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CLASSIFICATION OF ADMISSIBLE NILPOTENT
ORBITS IN SIMPLE EXCEPTIONAL

REAL LIE ALGEBRAS OF INNER TYPE

ALFRED G. NOËL

Abstract. In this paper we give a classification of admissible nilpotent orbits
of the noncompact simple exceptional real Lie groups of inner type. We use
a lemma of Takuya Ohta and some information from the work of Dragomir
Djoković to construct a simple algorithm which allows us to decide the admis-
siblity of a given orbit.

Introduction

The notion of admissible coadjoint orbits was first introduced by M. Duflo twenty
years ago [D]. He also provided a bijection between such orbits and unitary rep-
resentations of nilpotent and type I solvable groups. This is an instance of the
“Orbit method” introduced by A. A. Kirillov in 1962 for nilpotent Lie groups. The
Orbit method/philosophy proposes that questions about representations of a Lie
group can be understood in terms of data attached to coadjoint orbits in the dual
of the Lie algebra of the group. The method works perfectly for nilpotent Lie
groups [K]. In the case of a simply connected type I solvable Lie group, all orbits
are admissible; the correspondence with representations is due to Auslander and
Kostant [A-K]. For real reductive Lie groups there is substantial evidence linking
admissible orbits and unitary representations. For example, standard methods such
as parabolic induction can be used to associate unitary representations to admissi-
ble semisimple orbits [V]. However, the theory is not well developed for nilpotent
orbits. For example we do not have a clear strategy to attach a representation to a
general admissible orbit. In many cases Vogan and Barbash have proven that the
set of irreducible representations obtained from the admissible nilpotent orbits or
the unipotent representations are the building blocks for all unitary representations
of the group [V]. In the case of real semisimple Lie groups the admissible nilpotent
orbits seem to be very good candidates for which a general technique may be de-
veloped. They are known for the classical simple Lie groups. This paper describes
them for all exceptional non-compact real simple Lie groups of inner type. Results
for the other two real simple exceptional Lie groups may be found in [No2], which
is appearing concurrently with this paper.

Received by the editors April 5, 2001 and, in revised form, September 28, 2001.
2000 Mathematics Subject Classification. Primary 17B20, 17B70.
Key words and phrases. Admissible, nilpotent orbits, reductive Lie algebras.

c©2001 American Mathematical Society

455

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



456 ALFRED G. NOËL

Summary of known results

Let G be a real semisimple Lie group with Lie algebra g and recall the coadjoint
representation of G on g∗, the dual space of g, defined as follows:

Ad∗g(f)(E) = f(Adg−1(E)) g ∈ G and E ∈ g.

The differential of the above representation on g is

ad∗X(f)(E) = −f([X,E]) X ∈ g.

Let g = k + p be a Cartan decomposition of g. It is known that there exists a G-
invariant non-degenerate bilinear form 〈, 〉 on g which is negative definite on k and
positive definite on p. We will make use of such a form to identify coadjoint orbits
in g∗ with adjoint orbits in g. Therefore we shall determine admissible nilpotent
orbits of G in g. We will consider the cases where G is adjoint or simply connected.

For λ ∈ g∗ define Gλ = {g ∈ G : g(λ) = λ} and gλ = {X ∈ g : λ([X, g]) = 0}.
Then there is a non-degenerate symplectic form ωλ on g/gλ given by ωλ(X+gλ, Y +
gλ) = λ([X,Y ]). Moreover, Gλ preserves ωλ. Denote by Sp(ωλ) the symplectic
group defined by ωλ. Define the group

G̃λ = {(g,m) ∈ Gλ ×M(ωλ) : ψ(g) = π(m)}
where M(ωλ) is the metaplectic group associated with Sp(ωλ), ψ is a natural ho-
momorphism from Gλ to Sp(ωλ) and π is defined as follows:

1 −→ {1, ξ} −→M(ωλ) π−→ Sp(ωλ) −→ 1,

M(ωλ) is a two-fold covering of Sp(ωλ) which can be pulled back to give G̃λ as a
double cover of Gλ.

Definition 1 [D]. A representation (ρ, V ) of G̃λ is called admissible if ρ(ξ) = −1V
and dρ(E) =

√
−1λ(E)1V for all E ∈ gλ. The linear functional λ is said to be

admissible if G̃λ has at least one admissible representation.

An element E of g is admissible if and only if its image λE under 〈, 〉 is admissible
in g∗.

We note that in the case of the trivial nilpotent orbit the covering G̃λ is trivial.
Hence the trivial nilpotent orbit is always admissible. This is the orbit to which
one would want to attach the trivial representation in the Orbit Method scheme.
From now on we will concern ourselves with non-zero nilpotent orbits.

J. Schwartz [Sch] translated the admissibility of real nilpotent orbits into the
admissiblity of nilpotent elements in complex symmetric spaces via the so-called
Kostant-Sekiguchi [Se] correspondence. T. Ohta [O] used this technique to deter-
mine admissibility of nilpotent orbits in the classical Lie algebras. We should also
point out that Schwartz has classified nilpotent admissible orbits of several classical
Lie groups.

The Kostant-Sekiguchi correpondence. Let g be a real semisimple Lie algebra
with adjoint group G and gC its complexification. Also let g = k ⊕ p be a Cartan
decomposition of g. Finally, let θ be the corresponding Cartan involution of g and
σ be the conjugation of gC with regard to g . Then gC = kC ⊕ pC where kC and pC
are obtained by complexifying k and p respectively. Denote by KC the connected
subgroup of the adjoint group GC of gC , with Lie algebra kC .

A triple (x, e, f) in gC is called a standard triple if [x, e] = 2e, [x, f ] = −2f and
[e, f ] = x. If x ∈ kC , e and f ∈ pC , then (x, e, f) is a normal triple. It is a result of
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CLASSIFICATION OF ADMISSIBLE NILPOTENT ORBITS 457

Kostant and Rallis [K-R] that any nilpotent e of pC can be embedded in a standard
normal triple (x, e, f). Moreover, e is KC-conjugate to a nilpotent e′ inside of a
normal triple (x′, e′, f ′) with σ(e′) = f ′ [Se]. The triple (x′, e′, f ′) will be called a
Kostant-Sekiguchi or KS-triple.

Every nilpotent E′ in g is G-conjugate to the element E of a triple (H,E, F ) in
g with the property that θ(H) = −H and θ(E) = −F [Se]. Such a triple will be
called a KS-triple also.

Define a map c from the set of KS-triples of g to the set of normal triples of gC
as follows:

x = c(H) = i(E − F ),

e = c(E) =
1
2

(H − i(E + F )),

f = c(F ) =
1
2

(H + i(E + F )).

The triple (x, e, f) is called the Cayley transform of (H,E, F ). It is easy to verify
that the triple (x, e, f) is a KS-triple and that x ∈ ik. The Kostant-Sekiguchi cor-
respondence [Se] gives a one to one map between the set of G-conjugacy classes of
nilpotents in g and the KC-conjugacy classes of nilpotents in pC . This correspon-
dence sends the zero orbit to the zero orbit and the orbit through the nilpositive
element of a KS-triple to the one through the nilpositive element of its Cayley
transform.

Let e be nonzero nilpotent in pC . Then Ke
C

acts kC/ ke
C

and (kC/k
e
C
)∗. Define the

character δe of Ke
C

as follows:

δe(g) = (det(g|kC/keC ))−1 g ∈ Ke
C
.

Using δe and the homomorphism s : C× → C×, with s(z) = z2 we obtain the
following double cover of Ke

C
:

K̃e
C

= {(g, z) ∈ Ke
C
× C× : δe(g) = z2}.

It turns out (see [V1]) that this covering is precisely the one induced on KE , when
E = c(e) and λ is identified with E by the metaplectic covering M(ωλ). Schwartz
used such a covering to show that admissibility of real nilpotent orbits is equivalent
to admissibility of nilpotent orbits in complex symmetric spaces [V1].

Definitition 2 [V1]. A representation χ of Ke
C

is said to be admissible if its differ-
ential is half the differential of δe. The nilpotent e is admissible if Ke

C
has at least

one admissible representation.

The following theorem is due to J. Schwartz [Sch].

Theorem [Schwartz]. There is a natural bijection between the equivalence classes
of nilpotent admissible G-orbits and the equivalence classes of nilpotent admissible
KC-orbits.

Proof. See [V1], Lemma 7.8, Theorem 7.11, and Theorem 7.14.

In fact, the question of admissibility of nilpotent orbits can be translated into a
question on the representation of the identity component (Ke

C
)◦ of the group Ke

C
.

See [V].
As Vogan pointed out the character δe is difficult to compute explicitly from the

above description. However, Takuya Ohta [O] has found an explicit description of
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δe which we shall discuss below. We will need some notation. Let (x, e, f) to be a
KS-triple with x ∈ ik. From the representation theory of sl2, gC has the following
eigenspace decomposition:

gC =
⊕
j∈Z

g(j)
C

where g(j)
C

= {z ∈ gC |[x, z] = jz}.

Similarly we have

kC =
⊕
j∈Z

k
(j)
C

where k
(j)
C

= {z ∈ kC |[x, z] = jz}

and

pC =
⊕
j∈Z

p(j)
C

where p(j)
C

= {z ∈ pC |[x, z] = jz}.

Moreover, the centralizers of e in kC and pC decompose as

ke
C

=
⊕
j∈Z

(ke
C
∩ kj

C
) =

⊕
j≥0

(ke
C
∩ kj

C
)

and

p
e
C

=
⊕
j∈Z

(pe
C
∩ p

j
C
) =

⊕
j≥0

(pe
C
∩ p

j
C
).

It is a known fact that ke
C

= k(x,e,f)
C

⊕ ue, where k(x,e,f)
C

= ke
C
∩ k0

C
is a reductive

subalgebra of ke
C

and ue =
⊕
j>0

(ke
C
∩ kj

C
) consists of nilpotent elements [S-S]. Denote

by dδe the differential of δe. Then we have:

Lemma 1 [Ohta]. The differential of δe is trivial on ue. Suppose that tC is a toral
subalgebra of kC containing x. Then the centralizer te

C
of e in tC is a toral subalgebra

of t(x,e,f)
C

and dδe on te
C

is given by

dδe(t) =
∑
i≥1

tr(ad(t)|ki
C
)−

∑
i≥2

tr(ad(t)|pi
C
) = −

∑
i≥1

tr(ad(t)|pi
C
) +

∑
i≥2

tr(ad(t)|ki
C
).

Proof. See Ohta [O].

Remark. If g is itself a complex reductive Lie algebra, then one can show that
δe is trivial. Hence all nilpotent elements of a complex reductive Lie algebra are
admissible. See [O].

The preceding lemma suggests that admissibility is a question on tori of k(x,e,f)
C

.
This is indeed the case as we shall see below.

Lemma 2 [Ohta]. Let t1 be a Cartan subalgebra of k(x,e,f)
C

and T1 the corresponding
connected subgroup of (K(x,e,f)

C
)◦ the identity component of K(x,e,f)

C
. Then e is

admissible if and only if there exists a character, χ, of T1 such that δe(g) = (χ(g))2

for all g ∈ T1.

Proof. This follows easily from Definition 2 and Lemma 1.

Corollary 1 [Ohta]. Suppose that T1 ' (C×)r. Then dδe|t1 is a linear map Cr −→
C. From the previous lemma e is admissible if and only if each coefficient of zi in
the linear combination of (z1, z2, . . . zr) is an even integer.

Proof. Obvious from Lemma 2.
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Maintaining the above notation, recall that a nilpotent element e ∈ pC is even if
adx has only even eigenvalues. Schwartz (see also Vogan [V1], Corollary 7.28) has
shown:

Theorem [Schwartz]. Every even nilpotent element is admissible.

The only exceptional real group for which admissibility has been completely
determined is the non-compact real form of G2. We refer the reader to M. Nevins
[Ne] for a proof of the following theorem:

Theorem [Nevins]. Let G be a real Lie group of type G2 over R. If G is simply
connected, then all nilpotent coadjoint orbits are admissible. If G is adjoint, then
only the 8-dimensional orbit fails to be admissible.

New results

Noticed nilpotent elements of pC are admissible. Maintaining the above nota-
tion we shall say that a nilpotent element e ∈ pC is noticed if and only if k(x,e,f)

C
= 0.

The noticed nilpotents of pC were used in [No] to classify nilpotent orbits of complex
symmetric spaces. We deduce from Lemma 2:

Theorem A. Every noticed nilpotent element of pC is admissible.

Proof. For such an element the dδe is trivial.

Admissible nilpotent orbits of exceptional inner-type real Lie algebras.
Our main result is the list of admissible nilpotent KC-orbits on pC in the case
where g is an exceptional real simple Lie algebra of inner type that is rank(kC) =
rank(gC) = l. We shall use the Bourbaki [Bo] system of roots for gC . Also our
orbit numbering follows that of Djoković. From our previous remarks it is enough
to consider non-noticed and non-even orbits of real forms of types E and F only.
Consequently, we will consider the following groups: FI, FII, EII, EIII, EV, EVI,
EVII, EVIII and EIX. First we will concern ourselves with the case where G is
the adjoint Lie group of g, and then we will study admissibility under the simply
connected cover Gsc. We observe that admissibility under the adjoint group implies
admissibility under the simply connected cover.

From Lemma 2, it is clear that an explicit knowledge of the torus T1 would be
very helpful in determining admissible nilpotent orbits. However, such information
may be hard to obtain from the data usually available. The fact that tC is a Cartan
subalgebra of kC does not necessarily imply that t(x,e,f)

C
is a Cartan subalgebra of

k(x,e,f)
C

. As an example let gC = sp2(C) and kC = u2 and k(x,e,f)
C

= so2(C). Following
Bourbaki the compact roots of gC are ±(ε1 − ε2) and the non-compact roots are
±(ε1+ε2), ±2ε1 and ±2ε2. Consider the normal triple (x, e, f) with x = H2ε1 +H2ε2,
e = X2ε1 + X2ε2 and f = X−2ε1 + X−2ε2 . A computation shows that te

C
= 0 while

k(x,e,f)
C

has a one-dimensional Cartan subalgebra. We will show that in the case
of the exceptional groups under consideration we will always be able to explicitly
compute a maximal torus of k(x,e,f)

C
for all the non-even and non-noticed nilpotent

orbits.
In his classification of KC-nilpotent elements of pC D. Djoković [D1] labelled each

KC-orbit by the values of the simple roots of kC on the neutral element x of the
normal triple (x, e, f) associated to the orbit. He also gave a list of minimal regular
semisimple subalgebras containing the nilpotent e up to KC-conjugacy classes and
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460 ALFRED G. NOËL

the type of k(x,e,f)
C

. Regular semisimple minimal algebras are used in the Dynkin
classification. We refer the reader to [Dy] and [Dy1] for more information on such
algebras.

Using information from Djoković and Ohta we design the following algorithm to
determine admissibility under the adjoint group:

Algorithm for G adjoint group of g.
Begin

Let g be one of the simple real Lie algebras under consideration.
1. Choose a set of simple roots for kC .
2. For each KC-nilpotent orbits in pC do

3. Compute a representative normal triple (x, e, f)
4. Compute all positive eigenspaces of adx on kC and pC
5. Compute a maximal torus t1

C
⊆ k(x,e,f)

C

6. Compute dδe(t) where t is a generic element of t1
C

7. If the coefficient of all the terms in dδe(t) is even Then
8. e is admissible

9. Else
10. e is not admissible under the adjoint group G

11. EndFor
End.

Implementation of the algorithm. To implement step 1 we choose the system
of simple roots given in Knapp [Kn]. Using the label given by Djoković we can
compute the neutral element x ∈ kC .This is done by solving a simple system of
linear equations.

An analysis of Djoković’s tables reveals that each nilpotent in pC sits in a minimal
regular subalgebra s such that rank (s) + rank (k(x,e,f)

C
) = rank (gC). Therefore

we always choose e to be a linear combination of root vectors generating s. This
allows us to find a basis for t1

C
.

Remark. In all the cases that we consider, a basis vector H ∈ t1
C

is always an inte-
ger linear combination of the vectors Hα1 , . . . , Hαl corresponding to the Bourbaki

simple roots ∆ = {α1, . . . , αl} of gC . We always choose H =
l∑
i=1

aiHi so that the

nonzero a′is do not have a nontrivial common divisor. In other words, H is not a
multiple of another vector. This is important to be sure that the value of dδe on H
is interpreted correctly.

In addition to our own programs, we used the software LiE to compute the
eigenspaces of adx. Mathematica 4 was also used to solve the system of equations.
The computations were carried out on a powerbook Macintosh G3.

FII.

Theorem B. Let g be a real Lie algebra of type FII. Then all nilpotent orbits of
G in g are admissible.

Proof. Since g has only two nonzero nilpotent orbits of which one is even, hence
admissible by Schwartz [Sch], we shall prove that the remaining non-even orbit is
also admissible.
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The previous theorem of Schwartz tells us that admissbility of nilpotent or-
bits of G in g is equivalent to that of nilpotent orbits of KC in pC . Therefore
let ∆ = {α1, α2, α3, α4} be the Bourbaki system of simple roots of gC . Then
∆k = {β1, β2, β3, β4 : β1 = α2 + 2α3 + 2α4, β2 = α1, β3 = α2, β4 = α3} is
a system of simple roots for kC = so4(C). The label for this orbit in [D] is
[0, 0, 0, 1]. We can compute the neutral element of a normal triple {x, e, f} as-
sociated with the orbit. This is done by solving the system of equation β1(x) = 0,
β2(x) = 0, β3(x) = 0, β4(x) = 1. We find x = 2Hα1 + 4Hα2 + 3Hα3 +Hα4 where
the Hαi’s are elements of the Cartan subalgebra hC defined by the roots αi’s. We
choose e = Xα1+2α2+3α3+α4 where Xα1+2α2+3α3+α4 is a basis element of the root
space g(α1+2α2+3α3+α4)

C
. Consequently, f = X−α1−2α2−3α3−α4 . The following space

t1
C

= CHα1 ⊕ CHα2 ⊕ C(Hα3 + Hα4) is a maximal torus of t(x,e,f)
C

. Next we find
the adx-eigenspaces needed to compute dδe. We have

p
1
C

= CXα2+2α3+α4 ⊕ CXα1+α2+2α3+α4 ⊕ CXα1+2α2+2α3+α4 ⊕ CX−α4 ,

p
2
C

= CXα1+2α2+3α3+α4 ,

k
2
C

= CXα2+2α3 ⊕ CXα1+α2+2α3 ⊕ CXα1+2α2+2α3 ⊕ CXα1+2α2+4α3+2α4

⊕ CXα1+3α2+4α3+2α4 ⊕ CX2α1+3α2+4α3+2α4 ,

ki
C

= pi
C

= 0 for i > 2.

