L(Z')@(ch) ® L(j)® L(i )@(b+m k)]

By Frobenius reciprocity, ) contains an Hg4p41,m-submodule isomorphic to
L(i%§i®)® L(i™). So by Lemma[5.I5(i), the irreducible A, p4m1-module L(i)®¢®
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L(j) ® L(i)®®+™) appears in Q with non-zero multiplicity, hence in fact by Theo-
rem [LT6(i) it must appear with multiplicity a!(b+m)! (viewing @ as a module over
Ha 1 bm)- Tt follows that L(i)®® L(j) ® L(i)®*+™) is not a composition factor of
S. But this is a contradiction, since as K is self-dual, S = S7 is a quotient module
of K hence must contain L(i)®* ® L(j) ® L(i)®®+™) by the Frobenius reciprocity
argument again. O

Lemma 5.22. Let i,j € I withi # j. For anya > 1 and b > 0 with a +b =
—(hi, o), any irreducible module M in Rep; Hy, and any m > 0,

cosocind M & L(i™) ® L(i%ji)
is irreducible.

Proof. By the argument in the proof of Lemma B3] it suffices to prove this in the
special case that ¢;(M) = 0. Let k = m+a+b+1. Recall from the previous lemma
that

N :=ind L(i™) ® L(iji®)

is an irreducible Hj-module. Moreover, by LemmaF19, ch L(i%;i®) = (a!)(b!)[L(i)®*
® L(j) ® L(i)®"]. So since ;(M) = 0 and a > 0, the Mackey Theorem and a block
argument shows that

res;t*(ind M @ L(i™) ® L(i%ji")) = (M ® N) & U
for some H,, y-module U all of whose composition factors lie in different blocks to
those of M ® N. Now let H := cosocind M & L(i™) ® L(i%ji®). Tt follows from
above that resz,*,;kH ~ (M ® N)®U where U is some quotient module of U. Then
(H,H) = Homy,,,, (ind M ® L(i™) ® L(i"4i"), H)
= Homy,, . (M ® N, resZ?’,;kH)
=~ Homy, (M ® N,M ® N & U) = Homy,, , (M ® N,M & N).

Homyy, m

Since H is completely reducible and M & N is irreducible, this implies that H is
irreducible too, as required. [l

Now we can define the higher crystal operators. Let 4,5 € I with i # j, and
a>1,b>0 with a4+ b = —(h;, ;). Then the special case m = 0 of the theorem
shows that

fliajibM := cosocind M ® L(i%ji®)
is irreducible for every irreducible M in Rep; H,,. Thus we have defined an operator
(5.16) fiajiv : B(oo) — B(o0).

Lemma 5.23. Take i,j € I with i # j and set k = —(h;,a;). Let M be an
irreducible module in Rep; Hy,.

(i) There exists a unique integer a with 0 < a < k such that for every m > 0 we
have

5i(ﬂmﬂM) =m+ Ez(M) — Q.
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(ii) Assume m > k. Then a copy of flmij appears in the cosocle of
ind f™7*M ® L(i"ji"~").
In particular, if a > 1, then ff; M = ﬁajikfaﬁmikM.

Proof. Let ¢ = g;(M) and write M = ffN for irreducible N € Rep; H,,_. with
g;(N) = 0. It suffices to prove (i) for any fixed choice of m, the conclusion for
all other m > 0 then follows immediately by (BI1]). So take m > k. Note that
M = fI" f; f£ N is a quotient of
ind N @ L(i°) ® L(j) ® L(3)®" ® L(i™ ™),
which by Lemma has a filtration with factors isomorphic to
F,:=ind N ® L(i°) ® L(i%ji*~*) ® L(i™ %), 0<a<k.

So ﬂm f]M is a quotient of some such factor, and to prove (i) it remains to show
that €,(L) = € + m — a for any irreducible quotient L of F,. The inequality
gi(L) < e+m—ais clear from the Shuffle Lemma. On the other hand, by transitivity
of induction and Lemma [5.21] F, = ind N ® (ind L(i%ji*~%) ® L(i**™~F)). So by
Frobenius Reciprocity, the irreducible module N ® (ind L(i%ji*~%) ® L(i€t™~F)) is
contained in res,—g m+yi1+eL. Hence ¢;(L) > e +m —a.

For (ii), by Lemma[5:2ZT] we also have F, = ind N ® L(i™~k*+¢)® L(i%ji*~%), and
by the Shuffle Lemma, the only irreducible factors K of Fy, with &;(K) =e+m—a
come from its quotient

ind ﬁm—k-i-EN ® L(Z'ajikfa) ~ indf[”_kM ® L(Z'ajikia),
Finally, in case a > 1, the cosocle of the last module is precisely fia jik—a fim—k M. O

5-h. Modifications in the degenerate case. Other than replacing X; + X;l
by z? everywhere, everything in this section goes through in the degenerate case in
exactly the same way. Note the computer calculations in[B=ll were checked separately
in the degenerate case.

6. INDUCTION AND RESTRICTION

6-a. i-induction and i-restriction. Fix A € P, throughout the subsection. Re-
call the definition of the functors A; for 7 € I; see[B=al Let us denote the composite
functor rest’1 o A; instead by

(6.1) res; : Rep; Hyn — Repy Hn—1,

for any n. Note that if M is an H)-module, then res; M is automatically an H) ;-
module. So the restriction of the functor res; gives a functor which we also denote

(6.2) res; : RepH)y — RepH)_;.

We now focus on this cyclotomic case.
There is an alternative definition of res;: if M is a module in Rep,, H;) for some
fixed v = Zjel vja; € I'y, then

o o
(63) resz-M = (reS'HﬁflM)[’y a’b] lf Yi > O;
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This description makes it clear how to define an analogous (additive) functor
(6.4) ind; : RepH,, — RepH,,., ;.

Using (£Z2) and additivity, it suffices to define this on an object M belonging to
Rep, H) for fixed v = > jer 7o € T'y. Then, we set

A
(6.5) ind; M = (ind 2" M)[y + ).
By the definitions (63) and (65) and Lemma Y|, we have that
. HD . A
(6.6) ind, 3 M = P ind; M, rengilM = PresiM.
il i€l

To complete the definition of the functor ind;, it is defined on a morphism f simply

_ . .. M
by restriction of the corresponding morphism de;H f- We stress that the functor

ind; depends fundamentally on the fixed choice of")\, unlike res; which is just the
restriction of its affine counterpart.

Lemma 6.1. For A € P, and each i € I,

(i) ind; andres; are both left and right adjoint to each other, hence they are exact
and send projectives to projectives;
(ii) ind; and res; commute with duality, i.e. there are natural isomorphisms

ind;(M7) ~ (ind; M)", res;(M7T) ~ (res; M)”

for each finite dimensional H;\-module M.

A

. . H H
Proof. We know that ind; M and res; M are summands of ind, "' M and res, t M
n n—1

respectively. Moreover, T-duality leaves central characters invariant because 7(X;)
= X for each j. Now everything follows easily applying Corollary [3.15] O

In order to refine the definitions of ind; and res; in the next subsection, we need
to give an alternative definition, due to Grojnowski [G1l, §8] in the untwisted case.
Recall the definition of the left H;-modules R, (i) for ¢ € I,m > 0 from (24).
The limits in the next lemma are taken with respect to the systems induced by the

maps (E25).

Lemma 6.2. For every finite dimensional Hjp-module M and i € I, there are
natural isomorphisms

ind; M ~ lianr)‘indZ?ilM X R (1),
res; M ~ 1i_rr>1pr)‘H0mH/1 (R (i), M)

(in the second case, M} denotes the subalgebra of Hy—1.1 generated by Cy,, X' and
the Hy—1-module structure is defined by (hf)(r)=h(f(r)) for f € Homyy (R (i), M)
and r € Ry (i)).

Proof. For res;, it suffices to consider the effect on M € Rep, H) for v = Ejel V5
e I',, with v; > 0, both sides of what we are trying to prove clearly being zero if
vi = 0. Then, for all sufficiently large m, Lemma I8 (in the special case n = 1)
implies that

A
Homyy, (R (i), M) ~ (resZSilM)[fy — .
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Hence,
A

. . H
11_11)1p1")‘HomH/1 (R (i), M) ~ (reng_lM)['y — ;] = res; M.

This proves the lemma for res;.

To deduce the statement about induction, it now suffices by uniqueness of adjoint
functors to show liﬂlpl‘/\indZﬁl?ng(i) is left adjoint to lim pr*Homyy (R (i), 7).
Let N € RepH)_, and M € RepH,\. First observe as explained in the previous
paragraph that the direct system

pr/\HomH/1 (R1(i), M) — pr/\HomH/1 (Ro(i), M) — ...
stabilizes after finitely many terms. We claim that the inverse system
priind! HTN KRy (i) « priindl TN KRy (i) « ...

also stabilizes after finitely many terms. To see this, it suffices to show that the
dimension of prkindZﬁlN X R, () is bounded above independently of m. Each
Rum (i) is generated as an Hj-module by a subspace W isomorphic (as a vector
space) to the cosocle Ry(i) of Ry, (7). Then indZﬁlN X R (i) is generated as an
Hp+1-module by the subspace W/ =1® (N ® W), also of dimension independent
of m. Finally, prAindZﬁlN X R, (i) is a quotient of the vector space H;\lﬂ Qr W',
whose dimension is independent of m.

Now we can complete the proof of adjointness. Using the fact from the previous
paragraph that the direct and inverse systems stabilize after finitely many terms,
we have natural isomorphisms

Homys (lim priind;y ;| N KR, (i), M)
=~ lim Homy,» (pr)‘indszlN X R (i), M)
=~ lim Homy,, (indj; 1 ;N KRy (i), M)
=~ lim Homy,, , , (N X R, (7), resﬁme)
=~ lim Homyy,, , (N, Homyy; (R (), M))
=~ lim Hom,;» (N, pr/\HomH/1 (R (i), M))
~ Homyx (N, liiglpl“\HomH/1 (R (i), M)).
This completes the argument. O

6-b. Operators ¢; and f;. Continue with A € P, being fixed. We wish to refine
the definitions of the functors res; and ind; to give operators, denoted e; and f;
respectively, from irreducible H}-modules to isomorphism classes of H_ - (resp.
H; 1-) modules.

Actually, e; is simply the restriction to Irr H; of an operator also denoted e;
on the irreducible modules in Rep; H,. We define this first; recall the definition
of the module L,,(¢) from f=hl Let M be an irreducible in Rep; H,. Let H)
denote the subalgebra of H,, generated by C,,, X;71. For each m > 1, we define an
‘H,,—1-module

as follows. If M is of type M or i # 0, this is simply the space Homy; (L (i), M)
viewed as an H,,_i-module in the same way as in Lemma 6.2 But if M is of type
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Q and i = 0, we can pick an odd involution 0y; : M — M and also have the odd
involutions 0, : L, (i) — L., (i) from (E27). Let

Onr @ Oy - Homyy, (Lo (), M) — Homyyy (Lo (4), M)

denote the map defined by ((0as ® 0,) f)(v) = (=1)70rr(f(mv)). One checks that
(Or ® 0,,)% = 1, hence the +1-eigenspaces of 0y ® 6,,, split Homygy; (L (i), M)
into a direct sum of two isomorphic H,_1-modules (because there is an obvious
odd automorphism swapping the two eigenspaces). Now in this case, we define
Homy; (L (i), M) to be the 1-eigenspace (say).

In either case, we have a direct system

I‘IOII]HI1 (Ll(l), M) — HOIII'H/1 (LQ(Z), M) — ...
induced by the inverse system (E26). Now define
(68) eiM = h_H}HomH/l (Lm(z)aM)v

giving us the affine version of the operator e;. Note that if M is an H)-module,
then each Homyy (Ly, (i), M) is an H;,_;-module, so

n—1
(6.9) e;M = lim pr*Homyy; (L, (i), M).

We take (63) as our definition of the operator e; in the cyclotomic case. Comparing
(69) with Lemma [6.2 and using (4£.29)), one sees at once that:

Lemma 6.3. Let i € I and M be an irreducible module in Rep; Hy, or an irre-
ducible H-module. Then,

e; M if it =0 and M is of type M,

res; M =~ { e;M @ Ile; M otherwise.

Now we turn to the definition of f; M which, just like ind; M, only makes sense
in the cyclotomic case. So, let M be an irreducible Hj-module. We need to extend
the definition of the operation ® to give meaning to the notation M & L,, (i), for
each m > 1. If either M is of type M or ¢ # 0, then M ® L,,(i) := M X L,,(3).
But if M is of type Q and 7 = 0, pick an odd involution 6y, : M — M. Then the
++/—1-eigenspaces of s ® 0,,, acting on the left on M X L,, (i) split it into a direct
sum of two isomorphic H,, 1-modules. Let M & L, (i) denote the \/—1-eigenspace
(say) for each m.

We then have an inverse system M ® Ly (i) «— M ® La(i) « ... of Hy,, 1-modules
induced by the maps from (£26). Now we can define

(6.10) fiM = Lianr/\indZ,ﬁlM ® Ly, (1).

Comparing the definition with the proof of Lemma [6.2] one sees that the inverse
limit stabilizes after finitely many terms, hence that f; M really is a well-defined
finite dimensional H;,_;-module. Indeed:

Lemma 6.4. Leti € I and M be an irreducible H;,-module. Then

fiM ifi =0 and M is of type M,
fiM ®TIf;M otherwise.

Lemma 6.5. Let i € I and M be an irreducible module in Rep; H,,. Then, e;M
is non-zero if and only if ;M # 0, in which case it is a self-dual indecomposable
module with irreducible socle and cosocle isomorphic to e; M.

ind; M ~ {
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Proof. To see that e; M has irreducible socle ;M whenever it is non-zero, combine
Lemma [6:3] with Corollary B8 The remaining facts follow since M is self-dual by
Lemma [B.T3] and res; commutes with duality by Lemma [B(ii). O

Before the next theorem, we recall again that the operator f; depends critically
on the fixed choice of .

Theorem 6.6. Let A € Py and i € I. Then, for any irreducible H;-module M,
(i) e;M is non-zero if and only if E*M # 0, in which case it is a self-dual inde-
composable module with irreducible socle and cosocle isomorphic to &M ;
(ii) fiM is non-zero if and only if fi)‘M # 0, in which case it is a self-dual
indecomposable module with irreducible socle and cosocle isomorphic to fi)‘M.