Let z = z1Hα1 + z2Hα2 + z3(Hα3 +Hα4) be a generic element of t1
C
. Then

dδe(z) = (3α1 + 6α2 + 9α3 + 3α4)(z) = 0.

Hence e is admissible from Ohta’s lemma.

The proof of the above theorem is really an implementation of our algorithm.
This is the technique that we shall use to determine admissibility under the adjoint
group G. However, the details will be omitted as we present the result for each
non-even non-noticed orbit of the simple algebras under consideration.

Admissibility under the simply connected group of g. Let Gsc be the simply
connected group with lie algebra g. Then admissibility under the adjoint group G
implies admissibility under Gsc but not vice versa.

If a nilpotent orbit Oe of KC in pC is admissible under the adjoint group, we say
that it is admissible. If Oe is admissible under the simply connected cover but
not the adjoint group, then we say that it is sc-admissible. If Oe is not admissible
under the simply connected cover, then we say that it is not admissible.

As an example we consider the non-compact real form of G2. Let ∆ = {α1, α2}
be the Bourbaki simple roots of gC then ∆k = {β1, β2}, where β1 = α1 and β2 =
3α1 + 2α2, is a set of simple roots for kC = sl2(C) ⊕ sl2(C). The KC-orbit of
e = X2α1+α2 is not admissible under the adjoint group. Using the normal triple
(H2α1+α2 , X2α1+α2 , X−2α1−α2) and the above algorithm, one shows that t1

C
= CHα2

is a maximal torus of k
(H2α1+α2 ,,X2α1+α2 ,X−2α1−α2 )
C and dδe(z1Hα2) = z1.

However, the situation changes when we work under the simply connected group.
The characters of Gsc are integer linear combinations of the fundamental weights
λ1 = β1/2 and λ2 = β2/2. If we choose the character χ = λ1, then χ(z1Hα2) =
1
2z1, which shows that δe has a square root as a character of the maximal torus
corresponding to t1

C
. Hence the orbit is sc-admissible.
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The above method will be used to study admissibility under a simply connected
real Lie group of inner type.

Another computational scheme for deciding admissibility. The above al-
gorithm and the preceding method allow us to test for admissibility. They are used
in the computations which produce the tables below. However, one may also use
a less intensive computational scheme to achieve the same goals. This alternative
was brought to our attention by David Vogan.

First we state the following results of Schwartz which Is Corollary 7.27 of [V].

Theorem [Schwartz]. Maintaining the above notation, let H be a maximal compact
subgroup of Ke

C
. Then e is admissible if and only if the determinant of the action

of H◦ on the −1 eigenspace of x on pC is the square of another character of H◦.

Suppose gC = kC⊕pC and tC is a maximal torus in kC , corresponding to a subgroup
T of KC . Fix a nilpotent orbit Oe of KC on pC ; say that the reductive part of the
stabilizer in KC has rank n − r (with n the dimension of T ). Then there is a
representative of the nilpotent orbit of the form e =

∑
β∈S

cβXβ where cβ ∈ C and S

is a set of roots of tC in pC , and the span of S has dimension r. We can arrange also
that the semisimple part x of the triple (x, e, f) belong to tC . Then we can take,
for a maximal torus in k(x,e,f)

C
, t1
C

= {z ∈ tC |β(z) = 0, for all β ∈ S}.
Define R = {weights γ of tC on pC |γ(x) = 1} and ρ(R) = half the sum of the

weights in R. Then from the previous theorem the orbit Oe is admissible if and only
if some combination ρ(R)+

∑
β∈S

qββ, where qβ ∈ C, is integral; that is, exponentiates

to a character of T .
The value of this formulation is that one only needs to know x (which determines

R) and the set of roots in S; everything else is a roots and weights calculation.
We conclude this section with the following theorems whose proofs consist of the

results given in tables I–VIII.

Theorem C. Let gC be an exceptional simple complex Lie algebra. If g is a non-
split real form of gC of inner type other than EII, the real rank 4 form of E6, then
all the nilpotent orbits of the simply connected group Gsc on g are admissible.

Remark 1. In fact, very few nilpotent orbits fail to be admissible. In EVIII, for
example, only 9 orbits out of 115 are not admissible and only 5 out of the 94
orbits of EV are not admissible. There is exactly one non-admissible orbit in FI.
And EII has 4 non-admissible orbits. Here we mean admissibility under the simply
connected Lie group.

Connections with special orbits. A complex nilpotent special orbit is one asso-
ciated to a special representation of the Weyl group via the Springer correspondence
[L]. They are one of the important tools in the classification of primitive ideals of
the universal enveloping algebra U(gC). A real nilpotent orbit is special if it comes
from a special complex nilpotent orbit.

There is a connection between special nilpotent orbits and admissible nilpotent
orbits (see [Ne]). For example, it is known that for the classical split groups and
many other cases the special orbits are admissible. In the case of the exceptional
simple real Lie algebras of inner type we have:

Theorem D. If g is an exceptional real Lie algebra of type EIII, EVI, EVII, EIX,
FI, FII and G2, then all special nilpotent orbits are admissible under Gsc.
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Remark 2. It was conjectured that if G is a real, simply connected, split form of an
exceptional complex Lie group, then all special nilpotent orbits of G are admissible.

The above conjecture fails for the split forms of E7 and E8. Curiously it happens
for two special orbits in EV and one in EV III; all are contained in a minimal
algebra of type A4 ⊕ A1. However, in all cases there is an admissible real orbit
coming from the same special complex orbit.

In GC irreducible characters of the Weyl group W correspond to rational Hecke
algebra representations [C, L]. It would be interesting to see if there is a connection
to the fact that only characters associated with orbits A4 ⊕A1 in E7, A4 ⊕A1 and
E6(a1)⊕A1 in E8 do not correspond to rational Hecke algebra representations.

The following tables consist of the results of the algorithm described above ap-
plied to non-even and non-noticed nilpotent orbits of the remaining exceptional
simple real Lie algebras of inner type. We group KC-orbits on pC coming from the
same GC -orbits on gC together. In the tables, when the nilpotent e is semiregular
in the minimal regular subalgebra s, then e is given in terms of parameters u and
v which can be determined by solving the system x = [e, f ]. For more information
on semiregular nilpotents in pC the reader may consult Djoković [D2].

Finally, we should add that recently, Monica Nevins from The University of
Ottawa, in a preprint, has computed the admissible nilpotents of the split forms of
F4, E6 and E7 using techniques for p-adic groups.

FI. Let g = FI, the other real form of gC = F4 and ∆ = {α1, α2, α3, α4} the
Bourbaki simple roots of gC , then ∆k = {β1, . . . , β4}, where β1 = α4, β2 = α3,
β3 = α2 and β4 = 2α1 + 3α2 + 4α3 + 2α4, is a set of simple roots for kC =
sp3(C)⊕sl2(C). For each non-even and non-noticed orbit of g we give the Djoković’s
label, the normal triple (x, e, f); we do not need to write f down because we can
deduce it from e by replacing every root vector Xβ by X−β . The maximal torus

t1
C

and the value of dδe(z) =
r∑
i=1

aizi, where r = rank of K(x,e,f)
C

, are also given.

The fundamental weights of kC are λ1 = β1 + β2 + β3/2, λ2 = β1 + 2β2 + β3,
λ3 = β1 + 2β2 + 3β3/2 and λ4 = β4/2. The character χ is the differential of a
square root of δe.

Table I

1. 001 1 k(x,e,f)
C

' A2 + T1

x = Hα1 + 3Hα2 + 2Hα3 +Hα4 , e = Xα1+3α2+4α3+2α4

t1
C

= CHα3 ⊕ CHα4 ⊕ C(Hα1 +Hα2)
dδe(z) = −z3 sc-admissible χ = λ3 Not special

2. 100 2 k(x,e,f)
C

' 2A1 + T1

x = 2Hα1 + 4Hα2 + 3Hα3 + 2Hα4 ,e = Xα1+2α2+3α3+2α4

t1
C

= CHα2 ⊕ C(Hα2 + 2Hα3)⊕ C(2Hα1 + 2Hα2 +Hα3)
dδe(z) = −4z3 admissible special

3. 010 0 k(x,e,f)
C

' 2A1

x = 2Hα2 + 2Hα3 +Hα4 ,e = Xα1+3α2+4α3+2α4 +X−α1−α2

t1
C

= CHα4 ⊕ C(Hα1 +Hα2 +Hα3)
dδe(z) = 0 admissible special
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4. 001 3 k(x,e,f)
C

' A1 + T1

x = 3Hα1 + 6Hα2 + 4Hα3 + 2Hα4 , e = Xα1+2α2+3α3+2α4 +Xα1+2α2+2α3

t1
C

= CHα1 ⊕ CHα3

dδe(z) = −4z2 admissible special

5. 101 1 k(x,e,f)
C

' +T2

x = Hα1 + 4Hα2 + 3Hα3 + 2Hα4 , e = Xα1+2α2+3α3+2α4 +X−α1

t1
C

= CHα3 ⊕ C(Hα1 + 2Hα2)
dδe(z) = 0 admissible special

10. 110 2 k(x,e,f)
C

' T1

x = 2Hα1 + 6Hα2 + 5Hα3 + 3Hα4

e =
√

2(Xα1+α2+2α3+2α4 +X−α1) +Xα1+2α2+3α3+α4

t1
C

= C(2Hα1 + 4Hα2 + Hα3 +Hα4)
dδe(z) = −3z1 Not admissible Not special

11. 102 4 k(x,e,f)
C

' A1

x = 4Hα1 + 10Hα2 + 7Hα3 + 4Hα4

e =
√

3(Xα1+2α2+2α3 +X−α1) + 2Xα1+α2+2α3+2α4

t1
C

= CHα3

dδe(z) = 0 admissible Not special

12. 012 2 k(x,e,f)
C

' T2

x = 2Hα1 + 8Hα2 + 6Hα3 + 3Hα4

e =
√

3Xα1+2α2+2α3+α4 + 2X−α1−α2

t1
C

= CHα4 ⊕ C(Hα1 +Hα2 +Hα3)
dδe(z) = −z2 sc-admissible χ = λ1 Not special

13. 111 1 k(x,e,f)
C

' T1

x = Hα1 + 6Hα2 + 5Hα3 + 3Hα4

e =
√

2(Xα1+2α2+3α3+α4 +X−α1−α2−α3) +Xα1+2α2+2α3+2α4

t1
C

= C(Hα1 +Hα3 +Hα4)
dδe(z) = −2z1 admissible Not special

14. 103 1 k(x,e,f)
C

' T1

x = Hα1 + 7Hα2 + 5Hα3 + 3Hα4

e =
√

3Xα1+2α2+2α3+α4 + 2X−α1−α2 +X−α1−α2−2α3

t1
C

= C(Hα1 +Hα2 +Hα3 +Hα4)
dδe(z) = −z1 sc-admissible χ = −λ1 Not special

15. 111 3 k(x,e,f)
C

' T1

x = 3Hα1 + 9Hα2 + 7Hα3 + 4Hα4

e =
√

3Xα1+2α2+2α3+α4 + 2X−α1−α2 +Xα1+α2+2α3+2α4

t1
C

= C(Hα1 +Hα2 +Hα3)
dδe(z) = −z1 sc-admissible χ = λ1 Not special

21. 131 3 k(x,e,f)
C

' T1 x = 3Hα1 + 13Hα2 + 11Hα3 + 6Hα4

e =
√

5Xα1+2α2+2α3+α4 + 2
√

2X−α1−α2−α3−α4 + 3Xα1+α2+2α3+2α4

t1
C

= C(Hα1 +Hα2 +Hα3)
dδe(z) = 0 admissible special
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EII. Let g = EII a real form of gC = E6 and ∆ = {α1, α2, . . . , α6} the Bourbaki
simple roots of gC , then ∆k = {β1, . . . , β6}, where β1 = α1, β2 = α3, β3 = α4,
β4 = α5, β5 = α6 and β6 = α1+2α2+2α3+3α4+2α5+α6, is a set of simple roots for
kC = sl6(C)⊕sl2(C). The fundamental weights of kC are λ1 = 1/6(5β1 +4β2 +3β3 +
2β4+β5), λ2 = 1/6(4β1+8β2+6β3+4β4+2β5), λ3 = 1/6(3β1+6β2+9β3+6β4+3β5),
λ4 = 1/6(2β1 + 4β2 + 6β3 + 8β4 + 4β5), λ5 = 1/6(β1 + 2β2 + 3β3 + 4β4 + 5β5) and
λ6 = β6/2. The character χ is a square root of δe.

Table II

1. 00100 1 k(x,e,f)
C

' 2A2 + T1

x = Hα1 +Hα2 + 2Hα3 + 3Hα4 + 2Hα5 +Hα6 , e = Xα1+α2+2α3+3α4+2α5+α6

t1
C

= CHα1⊕CHα3⊕CHα5⊕CHα6⊕C(Hα1 +3Hα2 +2Hα3 +3Hα4 +2Hα5 +Hα6)
dδe(z) = −6z5 admissible special

2. 10001 2 k(x,e,f)
C

' B2 + T2

x = 2Hα1 + 2Hα2 + 3Hα3 + 4Hα4 + 3Hα5 + 2Hα6

e = Xα1+α2+2α3+2α4+α5+α6 +Xα1+α2+α3+2α4+2α5+α6

t1
C

= CHα2 ⊕ CHα4 ⊕ C(Hα3 +Hα5)⊕ C(−Hα1 +Hα5 +Hα6)
dδe(z) = −4z1 admissible special

3. 01010 0 k(x,e,f)
C

' 3A1 + T1

x = Hα1 + 2Hα3 + 2Hα4 + 2Hα5 +Hα6

e = Xα1+α2+2α3+2α4+2α5+α6 +X−α2

t1
C

= CHα1 ⊕ CHα6 ⊕ C(Hα2 + 2Hα3 + 2Hα4)⊕ C(Hα3 −Hα5)
dδe(z) = 0 admissible special

4. 00100 3 k(x,e,f)
C

' A2 + T1

x = 2Hα1 + 3Hα2 + 4Hα3 + 6Hα4 + 4Hα5 + 2Hα6

e = Xα1+α2+2α3+2α4+α5 +Xα1+α2+α3+2α4+α5+α6 +Xα2+α3+2α4+2α5+α6

t1
C

= CHα2 ⊕ C(Hα3 +Hα6)⊕ C(Hα1 +Hα5)
dδe(z) = −7z1 sc-admissible χ = 7λ6 Not special

5. 10101 1 k(x,e,f)
C

' A1 + T2

x = 2Hα1 +Hα2 + 3Hα3 + 4Hα4 + 3Hα5 + 2Hα6

e = Xα1+α2+2α3+2α4+α5+α6 +Xα1+α2+α3+2α4+2α5+α6 +X−α2

t1
C

= C(Hα2 + 2Hα4)⊕ C(Hα3 +Hα5)⊕ C(Hα1 +Hα3 −Hα6)
dδe(z) = −z1 sc-admissible χ = −λ6 Not special

9. 21001 1 k(x,e,f)
C

' A1 + T2

x = 3Hα1 +Hα2 + 4Hα3 + 4Hα4 + 3Hα5 + 2Hα6

e = Xα1+α2+2α3+2α4+α5 +
√

2(Xα1+α2+α3+α4+α5+α6 +X−α2)
t1
C

= CHα5 ⊕ C(Hα1 +Hα2 + 2Hα4)⊕ C(−Hα1 +Hα3 +Hα6)
dδe(z) = −3z2 + 3z3 Not admissible special

10. 10012 1 k(x,e,f)
C

' A1 + T2

x = 2Hα1 +Hα2 + 3Hα3 + 4Hα4 + 4Hα5 + 3Hα6

e = Xα2+α3+2α4+2α5+α6 +
√

2(Xα1+α2+α3+α4+α5+α6 +X−α2)
t1
C

= CHα3 ⊕ C(Hα1 +Hα5 −Hα6)⊕ C(Hα2 + 2Hα4 +Hα6)
dδe(z) = 3z2 − 3z3 Not admissible special

12. 30100 0 k(x,e,f)
C

' A1 + T1

x = 3Hα1 + 3Hα3 + 3Hα4 + 2Hα5 +Hα6
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e = Xα1+α2+2α3+2α4+α5+α6 +X−α2−α3−α4−α5

+
√

2(Xα1+α2+α3+2α4+α5 +X−α2−α4)
t1
C

= C(3Hα1 +2Hα2−Hα3−3Hα4 +Hα6)⊕C(−2Hα1−Hα2 +Hα3 +3Hα4 +Hα5)
dδe(z) = −12z1 + 9z2 sc-admissible χ = λ3 special

13. 00103 0 k(x,e,f)
C

' A1 + T1

x = Hα1 + 2Hα3 + 3Hα4 + 3Hα5 + 3Hα6

e = Xα2+α3+2α4+2α5+α6 +X−α1−α2−α3−α4−α5

+
√

2(Xα1+α2+α3+2α4+α5+α6 +X−α2−α4)
t1
C

= C(Hα2 +Hα3 +Hα6)⊕ C(Hα1 +Hα2 + 3Hα3 + 3Hα4 +Hα5)
dδe(z) = −3z1 + 3z2 sc-admissible χ = λ3 special

14. 11011 2 k(x,e,f)
C

' T2

x = 3Hα1 + 2Hα2 + 5Hα3 + 6Hα4 + 5Hα5 + 3Hα6

e = Xα2+α3+2α4+2α5+α6 +Xα1+α2+2α3+2α4+α5

+
√

2(Xα1+α2+α3+α4+α5+α6 +X−α2)
t1
C

= C(Hα2 +Hα3 + 2Hα4 +Hα6)⊕ C(Hα1 +Hα2 + 2Hα4 +Hα5)
dδe(z) = −3z1 − 3z2 sc-admissible χ = −3λ3 special

15. 10201 4 k(x,e,f)
C

' 2A1 + T1

x = 4Hα1 + 4Hα2 + 7Hα3 + 10Hα4 + 7Hα5 + 4Hα6

e = 2Xα1+α2+α3+α4+α5+α6 +
√

3(Xα2+α3+2α4+α5 +X−α2)
t1
C

= CHα3 ⊕ CHα5 ⊕ C(Hα1 −Hα6)
dδe(z) = 0 admissible special

16. 01210 2 k(x,e,f)
C

' A1 + T2

x = 3Hα1 + 2Hα2 + 6Hα3 + 8Hα4 + 6Hα5 + 3Hα6

e = 2X−α2−α4 +
√

3(Xα2+α3+2α4+α5 +Xα1+α2+α3+2α4+α5+α6)
t1
C

= C(Hα1 −Hα6)⊕ C(Hα3 −Hα5)⊕ C(Hα1 +Hα2 + 2Hα3 +Hα4)
dδe(z) = −2z3 admissible special

17. 11111 1 k(x,e,f)
C

' T1

x = 3Hα1 +Hα2 + 5Hα3 + 6Hα4 + 5Hα5 + 3Hα6

e =
√

2(Xα1+α2+2α3+2α4+α5 +Xα2+α3+2α4+2α5+α6)
+Xα1+α2+α3+2α4+α5+α6 +

√
2(X−α2−α3−α4 +X−α2−α4−α5)

t1
C

= C(Hα1 +Hα2 +Hα3 +Hα5 +Hα6)
dδe(z) = −2z1 admissible Not special

18. 10301 1 k(x,e,f)
C

' T2

x = 3Hα1 +Hα2 + 5Hα3 + 7Hα4 + 5Hα5 + 3Hα6

e =
√

3(Xα1+α2+2α3+2α4+α5 +Xα2+α3+2α4+2α5+α6)
+2X−α2−α3−α4−α5 +X−α2−α4

t1
C

= C(Hα2 + 2Hα3 +Hα4 + 2Hα6)⊕ C(2Hα1 +Hα2 +Hα4 + 2Hα5)
dδe(z) = −z1 − z2 sc-admissible χ = λ3 Not special

19. 11111 3 k(x,e,f)
C

' T2

x = 4Hα1 + 3Hα2 + 7Hα3 + 9Hα4 + 7Hα5 + 4Hα6

e =
√

3(Xα1+α2+α3+2α4+α5 +Xα2+α3+2α4+α5+α6)
+Xα1+α2+α3+α4+α5+α6 + 2X−α2−α4

t1
C

= C(Hα2 +Hα3 +Hα4 +Hα5)⊕ C(−Hα1 − 2Hα3 + 2Hα5 +Hα6)
dδe(z) = −3z1 sc-admissible χ = 3λ3 Not special
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27. 12113 1 k(x,e,f)
C

' T1

x = 4Hα1 +Hα2 + 7Hα3 + 8Hα4 + 7Hα5 + 5Hα6

e = 2(Xα1+α2+α3+α4+α5+α6 +X−α2−α3−α4−α5) +Xα2+α3+2α4+α5+α6

+
√

6(Xα1+α2+2α3+2α4+α5 +X−α1−α2−α3−α4)
t1
C

= C(2Hα1 + 3Hα2 + Hα3 + 6Hα4 + 5Hα5 +Hα6)
dδe(z) = 0 admissible special

28. 31121 1 k(x,e,f)
C

' T1

x = 5Hα1 +Hα2 + 7Hα3 + 8Hα4 + 7Hα5 + 4Hα6

e = 2(Xα1+α2+α3+α4+α5+α6 +X−α2−α3−α4−α5) +Xα1+α2+α3+2α4+α5

+
√

6(Xα2+α3+2α4+2α5+α6 +X−α2−α4−α5−α6)
t1
C

= C(Hα1 + 3Hα2 + 5Hα3 + 6Hα4 +Hα5 + 2Hα6)
dδe(z) = 0 admissible special

29. 31310 4 k(x,e,f)
C

' T1

x = 7Hα1 + 4Hα2 + 11Hα3 + 14Hα4 + 10Hα5 + 5Hα6

e =
√

1−
√

6Xα1+α2+α3+α4+α5+α6 +
√

1 +
√

6X−α2−α4−α5

+
√

10Xα2+α3+2α4+α5+α6 +
√

6−
√

6X−α2−α4−α5−α6

+
√

6 +
√

6Xα1+α2+α3+α4+α5 +
√

6X−α2−α3−α4

t1
C

= C(−Hα1 +Hα3 + 2Hα5 +Hα6)
dδe(z) = 3z1 Not admissible special

30. 01313 4 k(x,e,f)
C

' T1

x = 5Hα1 + 4Hα2 + 10Hα3 + 14Hα4 + 11Hα5 + 7Hα6

e =
√

1−
√

6Xα1+α2+α3+α4+α5+α6 +
√

1 +
√

6X−α2−α3−α4

+
√

6 +
√

6Xα2+α3+α4+α5+α6

+
√

10Xα1+α2+α3+2α4+α5 +
√

6X−α2−α4−α5 +
√

6−
√

6X−α1−α2−α3−α4

t1
C

= C(−Hα1 − 2Hα3 −Hα5 +Hα6)
dδe(z) = −3z1 Not admissible special

31. 13131 3 k(x,e,f)
C

' T1

x = 6Hα1 + 3Hα2 + 11Hα3 + 13Hα4 + 11Hα5 + 6Hα6

e = 3Xα1+α2+α3+α4+α5+α6 +
√

8X−α2−α4−α5−α6 +
√

5Xα2+α3+2α4+α5+α6

+
√

5Xα1+α2+α3+2α4+α5 +
√

8X−α1−α2−α3−α4

t1
C

= C(Hα2 +Hα3 +Hα4 +Hα5)
dδe(z) = −z1 sc-admissible χ = λ3 Not special

EIII. Let g = EIII a real form of gC = E6 and ∆ = {α1, α2, . . . , α6} the Bourbaki
simple roots of gC , then ∆k = {β1, . . . , β6}, where β1 = α1, β2 = α3, β3 = α4,
β4 = α2, β5 = α5 and β6 = −α1 − 2α2 − 2α3 − 3α4 − 2α5 − α6, is a set of simple
roots for kC = so10(C)⊕C. The fundamental weights of kC are λ1 = β1 + β2 + β3 +
1/2(β4 + β5), λ2 = β1 + 2β2 + 2β3 + β4 + β5, λ3 = β1 + 2β2 + 3β3 + 3/2(β4 + β5),
λ4 = 1/2(β1 +2β2 +3β3 +5/2β4 +3/2β5), λ5 = 1/2(β1 +2β2 +3β3 +3/2β4 +5/2β5)
and λ6 = −β6. The character χ is a square root of δe.
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Table III

1. 00001 0 k(x,e,f)
C

' A4 + T1

x = −Hα6 , e = X−α6

t1
C

= CHα1 ⊕ CHα2 ⊕ CHα3 ⊕ CHα4 ⊕ C(2Hα5 +Hα6)
dδe(z) = 6z5 admissible special

2. 00010 -2 k(x,e,f)
C

' A4 + T1

x = Hα1 + 2Hα2 + 2Hα3 + 3Hα4 + 2Hα5 +Hα6 , e = Xα1+2α2+2α3+3α4+2α5+α6

t1
C

= CHα1 ⊕ CHα3 ⊕ CHα4 ⊕ CHα5 ⊕ CHα6

dδe(z) = −6z5 admissible special
3. 10000 1 k(x,e,f)

C
' B3 + T1

x = −Hα2 −Hα3 − 2Hα4 − 2Hα5 − 2Hα6 ,
e = X−α2−α3−α4−α5−α6 +X−α4−α5−α6

t1
C

= CHα5 ⊕ C(Hα2 +Hα4)⊕ C(2Hα1 +Hα2 +Hα6)⊕ C(Hα2 −Hα3)
dδe(z) = 12z3 admissible special

4. 10000 -2 k(x,e,f)
C

' B3 + T1

x = 2Hα1 + 2Hα2 + 3Hα3 + 4Hα4 + 3Hα5 + 2Hα6

e = Xα1+α2+2α3+2α4+α5+α6 +Xα1+α2+α3+2α4+2α5+α6

t1
C

= CHα2 ⊕ CHα4 ⊕ C(Hα1 +Hα3 −Hα6)⊕ C(Hα3 +Hα5)
dδe(z) = 12z3 admissible special

5. 00011 -2 k(x,e,f)
C

' A3 + T1

x = Hα1 + 2Hα2 + 2Hα3 + 3Hα4 + 2Hα5

e = Xα1+2α2+2α3+3α4+2α5+α6 +X−α6

t1
C

= CHα1 ⊕ CHα3 ⊕ C(2Hα5 +Hα6)⊕ CHα4)
dδe(z) = 0 admissible special

7. 11010 -2 k(x,e,f)
C

' A2 + T1

x = 2Hα1 + 2Hα2 + 3Hα3 + 3Hα4 +Hα5 −Hα6

e =
√

2(X−α2−α4−α5−α6 +Xα1+2α2+2α3+3α4+2α5+α6) +X−α3−α4−α5−α6

t1
C

= CHα4 ⊕ CHα5 ⊕ C(2Hα1 +Hα3 +Hα6)
dδe(z) = 3z3 sc-admissible χ = λ1 special

8. 11001 -3 k(x,e,f)
C

' A2 + T1

x = 3Hα1 + 3Hα2 + 5Hα3 + 6Hα4 + 4Hα5 +Hα6

e =
√

2(X−α6 +Xα1+α2+2α3+2α4+α5+α6) + Xα1+α2+α3+2α4+2α5+α6

t1
C

= CHα2 ⊕ CHα4 ⊕ C(−Hα1 +Hα3 + 2Hα5 +Hα6)
dδe(z) = −3z3 sc-admissible χ = λ1 special

10. 00013 -2 k(x,e,f)
C

' B2 + T1

x = Hα1 + 2Hα2 + 2Hα3 + 3Hα4 + 2Hα5 − 2Hα6

e =
√

3(X−α2−α4−α5−α6 +X−α1−α2−2α3−2α4−α5−α6)
+2Xα1+2α2+2α3+3α4+2α5+α6

t1
C

= CHα1 ⊕ CHα4 ⊕ C(Hα3 + 2Hα5 +Hα6)
dδe(z) = 6z3 admissible special

11. 00031 -6 k(x,e,f)
C

' B2 + T1

x = 3Hα1 + 6Hα2 + 6Hα3 + 9Hα4 + 6Hα5 + 2Hα6

e = 2X−α6 +
√

3(Xα1+α2+2α3+2α4+α5+α6 +Xα2+α4+α5+α6)
t1
C

= CHα1 ⊕ CHα4 ⊕ C(Hα3 + 2Hα5 +Hα6)
dδe(z) = −6z3 admissible special
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EV. Let g = EV , a real form of gC = E7, and ∆ = {α1, α2, . . . , α7} the Bourbaki
simple roots of gC , then ∆k = {β1, . . . , β7}, where β1 = α1, β2 = α3, β3 = α4,
β4 = α5, β5 = α6, β6 = α7 and β7 = α1 + 2α2 + 2α3 + 3α4 + 2α5 + α6, is
a set of simple roots for kC = sl8(C). The fundamental weights of kC are λ1 =
1/8(7β1 + 6β2 + 5β3 + 4β4 + 3β5 + 2β6 + β7), λ2 = 1/8(6β1 + 12β2 + 10β3 +
8β4 + 6β5 + 4β6 + 2β7), λ3 = 1/8(5β1 + 10β2 + 15β3 + 12β4 + 9β5 + 6β6 + 3β7),
λ4 = 1/8(4β1 + 8β2 + 12β3 + 16β4 + 12β5 + 8β6 + 4β7), λ5 = 1/8(3β1 + 6β2 + 9β3 +
12β4 + 15β5 + 10β6 + 5β7) λ6 = 1/8(2β1 + 4β2 + 6β3 + 8β4 + 10β5 + 12β6 + 6β7)
and λ7 = 1/8(β1 + 2β2 + 3β3 + 4β4 + 5β5 + 6β6 + 7β7). The character χ is a square
root of δe.

Table IV

1. 0001000 k(x,e,f)
C

' 2A3

x = Hα1 +Hα2 + 2Hα3 + 3Hα4 + 3Hα5 + 2Hα6 +Hα7

e = Xα1+α2+2α3+3α4+3α5+2α6+α7

t1
C

= CHα1 ⊕ CHα3 ⊕ CHα4 ⊕ CHα6 ⊕ CHα7 ⊕ C(Hα2 +Hα5)
dδe(z) = 0 admissible special

2. 0100010 k(x,e,f)
C

' B2 + 2A1 + T1

x = 2Hα1 + 2Hα2 + 4Hα3 + 5Hα4 + 4Hα5 + 3Hα6 + 2Hα7

e = Xα1+α2+2α3+3α4+2α5+2α6+α7 +Xα1+α2+2α3+2α4+2α5+α6+α7

t1
C

= CHα1⊕C(Hα3−Hα7)⊕C(Hα4 +Hα5)⊕C(Hα5 +Hα6)⊕C(Hα2 +Hα4 +Hα7)
dδe(z) = 0 admissible special

5. 1001001 k(x,e,f)
C

' A2 + T2

x = 3Hα1 + 3Hα2 + 5Hα3 + 7Hα4 + 6Hα5 + 4Hα6 + 2Hα7

e = Xα1+α2+2α3+3α4+2α5+α6 +Xα1+α2+α3+2α4+2α5+2α6+α7

+Xα1+α2+2α3+2α4+2α5+α6+α7

t1
C

= C(Hα1 +Hα3 −Hα5)⊕ C(−Hα1 +Hα5 +Hα6)
⊕C(Hα3 +Hα6)⊕ C(Hα4 +Hα7)

dδe(z) = −z1 + z2 Not admissible Not special

8. 1100100 k(x,e,f)
C

' A2 + T1

x = 3Hα1 + 2Hα2 + 5Hα3 + 6Hα4 + 5Hα5 + 4Hα6 + 2Hα7

e = Xα1+α2+2α3+2α4+α5+α6 +Xα1+α2+2α3+2α4+2α5+α6+α7

+Xα1+α2+α3+2α4+2α5+2α6+α7 +X−α2

t1
C

= C(Hα1 +Hα2 +Hα3 + 2Hα4 +Hα5)⊕ C(−Hα1 +Hα5 +Hα6)
⊕C(−Hα5 +Hα7)

dδe(z) = −z1 + 2z2 sc-admissible χ = −λ1 Not special

9. 0010011 k(x,e,f)
C

' A2 + T1

x = 3Hα1 + 4Hα2 + 6Hα3 + 9Hα4 + 7Hα5 + 5Hα6 + 3Hα7

e = Xα1+α2+2α3+2α4+α5+α6+α7 +Xα1+α2+α3+2α4+2α5+α6+α7

+Xα2+α3+2α4+2α5+2α6+α7 +Xα1+α2+2α3+3α4+2α5+α6

t1
C

= C(Hα1 +Hα6)⊕ C(Hα2 +Hα4)⊕ C(Hα3 +Hα5)
dδe(z) = −z2 sc-admissible χ = λ3 Not special

10. 2010001 k(x,e,f)
C

' 2A1 + T2

x = 4Hα1 + 3Hα2 + 6Hα3 + 8Hα4 + 6Hα5 + 4Hα6 + 2Hα7

e =
√

2(Xα1+α2+α3+2α4+α5+α6+α7 +Xα1+α2+2α3+2α4+2α5+α6) +X−α2
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t1
C

= CHα6 ⊕ C(Hα2 + 2Hα3 + 2Hα4)⊕ C(Hα3 −Hα5)⊕ C(Hα5 +Hα7)
dδe(z) = 2z2 admissible special

11. 1000102 k(x,e,f)
C

' 2A1 + T2

x = 4Hα1 + 5Hα2 + 7Hα3 + 10Hα4 + 8Hα5 + 6Hα6 + 3Hα7

e =
√

2(Xα1+α2+α3+α4+α5+α6+α7 +Xα1+α2+2α3+3α4+2α5+α6)
+Xα2+α3+2α4+2α5+2α6+α7

t1
C

= CHα3 ⊕ CHα5 +⊕C(Hα2 +Hα4)⊕ C(Hα2 −Hα7)
dδe(z) = −2z3 − 2z4 admissible special

12. 0101010 k(x,e,f)
C

' 2A1

x = 3Hα1 + 3Hα2 + 6Hα3 + 8Hα4 + 7Hα5 + 5Hα6 + 3Hα7

e = Xα1+α2+2α3+2α4+α5+α6+α7 +Xα1+α2+α3+2α4+2α5+α6+α7

+Xα2+α3+2α4+2α5+2α6+α7 +Xα1+α2+2α3+3α4+2α5+α6 +X−α2−α4

t1
C

= C(Hα1 +Hα6)⊕ C(Hα2 +Hα3 +Hα4 +Hα5)
dδe(z) = 0 admissible special

13. 3000100 k(x,e,f)
C

' 2A1 + T1

x = 4Hα1 + 2Hα2 + 5Hα3 + 6Hα4 + 5Hα5 + 4Hα6 + 2Hα7

e =
√

2(Xα1+α2+α3+2α4+α5+α6 +Xα1+α2+2α3+2α4+2α5+α6+α7

+X−α2−α3−2α4−α5 +X−α2

t1
C

= C(Hα2 + 4Hα3 + 2Hα4 + 2Hα6)⊕ C(Hα3 −Hα5)⊕ C(Hα5 −Hα7)
dδe(z) = 4z1 admissible special

14. 0010003 k(x,e,f)
C

' 2A1 + T1

x = 4Hα1 + 6Hα2 + 8Hα3 + 12Hα4 + 9Hα5 + 6Hα6 + 3Hα7

e =
√

2(Xα1+α2+α3+2α4+α5+α6+α7 +Xα1+α2+2α3+2α4+2α5+α6)
+Xα2+α3+2α4+2α5+α6+α7 +Xα2+α3+2α4+α5+α6

t1
C

= CHα2 ⊕ C(−Hα3 +Hα5 +Hα6)⊕ C(Hα3 +Hα6 +Hα7)
dδe(z) = −4z1 admissible special

15. 1010101 k(x,e,f)
C

' 2A1 + T1

x = 4Hα1 + 4Hα2 + 7Hα3 + 10Hα4 + 8Hα5 + 6Hα6 + 3Hα7

e =
√

2(Xα1+α2+2α3+2α4+2α5+α6 +Xα1+α2+α3+2α4+α5+α6+α7

+Xα2+α3+2α4+2α5+2α6+α7 +X−α2

t1
C

= C(Hα2 + 2Hα3 + 2Hα4)⊕ C(Hα3 −Hα5)⊕ C(Hα5 +Hα7)
dδe(z) = 0 admissible special

20. 0102010 k(x,e,f)
C

' 3A1 + T1

x = 4Hα1 + 4Hα2 + 8Hα3 + 11Hα4 + 10Hα5 + 7Hα6 + 4Hα7

e =
√

3(Xα1+α2+α3+2α4+2α5+α6 +X−α1−α2−α3−α4)
+2Xα1+α2+2α3+2α4+α5+α6+α7

t1
C

= CHα6 ⊕ CHα4 ⊕ C(Hα3 −Hα7)⊕ C(Hα2 +Hα5 +Hα7)
dδe(z) = 0 admissible special

24. 1101011 k(x,e,f)
C

' T2

x = 5Hα1 + 5Hα2 + 9Hα3 + 12Hα4 + 10Hα5 + 7Hα6 + 4Hα7

e =
√

2(Xα1+α2+α3+α4+α5+α6+α7 +Xα1+α2+2α3+2α4+α5

+Xα2+α3+2α4+2α5+2α6+α7 +X−α2) +Xα1+α2+α3+2α4+2α5+α6

t1
C

= C(Hα1 +Hα2 +Hα3 + 2Hα4 +Hα6)⊕ C(Hα2 + 2Hα4 +Hα5 +Hα7)
dδe(z) = −2z1 admissible Not special
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25. 1011101 k(x,e,f)
C