Proof. (i) This is immediate from Lemma [6.5

(ii) We deduce this from (i) by an adjointness argument. Let M be an irreducible
Hp-module, and N be an irreducible H; ,;-module. Let 5; equal 1 if i = 0 and
M is of type M, 2 otherwise, and define §y similarly. Then, by Lemmas [6.1]i),

and
1
dim HomHﬁ,H(fin N) = o dim HomHQH(indiM, N)
1 )
=5 dim Homy» (M, res; N) = ﬁ dim Homy» (M, e; N).

By (i), the latter is zero unless M = é; N, or equivalently N = f;M by Lemma [5.10]
Taking into account the superalgebra analogue of Schur’s lemma using Lemma [5.14]
one deduces that cosoc f; M = f;M. Finally, note f; M is self-dual by Lemmal[6.1](ii)
so everything else follows. [l

Remark 6.7. Let us also point out, as follows easily from the definitions, that e; M
and f; M admit odd involutions if either ¢ # 0 and M is of type Q, or ¢ = 0 and M
is of type M.

6-c. Divided powers. Continue with A € Py and fix i € I. We can generalize the
definitions of e;, f; to define operators denoted egr), f i(r) on irreducible H)-modules,

for each » > 1. It will be the case that egl) = ey, fi(l) = f;. For the definitions, we
make use of the covering modules L,, (") from [Z=hl.

Let M be an irreducible module in Rep; H,. If r > n, we set egr)M = 0.
Otherwise, let H.. denote the subalgeba of H, generated by Xf_lH_l, co, XEL
Cnort1,---,Cny, Tnery1,...,Tn—1. We have a direct system

HOII]H/T (Ll(l'r), M) — HOIII'H/T(LQ(Z'T), M) — ...

induced by the inverse system (@.28]), where Hom is interpreted in exactly the same
way as in [6=H using the generalized maps 0,,, from ([EZT7) in case i = 0. Now define

(6.11) es” M = lim Homyy, (L (i7), M).
As in[6=H if M is an H;)-module, then egr)M is also, so that
(6.12) el(.r)M = h_r)npr)‘HomH; (L (i7), M)
in the cyclotomic case.

To define fi(r), which as usual only makes sense in the cyclotomic case, let M be
an irreducible H))-module. We have an inverse system M ® L1 (i") «= M ® Lo (i") «
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. of H, -modules induced by the maps from (£28]), again interpreting ® as in
B-Bl Now we can define

(6.13) fi(r)M = lim priind}, \" M ® Ly, (i").

Lemma 6.8. Leti € I,7 > 1 and M be an irreducible H;y-module. Then
e M @ Tlel") M)y®2" () ifi#0,

(res;)" M =~ eir)M@Q(Wl)/z(“) if i =0, r is odd, M 1is of type M,
("M o e M) @2 TV otherwise;
FOM T M)PETIEGfi £,

(ind;)" M ~ fi(r)M®2(r_l)/2(”) if i =0, r is odd, M is of type M,

(fi(r)M e l'Ifi(T)M)@QL(T_l)/2J (Y otherwise.

Proof. Using Lemma[ZT7 and the definitions, it suffices to show that

(res;)"M ~ li_n)lpr’\HomH/T (Rm ("), M),

(ind;)" M ~ lim priind) " M K Ry, (i7).
For (res;)", this follows from Lemma in exactly the same way as in the proof
of Lemma Now (ind;)" is left adjoint to (res;)", so the statement for in-
duction follows from uniqueness of adjoint functors by checking that the functor
@pr’\indzﬁr? KR, (i") is left adjoint to lim pr*Homsy (R (i7), 7). The latter fol-
lows as in the proof of Lemma 6.2 O
(r)

Since we have defined the operator e,

(r)

%

egr) : K(Rep; Hy) — K(Rep; Hp—r), egr) : K(RepH)) — K(RepH)_,),

on irreducible modules we get induced

operators also denoted e; ’ at the level of Grothendieck groups, namely,

in the affine and cyclotomic cases respectively. Similarly fi(r) induces an operator
17 K(Rep ™)) — K (RepH;,..)

on Grothendieck groups. We record:

Lemma 6.9. As operators on the Grothendieck group K(RepHj) (or on

K (Rep; Hy) in the case of e;), we have that e} = (r!)ez(-r) and fI = (r!)fi(r).

Proof. Let us prove in the case ¢ # 0. The proof for ¢ = 0 is the same idea, though
the details are more delicate (one needs to use Lemma [5.14] also). By Lemmas
and [£4] we have that

(res;)” = 2"e], (ind;)" =2"f]
as operators on the Grothendieck group. By Lemma [6.8] we have that
(res;)” =2 (e, (ind)" =2 ().
This is enough. [l

Let us finally note that we have only defined the operators ey) and fi(r) on
irreducible modules. However, the definitions could be made more generally on
pairs (M, 60yr), where M is an H)-module (or an integral H,-module in the case
of e;) and 0y : M — M is either the identity map or else an odd involution of

M. In case 0p; = idys, the definitions of egr)M and fi(r)M are exactly the same
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as the case M is irreducible of type M above. In case 6, is an odd involution, the
definitions of egr)M and fi(r)M are exactly the same as the case M is irreducible of
type Q above, substiting the given map 6,; for the canonical odd involution of M
in the situation above.

This remark applies especially to give us modules egr)PM, fi(r)PM, where Py is
the projective cover of an irreducible Hj-module: in this case, if M is of type Q,
the odd involution 8,; of M lifts to a unique odd involution also denoted 6, of the
projective cover. On doing this, we have that

(6.14) e P = e [P, [f7 P = £ [Pu]

where the equalities are written in K (Rep™M;_,) and K(RepH,,,) respectively.

To prove this, one needs to observe that all composition factors of Py; are of the
same type as M by Lemma [5.14]

Note Lemma is also true if M is replaced by its projective cover Py, the
(

of (res;)" Py, and similarly for f;. So Lemma [BI(i) gives that el(.r)PM and fi(r)PM
are also projective modules. Hence e§r) and fi(r) induce operators with the same
names on the Grothendieck groups of projective modules also:

el K(ProjH)) — K(ProjH)_,), 7 K (ProjH)) — K (Proj Hy ).

Moreover, by the same argument as in the proof of Lemma [6.9, we have:

proof being the same as above. In particular, this shows that e T)PM is a summand

Lemma 6.10. As operators on the Grothendieck group K(ProjH,), we have that
ciPal = (P)lef" Parl, 7 [Par) = ([ Pad),
for all irreducible H;)-modules M.

6-d. Alternative descriptions of ¢;. In this subsection we give three new inter-
pretations of the functions &;, precisely as in |G, Theorem 9.13].

Theorem 6.11. Leti € I and M be an irreducible module in Rep; H,. Then
(i) [eiM] =e;(M)[é;M] 4> ca[Na] where the N, are irreducibles with £;(N,) <
= (éiM);
(ii) €;(M) is the mazimal size of a Jordan block of X, + X, ' (resp. X,, ifi =0)
on M with eigenvalue q(i) (resp. eigenvalue 1 if i =0);
(iii) Endy, ,(e;M) ~ Endyy, , (6;M)®5(M) g5 vector superspaces.

Proof. Let e = ¢;(M) and N = &5 M.
(i) By Lemma B4 and Frobenius reciprocity, there is a short exact sequence

0— R—ind, _ .N®L() — M — 0.

n—e,e
Moreover, all composition factors L of R have ¢;(L) < & by Lemma [B.3(iii). Ap-
plying the exact functor A;, we obtain an exact sequence

0 — AR — Ajind,,—. . N ® L(i*) — A,M — 0.
By the Mackey Theorem, A;ind,__ N ® L(i¢) & ind"""!  N® A;L(i€). By

n—e,e n—e,e—1,1
considering characters [A; L(i€)] = [L(i*~') ® L(i)]. Hence,
(6.15) [Asind)__ N ® L(i¥)] = efind}_11_; | N ® L(©*~") @ L(3)].

n—e,e
Using Lemmali3lagain, the cosocle of indZ:;:i_l,lN@L(i€’1)®L(i) is (6; M)®L(3),
and all other composition factors of this module are of the form L & L(i) with
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g;(L) < e — 1. Moreover, all composition factors of A;R are of the form L & L(7)
with €;(L) < e — 1. So we have now shown that

[A;M] = e[é;M @ L(i)] + Y _ ca[No ® L(i)]

for irreducibles N, with ¢;(N,) < €;(é;M). The conclusion follows by applying
Lemma 3]

(ii) We give the argument for the case i # 0, the case ¢ = 0 being similar but
using Lemma FETH(ii) instead of Lemma FET5(i). We know that A;e M = N ® L(i).
So, applying the automorphism o to Lemma EI5(i), we deduce that the maximal
size of a Jordan block of X, + X;l on A;eM is e. Hence the maximal size of a
Jordan block of X, + X! on A; M is at least ¢.

On the other hand, the argument given above in deriving (6.15) shows that
the module Ajind;; . N ® L(i°) has a filtration with ¢ factors, each of which is
isomorphic to indZ:i:i_l,lN ® L(i*~ 1Y) ® L(i). Since (X, + X,; ! — q(i)) annihilates

ind"" > N @ L(ie ) ® L(i), it follows that (X, + X, ' — ¢(i))° annihilates

n—e,e—1,
Ajindy, . N ® L(i). So certainly (X, + X, ' — ¢(i))° annihilates its quotient

A;M. So the maximal size of a Jordan block of X, + X7 ! on A; M is at most ¢.
(iii) Let 2 = (X, + X, 1 —q(i)) if i # 0 and (X,, — 1) if i = 0. Consider
the effect of left multiplication by z on the H,,_j-module R = res!'” " o Ay(M).
Note R is equal to either e;M or e;M @ Ile;M, by Lemma [6.31 In the latter
case, (X, + X, 1) (resp. X,) acts as a scalar on soc R ~ &M & Ilé; M, hence it
leaves the two indecomposable summands invariant. This shows that in any case
left multiplication by z (which centralizes the subalgebra H,,_1 of H,) induces an
H,,—1-endomorphism 6 : e;M — e; M. But by (ii), °~! # 0 and 6 = 0. Hence,
1,0,...,0° ! give ¢ linearly independent even H,_;-endomorphisms of e;M. In
view of Remark [6.7, we automatically get from these ¢ linearly independent odd
endomorphisms in case é; M is of type Q, so we have now shown that

dim Endy,, ,(e;M) > edimEndy, ,(&;M).

On the other hand, e; M has irreducible cosocle €; M, and this appears in e; M with
multiplicity € by (i), so the reverse inequality also holds. O

Corollary 6.12. Let M, N be irreducible H,-modules with M 2 N. Then, for
every i € I, Homy,, ,(e;M,e;N) = 0.

Proof. Suppose there is a non-zero homomorphism 6 : e,M — e;N. Then, since
e; M has simple head é; M, we see that e; N has é; M as a composition factor. Hence,
by Theorem E.T1((i), ;(é;N) > e;(€;M). Dualizing and applying the same argument
gives the inequality the other way around, hence &;(é; N) = ¢;(é;M). But then, &;M
is a composition factor of e; N with €;(é; M) = ¢;(é;N), hence by Theorem [6.11\i)
again, é; M = &; N. But this contradicts Corollary (111 |

To state the next corollary, we first need to introduce the *-operation on the
crystal graph. This will play a fundamental role later on. Suppose M is an ir-
reducible module in Rep; H,, and 0 < m < n. Using Lemma [Z9 for the second
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equality in (6I7), define

(6.16) erM = (e;(M7))7,
(6.17) fiM = (f;(M?))? = cosoc indf{blL(i) ® M,
(6.18) (M) =¢;(M?) =max{m > 0] (&)™ M # 0}.

Note € (M) can be worked out just from knowledge of the character M: e} (M) is
the maximum & such that [L(i)®* ® ...] appears in ch M.

Recalling the definition of the ideal Z) generated by the element (&6, Theo-
rem BIT)(ii) has the following important corollary:

Corollary 6.13. Let A € Py and M be an irreducible in Rep; H,,. Then ZyM =0
if and only if ef(M) < (h;, A) for alli € 1.

6-e. Functions ;. Fix A € P, throughout this subsection. Let M be an irre-
ducible H)-module. Recall from (EI0) that for i € I,

(6.19) g;(M) = max{m > 0| ()™M # 0},
since €2 is simply the restriction of é;. Analogously, we define
(6.20) @i(M) = max{m > 0| (f})™M # 0}.

We will see shortly (Corollary [6.17) that ¢;(M) < oo always so that the definition
makes sense. Note that unlike €;(M), the integer ¢; (M) depends on the fixed choice
of \.

As in[B=d] 1 denotes the irreducible Hj-module.

Lemma 6.14. £;,(1x) =0 and ¢;(1x) = (hi, A).

Proof. The statement involving &; is obvious. For ¢;(1x), note that f™1x = L(i"™)
and

i (LI™) =m,  j(L(™)) =0

i J
for every j # i. Hence by Corollary [6.13, pr*L(i™) # 0 if and only if m < (h;, ).
This implies that ¢;(1x) = (hs, A). O
Lemma 6.15. Leti,j € I withi# j and M be an irreducible module in Rep; H,,.
Then, €5 (fi"M) < 5(M) for every m > 0.

Proof. Follows from the Shuffle Lemma. |

Lemma 6.16. Let i, j € I with i # j. Let M be an irreducible module in Rep H)
such that @;(M) > 0. Then, @;(f;M) —ei(fiM) < @;(M) —e;(M) — (h;, oj).
Proof. Let € = ¢;(M), ¢ = ¢;(M) and k = —(h;, oj). By Lemma[5.23] there exist
unique a,b > 0 with a + b = k such that ;(fjM) = ¢ — a. We need to show
that ¢;(f;M) < ¢ + b, which follows if we can show that pr*f™ f;M = 0 for all
m > ¢ +b. We claim that

ef(JIMH fiM) = el (fI" M)
for all m > 0. Given the claim, we know by the definition of ¢, Corollary
and Lemma [B.15] that eX(f"M) > (h;, \) for all m > ¢. So the claim implies
that eX(f f;M) > (h;, \) for all m > ¢ + b, hence by Corollary 613 once more,
prt fim ij = 0 as required.
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To prove the claim, note that a < &, so b+ > k. Hence, Lemma [(5:23[ii) shows
that there is a surjection

mdgjn”j;’jjjb M@ L™ @ L(i%i®) — f" T f; M.

By Lemma ET9, resZIiﬁlL(i“jib) =~ L(i*)® L(ji®). Hence by Frobenius reciprocity,
there is a surjection

ind? 154 L(i*) @ L(ji’) — L(i"ji").
Combining, we have proved existence of a surjection

Hence by Frobenius reciprocity there is a non-zero map

(indp "M @ L(i™)) @ L(ji’) — resgmjgﬁl e fiM.

Since the left-hand module has irreducible cosocle f[”M ® L(ji%), we deduce that
;M has a constituent isomorphic to f*M on restriction to the subalgebra
Hptm € Hpt+m+bt1- This implies the claim. O

Corollary 6.17. Let A\ € Py and M be an irreducible H)\-module with central
character x~ for some v € I'y,. Then, ;(M) —e;(M) < (hi, A — 7).

Proof. Proceed by induction on n, the case n = 0 being immediate by Lemma [6.14]
For n > 0, we may write M = f;N for some irreducible H})_;-module N with
©;(N) > 0. By induction, ¢;(N) —&;(N) < (hi, A — v+ «). The conclusion follows
from Lemma O

6-f. Alternative descriptions of ;. Keep A € P, fixed. Now we wish to prove
the analogue of Theorem [G.IT]for the function ;. This is considerably more difficult
to do. Let M be an irreducible H)-module. Recall that

fiM =limpriind} ' M ® Ly (i),  ind; M = lim priind) §' M K R, (4),

and that the inverse limits stabilize after finitely many terms. Define ¢,(M) to
be the stabilization point of the limit, i.e. the least m > 0 such that f;M =
pr)‘indZ?ilM ® Ly (i), or equivalently ind;M = pr)‘indZ?ilM X R, (7). The first
lemma follows [G1] Theorem 9.15].

Lemma 6.18. Let M be an irreducible H;)-module and i € I. Then
() [fiM] = @(M)[fiM] + 3 ¢a|Na] where the N, are irreducible H; 1 -modules
with £;(Ny) < &;(fiM);
(i) Endy; | (fiM) ~ Endy; | (f; M)®%: (M) 5 vector superspaces.

Proof. (i) Take any m > 1. Since pr* is right exact, the natural surjection L,, (i) —
L,—1(2) and the obvious embedding Ly, (i) < Ly41(7) (see B=h) induce a commu-
tative diagram

prAind"ﬁlM ® L(i)) —m™ prAind"ngM ® Lim(7) P prAindnngM ® Lm—1(i) — 0

n n, n,

H !

. . m . N Bm
prxdeﬁlM®L(z) Smtd prAlnd::"ilM®Lm+1(z) mtl

prxindZﬁlM ®Lm() — 0
where the rows are exact. Note that if o, = 0, then a,,,+1 = 0. It follows that if
Bm is an isomorphism, then so is B,/ for every m’ > m. So by definition of @;(M),
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the maps (1,82, ...,B8p,(m) are not isomorphisms but all other G/, m’ > @;(M)
are isomorphisms.
Now to prove (i), we show by induction on m = 0,1,...,¢;(M) that

[pr)‘indeilM ® Ly (i)] = m[f;M] + lower terms,

where the lower terms are irreducible M) ;-modules N with e;(N) < &;(f;M). This
is vacuous if m = 0. For m > 0, 3, is not an isomorphism, so «,, # 0. Hence, by
Lemma [B.5] the image of o, contains a copy of ﬁM plus lower terms. Now the
induction step is immediate.

(ii) Take m = @;(M). One easily shows using the explicit construction of L, (4)
in [£=0 that there is an even endomorphism 6 : Ly, (i) — Ly, (¢) of Hi-modules, such
that the image of 6% is ~ L,, (i) for each 0 < k < m. Frobenius reciprocity
induces superalgebra homomorphisms

Endy, (Lin(i)) = Endy,, , (M & Ly, (i) < Endyy, ,, (ind} 7' M ® Ly, (i)

n+1( n,l

So # induces an even M, ;-endomorphism 6 of indelM ® Ly (1), such that the
image of 6% is ~ indﬁﬁlM ® Ly—k(i) for 0 < k < m. Now apply the right exact
functor pr* to get an even ’H;\L 1-endomorphism

0 : prind} 1M ® Ly, (i) — priind 7'M ® Ly, (4)

induced by 6. Note that ™ = 0 and §™! # 0 because its image coincides with the

image of the non-zero map a., in the proof of (i). Hence, 1, é, e ,ém_l are linearly
independent, even endomorphisms of f; M. Now the proof of (ii) is completed in
the same way as in the proof of Theorem [G.TTI(iii). O

Corollary 6.19. Let M, N be irreducible H)-modules with M % N. Then, for
every i € I, HOmH/\+1(f/L‘M7 fiN) =0.

Proof. Repeat the argument in the proof of Corollary T2, but using ¢@; and
Lemma [GT8(i) in place of &; and Theorem BGTT(i). O

The main thing now is to prove that ¢,(M) = ¢;(M). Note right away from the
definitions that ¢;(M) = 0 if and only if ¢;(M) = 0.
Lemma 6.20. If M is an irreducible H;y-module, then

¢
(Po(M) — eo(M)) + QZ(@(M) —&i(M)) = (¢, A).

Proof. By Frobenius reciprocity and Theorem [3.9], we have that

. Mo Hyyr. HO
Endyy (ind, 3" M) ~ Homgys (M, res, v ind, 3" M)
~ Homyg (M, M & ITM) (e
. Mo Hy
@ Homyr (M, ind, % res M)

n
A
n—1 Hn—l

~ Homygy (M, M & TIM)®N @ Endyr (ress M),

n
H’\

n—1

Hence, by Schur’s lemma,

2(c, \) if M is of type M,

. D : Mo _
dim EndHﬁH (de%HM) — dimEndy, (reSHﬁflM) B {4<C, A) if M is of type Q.
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Now if M is of type M,
¢
A
ind; 3 M =~ foM & @D (f:M & T1f;M),
i=1
R ¢
res’ M ~egM @ @(Q‘M @ Ile; M)

Hy_y
i=1
by Lemmas [6.3] 6.4l and (6.8). Hence by Lemma [6.18[ii) and Theorem B.11I(iii),
¢
. . HD - -
dim Endyy (deflM) =2¢o(M) +4 Z @i(M),
i=1

A

. H
dim End,y» (res, %

n—1

14
M) =2e0(M) +4) (M),

and the conclusion follows in this case. The argument for M of type Q is similar. [
Lemma 6.21. Let M be an irreducible H;)-module and i € I. Let ¢; =1 if i = 0,
c; = 2 otherwise. Then,

[res;ind; M : M| = ZCiei(ﬁM)@(M), [ind;res; M : M| = 2¢,e,(M)@;(é; M),
soc res;ind; M ~ (M @ IIM)®e:#:i(M) soc indgres; M ~ (M & IIM)®eis: (M),
Proof. The statement about composition multiplicities follows from Theorem GITi)
and Lemma[6T8[i), taking into account how res; and ind; are related to e; and f; as
explained in Lemmas and [64 Now consider the statement about
socles. We consider only res;ind; M, the other case being entirely similar but
using results from [6-d instead. By adjointness, it suffices to be able to com-
pute HOmHA+1(indiN ,ind; M) for any irreducible Hj)-module N. But in view of
Lemma [6.4] this can be computed from knowledge of Homy, | (fiN, f;M) which is

known by Corollary 619 (if M 2 N) and Lemma [BT8(ii) (if M = N). The details
are similar to those in the proof of Lemma [£20] so we omit them. O

The proof of the next lemma is based on [Vo, Lemma 6.1].
Lemma 6.22. Let M be an irreducible H)-module and i € I. There are maps
ind;res; M 2 ressind; M <2 res;ind; M /socres;ind; M,
whose composite is surjective.
Proof. Let k = ¢;(M) and
m o indp i M R R (i) — priind {1 M KRy, (i) = ind; M

be the quotient map. Let 7} denote the subalgebra of H, generated by X! C,,
and set z = X,, + X7 — q(i) (resp. X,, — 1 if i = 0). Recall from (=0l that viewed
as an ‘Hj-module, we have that Ry (i) ~ H}; /(). In particular, Ry (i) is a cyclic
module generated by the image 1 of 1 € Hi.

We first observe that for any m > ;(M) + @;(M), z™ annihilates the vector

[Ty ® (u ®v)] € ind; M

for any u € M,v € Ry(i). This follows from the relations in H,,41, e.g. in case
i # 0 one ultimately appeals to the fact that (X, + X7 ' — ¢(i))**™) annihilates u
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(see Theorem BII(ii)) and (X414 +X,, 1, —¢(i))#*™) annihilates v. It follows that

the unique H,—11-homomorphism (res; M) K H] — res;,_ jres;ind; M such that

u® 1+ 7T, ® (u®1)] for each u € res; M C M factors to induce a well-defined
Hy—1,1-module homorphism (ves; M) X R, (i) — res;;_; jres;ind; M. We then get
from Frobenius reciprocity an induced map

(6.21) Y+ indy g g (ves; M) KRy, (i) — res;ind; M
for each m > &;(M) + ¢;(M). Each v, factors through the quotient
pr’\indsz1 (resiM) R R, (4),
so we get an induced map
¥ :ind;res; M = lianr)‘indzfl,l(resiM) X R (i) — res;ind; M.

It remains to show that the composite of 1) with the canonical epimorphism from
res;ind; M to res;ind; M /soc res;ind; M is surjective.

Let x = (n,n+ 1) € Sp4+1. By the Mackey Theorem there exists an exact
sequence

0 — M R Ry (i) — resp i (ind) 11 M R Ry (1))
- indﬁfl,l,l’”((reSmeM) X R(i)) — 0.
In other words, there is an H,, 1-isomorphism
indt) | "((resi_y M) RR(1) —> resi i (ind) 4 M B R (i) /(M B R (3)),
heuev) — W, @ueuv+ MXRL®)

forh € Hp,u € M,v € Ry(i), where MXR(4) is embedded into restl(indZﬁlMg
Ri(i)) as 1 ®@ M ® Ri(i). Recall from ([A28)) that dim Ry (i) = 2kc; where ¢; is as
in Lemma [6.2T] Hence, applying Lemma [6.2T]

res™ ! M & Ry (i) ~ (M @ TIM)*® ~ soc res;ind; M.
So applying the exact functor res; = res™! o A; to the isomorphism above we get
an isomorphism

indy,_; (res;M) KRy (i) — resi(indZﬁlM X Ry (i))/soc res;ind; M,
huv +— hl, ®u® v+ socres;ind; M.
It follows that there is a surjection
6 :indy_; 4 (res; M) X Ry(i) — res;ind; M /soc res;ind; M
such that the diagram
indy,_ ;(res; M) W R, (4) res;ind; M

| [ean

indy, _q q(res; M) X Ry(i) LN res;ind; M /soc res;ind; M

commutes for all m > ¢;(M) + ¢;(M), where vy, is the map from (E2T)) and the
left-hand arrow is the natural surjection. Now surjectivity of # immediately implies
the desired surjectivity of the composite. O

Pm
e

Lemma 6.23. Let M be an irreducible H;)-module with e;(M) > 0. Then,
@i(&:M) = ¢i(M) + 1.
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Proof. Let us first show that
(6.22) @i(€iM) = i(M) + 1.
Recall @;(M) = 0 if and only if @;(M) = 0. Suppose first that ¢;(M) = 0, when
wi(é&;M) # 0. Then, ¢;(M) = 0 and @;(é;M) # 0, so the conclusion certainly
holds in this case. So we may assume that ¢;(M) > 0, hence @;(M) # 0. Note by
Lemma [6.2T]

[res;ind; M /soc res;ind; M : M|

= 2Cz€z(ﬁM)()51(M) — Zngﬁz(M) = 26161(M)@1(M) 75 0.

In particular, the map v in Lemma is non-zero. Now Lemma implies
that the multiplicity of M in im 1 is strictly greater than 2c;e;(M)@;(M), since
at least one composition factor of socim 1 C socres;ind; M must be sent to zero

on composing with the second map can. Using another part of Lemma this
shows that

QCiEi(M)QZi(éiM) > 20281(M)¢1(M)

and (6.22) follows.
Now using (6.22) and Lemma [6.2T] we see that in the Grothendieck group,
[res;ind; M — ind;res; M : M| < 2¢;(¢i(M) — €;(M)),
with equality if and only if equality holds in (6222). By central character consider-
ations, for i # j, [res;ind; M : M| = [ind,res; M : M] = 0. So using ([6.6]) we deduce

that
HA L. HD . HA HA
[reSHﬁHdeflM —indy % res % M : M|

n—1 n—1

¢
< 2(Go(M) —eo(M)) + 42(@(]\4) —&(M))
i=1

with equality if and only if equality holds in (E22) for all ¢ € I. Now Lemma
shows that the right-hand side equals 2(c, A), which does indeed equal the left-hand
side thanks to Theorem [3.9. O

Corollary 6.24. For any irreducible H;r-module M, @;(M) = @;(M).

Proof. We proceed by induction on ¢;(M), the conclusion being known already in
case p;(M) = 0. For the induction step, take an irreducible H)-module N with
pi(N) > 0, s0 N = ¢;M where M = fiN is an irreducible Hf‘b+1—modu1e with
gi(M) >0, p;i(M) < ¢;(N). Then by Lemma [6.23 and the induction hypothesis,

Gi(N) = @i(€:M) = ¢i(M) +1=i(M) + 1 = pi(é:M) = pi(N).
This completes the induction step. [l
As a first consequence, we can improve Corollary [6.17t

Lemma 6.25. Let M be an irreducible H;y-module of central character x., for €
Ty. Then, ;(M) —e;(M) = (hi, A — 7).

Proof. In view of Corollary [6.17, it suffices to show that

L
(po(M) —eo(M)) + QZ(%(M) —&i(M)) = (¢, A)-
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But this is immediate from Lemma and Corollary 6241 O

We are finally ready to assemble the results of the subsection to obtain the full
analogue of Theorem for p;:
Theorem 6.26. Leti € I and M be an irreducible H;)-module. Then,

i) [fiM] = @i (M)[fiM]+" ¢a[No] where the N, are irreducibles with ¢;(N,) <

@i(fiM);
(i) @;(M) is the least m > 0 such that f; M = prkindZﬁlM ® Ly (1);

(iii) Endy,,,(fiM) ~ Endy,,,, (fi )&M) 45 pector superspaces.
Proof. (i) Since ¢;(M) = ¢;(M) by Corollary 6.24, we know by Lemmal[6.18(i) that
[fiM] = SOz(M)[sz] + an[Na]

where the N, are irreducibles with &;(N,) < ez(ﬁM) Suppose that M € Rep,, H),

for v € I';,. Then sz and each N, have central character x_, , , since they are all
composition factors of ind; M. So by Lemma [6.25,

@i(Na) = (hi, A=y — ai) +ei(Na),  @i(fiM) = (hi, A — 7 — o) + :(fiM).