' T3

x = 5Hα1 + 5Hα2 + 9Hα3 + 12Hα4 + 10Hα5 + 7Hα6 + 4Hα7

e = 2Xα1+α2+α3+2α4+α5+α6 +Xα1+α2+2α3+2α4+α5+α6+α7

+
√

3Xα2+α3+2α4+2α5+α6+α7 +X−α2−α4

t1
C

= C(Hα1 +Hα2 +Hα3 +Hα4 +Hα5)⊕ C(Hα1 −Hα6)
⊕C(Hα1 −Hα3 −Hα4 +Hα7)

dδe(z) = −z1 − z2 − z3 Not admissible Not special

28. 1111010 k(x,e,f)
C

' T2

x = 5Hα1 + 4Hα2 + 9Hα3 + 12Hα4 + 10Hα5 + 7Hα6 + 4Hα7

e = Xα1+α2+α3+2α4+α5+α6+α7 + 2Xα1+α2+2α3+2α4+α5 +X−α2−α4−α5

+
√

3(Xα2+α3+2α4+2α5+2α6+α7 +X−α2−α3−α4)
t1
C

= C(Hα1 +Hα2 +Hα3 +Hα4 +Hα5 +Hα6)⊕ C(Hα4 −Hα7)
dδe(z) = −z1 sc-admissible χ = −λ1 Not special

29. 0101111 k(x,e,f)
C

' T2

x = 5Hα1 + 6Hα2 + 10Hα3 + 14Hα4 + 12Hα5 + 9Hα6 + 5Hα7

e = Xα1+α2+α3+2α4+α5+α6+α7 + 2Xα2+α3+α4+α5+α6+α7

+Xα1+α2+2α3+2α4+α5+α6 +
√

3(Xα1+α2+α3+2α4+2α5+α6 +X−α2)
t1
C

= C(−Hα1 +Hα2 + 2Hα4 +Hα5 +Hα6)⊕ C(Hα1 +Hα3 −Hα6)
dδe(z) = −z1 sc-admissible χ = −λ3 Not special

31. 2101101 k(x,e,f)
C

' A1

x = 6Hα1 + 5Hα2 + 10Hα3 + 13Hα4 + 11Hα5 + 8Hα6 + 4Hα7

e = Xα1+α2+α3+2α4+α5+α6+α7 + 2Xα1+α2+2α3+2α4+α5 +X−α2−α4−α5

+
√

3(Xα2+α3+2α4+2α5+2α6+α7 +X−α2−α3−α4) +Xα1+α2+α3+α4+α5+α6

t1
C

= C(Hα4 −Hα7)
dδe(z) = 0 admissible special

32. 1011012 k(x,e,f)
C

' A1

x = 6Hα1 + 7Hα2 + 11Hα3 + 16Hα4 + 13Hα5 + 9Hα6 + 5Hα7

e = Xα1+α2+α3+2α4+α5 +Xα2+α3+2α4+α5+α6+α7 +Xα1+α2+2α3+2α4+α5+α6

+
√

3(Xα2+α3+2α4+2α5+α6 +X−α2) + 2Xα1+α2+α3+α4+α5+α6+α7

t1
C

= C(Hα3 −Hα6)
dδe(z) = 0 admissible special

33. 0120101 k(x,e,f)
C

' T2

x = 5Hα1 + 5Hα2 + 10Hα3 + 14Hα4 + 11Hα5 + 8Hα6 + 4Hα7

e = Xα1+α2+2α3+2α4+α5 +
√

3−
√

3Xα1+α2+α3+2α4+2α5+α6 + 2X−α2−α4−α5

+
√

3 +
√

3Xα2+α3+2α4+2α5+α6+α7 +
√

1 +
√

3Xα1+α2+α3+2α4+α5+α6

+
√

1−
√

3Xα2+α3+2α4+α5+α6+α7

t1
C

= C(Hα2 +Hα3 +Hα4 +Hα5 +Hα6)⊕ C(Hα1 +Hα7)
dδe(z) = 0 admissible special

34. 1010210 k(x,e,f)
C

' T2

x = 5Hα1 + 5Hα2 + 9Hα3 + 13Hα4 + 11Hα5 + 9Hα6 + 5Hα7

e = Xα1+α2+α3+α4+α5+α6+α7 +
√

3 +
√

3Xα1+α2+2α3+2α4+2α5+α6

+2X−α2−α3−α4−α5 +
√

3−
√

3Xα2+α3+2α4+2α5+α6+α7

+
√

1−
√

3Xα1+α2+2α3+2α4+α5+α6

√
1 +
√

3Xα2+α3+2α4+α5+α6+α7
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t1
C

= C(Hα1 +Hα3 +Hα4 −Hα6)⊕ C(Hα2 +Hα4 +Hα5 +Hα6)
dδe(z) = 0 admissible special

35. 1030010 k(x,e,f)
C

' T2

x = 5Hα1 + 4Hα2 + 9Hα3 + 13Hα4 + 10Hα5 + 7Hα6 + 4Hα7

e =
√

2(Xα1+α2+α3+2α4+α5+ +X−α2−α4−α5) + 2Xα2+α3+2α4+α5+α6+α7

+
√

3(Xα1+α2+2α3+2α4+2α5+α6 +X−α2−α3−α4)
t1
C

= C(Hα1 +Hα3 −Hα4 −Hα6 + 2Hα7)⊕C(Hα2 + 2Hα4 +Hα5 + 2Hα6 −Hα7)
dδe(z) = 0 admissible special

36. 0100301 k(x,e,f)
C

' T2

x = 5Hα1 + 6Hα2 + 10Hα3 + 14Hα4 + 12Hα5 + 10Hα6 + 5Hα7

e =
√

3(Xα1+α2+α3+α4+α5+α6+α7 +Xα2+α3+α4+α5+α6)
+2X−α2 +

√
2(Xα2+α3+2α4+2α5+α6+α7 +Xα1+α2+α3+2α4+α5+α6)

t1
C

= C(Hα1 +Hα2 + 2Hα3 + 2Hα4 +Hα5)⊕ C(Hα1 + 2Hα5 −Hα7)
dδe(z) = 0 admissible special

37. 1110111 k(x,e,f)
C

' T1

x = 6Hα1 + 6Hα2 + 11Hα3 + 15Hα4 + 12Hα5 + 9Hα6 + 5Hα7

e = Xα1+α2+α3+α4+α5+α6+α7 +Xα1+α2+2α3+2α4+α5 +
√

3−
√

3X−α2−α4

+2Xα2+α3+2α4+α5+α6+α7 +
√

1−
√

3Xα1+α2+α3+2α4+α5+α6

+
√

3 +
√

3Xα1+α2+α3+2α4+2α5+α6 +
√

1 +
√

3X−α2−α4−α5

t1
C

= C(Hα2 +Hα3 +Hα4 +Hα5 +Hα6)
dδe(z) = 0 admissible special

46. 2103101 k(x,e,f)
C

' A1 + T1

x = 8Hα1 + 7Hα2 + 14Hα3 + 19Hα4 + 17Hα5 + 12Hα6 + 6Hα7

e =
√

6(Xα1+α2+α3+α4+α5+α6 +Xα1+α2+2α3+2α4+α5

+Xα1α2+α3+2α4+α5+α6+α7)
+X−α2−α4−α5 +

√
10X−α1−α2−α3−α4

t1
C

= C(Hα2 +Hα3 + 2Hα4 +Hα5 +Hα6)⊕ C(−Hα4 +Hα7)
dδe(z) = z1 sc-admissible χ = λ7 Not special

47. 1013012 k(x,e,f)
C

' A1 + T1

x = 8Hα1 + 9Hα2 + 15Hα3 + 22Hα4 + 19Hα5 + 13Hα6 + 7Hα7

e =
√

6(Xα1+α2+α3+α4+α5+α6+α7 +Xα1+α2+2α3+2α4+α5+α6

+Xα1+α2+α3+2α4+α5) +Xα2+α3+2α4+α5+α6+α7 +
√

10X−α1−α2−α3−α4

t1
C

= C(Hα2 +Hα3 +Hα4 +Hα5)⊕ C(Hα3 −Hα6)
dδe(z) = −z1 sc-admissible χ = −λ7 Not special

48. 3101021 k(x,e,f)
C

' T2

x = 8Hα1 + 7Hα2 + 13Hα3 + 17Hα4 + 14Hα5 + 10Hα6 + 6Hα7

e = 2(Xα1+α2+α3+α4+α5 +Xα1+α2+α3+2α4+α5+α6)
+
√

6(Xα2+α3+2α4+2α5+α6+α7 +X−α2−α4−α5) +X−α2−α3−α4

t1
C

= C(Hα2 −Hα3 −Hα4 + 2Hα6 + 2Hα7)⊕ C(Hα3 +Hα4 +Hα5 −Hα7)
dδe(z) = z1 + z2 Not admissible special

49. 1201013 k(x,e,f)
C

' T2

x = 8Hα1 + 9Hα2 + 15Hα3 + 20Hα4 + 16Hα5 + 11Hα6 + 6Hα7

e = 2(Xα1+α2+α3+α4+α5 +Xα1+α2+α3+2α4+α5+α6)
+
√

6(+Xα2+α3+α4+α5+α6+α7 +X−α2) +Xα2+α3+2α4+2α5+α6

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CLASSIFICATION OF ADMISSIBLE NILPOTENT ORBITS 473

t1
C

= C(Hα2 +Hα3 + 2Hα4 −Hα6)⊕ C(−Hα3 +Hα5 +Hα6 +Hα7)
dδe(z) = −3z1 + z2 Not admissible special

51. 3013010 k(x,e,f)
C

' T2

x = 8Hα1 + 6Hα2 + 13Hα3 + 18Hα4 + 16Hα5 + 11Hα6 + 6Hα7

e =
√

6Xα1+α2+α3+α4+α5+α6+α7 +
√

5− uXα1+α2+2α3+2α4+α5+α6

+
√

2 + uX−α2−α4−α5 +
√

10− uX−α1−α2−α3−α4 +
√

7Xα1+α2+α3+2α4+α5

+
√
uX+α2+α3+2α4+2α5+α6 :u = 1

4 (13 +
√

249)
t1
C

= C(Hα3 −Hα6)⊕ C(Hα2 + 2Hα3 + 2Hα4 +Hα5 +Hα7)
dδe(z) = 2z2 admissible special

52. 0103013 k(x,e,f)
C

' T2

x = 8Hα1 + 10Hα2 + 16Hα3 + 23Hα4 + 20Hα5 + 14Hα6 + 7Hα7

e =
√

7− uXα1+α2+α3+α4+α5+α6+α7 +
√

6Xα1+α2+2α3+2α4+α5

+
√

7X+α2+α3+2α4+α5+α6 +
√

5 + uX−α2−α3−α4 +
√

5− uX−α1−α2−α3−α4

+
√
uX+α2+α3+α4+α5+α6+α7 :u = 1

4 (7 +
√

249)
t1
C

= C(Hα4 +Hα7)⊕ C(Hα2 +Hα4 +Hα5)
dδe(z) = −2z2 admissible special

53. 1112111 k(x,e,f)
C

' T1

x = 8Hα1 + 8Hα2 + 15Hα3 + 21Hα4 + 18Hα5 + 13Hα6 + 7Hα7

e =
√

6(Xα1+α2+α3+α4+α5+α6+α7 +Xα1+α2+2α3+2α4+α5

+Xα1+α2+α3+2α4+α5+α6)
+X+α2+α3+2α4+α5+α6+α7 +X−α2−α4−α5 +

√
10X−α1−α2−α3−α4

t1
C

= C(Hα2 +Hα3 +Hα4 +Hα5 +Hα6)
dδe(z) = 0 admissible special

59. 1211121 k(x,e,f)
C

' T2

x = 9Hα1 + 9Hα2 + 17Hα3 + 23Hα4 + 19Hα5 + 14Hα6 + 8Hα7

e = 3Xα1+α2+α3+2α4+α5+α6 +
√

8(Xα2+α3+α4+α5+α6+α7 +X−α2−α4−α5−α6)
+
√

5(Xα2+α3+2α4+2α5+α6 +X−α2−α3−α4)
t1
C

= C(Hα1 +Hα2 +Hα3 +Hα4 +Hα5)⊕ C(Hα2 + 2Hα4 +Hα5 +Hα7)
dδe(z) = −z1 Not admissible Not special

60. 1311111 k(x,e,f)
C

' T1

x = 9Hα1 + 8Hα2 + 17Hα3 + 22Hα4 + 18Hα5 + 13Hα6 + 7Hα7

e = 3X−α2−α4−α5−α6−α7 +
√

8(Xα1α2+α3+α4+α5+α6+α7 +Xα2+α3+2α4+α5+α6+α7)
+
√

5(Xα2+α3+2α4+2α5+α6 +X−α2−α3−α4) +Xα1+α2+α3+2α4+α5+α6

t1
C

= C(Hα1 +Hα2 +Hα3 + 2Hα4 +Hα5 −Hα6)
dδe(z) = −2z1 admissible Not special

61. 1111131 k(x,e,f)
C

' T1

x = 9Hα1 + 10Hα2 + 17Hα3 + 24Hα4 + 20Hα5 + 15Hα6 + 9Hα7

e = 3Xα2+α4+α5+α6+α7 +
√

8(X−α2−α4−α5 +Xα1+α2+2α3+2α4+α5)
+
√

5(Xα2+α3+2α4+2α5+α6 +X−α2−α3−α4) +Xα1+α2+α3+2α4+α5+α6

t1
C

= C(Hα1 +Hα2 +Hα3 +Hα5 +Hα6)
dδe(z) = −2z1 admissible Not special

64. 1310301 k(x,e,f)
C

' T1

x = 9Hα1 + 8Hα2 + 17Hα3 + 22Hα4 + 18Hα5 + 14Hα6 + 7Hα7

e =
√

9− uX−α2−α3−α4 +
√

7 + uXα1+α2+α3+α4+α5+α6+α7
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+
√

2− uXα1+α2+α3+α4+α5+α6 +
√

4 + vXα2+α3+2α4+2α5+α6

+
√
vX−α2−α3−α4−α5 +

√
10− vXα2+α3+2α4+α5+α6

+
√

4 + vXα2+α3+2α4+2α5+α6+α7 +
√
uX−α2−α4−α5−α6−α7

t1
C

= C(Hα1 +Hα2 +Hα3 + 2Hα4 +Hα5)
dδe(z) = −z1 sc-admissible χ = λ5 Not special

65. 1030131 k(x,e,f)
C

' T1

x = 9Hα1 + 10Hα2 + 17Hα3 + 25Hα4 + 20Hα5 + 15Hα6 + 9Hα7

e =
√

2 + u+ vXα2+α3+α4+α5+α6+α7 +
√

10− vXα2+α3+2α4+α5+α6

+3Xα1+α2+α3+2α4+α5 +
√
−4 + vXα2+α3+2α4+2α5+α6

+
√
uX−α2−α3−α4 +

√
14− u− vX−α2−α4√

7− u− vXα2+α4+α5+α6+α7 +
√
vX−α2−α3−α4−α5

t1
C

= C(Hα1 +Hα2 +Hα3 +Hα4 +Hα5 +Hα6)
dδe(z) = −z1 sc-admissible χ = λ3 Not special

72. 3013131 k(x,e,f)
C

' T1

x = 12Hα1 + 12Hα2 + 21Hα3 + 30Hα4 + 26Hα5 + 19Hα6 + 11Hα7

e =
√
uX−α2−α4−α5 +

√
2− uXα2+α3+α4+α5+α6+α7 +

√
8Xα1+α2+α3+α4+α5+α6

+
√

9 + uXα2+α4+α5+α6+α7 +
√

14X−α1−α2−α3−α4 +
√

11− uX−α2−α3−α4−α5

+
√

18Xα1+α2+2α3+2α4+α5 : u = (1−
√

10)
t1
C

= C(Hα2 +Hα3 + 2Hα4 +Hα5 +Hα6)
dδe(z) = 0 admissible special

73. 1313103 k(x,e,f)
C

' T1

x = 12Hα1 + 12Hα2 + 23Hα3 + 31Hα4 + 26Hα5 + 18Hα6 + 9Hα7

e =
√

11− uX−α2−α4−α5−α6−α7 +
√

9− uXα1+α2+α3+α4+α5+α6+α7

+
√

11Xα2+α3+2α4+α5+α6+α7 +
√

9 + uXα1+α2+α3+α4+α5+α6

+
√

14X−α1−α2−α3−α4 +
√

8Xα1+α2+α3+2α4+α5

+
√
uX−α2−α4−α5−α6 : u = 1

4 (11−
√

769)
t1
C

= C(Hα2 +Hα3 +Hα4 +Hα5)
dδe(z) = 0 admissible special

74. 3113121 k(x,e,f)
C

' T1

x = 12Hα1 + 11Hα2 + 21Hα3 + 29Hα4 + 25Hα5 + 18Hα6 + 10Hα7

e =
√

10X−α2−α4−α5−α6 +
√

14X−α1−α2−α3−α4 +
√

10Xα2+α3+2α4+α5+α6+α7

+
√

18Xα1+α2+α3+α4+α5+α6 +X−α2−α3−α4−α5 +
√

8Xα1+α2+α3+2α4+α5

t1
C

= C(Hα3 +Hα4 −Hα7)
dδe(z) = 0 admissible special

75. 1213113 k(x,e,f)
C

' T1

x = 12Hα1 + 13Hα2 + 23Hα3 + 32Hα4 + 27Hα5 + 19Hα6 + 10Hα7

e =
√

10X−α2−α4−α5 +
√

14X−α1−α2−α3−α4 +
√

10Xα2+α3+α4+α5+α6+α7

+
√

8Xα1+α2+α3+α4+α5+α6 +Xα2+α3+2α4+α5+α6 +
√

18Xα1+α2+α3+2α4+α5

t1
C

= C(−Hα3 +Hα6 +Hα7)
dδe(z) = 0 admissible special

82. 1413131 k(x,e,f)
C

' T1

x = 16Hα1 + 14Hα2 + 29Hα3 + 38Hα4 + 32Hα5 + 23Hα6 + 13Hα7

e =
√

15(X−α2−α3−α4−α5 + X−α2−α4−α5−α6−α7) +
√

28Xα2+α3+α4+α5+α6+α7

+
√

10Xα1+α2+α3+α4+α5+α6 +
√

18X−α1−α2−α3−α4 +
√

24Xα1α2+α3+2α4+α5

t1
C

= C(Hα2 +Hα3 + 2Hα4 +Hα5 +Hα6)
dδe(z) = −z1 sc-admissible χ = λ1 Not special
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83. 1313143 k(x,e,f)
C

' T1

x = 16Hα1 + 18Hα2 + 31Hα3 + 43Hα4 + 36Hα5 + 26Hα6 + 15Hα7

e =
√

28X−α2−α4−α5−α6 +
√

18X−α1−α2−α3−α4 +
√

15Xα2+α3+2α4+α5+α6

+
√

24Xα1+α2+α3+α4+α5+α6 +
√

15Xα2+α4+α5+α6+α7 +
√

10Xα1α2+α3+2α4+α5

t1
C

= C(Hα2 +Hα3 +Hα4 +Hα5)
dδe(z) = −z1 sc-admissible χ = λ1 Not special

EVI. Let g = EV I, a real form of gC = E7, and ∆ = {α1, α2, . . . , α7} the Bourbaki
simple roots of gC , then ∆k = {β1, . . . , β7}, where β1 = α7, β2 = α6, β3 = α5,
β4 = α4, β5 = α3, β6 = α2 and β7 = 2α1 + 2α2 + 3α3 + 4α4 + 3α5 + 2α6 + α7,
is a set of simple roots for kC = so12(C) ⊕ sl2(C). The fundamental weights of kC
are λ1 = β1 + β2 + β3 + β4 + 1/2(β5 + β6), λ2 = β1 + 2β2 + 2β3 + 2β4 + β5 + β6,
λ3 = β1 + 2β2 + 3β3 + 3β4 + 3/2(β5 + β6), λ4 = β1 + 2β2 + 3β3 + 4β4 + 2(β5 + β6),
λ5 = 1/2(β1+2β2+3β3+4β4+3β5+2β6) λ6 = 1/2(β1+2β2+3β3+4β4+2β5+3β6)
and λ7 = β2/2.