It follows that ¢;(Ng) < @i(ﬁNa) also.
(ii) This is just the definition of @;(M) combined with Corollary [6.241
(iii) This follows from Lemma B.I8)(ii). O

7. CONSTRUCTION OF U,

7-a. Grothendieck groups revisited. Let us now write

(7.1) K(o0) = P K (Rep; Hn)

n>0

for the sum over all n of the Grothendieck groups of the categories Rep; H,. Also,
write

(7.2) K(o0)g = Q®z K(o0),

extending scalars. Thus K(oco) is a free Z-module with canonical basis given by
B(00), the isomorphism classes of irreducible modules, and K (c0)q is the Q-vector
space on basis B(oo). We will always view K (co) as a lattice in K (00)g.

We let K(c0)* denote the restricted dual of K(00), namely, the set of functions
f : K(00) — Z such that f vanishes on all but finitely many elements of B(co).
Thus K (0co0)* is also a free Z-module, with canonical basis

{0m [ [M] € B(o0)}

dual to the basis B(co) of K(o0), i.e. dp([M]) =1, dp([N]) = 0 for [N] € B(o0)
with N 2% M. Note for an arbitrary N € Rep; Hn, dp([IV]) simply computes the
composition multiplicity [N : M] of the irreducible module M as a composition
factor of N. Finally, we write B(oo)g, := Q®z B(c0)*, which can be identified with
the restricted dual of B(o0)g.

Entirely similar definitions can be made for each A € P;:

(7.3) K(\) = D K (Rep; 1)

n>0
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denotes the Grothendieck groups of the categories Rep H;y for all n. Again, K(\)
is a free Z-module on the basis B(\) of isomorphism classes of irreducible modules.
Moreover, infi* induces a canonical embedding

infl* : K(\) — K(c0).

We will generally identify K (\) with its image under this embedding. We also
define K(\)* and K(\)g = Q ®z K()) as above.

Recall the operators e; and more generally the divided power operators ey) for
r > 1, defined on irreducible modules in res;H,, in ([G.8) and (GI1) respectively.
These induce linear maps

(7.4) el K(o00) = K(0)

for each » > 1. Similarly, the operators ey) and fi(r) from (6:12) and (6.13)) respec-
tively induce maps

(7.5) M LK) = K ().
Recall by Lemma [6.9] that
(7.6) el =Nel", =",

Extending scalars, the maps eﬁ”,fi('”) induce linear maps on K(c0)g and K (A)g
also.

7-b. Hopf algebra structure. Now we wish to give K(oc) the structure of a
graded Hopf algebra over Z. To do this, recall the canonical isomorphism

(7.7) K(Rep; Him) ®z K (Rep; Hy) — K(Rep; Hin,n)
from (Z4), for each m,n > 0. The exact functor indj, " induces a well-defined
map

ind" 1"+ K(Rep; Hin,n) — K (Rep; Hinn)-

Composing with the isomorphism (7.7)) and taking the direct sum over all m,n > 0,
we obtain a homogeneous map

(7.8) ¢ K(00) ®z K(00) — K(00).

By transitivity of induction, this makes K (co) into an associative graded Z-algebra.
Moreover, there is a unit

(7.9) L:Z — K(o0)

mapping 1 to the identity module 1 of Hy. Finally, since the duality 7 induces the
identity map at the level of Grothendieck groups, Theorem [ZT4] implies that the
multiplication ¢ is commutative (in the usual unsigned sense).

Now consider how to define the comultiplication. The exact functor res
induces a map

n
ni,n2

res” : K(Repr Hn) — K(Rep; Hny ns)-

ni1,n2
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By composing with the isomorphism (1), we obtain maps

(7.10) AL, K(Rep; Hy) — K(Repr My, ) @z K(Repy Hy,),
(7.11) A= 3 An . :K(Rep; Hn)
nit+na=n

- @ K(Rep; Hp,) ®z K(Rep; Hp, ).

ni+n2=n
Now taking the direct sum over all n > 0 gives a homomogeneous map
(7.12) A K(0) — K(o0) ®z K(00).

Transitivity of restriction implies that A is coassociative, while the homogeneous
projection onto K (Rep; Ho) = Z gives a counit

(7.13) e: K(o0) — Z.
Thus K (c0) is also a graded coalgebra over Z. Now finally:
Theorem 7.1. (K(00),0,A,,¢€) is a commutative, graded Hopf algebra over Z.

Proof. Tt just remains to check that A is an algebra homomorphism, which fol-
lows using the Mackey Theorem. Note in checking the details, one needs to use
Lemma [5.T4] to take the definition of ® into account correctly. O

We record the following lemma explaining how to compute the action of e; on
K (00) explicitly in terms of A:

Lemma 7.2. Let M be a module in Rep; Hy,. Write

no1a[M] =) [Ma] ® [N

a

for irreducible H,,—1-modules M, and irreducible Hy-modules N,. Then,

ei[M] = > M)

a with No=L(1)

Proof. This is immediate from Lemma [63l O

Lemma 7.3. The operators e; : K(00) — K(00) satisfy the Serre relations, i.e.

€;ej = €;€; Zf|Z —]| > 1

e?ej—i—eje?:%iejei ifli—jgl=1,1#0,5 £

6861 + 360616(2) = 36(2)6160 + 6168 if £ # 1,

e?_lez + 36z,1ege§_1 = 36?_1646z71 + egeg’_l if £ #£ 1,

eber + begerey + 10ejerel = 10ederel + Segereg + ere) if 0 =1,

fori,jel.

Proof. In view of Lemma and coassociativity of A, this reduces to checking it
on irreducible H,-modules for n = 2,3,4,4, 6 respectively. For this, the character
information in Lemmas (.19 and is sufficient. ([l
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Now consider K (A) for A € Py. This has a natural structure as K (co)-comodule:
viewing K (\) as a subset of K(co), the comodule structure map is the restriction

A K(\) — K(\) ®z K(c0)

of A. In other words, each K(\) is a subcomodule of the right regular K(oo)-
comodule.

One checks from the definitions that the dual maps to ¢, A, ¢, ¢ induce on K (c0)*
the structure of a cocommutative graded Hopf algebra. From this point of view,
each K (M) is a left K (oo)*-module in the natural way: f € K(co0)* acts on the left
on K () as the map (id®@f) o A*. Similarly, K (co) is itself a left K (oo)*-module,
indeed in this case the action is even faithful.

Lemma 7.4. The operator e\” acts on K (o0) (resp. K(\) for any A € Py ) in the

i
same way as the basis element &1,y of K(00)*.

Proof. Let M be an irreducible module in Rep; H,, or RepH,\. Let
An—r,r[M] = Z[Ma] ® [N(l]

a

for irreducible H;\kr—modules M, and irreducible H,-modules N,. By the definition
of the action of K(o0)* on K(\), it follows that

dp(in[M] = S M)
a with Ng2L(i")

Hence, since [res] L(i")] = (r!)[L(i)®"], we get that 07 acts in the same way
as (r!)drry. So in view of (Z.0)), it just remains to check that d,(; acts in the same
way as e;, which follows by Lemma, [7.2] O

Lemma 7.5. There is a unique homomorphism 7 : Ug — K(c0)* of graded Hopf
algebras such that e§r) > Or(ry for each i € I andr > 1.

Proof. Since K(c0) is a faithful K (oco)*-module, (Z6) and Lemmas [3 and [Z4
imply that the operators d,(;-) satisfy the same relations as the generators e§r) of

Ug . This implies existence of a unique such algebra homomorphism. The fact that
7 is a coalgebra map follows because

A(drp)) =0 @1+ 1® 50
by the definition of the comultiplication on K (co0)*. O
7-c. Shapovalov form. Now focus on a fixed A € P,. For an H}-module M, we

let Py denote its projective cover in the category HA-mod. Since H) is a finite
dimensional superalgebra, we can identify

(7.14) K(\)* = @5 K(ProjH))
n>0

so that the basis element dj; corresponds to the isomorphism class [Pys] for each
irreducible Hj-module M and each n > 0. Moreover, under this identification, the
canonical pairing

(7.15) (L) KW x K(\) — Z
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satisfies
_ [ dimHomg (Pas, N) if M is of type M,
(7.16) ([Pu], [N]) = { 1 dim Homyy (Ppr, N) - if M is of type Q,

for H)-modules M, N with M irreducible (since the right-hand side clearly com-
putes the composition multiplicity [N : M]).
There is a homogeneous map

(7.17) w: KO\ — K(\)

induced by the natural maps K (ProjH;,) — K(RepH,) for each n. We warn the
reader that we do not yet know that w is injective.

I
%

As explained at the end of [6=c] we can define an action of " and fi(r) on the
projective indecomposable modules, hence on K(\)*. We know by Lemma (10
that (Z8) holds for the operations on K (\)* as well as on K (\). Also, the actions

of ezm and fi(r) commute with w by (6.14).

Lemma 7.6. The operators e;, fi on K(\)* and K(\) satisfy (e;x,y) = (z, fiy),
(fiz,y) = (z,e;y) for each x € K(A\)* and y € K(\).

Proof. Let M be an irreducible Hj-module and N be an irreducible H;,, ;-module.
We check that (f;[Pa], [N]) = ([Pa], e;[N]) in the special case that i = 0, M is of
type Q and N is of type M. In this case, Lemmas [6.4] B.11(i) and 6.3,

(fi[Pul, [N]) = %(indi [Pat], [N]) = %dim Homyqy _ (ind; Py, )

1.
=3 dim Homy (Paryres;N) = ([Pu],res;[N]) = ([Pas], e[ N]).
All the other situations that need to be considered follow similarly. O

Corollary 7.7. Suppose
M= 37 aunN, f7OM= D7 bunIN]
[N]eB(XA) [N]eB(XA)
for [M] € B(X\). Then,
e Pvl= Y bunlPul, f7Py]= Y ann(Pul
[M]€B(X) [M]eB(X)
for [N] € B(X).

Using this, the next lemma is an easy consequence of Theorem [6.26(i); see [Gy]
Lemma 11.2] for the detailed proof.

Lemma 7.8. Let M be an irreducible H)-module, set ¢ = ;(M),p = @i(M).
Then, for any m > 0,

ePyl= > an[Parn]
N withe;(N)>m

for coefficients an € Z>o. Moreover, in case m = ¢,
(e) (et
e, [Pu) = ( . )[PéfM] + Z an[Pee N].
N withe;(N)>e

We also need:

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



HECKE-CLIFFORD SUPERALGEBRAS 381

Theorem 7.9. Given an irreducible H)-module M, [Py] € K(ProjH;) can be

written as an integral linear combination of terms of the form fi(lm) e i(:c")[lx],

Proof. Proceed by induction on n, the conclusion being trivial for n = 0. So suppose
n > 0 and that the result is true for all smaller n. Suppose for a contradiction that
we can find an irreducible H;-module M for which the result does not hold. Pick i
with ¢ := g;(M) > 0. Since there are only finitely many irreducible H;)-modules, we
may assume by the choice of M that the result holds for all irreducible H;\-modules
L with g;(L) > e. Write

Pl = > aw[Py]

[L]€lrr H)
for coefficients ar, € Z. By Corollary[Z4, ay = [ege)L : €EM]. In particular, ar, =0
unless £;(L) > e. Moreover, if ay, # 0 for L with ¢;(L) = ¢, then by Theorem[G.T1)i),
we have that ez(-E)L =efL =2 é; M, whence L = M and apr = 1. This shows
(7.18) Pl = £ el = D au[Pr]
L with e; (L)>e
for some ay, € Z. But the inductive hypothesis and choice of M ensure that all terms

on the right-hand side are integral linear combinations of terms fi(lrl) . fi(:“)[l Al

hence the same is true for [Py], a contradiction. O

The next two theorems are fundamental, so we include the proofs even though
they are identical to the argument in [G;], Theorem 11.1].

Theorem 7.10. The map w: K(A\)* — K(X\) from is injective.

Proof. We show by induction on n that the map w : K(ProjH;\) — K (RepH,\) is
injective. This is clear if n = 0, so assume n > 0 and the result has been proved
for all smaller n. Suppose we have a relation

> anw([Pu]) =0
[M]€lrr H)

with not all coefficients ap; being zero. We may choose i € I and an irreducible
module M such that ay; # 0,6 :=&;(M) > 0 and ay = 0 for all N with &;(N) > €.

Apply 656) to the sum. By Lemmal[Z8, we get

> <E+ii(N)>an([PéfN])+X=0

N with e;(N)=¢

where X is a sum of terms of the form w([Pz:r]) with €;(L) > . Now the inductive
hypothesis shows that X = 0 and that ay = 0 for each N with ¢;(N) = ¢. In
particular, aj; = 0, a contradiction. |

In view of Theorem [LI0, we may identify K (A\)* with its image under w, so
K(\)* C K(X) are two different lattices in K (\)g: on tensoring with Q they
become equal. Extending scalars, the pairing (ZIH) induces a bilinear form

(7.19) () KMo xKMNg—Q
with respect to which the operators e; and f; are adjoint.

Theorem 7.11. The form (.,.) : K(A)g X K(A)g — Q is symmetric and non-
degenerate.
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Proof. It is non-degenerate by construction, being induced by the pairing (., .) from
(CIH). So we just need to check that it is symmetric. Proceed by induction on n to
show that (.,.) : K(RepH})g x K(RepH))g — Q is symmetric. In view of Theo-
rem [ any element of K (Rep H))g can be written as f;x for x € K(RepH)}_;)o-
Then for any other y € K(Rep H,\)g, we have that

(fim)y) = (xveiy) = (eiyax) = (ymfzx)
by the induction hypothesis. O

7-d. Chevalley relations. Continue working with a fixed A € P,. We turn now
to considering the relations satisfied by the operators e;, f; on K(\).

Lemma 7.12. The operators e;, f; : K(\) — K (X) satisfy the Serre relations ([£4]).

Proof. We know the e; satisfy the Serre relations on all of K (oo) by Lemma [7.3] so
they certainly satisfy the Serre relations on restriction to K (). Moreover, e; and
fi are adjoint operators for the bilinear form (., .) according to Lemma [7.6] and this
form is non-degenerate by Theorem [T.11l The lemma follows. O

Now we consider relations between the e; and f;. For ¢ € I and an irreducible
H;)-module M with central character x-, for v € T',,, define

(7.20) hi[M] = (hi, X — ) [M].
Recall, according to Lemma [6:25] that equivalently we have
(7.21) hi[M] = (@i(M) — &i(M))[M].

More generally, define

(7.22) <h> LK) — K(\),  [M]— <

" @i(M) —€i(M)>[M]

r
where (') denotes m(m —1)...(m —r + 1)/(r!). Extending linearly, each (};)
can be viewed as a diagonal linear operator K(A\) — K(A). The definition ([20)
implies immediately:
Lemma 7.13. As operators on K(X), [hi, e;]=(hi, oj)e; and [k, f;] = —(hi, ;) f;
foralli,jel.

For the next lemma, we follow |G|, Proposition 12.5].
Lemma 7.14. As operators on K()\), the relation [e;, f;] = ; jhi holds for each
ijel.
Proof. Let M be an irreducible H)}-module. It follows immediately from The-
orems B.TTI(i) and BE26(i) (together with central character considerations in case
i # j) that [M] appears in e; f;[M] — fje;[M] with multiplicity 6; ;(¢: (M) —e;(M)).
Therefore, it suffices simply to show that e; f;[M] — fje;[M] is a multiple of [M].
Let us show equivalently that

[res;ind; M — ind,res; M]

is a multiple of [M].
For m > 0, we have a surjection indZﬁlM X Rm(j) — ind; M. Apply pr™ o res;
to get a surjection

(7.23) pr)‘resiindZﬁlM KR, (j) — res;ind; M.
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By the Mackey Theorem and ([@29), there is an exact sequence
0 — (M @ IIM)®%™m¢ _ res;ind™ M K R, ()

n,l

— indZ_Ll(I"eSiM) IX Rm(]) - 07

where ¢; is as in Lemma B2I For sufficiently large m, prtindj,_, (res; M) K
Rm(j) = ind;res; M. So by applying the right exact functor pr* and using the
irreducibility of M, this implies that there is an exact sequence
(7.24)

0 — M¥™ g IIM®™ — pr)‘resiindelM X R, (j) — ind,res; M — 0,

for some mi,ms. Now let N be any irreducible H;\L—module with N 22 M. Combin-
ing (7:23) and (7.24)) shows that

(7.25) [ind;res; M — res;ind,; M : N| > 0.

Now summing over all ¢, j and using (E8]) we get [ind res M — resind M : N] > 0.

But Theorem B3l shows that equality holds here, hence it must hold in (ZZ2H) for
all i,j € I. This completes the proof. O

To summarize, we have shown in (Z.6)), Lemmas[.12, [7.13] and [.14 that:

Theorem 7.15. The action of the operators e;, fi, h; on K(\) satisfies the Cheval-
ley relations (&2)), @3) and Q). Hence, the actions of egr),fi(r) and (};) for all
i€ I,r>1 make K(X)g into a Ug-module so that K (A\)*, K(X\) are Uz-submodules.

7-e. Identification of K(oc0)*, K(A\)* and K ()). Now we can prove Theorems A
and B stated in the introduction. Compare [A4], 4.3, 4.4] and |Gl 14.1, 14.2].

Theorem 7.16. For any A € Py,

(i) K(X)q is precisely the integrable highest weight Ug-module of highest weight
A, with highest weight vector [1x];
(i) the bilinear form (.,.) from (CI9) on the highest weight module K(\)g coin-
cides with the usual Shapovalov form satisfying (1], [1r]) = 1;
(iii) K(N)* € K(X) are integral forms of K(X)g containing [1], with K (\)* being
the minimal lattice Uy [1x] and K(X) being its dual under the Shapovalov
form.

Proof. It makes sense to think of K (\)g as a Ug-module according to Theorem [Z.Thl
The actions of e; and f; are locally nilpotent by Theorems[B.11)i) and [E.26(i). The
action of h; is diagonal by definition. Hence, K (\)g is an integrable module. Clearly
[1x] is a highest weight vector of highest weight A. Moreover, K(\)g = Uy, [1a] by
Theorem [[9. This completes the proof of (i), and (ii) follows immediately from
Lemma For (iii), we know already that K(\)* C K(A) are dual lattices of
K (X)g which are invariant under Uz. Moreover, Theorem [[9 again shows K (\)* =
Uz [1x]. .

Theorem 7.17. The map 7 : US — K(c0)* constructed in Lemma [7.3] is an
isomorphism.

Proof. Note by Lemma [T4] that the action of the el(.r) € U; on K (o), hence on
each K ()), factors through the map 7. So if x € kerw, we have by the previous
theorem that = acts as zero on all integrable highest weight modules K (), A € Py.
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Hence = 0 and 7 is injective. To prove surjectivity, take x € K(o00). It suffices to
show that (7(u),z) = 0 for all u € U} implies that = = 0. Note

(r(u), 2) = (x(V)7(u), 2) = (x(1), 7(w)z) = (x(1), ux)

where the second equality follows because the right regular action of K (co)* on
itself is precisely the dual action to the left action of K(co0)* on K(c0), and the
third equality follows from Lemma [T4l Hence, if (7(u),z) = 0 for all u € U},
we have that (7(1),uz) = 0 for all u € U;. Now choose A € P, sufficiently large
so that in fact + € K(\) C K(00). Then, it follows that ([Lx],uz) = 0 for all
u € U, where (.,.) is now a canonical pairing between K (\)* and K ()). Hence
by Lemma [Z6] (v[1x],z) = 0 for all v € U, . But then Theorem [ implies that
z=0. (|

8. IDENTIFICATION OF THE CRYSTAL
8-a. Final properties of B(co). Now we follow the ideas of [G1], §13].

Lemma 8.1. Let M € Rep; Hy, be irreducible.
(i) For any i € I, either e;(f; M) =&i(M) ore;(M)+1.
(ii) For anyi,j € I withi# j, ei(fi M) = e:i(M).

Proof. We prove (i), the proof of (ii) being similar. By the Shuffle Lemma, we
certainly have that ¢;(ffM) < ¢;(M) + 1. Now let N = f*M. Then obviously,
gi(€fN) < &i(N). Hence, ;(M) < &;(f;M). O

Lemma 8.2. Let M € Rep; H., be irreducible and i,j € I. If 5i(fj’-"M) = g;(M)
then, writing € := ;(M), we have éff;‘M = f;‘éfM.

Proof. Set n = m —e. Let N = é;M, so N is an irreducible H,,-module with
ei(N)=0and M = fEN. For 0 < b < e, let Q, = resf*bfj*M. Theorem [6.17)(i)
and Lemma imply that in the Grothendieck group, @} is some number of copies
of éf_b fj’-"M plus terms with strictly smaller ¢;. In particular, ¢;(L) < b for all
composition factors L of @, while Qg consists only of copies of & f]*M .

We will show by decreasing inductionon b =¢,e—1,...,0 that there is a non-zero
Hp+b+1-module homorphism

v ind{ M L) RN R L) — Qo

Incase b =¢, Q. = fj*M is a quotient of indT:@lL(j) X M and M is a quotient
of indeEN X L(4¢), so the induction starts. Now we suppose by induction that we
have proved ~y, # 0 exists for b > 1 and construct ~y,_1.
Consider resZiZﬁlindfﬁTlL(]’) X N X L(i%). By the Mackey Theorem, this has
a filtration 0 C Fy; C Fy C F3 with successive quotients
. b1 1,n,b . .
= mdl’,ﬁ,b_1,1r681,ﬁ,b_1,1L(J) XN ® L"),
Fy/Fy ~ind{ 12, Pres; ™’ | L(j) RN K L(),
F3/Fy ~ ind %' N R L(i*) K L(j),

where w is the obvious permutation. As v, # 0, Frobenius reciprocity implies that
there is a copy of the Hj , p-module L(j) ® N ® L(i®) in the image of 4,. Now
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b > 0, so the g(i)-eigenspace of X, 4p41 + X;ib+1 acting on L(j) ® N ® L(i®) is
non-trivial. We conclude that the map

A = res; (1) : resiind?’:f’g"lL(j) RN K L) — resiQp = Qp_1

is non-zero.

If © # j, then it follows from the description of F5/Fy and Fy/F; above that
res;(F3/F;) = 0. So in this case, we necessarily have that 4,(F;) # 0. Similarly
if ¢ = j, res;(Fo/F1) = 0, so if 33(F1) = 0 we see that 4, factors to a non-zero
homomorphism

resi T tind " 1% N R L(i%) R L(6) — Qp-1.

But this implies that Q,—1 has a constituent L with ;(L) = b, which we know is
not the case. Hence we have that 4;(F;) # 0 in the case i = j too.
Hence, the restriction of 4, to F} gives us a non-zero homomorphism

+b1. ibtn,l 1,n,b . "
res; ;) 1nd17n7fb_1,1resl,z7b_LlL(‘y) XNXLGE) — Qp_1.

Now finally as all composition factors of res) , L(i®) are isomorphic to L(i*~1), this
implies the existence of a non-zero homomorphism ~,_ 1 : indl{ﬁ:b_lL(j) X N KX
L(i*~1) — Qp—1 completing the induction.

Now taking b = 0 we have a non-zero map g : indffblL(j) KN — Qq. But the
left-hand side has irreducible cosocle f;‘N = fj’-"éfM while all composition factors

of the right-hand side are isomorphic to €; f;‘M . This completes the proof. O
Corollary 8.3. Let M € Rep;(Hm,) be irreducible and i € I. Let My = éfi(M)M
and My = (e5)5i MM . Then, ef(M) = X (My) if and only if e;(M) = ;(My).

Proof. Since we can apply the automorphism o, it suffices to check just one of the

implications. So suppose &;(M) = ¢;(Ms). Clearly, ef (M) > ef(M;). For the
reverse inequality, the preceeding two lemmas show that

This shows that e} (M7) > ef(M). O

Lemma 8.4. Let M € Rep;Hy be irreducible and i € I satisfy el fyM) =

ei(M)+1. Then e, ffM = M.

Proof. Set € :=¢&;(M) and N = é5M. By the Shuffle Lemma and Theorem [E.12]
[ind" ! _L(i)® N ® L(i°)] = [ind™*! . N ® L(i*)].

1,m—e,c m—e,e+1

Hence by Theorem B.I1(i), [ind{"i" . .L(i) ® N ® L(i%)] equals [fET'N] = [fiM]

1,m—e,c
plus terms [L] for irreducible L with €;(L) < €. On the other hand, ind’f?j,‘bl_e,EL(i)@
N ® L(i°) surjects onto frM. So the assumption &;(ff M) = & + 1 implies f; M =
JiM. (|
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8-b. Crystals. Let us now recall some definitions from [Kal. A crystal is a set B
endowed with maps

pi,€i: B—>ZU{-00} (i€l),
é,fi: B—BU{0} (iel),
wt: B— P

such that
(C1) @i(b) = &i(b) + (hs, wt(b)) for any i € I;
(C2) if b € B satisfies €;b # 0, then £;(é;b) = €;(b) — 1, p;(€;b) = ¢;(b) + 1 and
wt(€;0) = wt(b) + au;
(C3) if b € B satisfies fib # 0, then &;(f;b) = ;(b) + 1, wi(fib) = wi(b) — 1 and
wt(€;b) = wt(b) — a3
(04) for bl, by € B, by = fzbl if an only if by = éibg;
(C5) if @;(b) = —oo, then &b = f;b = 0.
For example, for each i € I, we have the crystal B; defined as a set to be
{bi(n) | n € Z} with
o e ifj=i, o [ ifj=i,
SIODIES e ={ "
ooy bin+ 1) if G =, Fo o [ bin—1) ifj =i,
s ={ ¢ IS R ={ il
and wt(b;i(n)) = no;. We abbreviate b;(0) by b;. Also for A € P, we have the
crystal Ty equal as a set to {tx}, with ;(tx) = wi(tx) = —o0, €ty = fitx = 0 and

Wt(t)\) =\
A morphism 1 : B — B’ of crystals is a map 1 : BU {0} — B’ U {0} such that
(H1) ©(0) =0;
(H2) if () £ 0 for b€ B, then wi(p(b)) = wt(b), e:(6(b)) = &i(8) and i ($(b)) =
¥(b);

(H3) for b € B such that ¢(b) # 0 and ¢(&;b) # 0, we have that ¢(é;b) = € (b);
(H4) for b € B such that ¢(b) # 0 and 9(f;b) # 0, we have that ¢ (fib) = f0(b).

A morphism of crystals is called strict if ¢ commutes with the &’s and f;’s, and an
embedding if v is injective.
We also need the notion of a tensor product of two crystals B, B’. As a set,
B® B’ isequal to {b® ¥ |be€ B,V € B'}. This is made into a crystal by
gi(b®b') = max(g;(b),g;(b") — (hi, wt(b))),
pi(b®b') = max(pi(b) + (hs, wt(b')), i (b)),
_ N | &bV 1f<pz()251(’,
61(b®b){ b®é1b, lf(,OrL(
- b if @i
: b b/ — fi ~ K3
soon)={ 1250wt
wt(b@b') = wt(b) + wt(b).
Here, we understand b 0 =0=0® b.

Having recalled these definitions, we now explain how to make our sets B(oo)
and B()A) from (&) and (BI12) into crystals in the above sense. To do this, it
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just remains to define the weight functions on both B(co) and B(\), as well as the
function ¢; on B(o0): set

(8.1) wt(M) = —,

for an irreducible M € Rep., H,, and

(8.2) WtM(N) = A — 7,
for an irreducible N € Rep,, ‘H;. Also for an irreducible [M] € B(cc), define
(8.3) pi(M) = &i(M) + (hi, wt(M)),

so that property (Cl) is automatic. Thus we have defined (B(c0),€;, ¢4, €;, ﬁ,wt)

and (B(X),e:, @i, €7, f’\,wt’\) purely in terms of the representation theory of the
Hecke-Clifford superalgebras.

Lemma 8.5. (B(oo),ei,goi,éi,fi,wt) and each (B(/\),Ei,w,éf‘,ﬁ‘,wt’\) for A €
P, are crystals in the sense of Kashiwara.