Table V

1. 000010 1 k(x,e,f)
C

' A5 + T1

x = Hα1 + 2Hα2 + 3Hα3 + 4Hα4 + 3Hα5 + 2Hα6 +Hα7

e = Xα1+2α2+3α3+4α4+3α5+2α6+α7

t1
C

= C(Hα1 +Hα3)⊕ CHα2 ⊕ CHα4 ⊕ CHα5 ⊕ CHα6 ⊕ CHα7

dδe(z) = −4z1 admissible special

2. 010000 2 k(x,e,f)
C

' B3 +A1 + T1

x = 2Hα1 + 3Hα2 + 4Hα3 + 6Hα4 + 5Hα5 + 4Hα6 + 2Hα7

e = Xα1+2α2+2α3+3α4+2α5+2α6+α7 +Xα1+α2+2α3+3α4+3α5+2α6+α7

t1
C

= CHα1 ⊕ CHα3 ⊕ CHα4 ⊕ CHα7 ⊕ C(Hα2 +Hα6)
dδe(z) = −8z1 admissible special

3. 000100 0 k(x,e,f)
C

' A3 + 2A1

x = 2Hα2 + 2Hα3 + 4Hα4 + 3Hα5 + 2Hα6 +Hα7

e = Xα1+2α2+2α3+4α4+3α5+2α6+α7 +X−α1

t1
C

= CHα2 ⊕ CHα5 ⊕ CHα6 ⊕ CHα7 ⊕ C(Hα1 + 2Hα3 + 2Hα4)
dδe(z) = 0 admissible special

4. 000010 3 k(x,e,f)
C

' C3 + T1

x = 3Hα1 + 4Hα2 + 6Hα3 + 8Hα4 + 6Hα5 + 4Hα6 + 2Hα7

e = Xα1+α2+2α3+2α4+α5 +Xα1+α2+2α3+2α4+2α5+2α6+α7

+Xα1+2α2+2α3+4α4+3α5+2α6+α7

t1
C

= CHα1 ⊕ CHα2 ⊕ CHα5 ⊕ CHα7

dδe(z) = −13z1 sc-admissible χ = −13λ7 Not special

5. 010010 1 k(x,e,f)
C

' B2 +A1 + T1

x = Hα1 + 3Hα2 + 4Hα3 + 6Hα4 + 5Hα5 + 4Hα6 + 2Hα7

e = Xα1+α2+2α3+2α4+2α5+2α6+α7 +Xα1+2α2+2α3+4α4+3α5+2α6+α7 +X−α1

t1
C

= CHα2 ⊕ CHα5 ⊕ CHα7 ⊕ C(Hα1 + 2Hα3 + 2Hα4)
dδe(z) = −3z4 sc-admissible χ = −3λ7 Not special
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9. 110001 1 k(x,e,f)
C

' A2 + T2

x = Hα1 + 4Hα2 + 4Hα3 + 7Hα4 + 6Hα5 + 5Hα6 + 3Hα7

e =
√

2Xα1+α2+2α3+2α4+2α5+2α6+α7 +Xα1+2α2+2α3+3α4+2α5+α6+α7

+
√

2X−α1−α3

t1
C

= CHα5 ⊕ C(Hα2 −Hα7)⊕ C(Hα3 +Hα4)⊕ C(Hα1 +Hα2 + Hα4 +Hα6)
dδe(z) = 2z2 − 2z4 admissible special

10. 200100 0 k(x,e,f)
C

' 2A1 + T1

x = 3Hα2 + 3Hα3 + 6Hα4 + 5Hα5 + 4Hα6 + 3Hα7

e =
√

2Xα1+α2+2α3+3α4+2α5+α6+α7 +Xα1+2α2+2α3+3α4+2α5+2α6+α7

+
√

2X−α1−α3−α4 +X−α1−α2−α3−α4−α5

t1
C

= CHα3⊕C(Hα1 +Hα4 +2Hα5 +2Hα6 +Hα7)⊕C(Hα2 +2Hα4 +Hα5−Hα7)
dδe(z) = −2z2 + 4z3 admissible special

11. 010100 2 k(x,e,f)
C

' 2A1 + T1

x = 2Hα1 + 5Hα2 + 6Hα3 + 10Hα4 + 8Hα5 + 6Hα6 + 3Hα7

e =
√

2Xα1+α2+α3+2α4+2α5+2α6+α7 +Xα1+2α2+2α3+3α4+2α5+α6

+
√

2X−α1 +Xα1+α2+2α3+3α4+2α5+α6+α7

t1
C

= CHα5 ⊕ C(Hα2 +Hα7)⊕ C(Hα1 + 2Hα3 +Hα4 +Hα6)
dδe(z) = −6z3 admissible special

12. 010020 4 k(x,e,f)
C

' A3 +A1

x = 4Hα1 + 7Hα2 + 10Hα3 + 14Hα4 + 11Hα5 + 8Hα6 + 4Hα7

e =
√

3(Xα1+α2+2α3+2α4+α5 +X−α1) + 2Xα1+α2+α3+2α4+2α5+2α6+α7

t1
C

= CHα2 ⊕ CHα4 ⊕ CHα5 ⊕ CHα7

dδe(z) = 0 admissible special

13. 000120 2 k(x,e,f)
C

' B2 +A1 + T1

x = 2Hα1 + 6Hα2 + 8Hα3 + 12Hα4 + 9Hα5 + 6Hα6 + 3Hα7

e =
√

3(Xα1+α2+2α3+2α4+2α5+α6 +Xα1+α2+2α3+2α4+α5+α6+α7) + 2X−α1−α3

t1
C

= CHα2 ⊕ CHα6 ⊕ C(Hα5 +Hα7)⊕ C(Hα1 +Hα3 + 2Hα4 +Hα5)
dδe(z) = −4z4 admissible special

16. 010110 1 k(x,e,f)
C

' A1 + T1

x = Hα1 + 5Hα2 + 6Hα3 + 10Hα4 + 8Hα5 + 6Hα6 + 3Hα7

e =
√

2(Xα1+2α2+2α3+3α4+2α5+α6+α7 +Xα1+α2+2α3+2α4+2α5+2α6+α7)
+
√

2(X−α1−α3−α4 +X−α1−α2−α3−α4−α5) +Xα1+α2+2α3+3α4+2α5+α6

t1
C

= C(Hα2 −Hα5 −Hα7)⊕ C(Hα1 + 2Hα4 + 3Hα5 + 2Hα6 + 2Hα7)
dδe(z) = −2z2 admissible Not special

17. 010030 1 k(x,e,f)
C

' 2A1 + T1

x = Hα1 + 5Hα2 + 7Hα3 + 10Hα4 + 8Hα5 + 6Hα6 + 3Hα7

e =
√

3(Xα1+2α2+2α3+3α4+2α5+α6 +Xα1+α2+2α3+3α4+2α5+α6+α7)
+X−α1−α3 + 2X−α1−α2−α3−2α4−α5

t1
C

= CHα5 ⊕ C(Hα2 +Hα7)⊕ C(Hα1 +Hα3 + 2Hα4 + 2Hα6)
dδe(z) = −z3 sc-admissible χ = −λ7 Not special

18. 010110 3 k(x,e,f)
C

' 2A1 + T1

x = 3Hα1 + 7Hα2 + 9Hα3 + 14Hα4 + 11Hα5 + 8Hα6 + 4Hα7

e =
√

3(Xα1+α2+2α3+2α4+α5+α6 +Xα1+α2+2α3+2α4+2α5+α6+α7)
+2X−α1−α3 +Xα1+α2+α3+2α4+2α5+2α6+α7
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t1
C

= CHα2 ⊕ C(Hα5 −Hα7)⊕ C(Hα1 +Hα3 + 2Hα4 +Hα7)
dδe(z) = −7z3 sc-admissible χ = −7λ7 Not special

24. 201011 2 k(x,e,f)
C

' A1 + T1

x = 2Hα1 + 7Hα2 + 8Hα3 + 13Hα4 + 11Hα5 + 8Hα6 + 5Hα7

e =
√

3(Xα1+α2+2α3+2α4+α5+α6+α7 +Xα1+2α2+2α3+3α4+2α5+α6)
+2X−α1−α2−α3−α4 +

√
2X−α1−α3−α4−α5−α6 +Xα1+α2+α3+2α4+2α5+2α6+α7

t1
C

= CHα4 ⊕ C(2Hα1 +Hα2 + 2Hα3 + 3Hα5 +Hα7)
dδe(z) = −8z2 admissible special

27. 111110 1 k(x,e,f)
C

' T2

x = Hα1 + 7Hα2 + 8Hα3 + 14Hα4 + 12Hα5 + 9Hα6 + 5Hα7

e = Xα1+α2+2α3+2α4+2α5+α6+α7 + 2(Xα1+α2+α3+2α4+2α5+2α6+α7

+X−α1−α2−α3−2α4−α5) +
√

6X−α1−α2−α3−α4−α5−α6

+Xα1+2α2+2α3+3α4+2α5+α6

t1
C

= C(Hα2 −Hα5 +Hα7 ⊕ C(Hα1 + 2Hα3 + 2Hα4 +Hα5 +Hα6)
dδe(z) = −2z1 − z2 sc-admissible χ = λ3 special

28. 201031 4 k(x,e,f)
C

' A1 + T1

x = 4Hα1 + 11Hα2 + 14Hα3 + 21Hα4 + 17Hα5 + 12Hα6 + 7Hα7

e =
√

10Xα1+α2+2α3+2α4+α5+α6 +
√

6 +
√

6Xα1+α2+α3+2α4+2α5+α6+α7

+
√

1−
√

6Xα1+α2+α3+2α4+2α5+2α6+α7 +
√

6X−α1−α2−α3−α4

+
√

1 +
√

6X−α1−α3−α4−α5−α6 +
√

6−
√

6X−α1−α3−α4−α5

t1
C

= CHα4 ⊕ C(Hα2 +Hα5 −Hα7)
dδe(z) = 2z2 admissible special

30. 010310 3 k(x,e,f)
C

' A1 + T1

x = 3Hα1 + 11Hα2 + 13Hα3 + 22Hα4 + 17Hα5 + 12Hα6 + 6Hα7

e =
√

5(Xα1+α2+2α3+2α4+α5+α6 +Xα1+α2+2α3+2α4+2α5+α6+α7)
+3Xα1+α2+α3+2α4+2α5+2α6+α7 +

√
8(X−α1−α2−α3−α4−α5−α6

+X−α1−α3−α4−α5−α6−α7)
t1
C

= C(Hα1 +Hα2 +Hα3 + 2Hα4 +Hα5)⊕ C(Hα2 −Hα5 +Hα7)
dδe(z) = −3z1 sc-admissible χ = −3λ7 Not special

EVII. Let g = EV II, a real form of gC = E7, and ∆ = {α1, α2, . . . , α7} the
Bourbaki simple roots of gC , then ∆k = {β1, . . . , β7}, where β1 = α6, β2 = α2, β3 =
α5, β4 = α4, β5 = α3, β6 = α1 and β7 = −2α1− 2α2− 3α3− 4α4− 3α5− 2α6−α7,
is a set of simple roots for kC = E6 ⊕ (C).

Table VI

1. 100000 0 k(x,e,f)
C

' D5 + T1

x = −Hα7

e = X−α7

t1
C

= CHα1 ⊕ CHα2 ⊕ CHα3 ⊕ CHα4 ⊕ CHα5 ⊕ C(2Hα6 +Hα7)
dδe(z) = 8z6 admissible special

2. 000001 -2 k(x,e,f)
C

' D5 + T1

x = 2Hα1 + 2Hα2 + 3Hα3 + 4Hα4 + 3Hα5 + 2Hα6 +Hα7

e = X2α1+2α2+3α3+4α4+3α5+2α6+α7
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t1
C

= CHα2 ⊕ CHα3 ⊕ CHα4 ⊕ CHα5 ⊕ CHα6 ⊕ CHα7

dδe(z) = 0 admissible special

3. 000001 0 k(x,e,f)
C

' B4 + T1

x = −Hα2 −Hα3 − 2Hα4 − 2Hα5 − 2Hα6 − 2Hα7

e = X−α7 +X−α2−α3−2α4−2α5−2α6−α7

t1
C

= CHα2 ⊕ CHα3 ⊕ CHα4 ⊕ CHα5 ⊕ C(2Hα1 + 2Hα6 +Hα7)
dδe(z) = 16z5 admissible special

4. 100000 -2 k(x,e,f)
C

' B4 + T1

x = 2Hα1 + 3Hα2 + 4Hα3 + 6Hα4 + 5Hα5 + 4Hα6 + 2Hα7

e = Xα2+α3+2α4+2α5+2α6+α7 +X2α1+2α2+3α3+4α4+3α5+2α6+α7

t1
C

= CHα2 ⊕ CHα3 ⊕ CHα4 ⊕ CHα5 ⊕ CHα7

dδe(z) = −16z5 admissible special

5. 100001 -2 k(x,e,f)
C

' D4 + T1

x = −2Hα1 + 2Hα2 + 3Hα3 + 4Hα4 + 3Hα5 + 2Hα6

e = +X2α1+2α2+3α3+4α4+3α5+2α6+α7 +X−α7

t1
C

= CHα2 ⊕ CHα3 ⊕ CHα4 ⊕ CHα5 ⊕ C(2Hα6 +Hα7)
dδe(z) = 0 admissible special

11. 010010 -2 k(x,e,f)
C

' A3 + T1

x = 2Hα1 + 3Hα2 + 4Hα3 + 5Hα4 + 3Hα5 +Hα6 −Hα7

e =
√

2(Xα1+2α2+3α3+4α4+3α5+2α6+α7 +X−α3−α4−α5−α6−α7)
+X−α2−α4−α5−α6−α7

t1
C

= CHα4 ⊕ CHα5 ⊕ CHα6 ⊕ C(2Hα1 +Hα2 + 2Hα3 +Hα7)
dδe(z) = 6z4 admissible special

12. 011000 -3 k(x,e,f)
C

' A3 + T1

x = 3Hα1 + 5Hα2 + 6Hα3 + 9Hα4 + 7Hα5 + 4Hα6 +Hα7

e =
√

2(Xα1+2α2+2α3+3α4+2α5+2α6+α7 +X−α6−α7)
+Xα1+α2+2α3+3α4+3α5+2α6+α7

t1
C

= CHα1 ⊕ CHα3 ⊕ CHα4 ⊕ C(Hα2 +Hα5 +Hα7)
dδe(z) = −6z4 admissible special

13. 300001 -2 k(x,e,f)
C

' B3 + T1

x = 2Hα1 + 2Hα2 + 3Hα3 + 4Hα4 + 3Hα5 + 2Hα6 − 2Hα7

e = 2X2α1+2α2+3α3+4α4+3α5+2α6+α7 +
√

3(X−α1−α2−α3−2α4−α5−α6−α7

+X−α1−α2−2α3−2α4−2α5−α6−α7)
t1
C

= CHα2 ⊕ C(Hα3 +Hα4)⊕ C(Hα4 +Hα5)⊕ C(Hα3 + 2Hα6 +Hα7)
dδe(z) = 8z4 admissible special

14. 100003 -6 k(x,e,f)
C

' B3 + T1

x = 6Hα1 + 6Hα2 + 9Hα3 + 12Hα4 + 9Hα5 + 6Hα6 + 2Hα7

e =
√

3(Xα1+α2+α3+α4+α5+α6+α7 +Xα1+α2+2α3+3α4+2α5+α6+α7) + 2X−α7

t1
C

= CHα3 ⊕ CHα5 ⊕ C(Hα2 +Hα4)⊕ C(Hα4 + 2Hα6 +Hα7)
dδe(z) = −8z4 admissible special

EVIII. Let g = EV III, a real form of gC = E8, and ∆ = {α1, α2, . . . , α8} the
Bourbaki simple roots of gC , then ∆k = {β1, . . . , β8}, where β1 = 2α1 +2α2 +3α3 +
4α4 + 3α5 + 2α6 + α7, β2 = α8, β3 = α7, β4 = α6, β5 = α5, β6 = α4, β7 = α2

and β8 = α3, is a set of simple roots for kC = s016(C). The fundamental weights
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of kC are λ1 = β1 + β2 + β3 + β4 + β5 + β6 + 1/2(β7 + β8), λ2 = β1 + 2β2 + 2β3 +
2β4 + 2β5 + 2β6 + β7 + β8, λ3 = (β1 + 2β2 + 3β3 + 3β4 + 3β5 + 3β6 + 3/2(β7 + β8),
λ4 = β1 + 2β2 + 3β3 + 4β4 + 4β5 + 4β6 + 2(β7 + β8), λ5 = β1 + 2β2 + 3β3 + 4β4 +
5β5 + 5β6 + 5/2(β7 + β8), λ6 = β1 + 2β2 + 3β3 + 4β4 + 4β5 + 6β6 + 3(β7 + β8),
λ7 = 1/2(β1 + 2β2 + 3β3 + 4β4 + 5β5 + 6β6 + 4β7 + 3β8) and λ8 = 1/2(β1 + 2β2 +
3β3 + 4β4 + 5β5 + 6β6 + 3β7 + 4β8).