Proof. Property (C1) is Lemma [6.25 or the definition in the affine case. Property
(C4) is Lemma[5.10. The remaining properties are immediate. O

Recall the embedding infl* : B(A\) U {0} — B(oco) U {0} from (5.13).

Lemma 8.6. The map B()\) — B(oco) @ Ty, [N] — infi’N] @ ty is an embedding
of crystals with image

{[M]®tx € B(co) @ Ty | ef (M) < (hi, \) for each i€ I}.

Proof. Since &} and fi)‘ are restrictions of ¢, f; from B (c0) to B()), respectively,
the first statement is immediate. The second is a restatement of Corollary[6.13] [

8-c. Identification of B(co) and B(A). The first lemma follows directly from
Lemmas 8] and B2, applying the automorphism o to get (ii).

Lemma 8.7. Let M € Rep; Hp, be irreducible and i,5 € I with i # j. Set a =
ef(M).

3

(i) £;(M) = e;((e7)*"M).
(ii) Ife;(M) >0, thenef(6;M) = e} (M) and (€5)*e;M = ¢;(ef)* M.

The proof of the next result is taken from [G;} Proposition 10.2].

Lemma 8.8. Let M € Rep; Hy, be irreducible and i € 1. Set a = €} (M) and
M = (&5)*M.
(i) €i(M) = max(e;(M),a — (hi, wt(M))).
(i) Ife;(M) >0,
if &(M) > a — (h;, wt(M)
{ a—1 ife;(M)<a— (h,wt(M)).
(iii) If e;(M) > 0,
M éi(M) zfez(M) > a— (h;,wt(M)),
o M

M if ei(M) < a — (hi, wt(M)),

where b= e} (&;M).
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Proof. Let e =¢;(M), n=m —¢, and N = (&) M.
(i) By twisting with o, it suffices to prove that (for arbitrary M)
(8.4) el (M) = max(e; (N),e — (hi, wt(N))).
Define the weights A(0), A(1),--- € Py by taking the A;-coefficient of A(r) to be
€;(N) +r and the Aj-coefficients of A(r) for j # i to be > 0. Then ), N =0

for any r > 0; see Corollory [6.13 Moreover, the same corollary implies that for
k - T)( )a
e (fEN) = (hi, A(r)) and &} (FFTIN) = (hi, A(r)) +
Now, @N) — eM(N) = (hj;,A + wt(N)) and &;(N) = }(N). Moreover, by
Lemma B|(i) (twisted with o) we have (f¥*N) > e*(N) for any k. All of these
applied consecutively to A(0), A(1),... 1mp1y
oy - f S i 5 < 22 (N) 4 (V) + (hiy wt(V)),
VT s —gi(N) = (hy, wt(N))y  if s > ef(N) +&i(N) + (hi, wt(N))
for all s > 0. For s = ¢, taking into account &;(IN) = 0, this gives (84).
(ii) Observe by [84) that €} (&;M) = e} (M) — 1 if and only if € > (h;, wt(N)) +
7 (IV), and that otherwise 7 (&;M) = 7 (M). But (hi, wt(N)) = (h;, wt(M)) + 2¢
and (h;, wt(M)) = (hi, wt(M)) + 2a so (ii) follows if we show that (h;, wt(M)) +
ef(N)+e < 0if and only if (h;, wt(M)) +;(M) + a < 0. But by (i) and (84),
(hi,wt(M)) + f (N) + & = max((hi, wt(M)) + 5 (N) + &;(M), e (N) — a),
(hiywt(M)) + e;(M) + a = max((h;, wt(M)) + e;(M) + e(N),:(M) — ¢).
Moreover, obviously &} (N) —a < 0 and &;(M) — e < 0, and it remains to observe
that € (N) —a = 0 if and only if ¢;(M) — e = 0, thanks to Corollary B3l
(iii) This follows from (ii) and Lemmas[82 and B4] (twisted with o). O

Now for each i € I, define a map
mapping each [M] € B(co) to [(&5)*M] @ fb;, where a = F(M).

Lemma 8.9. The following properties hold:
(i) for every [M] € B(o0), wt(M) is a negative sum of simple roots;
i) [1] is the unique element of B(oo) with weight 0;

(iii) €;(1) =0 for every i € I;

(iv) €;(M) € Z for every [M] € B(oo) and every i € I;

(v) for every i, the map ¥; : B(co) — B(oo) ® B; defined above is a strict
embedding of crystals;

(vi) Wi(B(o) C B(oo) x {fbi | n > 0}

(vii) for any [M] € B(oo) other than (1], there exists i € I such that U;([M]) =

[N]® fI'b; for some [N] € B(co) and n > 0.

(i

Proof. Properties (i)—(iv) are immediate from our construction of B(co). The infor-
mation required to verify (v) is exactly contained in Lemmas 87 and B8 Finally,
(vi) is immediate from the definition of ¥;, and (vii) holds because every such M
has €f(M) > 0 for at least one ¢ € I. O

The properties in Lemma exactly characterize the crystal B(oo) by [KS|
Proposition 3.2.3]. Hence, we have proved:
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Theorem 8.10. The crystal B(co) is isomorphic to Kashiwara’s crystal B(oo)
assoctated to the crystal base of Uy, .

In view of [Kal, Theorem 8.2], we can also identify our maps ¥; with those of [Ka].
Taking into account [Kal Proposition 8.1] we can then identify our functions £ on
B(00) with those in [Ka]. It follows from this, Lemma[8.6 and [Kal, Proposition 8.2
that:

Theorem 8.11. For each A € Py, the crystal B(\) is isomorphic to Kashiwara’s
crystal B(\) associated to the integrable highest weight Ug-module of highest weight
A

8-d. Blocks. Let A € P,. As an application of the theory, we mention here another
delightful argument of Grojnowski from [Gg], which in our setting classifies the
blocks of the cyclotomic Hecke-Clifford superalgebras ).

Let us recall the definition in the case of a finite dimensional superalgebra A.
Let ~ be the equivalence relation on the set of isomorphism classes of irreducible A-
modules such that [L] ~ [M] if and only if there exists a chain L & Lo, Lq,..., L, &
M of irreducible A-modules with either Ext) (L;, Li11) # 0 or Extly(Liy1,L;) #0
for each i. Given a ~-equivalence class b, the corresponding block Rep, A is the full
subcategory of Rep A consisting of the A-modules all of whose composition factors
belong to the equivalence class ~. Thus, there is a decomposition

Rep A = @Repb A
b

as b runs over all ~-equivalence classes. As usual, there are various equivalent
points of view; for instance, [L] ~ [M] if and only if the even central characters
XL, XM : Z(A)g — F arising from the actions on the irreducible modules L, M are
equal. Alternatively, the blocks of A can be defined in terms of a decomposition of
the identity 14 into a sum of centrally primitive even idempotents.

Theorem 8.12. Let M, N be irreducible H;y-modules with M % N. Let
0—M-—X—N—0

be an exact sequence of H,-modules. Then, pr*X = X and the sequence is also an
exact sequence of Hp-modules.

Proof. We note that for irreducible modules M, N in Rep; H,, with M % N, we
have that

Homyy, , (res;_;M,res;_N)=0.
This follows immediately from Corollary .12, Lemma [6:3 and (6.6). Using this in
place of [Gal Lemma 2], the proof of the theorem is now completed by exactly the
same argument as in [Go]. O
Note the theorem can be reinterpreted as saying that
(8.6) Exty, (M, N) ~ Extj, (M, N)
for irreducible H2-modules M, N with M % N. This is certainly not the case if

M = N! Recalling the definitions from B-fl we immediately deduce the following
corollary which determines the blocks of H;:
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Corollary 8.13. The blocks of H;\ are precisely the subcategories Rep, H) fory €
I',. Moreover, Rep.,, H) is non-trivial if and only if the (A — v)-weight space of the
highest weight module K (\)g is non-zero.

9. BRANCHING RULES

In this final section, we deduce some important consequences for modular repre-
sentations of the double cover §n of the symmetric group. In particular, we obtain
the classification of the irreducible modules, describe the blocks of the group alge-
bra an and prove analogues of the modular branching rules of K| [Ko, K3l K4l
Bl BK;]. Actually the results on branching are somewhat weaker here: there is no
representation theoretic interpretation at present to the notion of “normal node”
introduced below.

9-a. Kang’s description of the crystal graph. Now we focus on the fundamen-
tal highest weight Ag. In this case, Kang [Kg| has given a convenient combinatorial
description of the crystal B(Ag) in terms of Young diagrams, which we now describe.

For any n > 0, let A = (A1, A2,...) be a partition of n, i.e. a non-increasing
sequence of non-negative integers summing to n. Recall that £ € Z~o U {oco} and
h =20+ 1. We call X\ an h-strict partition if h divides A, whenever A\, = Aq41
for r > 1 (to interpret correctly in case h = oo, we adopt the convention that oo
divides 0 and nothing else). Let 97,(n) denote the set of all h-strict partitions of
n, and P == J,>q Pn(n). We say that A € Py, (n) is restricted if in addition

Ar = Arg1 < B if BA,,
Ar—Arg1 <h i RTA

for each r > 1. Let Z%(n) denote the set of all restricted h-strict partitions of
n, and Z P, = ,,»0 ZPn(n).
Let A € &, be an h-strict partition. We identify X\ with its Young diagram
A= {(T', S) S Z>O X Z>O | S S Ar,r-}

Elements (r, s) € Zs X Zs¢ are called nodes. We label the nodes of A with residues,
which are the elements of the set I = {0,1,...,¢}. The labelling depends only on
the column and follows the repeating pattern

0,1,...,6—1,0,(—1,...,1,0,

starting fom the first column and going to the right; see Example below. The
residue of the node A is denoted res A. Define the residue content of A to be the

tuple

(9.1) cont(A) = (vi)ier

where for each i € I, 7; is the number of nodes of residue ¢ contained in the diagram
A

Let i € I be some fixed residue. A node A = (r,s) € A is called i-removable (for
A) if one of the following holds:
R1) res A =i and A4 := A — {A} is again an h-strict partition;
R2) the node B = (r,s + 1) immediately to the right of A belongs to A, res A =
res B = i, and both A\g = A — {B} and Ay, p := A — {4, B} are h-strict
partitions.

(
(
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Similarly, a node B = (r,s) ¢ A is called i-addable (for A) if one of the following

holds:

(A1) res B =i and AP := AU {B} is again an h-strict partition;

(A2) the node A = (r,s — 1) immediately to the left of B does not belong to A,
res A = res B = i, and both A = AU{A} and M5B := A\U{A, B} are h-strict
partitions.

We note that (R2) and (A2) above are only possible in case ¢ = 0.

Now label all i-addable nodes of the diagram A by + and all i-removable nodes
by —. Then, the i-signature of X is the sequence of pluses and minuses obtained by
going along the rim of the Young diagram from bottom left to top right and reading
off all the signs. The reduced i-signature of A is obtained from the i-signature by
successively erasing all neighbouring pairs of the form +—.

Note the reduced i-signature always looks like a sequence of —’s followed by
+’s. Nodes corresponding to a — in the reduced i-signature are called i-normal,
nodes corresponding to a + are called i-conormal. The rightmost ¢-normal node
(corresponding to the rightmost — in the reduced i-signature) is called i-good, and
the leftmost i-conormal node (corresponding to the leftmost + in the reduced i-
signature) is called i-cogood.

Example 9.1. Let h = 5, so £ = 2. The partition A = (16,11,10,10,9,5,1)
belongs to Z %}, and its residues are as follows:

ol1]2]1]o0]0]
0

o oo o

[enll fanll [an )i fawll fan)
== == =
DN (DN ||
== == =

NN (DN ||
== === =
[evl) fenll [anll lanll fan )l faw)

|OOOOOOO
== === =

The 0-addable and 0-removable nodes are as labelled in the diagram

[ | [-[0]

@-l-

Q

Hence, the O-signature of A is —, —,+,+, —, —, — and the reduced O-signature is
—, —,—. Note the nodes corresponding to the —’s in the reduced 0-signature have
been circled in the above diagram. So, there are three 0-normal nodes, the rightmost
of which is 0-good; there are no 0-conormal or 0-cogood nodes.

In general, we define
(9.2) &;(N\) = #{i-normal nodes in A\} = #{—’s in the reduced i-signature of A},
(9.3) ¢i(N\) = g{i-conormal nodes in A} = #{+’s in the reduced i-signature of A}.
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Also set
_ i\ J Aa ifg(A) > 0and A is the (unique) i-good node,
= v [ AB if 9;(A\) > 0 and B is the (unique) i-cogood node,
(08) LY = { 0 if gi(A) = 0.
Finally define
(96) Wt()\) = AO — Z’WO@

el
where cont(A\) = (vi)icr. We have now defined a datum (%, &;, ¢4, é;, fi, wt) which
makes the set &), of all h-strict partitions into a crystal in the sense of B-bl The
definitions imply that & ()), f;(\) are restricted (or zero) in case A is itself restricted.
Hence, Z 2}, is a sub-crystal of &7,. We can now state the main result of Kang
[Kg 7.1] for type A( ).
Theorem 9.2. The set Z2}, equipped with €;, p;, €;, fi, wt as above is isomorphic

(in the unique way) to the crystal B(Ag) associated to the integrable highest weight
Ug-module of fundamental highest weight Ag.

Example 9.3. The crystal graph of Z%;, = B(Ao) in case h = 3, up to degree
10, is as follows:

o~
[o]1To]o] [o]1]o]
0] lof1]

1 0
[o1]o]0] o[1]o]
lo]1] of1]

0

N EEE
|

=

=]

[o]<]

==

o]

o]

=

o[1]ofo]1] o[1]o]o] 0[1]o]

[of1] o[1]o] 0[1]0]

[o] [o] [o[1]
y | )

o[1[o[o[1] o[1[o]0] o[1]o]

o[1[o] o[1[o] o[1]o]

[0] [o[1] [of1]

10/

o[1]oJo]1] o[1]oJo]1] oJ1]o]o] o[1]o
o] 1]ofo] 0]1]o] o[1]o] o]1]o
0 of1 [o]1] o[1]o
- - [0] [0]
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Let us also mention here the extension of Morris’ notion of h-bar core [Ma] to
an arbitrary h-strict partition A € Z2,(n). By an h-bar of A, we mean one of the
following:

(B1) the rightmost h nodes of row i of A if A; > h and either h|\; or A has no row
of length (A; — h);
(B2) the set of nodes in rows ¢ and j of A if \; + \; = h.