Table VII

1. 00000010 k(x,e,f)
C

' A7

x = Hα1 + 3Hα2 + 3Hα3 + 5Hα4 + 4Hα5 + 3Hα6 + 2Hα7 +Hα8

e = Xα1+3α2+3α3+5α4+4α5+3α6+2α7+α8

t1
C

= C(Hα1 +Hα2)⊕ CHα3 ⊕ CHα4 ⊕ CHα5 ⊕ CHα6 ⊕ CHα7 ⊕ CHα8

dδe(z) = 0 admissible special

2. 00010000 k(x,e,f)
C

' A3 +B3

x = 2Hα1 + 4Hα2 + 5Hα3 + 8Hα4 + 7Hα5 + 6Hα6 + 4Hα7 + 2Hα8

e = Xα1+α2+2α3+3α4+3α5+3α6+2α7+α8 +Xα1+3α2+3α3+5α4+4α5+3α6+2α7+α8

t1
C

= CHα3 ⊕ CHα4 ⊕ CHα5 ⊕ CHα7 ⊕ CHα8 ⊕ C(Hα1 +Hα2 +Hα6)
dδe(z) = 0 admissible special

3. 01000010 k(x,e,f)
C

' C3 +A1 + T1

x = 3Hα1 + 6Hα2 + 7Hα3 + 11Hα4 + 9Hα5 + 7Hα6 + 5Hα7 + 3Hα8

e = Xα1+2α2+2α3+3α4+2α5+α6+α7+α8 +Xα1+2α2+2α3+3α4+3α5+3α6+2α7+α8

+Xα1+2α2+3α3+5α4+4α5+3α6+2α7+α8

t1
C

= CHα3⊕CHα5⊕CHα7⊕C(Hα2 +Hα4−Hα8)⊕C(Hα1 +Hα4 +Hα6 +Hα8)
dδe(z) = z4 − z5 Not admissible Not special

6. 10001000 k(x,e,f)
C

' A3 + T1

x = 4Hα1 + 7Hα2 + 9Hα3 + 14Hα4 + 12Hα5 + 9Hα6 + 6Hα7 + 3Hα8

e = Xα1+α2+2α3+3α4+3α5+2α6+α7 +Xα1+2α2+2α3+3α4+3α5+2α6+α7+α8

+Xα1+2α2+2α3+4α4+3α5+2α6+2α7+α8 +Xα1+2α2+3α3+4α4+3α5+3α6+2α7+α8

t1
C

= C(Hα2 −Hα8)⊕ C(Hα4 −Hα7)⊕ C(Hα3 −Hα6)
⊕C(Hα1 +Hα2 + 2Hα3 + 2Hα4 +Hα5)

dδe(z) = −z4 sc-admissible χ = −λ1 Not special

7. 11000001 k(x,e,f)
C

' 2A2 + T1

x = 5Hα1 + 8Hα2 + 11Hα3 + 16Hα4 + 13Hα5 + 10Hα6 + 7Hα7 + 4Hα8

e =
√

2(Xα1+α2+2α3+2α4+α5+α6+α7+α8 +Xα1+2α2+2α3+4α4+4α5+3α6+2α7+α8)
+Xα1+2α2+3α3+4α4+3α5+2α6+α7

t1
C

= CHα2 ⊕ CHα4 ⊕ CHα6 ⊕ CHα7 ⊕ C(Hα1 +Hα3 +Hα5)
dδe(z) = −2z4 admissible special

8. 00010010 k(x,e,f)
C

' A3

x = 3Hα1 + 7Hα2 + 8Hα3 + 13Hα4 + 11Hα5 + 9Hα6 + 6Hα7 + 3Hα8

e = Xα1+2α2+2α3+3α4+2α5+2α6+α7 +Xα1+2α2+2α3+3α4+3α5+2α6+α7+α8 +X−α1

+Xα1+α2+2α3+3α4+3α5+3α6+2α7+α8 +Xα1+2α2+2α3+4α4+3α5+2α6+2α7+α8

t1
C

= C(Hα4 −Hα7)⊕ C(Hα5 −Hα8)
⊕C(Hα1 +Hα2 + 2Hα3 + 3Hα4 + 2Hα5 +Hα6)

dδe(z) = 0 admissible special
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9. 20010000 k(x,e,f)
C

' B2 +A1 + T1

x = 6Hα1 + 9Hα2 + 12Hα3 + 18Hα4 + 15Hα5 + 12Hα6 + 8Hα7 + 4Hα8

e =
√

2(Xα1+α2+2α3+3α4+2α5+2α6+α7 +Xα1+2α2+2α3+3α4+3α5+2α6+α7+α8)
+Xα1+2α2+2α3+3α4+2α5+2α6+2α7+α8 +Xα1+α2+2α3+3α4+3α5+2α6+2α7+α8

t1
C

= CHα1 ⊕ CHα3 ⊕ C(Hα4 +Hα8)⊕ C(Hα2 + 2Hα4 +Hα5)
dδe(z) = −4z1 admissible special

10. 01000100 k(x,e,f)
C

' A3 + T1

x = 4Hα1 + 8Hα2 + 10Hα3 + 16Hα4 + 13Hα5 + 10Hα6 + 7Hα7 + 4Hα8

e =
√

2(Xα1+2α2+2α3+3α4+2α5+2α6+α7+α8 +Xα1+α2+2α3+3α4+3α5+2α6+2α7+α8)
+Xα1+2α2+3α3+4α4+3α5+2α6+α7 +X−α1−α3

t1
C

= C(Hα2 +Hα5)⊕ C(Hα5 +Hα6)⊕C(Hα6 +Hα7)⊕ C(Hα1 +Hα3 + 2Hα4)
dδe(z) = 0 admissible special

11. 00010020 k(x,e,f)
C

' A3 +B2

x = 4Hα1 + 10Hα2 + 11Hα3 + 18Hα4 + 15Hα5 + 12Hα6 + 8Hα7 + 4Hα8

e =
√

3(Xα1+2α2+2α3+3α4+2α5+α6 +X−α1−α3−α4−α5−α6)
+2Xα1+α2+2α3+3α4+3α5+3α6+2α7+α8

t1
C

= CHα3 ⊕ CHα4 ⊕ CHα5 ⊕ CHα8 ⊕ C(Hα1 +Hα2 +Hα6 +Hα7)
dδe(z) = 0 admissible special

12. 30000001 k(x,e,f)
C

' G2 + T1

x = 7Hα1 + 10Hα2 + 14Hα3 + 20Hα4 + 16Hα5 + 12Hα6 + 8Hα7 + 4Hα8

e =
√

2(Xα1+α2+2α3+3α4+2α5+α6 +Xα1+α2+2α3+2α4+2α5+2α6+2α7+α8)
+Xα1+2α2+2α3+3α4+3α5+2α6+α7 +Xα1+2α2+2α3+3α4+2α5+2α6+α7+α8

+Xα1+2α2+2α3+4α4+3α5+2α6+2α7+α8

t1
C

= CHα1 ⊕ C(Hα5 +Hα8)⊕ C(Hα4 +Hα5 + 2Hα6 +Hα7)
dδe(z) = −7z1 sc-admissible χ = −7λ1 Not special

13. 10010001 k(x,e,f)
C

' 2A1 + T1

x = 5Hα1 + 9Hα2 + 12Hα3 + 18Hα4 + 15Hα5 + 12Hα6 + 8Hα7 + 4Hα8

e =
√

2(Xα1+α2+2α3+3α4+2α5+2α6+α7 +Xα1+2α2+2α3+3α4+3α5+2α6+α7+α8)
+Xα1+2α2+2α3+3α4+2α5+2α6+2α7+α8 +Xα1+α2+2α3+3α4+3α5+2α6+2α7+α8

+X−α1

t1
C

= C(Hα1 + 2Hα3)⊕ C(Hα4 +Hα8)⊕ C(Hα2 + 2Hα4 +Hα5)
dδe(z) = −z1 sc-admissible χ = −λ1 Not special

17. 01010010 k(x,e,f)
C

' 2A1 + T1

x = 5Hα1 + 10Hα2 + 12Hα3 + 19Hα4 + 16Hα5 + 13Hα6 + 9Hα7 + 5Hα8

e =
√

2(Xα1+α2+2α3+3α4+2α5+2α6+α7+α8 +Xα1+α2+2α3+2α4+2α5+2α6+2α7+α8

+Xα1+2α2+2α3+3α4+3α5+2α6+α7 +X−α1−α3)
+Xα1+2α2+2α3+3α4+2α5+α6+α7+α8

t1
C

= C(Hα1 +Hα2 −Hα3 −Hα5 +Hα6 +Hα7)⊕ C(Hα3 +Hα4 +Hα5)
⊕C(Hα1 −Hα3 +Hα5 +Hα6 +Hα7 +Hα8)

dδe(z) = −2z3 admissible Not special

18. 01000110 k(x,e,f)
C

' 3A1 + T1

x = 5Hα1 + 11Hα2 + 13Hα3 + 21Hα4 + 17Hα5 + 13Hα6 + 9Hα7 + 5Hα8

e =
√

3(Xα1+2α2+2α3+3α4+2α5+α6+α7 +X−α1−α3−α4)
+2Xα1+α2+2α3+3α4+2α5+2α6+α7+α8 +Xα1+α2+2α3+3α4+3α5+2α6+2α7+α8

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CLASSIFICATION OF ADMISSIBLE NILPOTENT ORBITS 481

t1
C

= C(Hα1 +Hα2 +Hα4 +Hα5 +Hα8)⊕ C(Hα6 +Hα7)
⊕C(−Hα4 −Hα5 +Hα7 +Hα8)⊕ CHα3

dδe(z) = −z1 − z3 Not admissible Not special

22. 10100100 k(x,e,f)
C

' A1 + T1

x = 6Hα1 + 11Hα2 + 14Hα3 + 22Hα4 + 18Hα5 + 14Hα6 + 10Hα7 + 5Hα8

e =
√

2(Xα1+α2+2α3+3α4+2α5+2α6+α7+α8 +Xα1+α2+2α3+2α4+2α5+2α6+2α7+α8

+Xα1+2α2+2α3+3α4+3α5+2α6+α7 +X−α1−α3)
+Xα1+2α2+2α3+3α4+2α5+α6+α7+α8 +Xα1+α2+2α3+3α4+2α5+α6+α7

t1
C

= C(Hα1 +Hα2 +Hα4 +Hα6 +Hα7)⊕ C(−Hα2 + 2Hα5 +Hα8)
dδe(z) = −2z1 admissible Not special

23. 10010011 k(x,e,f)
C

' A1 + T2

x = 6Hα1 + 12Hα2 + 15Hα3 + 23Hα4 + 19Hα5 + 15Hα6 + 10Hα7 + 5Hα8

e = Xα1+α2+2α3+3α4+2α5+2α6+α7+α8 +Xα1+α2+2α3+3α4+3α5+2α6+2α7+α8

+
√

3(Xα1+2α2+2α3+3α4+2α5+α6+α7+α8 +X−α1−α3)
+2Xα1+α2+2α3+2α4+2α5+2α6+α7

t1
C

= C(Hα1 +Hα2 +Hα3 + 2Hα4 + 2Hα5 +Hα6)⊕ C(Hα5 −Hα7)
⊕C(Hα1 +Hα2 + 2Hα3 + 3Hα4 +Hα5 −Hα8)

dδe(z) = −z1 − z3 sc-admissible χ = −λ1 Not special

24. 11001010 k(x,e,f)
C

' A1 + T1

x = 7Hα1 + 13Hα2 + 16Hα3 + 25Hα4 + 21Hα5 + 16Hα6 + 11Hα7 + 6Hα8

e = 2Xα1+α2+α3+2α4+2α5+α6+α7+α8 +Xα1+α2+2α3+2α4+2α5+2α6+2α7+α8

+
√

3Xα1+2α2+2α3+3α4+2α5+2α6+α7 +X−α1

+Xα1+α2+2α3+3α4+2α5+2α6+α7+α8 +Xα1+α2+2α3+3α4+3α5+2α6+α7

t1
C

= C(Hα1 +Hα2 + 2Hα3 + 2Hα4 +Hα5)⊕ C(Hα4 +Hα7)
dδe(z) = −2z1 admissible special

25. 00100101 k(x,e,f)
C

' T3

x = 5Hα1 + 11Hα2 + 14Hα3 + 22Hα4 + 18Hα5 + 14Hα6 + 10Hα7 + 5Hα8

e = Xα1+α2+2α3+2α4+2α5+2α6+2α7+α8

+
√

2 + uXα1+2α2+2α3+3α4+2α5+2α6+α7+α8

+
√

2− uXα1+α2+2α3+3α4+2α5+2α6+α7+α8

+
√

4− uXα1+2α2+2α3+3α4+3α5+2α6+α7 + 2X−α1−α2−α3−α4−α5−α6

+
√
uXα1+α2+2α3+3α4+3α5+2α6+α7 : u = 1−

√
3

t1
C

= C(Hα1 +Hα2 +2Hα3 +2Hα4 +Hα5)⊕C(Hα5 +Hα8)⊕C(−Hα3 +Hα6 +Hα7)
dδe(z) = 0 admissible special

26. 20100011 k(x,e,f)
C

' 2A1 + T1

x = 8Hα1 + 14Hα2 + 18Hα3 + 27Hα4 + 22Hα5 + 17Hα6 + 12Hα7 + 6Hα8

e =
√

2(Xα1+α2+2α3+2α4+2α5+α6+α7 +Xα1+α2+2α3+3α4+2α5+2α6+α7+α8)
+2Xα1+α2+α3+2α4+2α5+2α6+2α7+α8 +

√
3(Xα1+2α2+2α3+3α4+2α5+α6 +X−α1)

t1
C

= C(Hα4 +Hα5)⊕ C(Hα5 +Hα6)⊕ C(Hα5 +Hα8)
dδe(z) = 0 admissible special

27. 10001002 k(x,e,f)
C

' A1 + T2

x = 6Hα1 + 12Hα2 + 16Hα3 + 24Hα4 + 20Hα5 + 15Hα6 + 10Hα7 + 5Hα8

e =
√

2(Xα1+α2+2α3+3α4+2α5+α6 +Xα1+α2+2α3+2α4+2α5+2α6+2α7+α8)
+
√

3(Xα1+2α2+2α3+3α4+2α5+α6+α7 +Xα1+2α2+2α3+3α4+2α5+2α6+α7+α8)
+2X−α1−α2−α3−α4
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t1
C

= C(Hα1 +Hα2 +Hα3 +Hα4 + 2Hα5 +Hα6)⊕ C(Hα6 −Hα8)
⊕C(Hα4 +Hα6 +Hα7)

dδe(z) = 0 admissible special

28. 01010100 k(x,e,f)
C

' A1 + T1

x = 6Hα1 + 12Hα2 + 15Hα3 + 24Hα4 + 20Hα5 + 16Hα6 + 11Hα7 + 6Hα8

e = Xα1+α2+α3+2α4+2α5+2α6+α7+α8 +Xα1+α2+2α3+2α4+2α5+2α6+2α7+α8

+
√

2− uXα1+α2+2α3+3α4+2α5+α6+α7+α8

+
√

2 + uXα1+2α2+2α3+3α4+2α5+α6+α7+α8

+
√

4− uXα1+2α2+2α3+3α4+3α5+2α6+α7 + 2X−α1−α2−α3−α4−α5

+
√
uXα1+α2+2α3+3α4+3α5+2α6+α7 : u = 1−

√
3

t1
C

= C(Hα1 +Hα2 + 2Hα3 + 2Hα4 +Hα5 +Hα6)⊕ C(Hα3 −Hα7)
dδe(z) = 0 admissible special

31. 00100003 k(x,e,f)
C

' A1 + T1

x = 5Hα1 + 11Hα2 + 15Hα3 + 22Hα4 + 18Hα5 + 14Hα6 + 10Hα7 + 5Hα8

e =
√

3(Xα1+α2+2α3+2α4+α5+α6+α7 +Xα1+α2+2α3+3α4+2α5+2α6+α7+α8)
+
√

2(Xα1+α2+2α3+2α4+2α5+α6+α7+α8 +Xα1+2α2+2α3+4α4+3α5+2α6+α7)
+2X−α1−α2−α3−α4−α5−α6 +X−α1−α3−α4

t1
C

= C(Hα1 −Hα2 +Hα3 +Hα4 + 3Hα5 + 3Hα6 + 2Hα7)
⊕C(Hα1 − 3Hα2 +Hα3 + 4Hα5 + 4Hα6 + 2Hα7 −Hα8)

dδe(z) = z1 + z2 sc-admissible χ = λ1 Not special

32. 10101001 k(x,e,f)
C

' T2

x = 7Hα1 + 13Hα2 + 17Hα3 + 26Hα4 + 22Hα5 + 17Hα6 + 12Hα7 + 6Hα8

e =
√

3(Xα1+α2+2α3+3α4+2α5+α6+α7 +Xα1+α2+2α3+3α4+2α5+2α6+α7+α8)
+
√

2(Xα1+2α2+2α3+3α4+2α5+α6+α7+α8 +Xα1+α2+2α3+2α4+2α5+2α6+α7)
+2X−α1−α3−α4 +Xα1+α2+α3+2α4+2α5+2α6+2α7+α8

t1
C

= C(Hα1 −Hα2 +Hα3 + 2Hα5 +Hα8)
⊕C(Hα1 +Hα2 +Hα3 + 2Hα4 + 2Hα5 +Hα6)

dδe(z) = −z1 − z2 sc-admissible χ = −λ1 Not special
33. 11001030 k(x,e,f)

C
' A2 + T1

x = 9Hα1 + 19Hα2 + 22Hα3 + 35Hα4 + 29Hα5 + 22Hα6 + 15Hα7 + 8Hα8

e =
√

6(Xα1+α2+2α3+3α4+2α5+α6+α7+α8 + Xα1+α2+2α3+2α4+2α5+2α6+α7+α8

+Xα1+α2+α3+2α4+2α5+2α6+2α7+α8)
+
√

10X−α1−α3−α4−α5−α5−α6−α7−α8 +Xα1+α2+2α3+3α4+3α5+2α6+α7

t1
C

= C(Hα1 +Hα2 +Hα3 +Hα4 +Hα5)⊕ C(Hα3 +Hα7)⊕ C(Hα4 +Hα6)
dδe(z) = −z1 sc-admissible χ = −λ1 Not special