If X\ has no h-bars, it is called an h-bar core. In general, the h-bar core X of \ is
obtained by successively removing h-bars, reordering the rows each time so that the
result still lies in &2, until it is reduced to a core. The h-bar weight of A, denoted
w(A), is then the total number of h-bars that get removed. For a Lie theoretic
explanation of these notions, we refer the reader to [Kd, §12.6]. In particular, as
observed in [LT9), §4], for u, A € P (n) we have that

(9.7) cont(y) = cont()) if and only if 7 = .

Also, bearing in mind Theorem [@2, we can state Kac’s formula [Kd, (12.13.5)] for
the character of the highest weight Ug-module of highest weight A as follows: for
ANERDP), (n),

(9.8) H{p € ZPr(n) | cont(p) = cont(A)} = Parg(w(A)),

where Pary(N) denotes the number of partitions of N as a sum of positive integers
of ¢ different colors.

9-b. Representations of finite Hecke-Clifford superalgebras. Now that we
have an explicit description of the crystal B(Ag), we formulate a more combina-
torial description of our main results for the representation theory of the finite
Hecke-Clifford superalgebras Hf". Recall from Remark that this is precisely
the cyclotomic Hecke-Clifford superalgebra H2°. The results of this subsection also
hold in the degenerate case, when HA™ is the finite Sergeev superalgebra, see R-K.

As explained in B=d] the isomorphism classes of irreducible Hfi-modules are
parametrized by the nodes of the crystal graph B(Ag). By Theorems and B1T]
we can identify B(Ag) with Z 7). In other words, we can use the set ZZ(n) of
restricted h-strict partitions of n to parametrize the irreducible Hf"-modules for
each n > 0. Let us write M()) for the irreducible Hf"-module corresponding to
A € ZPy(n). To be precise,

M(X) := L(i1, ..., in)
if A= ﬁ . fh@. Here the operator f; is as defined in (2.5, correqunding under
the identification Z2;,(n) = B(Ao) to the crystal operator denoted f° in earlier

sections, and & denotes the empty partition, corresponding to 1x € B(Ay).
For A € Z%y(n), we also define

(9.9) b(A) :i=H{r = 1 ht A},

the number of parts of A that are not divisible by h. The definition of residue
content immediately gives that

(9.10) b(A) = (mod 2),
where 7y denotes the number of 0’s in the residue content of A.

Theorem 9.4. The modules {M(X\)|\ € ZPn(n)} form a complete set of pairwise
non-isomorphic trreducible Hg“-modules. Moreover, for \,u € ZPn(n),
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(i = M(A)T;

(i is of type M if b(A) is even, type Q if b(\) is odd;

(iii and M () belong to the same block if and only if cont(u) = cont(\);
(iv) M(X) is a projective module if and only if X is an h-bar core.

) M(N)
) M(X) is
) M(n)

Proof. We have already discussed the first statement of the theorem, being a con-
sequence of our main results combined with Kang’s Theorem For the rest,
(i) follows from Corollary E13] (ii) is a special case of Lemma [5.14] combined with
(@10), and (iii) is a special case of Corollary BI3. For (iv), note that if M (\) is pro-
jective, then it is the only irreducible in its block, hence by (@.8), Pary(w(\)) = 1.
So either w(A) =0, or £ =1 and w(A) = 1. Now if w(A) = 0, then X is an h-bar
core, so the Shapovalov form on the (1-dimensional) wt(\)-weight space of K (Ag)z
is 1 (since wt(\) is conjugate to Ag under the action of the affine Weyl group).
Hence, M () is projective by Theorem [ZT6(ii). To rule out the remaining possi-
bilty £ = 1 and w(A) = 1, one checks in that case that the Shapovalov form on the
wt(A)-weight space of K (Ao)z is 3. O

The next two theorems summarize earlier results concerning restriction and in-
duction.

Theorem 9.5. Let A € #Py(n). There exist HI™ | -modules e;M()\) for each
1 € 1, unique up to isomorphism, such that
(i) res’ M(N) = 2e0M(N\) @ 2e1 M(N) @ --- @ 2e,M(\)  if b(\) is odd,
HL2 eoM(N\) ®2e1 M(N) @ -+ - @ 2e,M(N)  if b(N) is even;
(i) for each i € I, e;M(\) # 0 if and only if X has an i-good node A, in which
case e;M(N) is a self-dual indecomposable module with irreducible socle and
cosocle isomorphic to M(A4).

Moreover, if i € I and \ has an i-good node A, then
(iil) the multiplicity of M(Aa) in e;M () is €;(N), €:(Aa) = €;(A)—1, and g;(u) <
gi(X) — 1 for all other composition factors M(u) of e;M(N);
(iv) Endygnn (€;M(A)) > Endysmn | (M(Xa))®5 N as a vector superspace;
(v) Homygn (€;M(A),e;M(p)) =0 for all p € ZPp(n) with pn # A;
(vi) e;M(X) is irreducible if and only if €;,(A) = 1.

Hence, res:f,: M(X) is completely reducible if and only if ;(\) < 1 for everyi € I.

Proof. The existence of such modules e; M (\) follows from (G.8]), Lemma and
Theorem [66](i), combined as usual with Kang’s Theorem Uniqueness follows
from Krull-Schmidt and the block classification from Theorem [I4(iii). For the re-
maining properties, (iii), (iv) and (v) follow from Theorem [6.11 and Corollary [6.12]
Finally, (vi) follows from (iii) as e; M (X) is a module with simple socle and cosocle
both isomorphic to M(A4). O

Theorem 9.6. Let A € ZP;,(n). There exist Hi%,-modules f;M(X) for each
1 € I, unique up to isomorphism, such that
) ind ™ ”“M()\) { 2f6 M) @2fiMN) & --- B 2feM(N)  if b(N) is odd,
H® oM\ @2fiMN\) @ ---®2f;M(\) if b(\) is even;
(i) for eachi € I, f;M(X) # 0 if and only if X\ has an i-cogood node B, in which
case fiM(X) is a self-dual indecomposable module with irreducible socle and
cosocle isomorphic to M(A\P).
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Moreover, if i € I and X has an i-cogood node B, then
(iii) the multiplicity of M(A\B) in fiM(\) is @i(\), pi(AP) = ¢©;(\) — 1, and
wi(p) < wi(A) =1 for all other composition factors M (p) of fiM(N);
(iv) Endygnn (fiM (X)) ~ Endﬁgil(M()\B))@‘“()‘) as a vector superspace;
(v) Homeiil(fiM(A)’ fiM(p)) =0 for all p € ZPn(n) with p # X;
(vi) fiM (A ) is irreducible if and only if ¢;(\) = 1.

Hence, de;j:’lM()\) is completely reducible if and only if p;(N\) < 1 for everyi € I.

Proof. The argument is the same as Theorem [0.5, but uses (6.6), Lemma
Theorem [6.6](ii), Corollary [6.19] and Theorem [6.26| O

There is one Hf"-module that deserves special mention, the so-called basic spin
module. Recall from [2=d that the subalgebra HS! of Hi® generated by T, ..., T, —1
is the classical Hecke algebra associated to the symmetric group. It has a one-
dimensional module denoted 1, on which each T; acts as multiplication by ¢. For
n > 1, we define

Hfm

(9.11) I(n):= 1ndH§1 1,
giving an Hg“—module of dimension 2. We also introduce the restricted h-strict
partition
_ [ () b #0,
(9.12) Wnp = { (ha_l,h—l,l) ibeO,

where n = ah + b with 0 < b < h.

Lemma 9.7. If p{n, then I(n) & M(wy,); if pin, then I(n) is an indecomposable
module with two composition factors both isomorphic to M(wy,). In particular,

. 2" 1 n,
dim M (wy,) —{ on—1 zjzzj{n

Proof. This is obvious if n = 1,2 and easy to check directly if n = 3. Now for
n >3 we proceed by induction using Theorem [0.5] together with the observation
that resHfm I(n) ~1I(n—1)@®IlI(n —1). We consider the four cases n = 0,1 or 2
(mod h) and n#0,1,2 (mod h) separately.

Suppose first that n # 0,1,2 (mod k). Considering the crystal ‘graph shows that
fzwn 1 7# 0 only fori =0 and for one other ¢ € I, for which fzwn 1 = wyp. By
I(n) =2 2M(wp,—1). Hence by Theorem [0.5] I(n)

the induction hypothesis, res;:f"i

can only contain M(w,) and M(fow,_1) as composition factors. But the latter

fl

Hfln
Hence all composition factors of I(n) are = M (wy,), and one easily gets that in fact
I(n) 2 M(w,) by a dimension argument.

Next suppose that n =0 (mod k). This time, fown,l = w, and all other fiwn,l
are zero. Hence, by the induction hypothesis and the branching rules, I(n) only
involves M (w,,) as a constituent. But we have that res;jzfm M (wn) = eoM (wp) =
M (wn—1) so in fact I(n) must have M(w,) as a constituent with multiplicty two.
Further consideration of the endomorphism ring of I(n) shows moreover that it is
an indecomposable module.

case cannot hold since by Theorem 0.3 again, res. ! M( fown,l) is not isotypic.
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The argument in the remaining two cases n =1 (mod h) and n =2 (mod h) is
entirely similar. [l

9-c. Projective representations of S,,. We specialize for the final applications
to the degenerate case. Now F' is an algebraically closed field of characteristic p # 2,
h=p(ifp#0)or h=o0 (if p=0), and £ = (h — 1)/2. We are interested in the
projective representations of the symmetric group S,, over the field F'. Equivalently
(see for example [BK3], §3]), we consider the representations of the twisted group
algebra S(n), defined by generators 1, ...,t,—1 subject to the relations

=1, titip1ts = tipititipn, tit; = —t;t;

3

foralll <i<m-—1landalll <j<n-—1with |i —j] > 1. We view S(n) as a
superalgebra, defining the grading by declaring the generators tq,...,t,_1 to be of
degree 1. All modules in this subsection will be Zy-graded as usual; see 2-Hl

Let W(n) denote the finite Sergeev superalgebra, replacing the notation "
used previously. Recall from B-K that W(n) is a twisted tensor product of the
group algebra F'S,, of the symmetric group and the Clifford superalgebra C(n).
Thus W (n) has even generators s1,...,S,—1 subject to the usual relations of the
basic transpositions in S, , odd generators c1, . . ., ¢, subject to the Clifford relations
as in ([2.7), (2.8), and the additional relations (2.35). The connection between the
superalgebras S(n) and W(n) is explained by the following observation, originally
due to Sergeev [Sa; see also [BKol 3.3]:

Lemma 9.8. There is an isomorphism of superalgebras
¢ :8(n)®C(n) — W(n)

such that p(1 ® ¢;) = ¢; and p(t; ® 1) = \/%sj(cj —¢jt1), i =1,...,n, j =
1,....,n—1.

From now on we will identify W(n) with S(n) ® C(n) according to the lemma,
and view S(n) (resp. C(n)) as the subalgebra S(n) ® 1 (resp. 1 ® C(n)) of W(n).
Recall the antiautomorphism 7 of W (n) defined as in (2:39) to be the unique anti-

automorphism which is the identity on the generators s1,...,s,-1,¢1,...,¢n. This
leaves invariant the subalgebra S(n) of W(n) and induces an antiautomorphism
(9.13) T:8(n) — S(n).

More explicitly, 7 on S(n) is the unique antiautomorphism which maps the gen-
erator t; to —t; for each ¢ = 1,...,n — 1. Given a finite dimensional S(n)- (resp.
W (n)-) module M we write M™ for the dual vector superspace viewed as a module
by twisting the natural right action into a left action via the antiautomorphism 7;
see -]

We also need the Clifford module U(n), which is the unique irreducible C(n)-
module up to isomorphism; see for instance [BKo|, 2.10]. We recall that U(n) is of
type M if n is even, type Q if n is odd, and dim U (n) = 2L(»+1)/2],

Now consider the exact functors

Fn : Rep S(n) — Rep W(n), Fn :=7KU(n),
Gn : RepW(n) — Rep S(n), Gn = Home () (U(n), 7).
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Also let

reswgz)_l) :RepW(n) — RepW(n —1), md%gz) 1) : Rep W(n —1) — Rep W(n),

resggz)_l) : Rep S(n) — Rep S(n — 1), mds(n 1y :Rep S(n —1) — Rep S(n)

denote the (exact) induction and restriction functors, where S(n — 1) C S(n) and
W(n—1) C W(n) are the natural subalgebras generated by all but the last genera-
tors. Recalling that IT denotes the parity change functor (21J), the following lemma
lists some basic properties:

Lemma 9.9. The functors F, and G, are left and right adjoint to one another,
and both commute with T-duality. Moreover,

(i) Suppose that n is even. Then F,, and G, are inverse equivalences of cate-

gories and induce a type-preserving bijection between the isomorphism classes
of irreducible S(n)-modules and of irreducible W (n)-modules. Also,

(9.14) Fn_10 res?EZl )= IES%E o Fn,
(9.15) Gn_10 reswgz) )y = ress(n 1y © gn Ilo resggz)_l) 0 G,
(9.16) Foyr oindg ™ ~indp ot o 7,
(9.17) Gn1 o indyy () ~ indg(" " 0 G, @ Mo indg(n ™ o G,

(ii) Suppose that n is odd. Then F, o G, ~ Id®Il and G, o F,, ~ Id®I. Fur-
thermore, the functor F, induces a bijection between isomorphism classes
of irreducible S(n)-modules of type M and irreducible W (n)-modules of type
Q, while the functor G, induces a bijection between isomorphism classes of
irreducible W (n)-modules of type M and irreducible S(n)-modules of type Q.

Finally,
(9.18) res%%”) 0Fn~Fn 10 resggz),l) ©IlloF,_q0 reS?E”) 1)
(9.19) resgn) 1) © Gu = Guor oresy () .
(9.20) indggz;rl 0 Fp =~ Fni10 mdggn;rl IToFpt10 mdggz;rl )
(9.21) indﬁﬁ”*” 0Gp >~ Gpy10 lndWEZ;rl)-

Proof. Most of these facts are proved in [BK4, 3.4,3.5], but we recall some of the
details since we need to go slightly further. Let us consider the proof that F, 0G,, ~
Id @Il and G, o F,, ~ Id®Il, assuming that n is odd. Let I,J be a basis for
Ende(p)(U(n)) with I being the identity and J being an odd involution. Then,
there are natural isomorphisms

n:FpoGy — Idell, € 1dall =5 G, o F.