37. 11110010 k(x,e,f)
C

' A1 + T2

x = 9Hα1 + 16Hα2 + 20Hα3 + 31Hα4 + 26Hα5 + 21Hα6 + 15Hα7 + 8Hα8

e =
√

6(Xα1+α2+α3+2α4+2α5+2α6+α7 +X−α1) +Xα1+2α2+2α3+3α4+2α5+α6+α7

+2(Xα1+α2+α3+2α4+α5+α6+α7+α8 +Xα1+α2+2α3+2α4+2α5+α6+α7+α8)
t1
C

= C(Hα1 +Hα2 + 2Hα3 +Hα4 +Hα6)⊕ C(Hα2 −Hα7)⊕ C(Hα4 +Hα5)
dδe(z) = −2z1 + z2 Not admissible special

38. 01010110 k(x,e,f)
C

' A1

x = 7Hα1 + 15Hα2 + 18Hα3 + 29Hα4 + 24Hα5 + 19Hα6 + 13Hα7 + 7Hα8

e = 2(Xα1+2α2+2α3+3α4+2α5+α6 +X−α1−α3−α4−α5−α6)
+
√

3(Xα1+α2+α3+2α4+2α5+2α6+α7+α8 +Xα1+α2+2α3+2α4+2α5+2α6+2α7+α8

+Xα1+α2+2α3+3α4+2α5+2α6+α7 +X−α1−α2−α3−α4)
+Xα1+α2+2α3+3α4+2α5+α6+α7+α8
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t1
C

= C(Hα1 +Hα2 +Hα3 + 2Hα4 + 2Hα5 +Hα6 +Hα7)
dδe(z) = 0 admissible special

39. 10110100 k(x,e,f)
C

' A1 + T1

x = 8Hα1 + 15Hα2 + 19Hα3 + 30Hα4 + 25Hα5 + 20Hα6 + 14Hα7 + 7Hα8

e = 2(Xα1+α2+2α3+3α4+2α5+α6+α7 +Xα1+2α2+2α3+3α4+2α5+α6+α7+α8)
+
√

3(Xα1+α2+α3+2α4+2α5+2α6+α7 +Xα1+α2+2α3+2α4+2α5+2α6+α7+α8

+X−α1−α2−α3−α4−α5 +X−α1−α3−α4)
t1
C

= C(Hα2 +Hα3 −Hα5 −Hα8)⊕ C(Hα4 +Hα5 −Hα7)
dδe(z) = −z2 Not admissible Not special

40. 20100031 k(x,e,f)
C

' 2A1 + T1

x = 10Hα1 + 20Hα2 + 24Hα3 + 37Hα4 + 30Hα5 + 23Hα6 + 16Hα7 + 8Hα8

e =
√

7− uXα1+α2+2α3+3α4+2α5+α6+α7 +
√

7Xα1+α2+2α3+2α4+2α5+2α6+α7+α8

+
√

6Xα1+α2+α3+2α4+2α5+2α6+2α7+α8

+
√

5− uX−α1−α3−α4−α5−α6−α7 +
√

7 + uX−α1−α3−α4−α5−α6−α7−α8

+
√
uXα1+α2+2α3+3α4+2α5+α6+α7+α8 : u = 1

4 (7 −
√

249)
t1
C

= CHα5 ⊕ C(Hα1 +Hα2 +Hα3 +Hα4)⊕ C(Hα4 +Hα6)
dδe(z) = −2z2 admissible special

41. 01010120 k(x,e,f)
C

' 2A1

x = 8Hα1 + 18Hα2 + 21Hα3 + 34Hα4 + 28Hα5 + 22Hα6 + 15Hα7 + 8Hα8

e =
√

6(Xα1+α2+α3+2α4+2α5+2α6+α7+α8 + Xα1+α2+2α3+3α4+2α5+α6+α7+α8

+Xα1+α2+2α3+2α4+2α5+2α6+2α7+α8) +
√

10X−α1−α3−α4−α5−α6−α7−α8

Xα1+α2+2α3+3α4+2α5+2α6+α7 +X−α1−α2−α3−α4

t1
C

= C(Hα1 +Hα2 + 2Hα3 + 2Hα4 + 2Hα5 +Hα6)⊕ C(Hα3 −Hα7)
dδe(z) = 0 admissible special

42. 21010100 k(x,e,f)
C

' A1 + T1

x = 10Hα1 + 17Hα2 + 22Hα3 + 34Hα4 + 28Hα5 + 22Hα6 + 15Hα7 + 8Hα8

e = Xα1+2α2+2α3+3α4+2α5+α6 +Xα1+α2+2α3+3α4+2α5+α6+α7

+2(Xα1+α2+α3+2α4+α5+α6+α7+α8 +Xα1+α2+2α3+2α4+2α5+α6+α7+α8)
+
√

6(Xα1+α2+α3+2α4+2α5+2α6+α7 +X−α1)
t1
C

= C(Hα1 + 2Hα3 +Hα4 +Hα6)⊕ C(Hα2 +Hα7)
dδe(z) = −5z1 sc-admissible χ = −5λ1 special

43. 01200100 k(x,e,f)
C

' T2

x = 8Hα1 + 15Hα2 + 19Hα3 + 30Hα4 + 25Hα5 + 20Hα6 + 15Hα7 + 8Hα8

e = 2(Xα1+α2+α3+2α4+α5+α6+α7+α8 +Xα1+α2+2α3+2α4+2α5+2α6+α7+α8)
+
√

6(Xα1+α2+2α3+3α4+3α5+2α6+α7 +X−α1−α3−α4−α5−α6)
+Xα1+2α2+2α3+3α4+2α5+2α6+α7 +X−α1−α2−α3−α4−α5

t1
C

= C(Hα1 + 2Hα3 +Hα4 +Hα7)⊕ C(2Hα1 −Hα2 + 3Hα3 −Hα5 + 3Hα7)
dδe(z) = −z1 − 4z2 sc-admissible χ = −2λ1 + λ7 special

44. 10101011 k(x,e,f)
C

' T1

x = 8Hα1 + 16Hα2 + 20Hα3 + 31Hα4 + 26Hα5 + 20Hα6 + 14Hα7 + 7Hα8

e = 2(Xα1+2α2+2α3+3α4+2α5+α6 +Xα1+α2+2α3+3α4+2α5+2α6+α7)
+
√

2 + uXα1+α2+2α3+2α4+2α5+α6+α7+α8 +
√

4− uX−α1−α3−α4−α5−α6

+
√

3(Xα1+α2+α3+2α4+2α5+2α6+2α7+α8 +X−α1−α2−α3−α4)
+
√

2− uXα1+α2+2α3+2α4+2α5+2α6+α7+α8

+
√
uX−α1−α3−α4−α5 : u = 1−

√
3
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t1
C

= C(Hα4 +Hα8)
dδe(z) = 0 admissible special

47. 01020110 k(x,e,f)
C

' 2A1 + T1

x = 9Hα1 + 19Hα2 + 23Hα3 + 37Hα4 + 31Hα5 + 25Hα6 + 17Hα7 + 9Hα8

e =
√

8Xα1+α2+α3+2α4+2α5+2α6+α7 +
√

5Xα1+2α2+2α3+3α4+2α5+α6

+3Xα1+α2+2α3+3α4+2α5+α6+α7+α8

+
√

5X−α1−α3−α4−α5−α6 +
√

8X−α1−α2−α3−2α4−α5

t1
C

= CHα5 ⊕ C(Hα1 +Hα2 + 2Hα3 + 2Hα4 +Hα6 +Hα7)
⊕C(Hα3 +Hα4 −Hα8)

dδe(z) = z3 Not admissible Not special

48. 30001030 k(x,e,f)
C

' A1 + T1

x = 11Hα1 + 21Hα2 + 25Hα3 + 39Hα4 + 32Hα5 + 24Hα6 + 16Hα7 + 8Hα8

e =
√

6Xα1+α2+2α3+3α4+2α5+α6 +
√

7Xα1+α2+α3+2α4+2α5+α6+α7+α8

+
√

7− uXα1+α2+2α3+2α4+2α5+2α6+α7 +Xα1+α2+2α3+3α4+2α5+2α6+2α7+α8

+
√

5 + uX−α1−α3−α4−α5 +
√

5− uX−α1−α3−α4−α5−α6

+
√
uXα1+α2+2α3+2α4+2α5+α6+α7 : u = 1

4 (7−
√

249)
t1
C

= C(Hα1 +Hα2 +Hα3 +Hα4)⊕ C(Hα3 +Hα8)
dδe(z) = −4z1 admissible special

49. 10101021 k(x,e,f)
C

' T2

x = 9Hα1 + 19Hα2 + 23Hα3 + 36Hα4 + 30Hα5 + 23Hα6 + 16Hα7 + 8Hα8

e =
√

7Xα1+α2+2α3+3α4+2α5+α6+α7 +
√

7− uXα1+α2+2α3+2α4+2α5+2α6+α7+α8√
6Xα1+α2+α3+2α4+2α5+2α6+2α7+α8 +X−α1−α2−α3−α4

+
√

5 + uX−α1−α3−α4−α5−α6−α7 +
√

5− uX−α1−α3−α4−α5−α6−α7−α8

+
√
uXα1+α2+2α3+2α4+2α5+2α6+α7 : u = 1

4 (7−
√

249)
t1
C

= C(Hα1 +Hα2 +Hα3 +Hα4 + 2Hα5)⊕ C(Hα4 +Hα6)
dδe(z) = 0 admissible special

50. 11010101 k(x,e,f)
C

' T1

x = 9Hα1 + 17Hα2 + 22Hα3 + 34Hα4 + 28Hα5 + 22Hα6 + 15Hα7 + 8Hα8

e =
√

6(Xα1+α2+2α3+3α4+2α5+α6 +X−α1−α3−α4)
+2(Xα1+α2+2α3+2α4+α5+α6+α7+α8 +Xα1+α2+α3+2α4+2α5+2α6+2α7+α8)
+
√

2(Xα1+2α2+2α3+3α4+2α5+2α6+α7 +X−α1−α2−α3−α4−α5)
+Xα1+α2+2α3+2α4+2α5+2α6+α7

t1
C

= C(Hα1 + 3Hα2 + 2Hα4 + 2Hα6 −Hα7)
dδe(z) = 0 admissible special

57. 11101011 k(x,e,f)
C

' T1

x = 10Hα1 + 19Hα2 + 24Hα3 + 37Hα4 + 31Hα5 + 24Hα6 + 17Hα7 + 9Hα8

e =
√

3(Xα1+α2+2α3+2α4+α5+α6+α7+α8 +Xα1+2α2+2α3+3α4+2α5+α6)
+2(Xα1+α2+2α3+3α4+2α5+α6+α7 +Xα1+α2+2α3+2α4+2α5+2α6+α7

+X−α1−α2−α3−α4)
+
√

6(Xα1+α2+α3+2α4+2α5+α6+α7+α8 +X−α1−α3−α4−α5)
t1
C

= C(2Hα1 +Hα2 + 2Hα3 + 5Hα4 + 3Hα5 + 4Hα6 +Hα7 +Hα8)
dδe(z) = −4z1 admissible Not special

58. 10111011 k(x,e,f)
C

' T2

x = 10Hα1 + 20Hα2 + 25Hα3 + 39Hα4 + 33Hα5 + 26Hα6 + 18Hα7 + 9Hα8

e = 3Xα1+α2+2α3+2α4+2α5+α6+α7 +
√

5Xα1+2α2+2α3+3α4+2α5+α6
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+
√

8Xα1+α2+α3+2α4+2α5+2α6+α7+α8 +Xα1+α2+2α3+3α4+2α5+α6+α7+α8

+
√

8X−α1−α2−α3−α4−α5 +
√

5X−α1−α3−α4−α5−α6

t1
C

= C(Hα1 +Hα2 +Hα3 + 2Hα4 +Hα5 +Hα6 +Hα7)
⊕C(Hα3 −Hα4 −Hα5 +Hα8)

dδe(z) = −z1 − z2 Not admissible Not special

59. 11010111 k(x,e,f)
C

' T1

x = 10Hα1 + 20Hα2 + 25Hα3 + 39Hα4 + 32Hα5 + 25Hα6 + 17Hα7 + 9Hα8

e =
√

7Xα1+α2+2α3+3α4+2α5+α6+α7 +
√

6Xα1+α2+2α3+2α4+2α5+2α6+α7

+
√

2Xα1+α2+2α3+2α4+2α5+α6+α7+α8+
√

7−uXα1+α2+α3+2α4+2α5+2α6+α7+α8

+
√

2X−α1−α2−α3−α4−α5 +
√

5− uX−α1−α3−α4−α5−α6

+
√

5 + uX−α1−α3−α4−α5−α6−α7

+
√
uXα1+α2+α3+2α4+2α5+2α6+2α7+α8 : u = 1

4 (7−
√

249)
t1
C

= C(2Hα1 + 2Hα2 + 3Hα3 + 3Hα4 +Hα6 +Hα7 +Hα8)
dδe(z) = −3z1 Not admissible Not special

60. 21011011 k(x,e,f)
C

' A1

x = 12Hα1 + 22Hα2 + 28Hα3 + 43Hα4 + 36Hα5 + 28Hα6 + 19Hα7 + 10Hα8

e =
√

6Xα1+α2+2α3+2α4+2α5+α6 + 2Xα1+α2+2α3+2α4+α5+α6+α7+α8

+
√

3Xα1+α2+α3+2α4+2α5+2α6+α7 +
√

6Xα1+α2+α3+2α4+2α5+α6+α7+α8

+
√

6Xα1+α2+2α3+3α4+2α5+α6+α7 +
√

3X−α1−α2−α3−α4−α5√
10X−α1−α3−α4−α5

t1
C

= C(Hα4 −Hα7)
dδe(z) = 0 admissible Not special

61. 10102100 k(x,e,f)
C

' T2

x = 10Hα1 + 20Hα2 + 25Hα3 + 40Hα4 + 34Hα5 + 26Hα6 + 18Hα7 + 9Hα8

e = 3Xα1+α2+α3+2α4+2α5+α6+α7 +
√
−4 + uXα1+α2+2α3+3α4+2α5+α6

+
√

10− uXα1+2α2+2α3+3α4+2α5+α6

+
√
−7 + u+ vXα1+α2+2α3+2α4+2α5+α6+α7+α8

+
√

16− u− vXα1+α2+2α3+2α4+2α5+2α6+α7+α8

+
√

14− u− vX−α1−α2−α3−α4−α5−α6

+
√
uX−α1−α3−α4−α5− +

√
vX−α1−α2−α3−α4−α5

t1
C

= C(Hα1 +Hα2 + 2Hα3 + 2Hα4 +Hα5 +Hα6 +Hα7)⊕ C(Hα3 −Hα8)
dδe(z) = −z1 sc-admissible χ = −λ1 Not special

62. 11110110 k(x,e,f)
C

' T1

x = 11Hα1 + 21Hα2 + 26Hα3 + 41Hα4 + 34Hα5 + 27Hα6 + 19Hα7 + 10Hα8

e = 3Xα1+α2+α3+2α4+α5+α6+α7+α8 +
√

5Xα1+2α2+2α3+3α4+2α5+α6

+Xα1+α2+2α3+2α4+2α5+α6+α7+α8 +
√

8Xα1+α2+2α3+2α4+2α5+2α6+α7

+Xα1+α2+2α3+3α4+2α5+α6+α7 +
√

8X−α1−α2−α3−α4√
5X−α1−α3−α4−α5−α6

t1
C

= C(Hα1 +Hα2 +Hα4 + 2Hα5 +Hα6 +Hα7)
dδe(z) = −2z1 admissible Not special

63. 01011101 k(x,e,f)
C

' T1

x = 9Hα1 + 19Hα2 + 24Hα3 + 38Hα4 + 32Hα5 + 25Hα6 + 17Hα7 + 9Hα8

e = Xα1+α2+2α3+3α4+2α5+α6 +
√

8Xα1+α2+2α3+2α4+2α5+2α6+α7

+Xα1+α2+2α3+2α4+2α5+α6+α7+α8 +
√

8Xα1+α2+α3+2α4+2α5+2α6+α7+α8

+
√

5Xα1+2α2+2α3+3α4+2α5+α6+α7 + 3X−α1−α2−α3−α4−α5−α6

+
√

5X−α1−α3−α4−α5−α6−α7
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t1
C

= C(Hα1 +Hα2 + 2Hα3 + 2Hα4 +Hα6 +Hα7 +Hα8)
dδe(z) = −2z1 admissible Not special

64. 01003001 k(x,e,f)
C

' T1

x = 9Hα1 + 19Hα2 + 24Hα3 + 38Hα4 + 33Hα5 + 25Hα6 + 17Hα7 + 9Hα8

e =
√

5Xα1+α2+2α3+2α4+2α5+α6 + 3Xα1+α2+α3+2α4+2α5+α6+α7+α8

+
√

2Xα1+α2+2α3+3α4+2α5+α6+α7 +
√

8(Xα1+2α2+2α3+3α4+2α5+2α6+α7

+X−α1−α2−α3−α4−α5) +
√

2X−α1−α3−α4−α5−α6−α7

+
√

5X−α1−α2−α3−2α4−α5−α6

t1
C

= C(Hα1 +Hα2 + 2Hα3 + 2Hα4 +Hα5 +Hα6 +Hα7 + Hα8)
dδe(z) = −z1 sc-admissible χ = −λ1 Not special

65. 11101101 k(x,e,f)
C

' T1

x = 11Hα1 + 21Hα2 + 27Hα3 + 42Hα4 + 35Hα5 + 27Hα6 + 19Hα7 + 10Hα8

e =
√

10− uXα1+α2+2α3+3α4+2α5+α6 +Xα1+α2+2α3+2α4+α5+α6+α7+α8

+
√

4− uXα1+2α2+2α3+3α4+2α5+α6 + 3Xα1+α2+2α3+2α4+2α5+2α6+α7

+
√

9− vXα1+α2+α3+2α4+2α5+2α6+α7+α8 +
√
−2− u+ vX−α1−α3−α4−α5

+
√

16− vX−α1−α3−α4−α5−α6 +
√
uX−α1−α2−α3−α4−α5

+
√
vXα1+α2+α3+2α4+2α5+α6+α7+α8

t1
C

= C(Hα1 +Hα2 +Hα3 + 2Hα4 +Hα5 +Hα6 +Hα7)
dδe(z) = −z1 sc-admissible χ = −λ1 Not special