The first is defined for each W (n)-module M by 1 : Home () (U(n), M)XU (n) —
M&IM, 6 @ u — (0(u),(—1)?0(Ju)). The second is defined for each S(n)-
module N by {y @ N @ IIN — Homg ) (U(n), N ®U(n)), (n,n’) = 0, /, where
Onn(u) = n®u+ (=1)"n' @ Ju for each u € U(n). The proof that  and ¢
really are isomorphisms is similar to the argument in [BK5| 3.4]. Now consider the
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composite natural transformations

(9.22) Id— a0 -G, 0Fy,  FroGn - Idall — Id,
1 -1
(9.23) Id — 1@l 2= F,0Gn,  GnoFn o Il — Id,

where the unmarked arrows are the obvious even ones. Then, ([@22) (resp. B.23)
gives the unit and counit of the adjunction needed to prove that F, is left (resp.
right) adoint to G,,. We leave the details to be checked to the reader; see e.g. [ML}
IV.1, Theorem 2(v)].

In case n is even, a similar but easier argument shows that F,0G, ~ Id,G,oF, ~
Id so that F,, and G,, are inverse equivalences, hence left and right adjoint to each
other. Now the statements in (i) and (ii) about isomorphism classes of irreducible
modules follow easily as in [BK,) 3.5].

Let us next prove that F,, commutes with duality. The antiautomorphism 7 of
W (n) induces the antiautomorphism 7 of the subalgebra C(n) with 7(¢;) = ¢; for
eachi=1,...,n. Let ¢ : U(n) = U(n)™,u — ¢, be a homogeneous isomorphism;
note that it is not always possible to choose ¢ to be even, since U(n) % U(n)" in
case n = 2 (mod 4). We get a natural isomorphism

Oy M"RUM) - (MRUMN), fQuw O,

for each finite dimensional S(n)-module M, where 07, (m®@v) = (—1)™% f(m)py(v)
for each m € M,v € U(n). This shows that F,, commutes with duality, i.e. 7o
FnoT & F,. Hence, using (ZZ) and the fact that G, is left adjoint to F,,, the
composite functor 7o G, o 7 is right adjoint to F,,. But we already know that G,
is right adjoint to JF,,, so uniqueness of adjoints gives that 7 0 G, o7 = G,,. This
shows that G,, commutes with duality also.

It just remains to check the isomorphisms (@I4)—(@2T). Thus, (@I4) follows
from the definition on noting that resggz)_l)U(n) ~ U(n—1) if nis even. Then (I.15)
follows from (@.14) by composing on the left with G,_; and on the right with G,,.
Next, [@:19) follows from the definition and an application of Frobenius reciprocity,

using the observation that U(n) ~ indgEle)U(n —1) if n is odd. As before (AIR)
then follows, composing with F,_; and F,. Finally, (@I6), (@I7), (@20) and
@21 follow from (@I19), (@I8), (@IH) and (TId) respectively by uniqueness of

adjoints. [l

We are ready to derive the consequences for S(n) of the results of[0=, or rather,
of the analogous results for W(n) in the degenerate case. By Theorem [@4], we
have a parametrization {M(\) | A € ZZ,(n)} of the irreducible W (n)-modules.
Lemma [@.91shows that the functors F,, and G,, set up a natural correspondence be-
tween classes of irreducible S(n) and W (n)-modules, type-preserving if n is even and
type-reversing if n is odd. Hence we have a parametrization {D(A) | A € ZZp(n)}
of the irreducible S(n)-modules, letting D(A) be an irreducible S(n)-module cor-
responding to M () under the correspondence. Also, recalling the definition ([@.9),

define

(9.24) a(A) :=n —b(\)

for A € #%,(n). We observe by (@I0) that

(9.25) aA) =y +---+v (mod2),
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where 71 4 - -+ + ¢ counts the number of nodes in the Young diagram X of residue
different from 0. Then:

Theorem 9.10. The modules {D(X)|A € ZZ,(n)} form a complete set of pairwise
non-isomorphic irreducible S(n)-modules. Moreover, for A\, € ZP»(n),

(i) D(A) = D\)7;

(ii) D(A) is of type M if a()) is even, type Q if a(N) is odd;

(iil) D(p) and D(X) belong to the same block if and only if cont(u) = cont(A);
(iv) D(N) is a projective module if and only if X is a p-bar core.

Proof. Tt just remains to observe that (i)—(iv) follow directly from Theorem B.4Yi)—
(iv) using Lemma [0.01 O

Remark 9.11. The p-blocks of the ordinary irreducible projective representations of
Sy, were described by Humphreys [H], in terms of the notion of p-bar core. However,
unlike the case of S,,, Humphreys’ result does not imply Theorem [@.10(iii) because
of the lack of information on decomposition numbers.

Define w,, € ZZ,(n) as in [@I2). Then the irreducible S(n)-module D(w,,) is
the basic spin module:

Lemma 9.12. D(w,) is of dimension 2"/2)  unless p|n when its dimension is
2l(n=1721 = Moreover, D(wy,) is equal to the reduction modulo p of the basic spin
module D((n))c of S(n)c over C, except if pln and n is even when the reduction
modulo p of D((n))c has two composition factors both isomorphic to D(wy,).

Proof. The statement about dimension is immediate from Lemmas [0.7] and [0.9]
The final statement is easily proved by working in terms of W(n) and using the
explicit construction given in (@.ITJ). O

To motivate the next two theorems, note that the map [D(A)] — [M(A)] for each
A € ZP,(n) extends linearly to an isomorphism

K(Rep S(n)) — K(Rep W (n))
at the level of Grothendieck groups. Using this identification, we can lift the op-
erators e; and f; on K(Ag) = @,,~, K(Rep W(n)) defined earlier to define similar
operators on €D, -, K (RepS(n)). Then all our earlier results about K(Ag), for
instance Theorems and could be restated purely in terms of the repre-
sentations of S(n) instead of W(n). In fact, we can do slightly better and define
the operators e; and f; on irreducible S(n)-modules, not just on the Grothendieck

group. Theorems[9.13] and [0.14] below should be compared with the parallel results
[BK5l Theorems E and E’] for the symmetric group.

Theorem 9.13. Let A\ € ZZ,(n). There exist S(n — 1)-modules e;D(\) for each
i € I, unique up to isomorphism, such that
(i) res*™ D) & { eoD(A\) ®2e1D(N) @ -+ @ 2e,D(N\) if a(N) is odd,
8(n—1) eoD(N) @ e1D(N) @ -+ - ® ey D(N) if a(X) is even;

(ii) for each i € I, e;D(A) # 0 if and only if A has an i-good node A, in which
case e;D(X) is a self-dual indecomposable module with irreducible socle and
cosocle isomorphic to D(Aa).

Moreover, if i € I and \ has an i-good node A, then

(iil) the multiplicity of D(Aa) in e;D(N) is g;(N), e:(Aa) = €;(N\) — 1, and g;(u) <

gi(A) — 1 for all other composition factors D(u) of e;D(X);
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(iv) Endg(,—1)(e; D(N)) = Endg(,—1y(D(Aa))®5 ™) as a vector superspace;

(v) Homg(,—1)(e;D(N),e;D(p)) = 0 for all p € # P, (n) with p # X\;

(vi) e;D(N) is irreducible if and only if €;(\) = 1.
Hence, resi&ﬁll)D(A) is completely reducible if and only if £;(X) < 1 for everyi € I.
Proof. If n is odd, we simply define e;,D(X) := Gp_1(e;M(N)) for each i € I, A €
AP p(n). If nis even, take

DOV = Gn-1(e;M (X)) if a(N) is even and i # 0, or a(A) is odd and i = 0,
€ T Guo1(esM(N) if a()) is even and i = 0, or a(\) is odd and i # 0.

We need to explain the notation Gn_1 used in the last two cases: here, e, M()\)
admits an odd involution by Remark and Theorem @A(ii), and also U(n — 1)
has an odd involution since n is even. So in exactly the same way as in the definition
of (7)), we can introduce the space

?n_l(eiM()\)) = Ho—mc(n,l)(U(n — 1), ezM()\))

It is then the case that G, _1(e;M()\)) =~ Gn_1(e;M(N\)) ® IG,,_1(e; M(N)). Equiv-
alently, by Lemma [@9(ii) e;D(\) can be characterized by

eiM(A) = Fn_1(e;D(N))

if a(\) is even and ¢ = 0, or a(\) is odd and 7 # 0.

With these definitions, it is now a straightforward matter to prove (i)—(vi) using
Theorem[@.5 and Lemma [@.9. Finally, the uniqueness statement is immediate from
Krull-Schmidt and the description of blocks from Theorem BL.T0(iii). O

Theorem 9.14. Let A € ZZ,(n). There exist S(n + 1)-modules f;D(\) for each
i € I, unique up to isomorphism, such that

Q) inds(”H)D(/\) ~ ) JoDN) @2fiD(N) @---@2f,D(N) if a()) is odd,

S(n) | foDV)® fiDN) @D fiD(N) if a(N) is even;

(i) for each i € I, f;D(\) # 0 if and only if A has an i-cogood node B, in which
case f;D(X) is a self-dual indecomposable module with irreducible socle and
cosocle isomorphic to D(AP).

Moreover, if i € I and X has an i-cogood node B, then

(iii) the multiplicity of D(AB) in f;D(A) is 0i(\), :(AB) = p;(A\)—1, and ¢;(u) <
wi(A) =1 for all other composition factors D(u) of fiD(X\);

(iv) Endg(ui1)(fiD(N) = Endg(ny1)(D(AB))29 XN as a vector superspace;

(v) Homg(ni1)(fiD(N), fiD(1)) = 0 for all p € ZZ,(n) with pu # A;

(vi) fiD(X) is irreducible if and only if p;(A) = 1.

Hence, indgéz)ﬂ)M(}\) is completely reducible if and only if @;(\) < 1 for every

iel.

Proof. This is deduced from Theorem by similar argument to the proof of
Theorem @13, O

Remark 9.15. (i) In [BKj| 10.3], we gave an entirely different construction of the
irreducible S(n)-modules, which we also denoted by D(A) for A € Z%,(n). We
warn the reader that we have not yet proved that the modules denoted D(A) here
are isomorphic to those in [BKs), though we expect this to be the case.

(i) Over C, the branching rules in the preceeding two theorems are the same as
Morris’ branching rules; see [Md]. In particular using this observation, one easily
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shows that our labelling of irreducibles over C agrees with the standard labelling.
Hence over C the labelling here agrees with the labelling in [BK5]; compare [S4].

(iii) There is one other case where it is easy to see right away that the labelling
here agrees with [BKo|: if A is a p-bar core, then consideration of central characters
shows that D()) is equal to a reduction modulo p of the irreducible representation
of S(n)c over C with the same label. So it coincides with the module D(X) of [BKs]
thanks to [BKy, 10.8].

9-d. The Jantzen-Seitz problem. The results of the previous subsection give a
solution to the Jantzen-Seitz problem for projective representations of the symmetric
and alternating groups. This problem originated in [JS], and is of interest in the
study of maximal subgroups of the finite classical groups. To consider the Jantzen-
Seitz problem, we first need to switch to studying ungraded representations of the
twisted group algebra S(n). The goal is to describe all ungraded irreducible S(n)-
modules which remain irreducible on restriction to the subalgebra S(n —1).

As in [BKl §10], it is straightforward to obtain a parametrization of the un-
graded irreducible S(n)-modules from Theorem if a(A) is odd, then D(\)
decomposes as an ungraded module as D(A) = D(A,+) @ D(A,—) for two non-
isomorphic irreducible S(n)-modules D(A,+) and D(A, —). If a()) is even, then
D(]) is irreducible viewed as an ungraded S(n)-module, but we denote it instead
by D(A,0) to make it clear that we are no longer considering a Zs-grading. Then

{DN,0) | N € ZP,(n),a(X) even} U{D(\,+),D(\, =) | X € ZZp(n), a(N) odd}
gives a complete set of pairwise non-isomorphic ungraded irreducible S(n)-modules.

Remark 9.16. Using Theorem[II0 and a counting argument involving Humphreys’
block classification [HJ, it is not hard to obtain the following description of the un-
graded blocks of the algebra S(n). Let D()\, ) and D(u,d) be ungraded irreducible
S(n)-modules. Then, with one exception, D(A,e) and D(u,d) lie in the same block
if and only if A and p have the same p-bar core. The exception is if A = p is a p-bar
core, a(A) is odd and € = —§, when D(A,¢) and D(u,d) are in different blocks.

Now we state the solution to the Jantzen-Seitz problem for projective repre-
sentations of the symmetric group. The proof is a straightforward consequence of
Theorem @13,

Theorem 9.17. Let A € Z#P,(n). Then

(i) Ifa(X) is even, res?Ele)D(A, 0) is irreducible if and only ifeo(N) = Yy €i(A)
=1.

(ii) If a(A) is odd, resggz)_l)D()\, +) s drreducible if and only if ) ,c;ei(N)
=1.

Finally, let us discuss the analogous problem for the projective representations of
the alternating group. As explained in [BK5 §10], it suffices for this to consider the
representation theory of the algebra A(n) := S(n)g, i.e. the twisted group algebra
of the alternating group. The irreducible A(n)-modules (there being no ambiguity
between graded and ungraded modules since A(n) is purely even) are constructed
from those for S(n) as in [BKj3, Theorem 10.4]. More precisely, if A € Z2,(n)

(

has a(X) even, then resi(Z))D(/\) decomposes as a direct sum E(\,+) ® E(A, —) of

two non-isomorphic irreducible A(n)-modules. If a()) is odd, then resi((r:b))D(/\) de-
composes as a direct sum of two copies of a single irreducible A(n)-module denoted
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E(X,0). Then,
{EN0)|Xe ZP,(n),a(N) odd} U{E(AN,+),E(N\,—) | A € ZP,(n),a(N) even}

gives a complete set of pairwise non-isomorphic irreducible A(n)-modules. Now the
solution to the Jantzen-Seitz problem in this case, again an easy consequence of
Theorem 013, is as follows:

Theorem 9.18. Let A € ZZP,(n). Then
(i) If a(N) is even, res’ (™) E(X, %) is drreducible if and only if 3 . &i(A) = 1;

A(n—1)
(ii) Ifa(N) is odd, resﬁEle)E()\, 0) is irreducible if and only if eo(N) = D €i(N)

=1.
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