66. 11110130 k(x,e,f)
C

' T2

x = 13Hα1 + 27Hα2 + 32Hα3 + 51Hα4 + 42Hα5 + 33Hα6 + 23Hα7 + 12Hα8

e =
√

18Xα1+α2+α3+2α4+α5+α6+α7+α8 +Xα1+α2+2α3+3α4+2α5+α6+α7

+
√

10Xα1+α2+2α3+2α4+2α5+2α6+α7 +
√

8Xα1+α2+2α3+2α4+2α5+α6+α7+α8

+
√

10X−α1−α2−α3−α4 + 4X−α1−α3−α4−α5−α6−α7−α8

t1
C

= C(Hα1 +Hα2 −Hα3 + 2Hα5 +Hα6 + 2Hα7)⊕ C(Hα3 +Hα4 −Hα7)
dδe(z) = −z1 sc-admissible χ = −λ1 Not special

72. 21011031 k(x,e,f)
C

' A1

x = 14Hα1 + 28Hα2 + 34Hα3 + 53Hα4 + 44Hα5 + 34Hα6 + 23Hα7 + 12Hα8

e = Xα1+α2+2α3+2α4+2α5+α6 +
√

18Xα1+α2+2α3+2α4+α5+α6+α7+α8

+
√

10Xα1+α2+α3+2α4+2α5+2α6+α7 +
√

8Xα1+α2+α3+2α4+2α5+α6+α7+α8

+Xα1+α2+2α3+3α4+2α5+α6+α7 +
√

10X−α1−α2−α3−α4

+
√

14X−α1−α3−α4−α5−α6−α7−α8

t1
C

= C(Hα4 −Hα7)
dδe(z) = 0 admissible special

73. 01201031 k(x,e,f)
C

' T2

x = 12Hα1 + 26Hα2 + 31Hα3 + 49Hα4 + 41Hα5 + 32Hα6 + 23Hα7 + 12Hα8

e =
√

11− uXα1+α2+2α3+2α4+2α5+α6+α7 +
√

8Xα1+α2+2α3+2α4+α5+α6+α7+α8

+
√

9 + uXα1+α2+α3+2α4+2α5+α6+α7+α8

+
√

9− uXα1+α2+α3+2α4+2α5+2α6+α7+α8

+
√

11X−α1−α2−α3−α4−α5 +
√

14X−α1−α3−α4−α5−α6−α7−α8

+
√
uXα1+α2+2α3+2α4+2α5+2α6+α7 : u = 1

4 (11−
√

769)
t1
C

= C(Hα1 +Hα2 +Hα4 +Hα6 + 2Hα7)⊕ C(Hα3 +Hα4 +Hα5 −Hα7)
dδe(z) = 0 admissible special

74. 11111101 k(x,e,f)
C

' T1

x = 13Hα1 + 25Hα2 + 32Hα3 + 50Hα4 + 42Hα5 + 33Hα6 + 23Hα7 + 12Hα8
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e = Xα1+α2+2α3+2α4+2α5+α6+α7 +
√

6Xα1+α2+2α3+2α4+α5+α6+α7+α8

+
√

10Xα1+α2+α3+2α4+2α5+2α6+α7 +
√

6Xα1+α2+α3+2α4+2α5+α6+α7+α8

+
√

12Xα1+2α2+2α3+3α4+2α5+α6 +
√

10X−α1−α2−α3−2α4−α5

+
√

12X−α1−α2−α3−α4−α5−α6

t1
C

= C(Hα1 −Hα2 + 2Hα3 + 2Hα4 + 2Hα5 +Hα6 −Hα7)
dδe(z) = 0 admissible special

75. 11101121 k(x,e,f)
C

' T1

x = 13Hα1 + 27Hα2 + 33Hα3 + 52Hα4 + 43Hα5 + 33Hα6 + 23Hα7 + 12Hα8

e = Xα1+α2+2α3+3α4+2α5+α6 +
√

9 + uXα1+α2+2α3+2α4+2α5+α6+α7

+
√

8Xα1+α2+2α3+2α4+α5+α6+α7+α8 +
√

18Xα1+α2+α3+2α4+2α5+2α6+α7+α8

+
√

2− uXα1+α2+2α3+2α4+2α5+2α6+α7 +
√

11− uX−α1−α2−α3−α4−α5−α6

+
√

14X−α1−α3−α4−α5−α6−α7−α8

+
√
uX−α1−α2−α3−α4−α5 : u = 1−

√
10

t1
C

= C(Hα1 +Hα2 +Hα3 + 2Hα4 +Hα5 +Hα6 +Hα7)
dδe(z) = 0 admissible special

76. 10300130 k(x,e,f)
C

' T1

x = 13Hα1 + 27Hα2 + 32Hα3 + 51Hα4 + 42Hα5 + 33Hα6 + 24Hα7 + 12Hα8

e =
√

9 + uXα1+α2+α3+2α4+α5+α6+α7 +
√

9− uXα1+α2+α3+2α4+2α5+α6+α7

+
√

11− uXα1+α2+2α3+2α4+α5+α6+α7+α8 +
√

8Xα1+α2+2α3+2α4+2α5+2α6+α7

+Xα1+α2+α3+2α4+2α5+2α6+α7+α8 +
√

11X−α1−α2−α3−α4

+
√

14X−α1−α3−α4−α5−α6−α7

+
√
uXα1+α2+2α3+2α4+2α5+α6+α7+α8 : u = 1

4 (11−
√

769)
t1
C

= C(Hα1 +Hα2 + 2Hα3 + 3Hα4 + 2Hα5 +Hα6)
dδe(z) = 0 admissible special

83. 21031031 k(x,e,f)
C

' A1 + T1

x = 18Hα1 + 36Hα2 + 44Hα3 + 69Hα4 + 58Hα5 + 46Hα6 + 31Hα7 + 16Hα8

e =
√

15(Xα1+α2+2α3+3α4+2α5+α6 +Xα1+α2+2α3+2α4+2α5+α6+α7

+
√

24Xα1+α2+2α3+2α4+α5+α6+α7+α8 +
√

10Xα1+α2+α3+2α4+2α5+α6+α7+α8

+
√

28X−α1−α2−2α3−2α4−α5 +
√

18X−α1−α3−α4−α5−α6−α7−α8

t1
C

= C(Hα1 +Hα2 +Hα3 +Hα4 +Hα5 +Hα6)⊕ C(Hα4 +Hα7)
dδe(z) = −z1 sc-admissible χ = −λ1 Not special

84. 31010211 k(x,e,f)
C

' T1

x = 16Hα1 + 30Hα2 + 38Hα3 + 59Hα4 + 48Hα5 + 37Hα6 + 25Hα7 + 13Hα8

e =
√

(4 + v)Xα1+α2+2α3+2α4+α5+α6 +
√

18− vXα1+α2+2α3+2α4+α5+α6+α7

+
√

2− uXα1+α2+α3+2α4+α5+α6+α7+α8 +
√

8Xα1+α2+α3+2α4+2α5+2α6+α7

+
√

11 + uXα1+α2+α3+2α4+2α5+α6+α7+α8 +
√

13− uX−α1−α2−α3−α4

+
√

14− vX−α1−α3−α4−α5−α6−α7 +
√

13− uX−α1−α2−α3−α4−α5

+
√
vX−α1−α3−α4−α5−α6

t1
C

= C(Hα4 −Hα6 −Hα7 −Hα8)
dδe(z) = 0 admissible special

86. 12111111 k(x,e,f)
C

' T1

x = 16Hα1 + 31Hα2 + 39Hα3 + 61Hα4 + 51Hα5 + 40Hα6 + 28Hα7 + 15Hα8

e =
√

15Xα1+α2+α3+2α4+α5+α6+α7+α8 +
√

7Xα1+α2+2α3+3α4+2α5+α6

+4Xα1+α2+2α3+2α4+2α5+α6+α7 +
√

12Xα1+α2+α3+2α4+2α5+2α6+α7

+
√

12X−α1−α2−α3−2α4−α5 +
√

7X−α1−α2−α3−α4−α5−α6

+
√

15X−α1−α3−α4−α5−α6−α7
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t1
C

= C(Hα2 +Hα3 +Hα4 −Hα5 −Hα8)
dδe(z) = z1 Not admissible Not special

87. 13111101 k(x,e,f)
C

' T1

x = 17Hα1 + 31Hα2 + 40Hα3 + 62Hα4 + 52Hα5 + 41Hα6 + 29Hα7 + 16Hα8

e =
√
−14 + uXα1+α3+α4+α5+α6+α7+α8 +

√
30− uXα1+α2+α3+α4+α5+α6+α7+α8

+
√

22Xα1+α2+2α3+3α4+2α5+α6 +Xα1+α2+2α3+2α4+2α5+α6+α7

+
√

12Xα1+α2+α3+2α4+2α5+2α6+α7 +
√

22− uX−α1−α2−α3−α4−α5−α6

+
√

12X−α1−α2−α3−2α4−α5

+
√
uX−α1−α3−α4−α5−α6 : u = 1

2 (33−
√

249)
t1
C

= C(Hα1 +Hα2 + 2Hα3 + 2Hα4 +Hα6 +Hα7)
dδe(z) = −3z1 sc-admissible χ = −3λ1 special

89. 11121121 k(x,e,f)
C

' T1

x = 17Hα1 + 35Hα2 + 43Hα3 + 68Hα4 + 57Hα5 + 45Hα6 + 31Hα7 + 16Hα8

e =
√

15(Xα1+α2+2α3+3α4+2α5+α6 +Xα1+α2+2α3+2α4+2α5+α6+α7)
+
√

24Xα1+α2+2α3+2α4+α5+α6+α7+α8 +
√

10Xα1+α2+α3+2α4+2α5+α6+α7+α8

+X−α1−α2−α3−α4−α5−α6 + 2
√

7X−α1−α2−2α3−2α4−α5

+
√

18X−α1−α3−α4−α5−α6−α7−α8

t1
C

= C(Hα1 +Hα2 +Hα3 + 2Hα4 +Hα5 +Hα6 +Hα7)
dδe(z) = 0 admissible special

90. 30130130 k(x,e,f)
C

' T1

x = 19Hα1 + 37Hα2 + 45Hα3 + 71Hα4 + 59Hα5 + 47Hα6 + 32Hα7 + 16Hα8

e =
√

24Xα1+α2+α3+2α4+α5+α6+α7 +
√

15Xα1+α2+2α3+3α4+2α5+α6

+
√

10Xα1+α2+2α3+2α4+2α5+α6+α7 +Xα1+α2+2α3+2α4+α5+α6+α7+α8

+
√

15Xα1+α2+α3+2α4+2α5+α6+α7+α8 +
√

28X−α1−α2−α3−2α4−α5

+
√

18X−α1−α3−α4−α5−α6−α7

t1
C

= C(Hα1 +Hα2 +Hα3 +Hα4 +Hα5 +Hα6)
dδe(z) = −2z1 admissible special

96. 13111141 k(x,e,f)
C

' T1

x = 21Hα1 + 43Hα2 + 52Hα3 + 82Hα4 + 68Hα5 + 53Hα6 + 37Hα7 + 20Hα8

e =
√

42Xα1+α2+α3+α4+α5+α6+α7+α8 +
√

30Xα1+α2+2α3+3α4+2α5+α6

+Xα1+α2+2α3+2α4+2α5+α6+α7 + 4Xα1+α2+α3+2α4+2α5+2α6+α7

+4X−α1−α2−α3−2α4−α5 +
√

30X−α1−α2−α3−α4−α5−α6

+
√

22X−α1−α3−α4−α5−α6−α7−α8

t1
C

= C(Hα1 +Hα2 + 2Hα3 + 2Hα4 +Hα6 +Hα7)
dδe(z) = −2z1 admissible Not special

97. 13103041 k(x,e,f)
C

' T1

x = 21Hα1 + 43Hα2 + 52Hα3 + 82Hα4 + 69Hα5 + 53Hα6 + 37Hα7 + 20Hα8

e =
√

29 + uXα1+α2+α3+α4+α5+α6+α7+α8 +
√

31− uXα1+α2+2α3+2α4+2α5+α6

+
√

32−vXα1+α2+α3+2α4+2α5+α6+α7 +
√

13−uXα1+α2+α3+2α4+α5+α6+α7+α8

+
√

15 + vXα1+α2+α3+2α4+2α5+2α6+α7 +
√

47− vX−α1−α2−α3−α4−α5

+
√

22X−α1−α3−α4−α5−α6−α7−α8

+
√
uXα1+α2+2α3+3α4+2α5+α6 +

√
vX−α1−α2−α3−α4−α5−α6

t1
C

= C(Hα1 +Hα2 + 2Hα3 + 2Hα4 +Hα5 +Hα6 +Hα7)
dδe(z) = −z1 sc-admissible χ = −λ1 Not special
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100. 31131211 k(x,e,f)
C

' T1

x = 24Hα1 + 46Hα2 + 58Hα3 + 91Hα4 + 76Hα5 + 60Hα6 + 41Hα7 + 21Hα8

e =
√

40Xα1+α2+2α3+2α4+2α5+α6 +
√

30Xα1+α2+2α3+2α4+α5+α6+α7

+
√

12Xα1+α2+α3+2α4+2α5+α6+α7 +
√

21Xα1+α2+α3+2α4+α5+α6+α7+α8

+
√

21X−α1−α2−α3−α4−α5−α6 +
√

22X−α1−α3−α4−α5−α6−α7

+6X−α1−α2−2α3−2α4−α5

t1
C

= C(Hα4 −Hα7 −Hα8)
dδe(z) = z1 Not admissible Not special

103. 13131043 k(x,e,f)
C

' T1

x = 25Hα1 + 51Hα2 + 63Hα3 + 98Hα4 + 82Hα5 + 65Hα6 + 45Hα7 + 24Hα8

e = i
√

6Xα1+α2+α3+α4+α5+α6+α7+α8 +
√

57Xα1+α2+2α3+2α4+2α5+α6

+
√

21Xα1+α2+2α3+2α4+α5+α6+α7 +
√

56Xα1+α2+α3+2α4+α5+α6+α7+α8

+4X−α1−α2−α3−α4−α5−α6 +
√

26X−α1−α3−α4−α5−α6−α7−α8

+
√

40X−α1−α2−2α3−2α4−α5 +
√

21X−α1−α2−α3−2α4−α5−α6

t1
C

= C(Hα1 +Hα2 +Hα3 + 2Hα4 + 2Hα5 +Hα6 +Hα7)
dδe(z) = 0 admissible special

108. 34131341 k(x,e,f)
C

' T1

x = 35Hα1 + 69Hα2 + 85Hα3 + 134Hα4 + 111Hα5 + 87Hα6 + 60Hα7 + 32Hα8

e =
√

66Xα1+α2+α3+α4+α5+α6+α7+α8 +
√

27Xα1+α2+2α3+2α4+2α5+α6

+
√

75Xα1+α2+2α3+2α4+α5+α6+α7 + 7Xα1+α2+α3+2α4+2α5+α6+α7

+
√

96X−α1−α2−α3−α4−α5−α6−α7 +
√

34X−α1−α3−α4−α5−α6−α7−α8

+
√

52X−α1−α2−2α3−2α4−α5

t1
C

= C(Hα1 +Hα2 +Hα3 + 2Hα4 +Hα5 +Hα6)
dδe(z) = −z1 sc-admissible χ = −λ1 Not special

EIX. Let g = EIX , a real form of gC = E8, and ∆ = {α1, α2, . . . , α8} the Bourbaki
simple roots of gC , then ∆k = {β1, . . . , β8}, where β1 = α1, β2 = α2, β3 = α3, β4 =
α4, β5 = α5, β6 = α6, β7 = α7 and β8 = 2α1+3α2+4α3+6α4+5α5+4α6+3α7+2α8,
is a set of simple roots for kC = E7⊕sl2(C). The fundamental weights of kC are λ1 =
2β1+2β2+3β3+4β4+3β5+2β6+β7, λ2 = 1/2(4β1+7β2+8β3+12β4+9β5+6β6+3β7),
λ3 = 3β1 + 4β2 + 6β3 + 8β4 + 6β5 + 4β6 + 2β7, λ4 = 4β1 + 6β2 + 8β3 + 12β4 +
9β5 + 6β6 + 3β7, λ5 = 1/2(6β1 + 9β2 + 12β3 + 18β4 + 15β5 + 10β6 + 5β7), λ6 =
2β1+3β2+4β3+6β4+5β5+4β6+2β7, λ7 = 1/2(2β1+3β2+4β3+6β4+5β5+4β6+3β7)
and λ8 = β8/2.

Table VIII

1. 0000001 1 k(x,e,f)
C

' E6 + T1

x = 2Hα1 + 3Hα2 + 4Hα3 + 6Hα4 + 5Hα5 + 4Hα6 + 3Hα7 +Hα8

e = X2α1+3α2+4α3+6α4+5α5+4α6+3α7+α8

t1
C

= CHα1 ⊕ CHα2 ⊕ CHα3 ⊕ CHα4 ⊕ CHα5 ⊕ CHα6 ⊕ C(Hα7 +Hα8)
dδe(z) = −8z7 admissible special

2. 1000000 2 k(x,e,f)
C

' B5 + T1

x = 4Hα1 + 5Hα2 + 7Hα3 + 10Hα4 + 8Hα5 + 6Hα6 + 4Hα7 + 2Hα8

e = X2α1+3α2+3α3+5α4+4α5+3α6+2α7+α8 +X2α1+2α2+4α3+5α4+4α5+3α6+2α7+α8
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t1
C

= CHα4 ⊕ CHα5 ⊕ CHα6 ⊕ CHα7 ⊕ CHα8 ⊕ C(Hα2 +Hα3)
dδe(z) = −16z5 admissible special

3. 0000010 0 k(x,e,f)
C

' D5 + T1

x = 2Hα1 + 3Hα2 + 4Hα3 + 6Hα4 + 5Hα5 + 4Hα6 + 2Hα7

e = X2α1+3α2+4α3+6α4+5α5+4α6+2α7+α8 +X−α8

t1
C

= CHα1 ⊕ CHα2 ⊕ CHα3 ⊕ CHα4 ⊕ CHα5 ⊕ C(2Hα6 + 2Hα7 +Hα8)
dδe(z) = 0 admissible special

4. 0000001 3 k(x,e,f)
C

' F4 + T1

x = 4Hα1 + 6Hα2 + 8Hα3 + 12Hα4 + 10Hα5 + 8Hα6 + 6Hα7 + 3Hα8

e = X2α1+2α2+3α3+4α4+3α5+2α6+2α7+α8 +Xα1+2α2+3α3+4α4+3α5+3α6+2α7+α8

+Xα1+2α2+2α3+4α4+4α5+3α6+2α7+α8

t1
C

= CHα2 ⊕ CHα4 ⊕ CHα8 ⊕ C(Hα1 +Hα6)⊕ C(Hα3 +Hα5)
dδe(z) = −25z3 sc-admissible χ = −25λ8 Not special

5. 1000001 1 k(x,e,f)
C

' B4 + T1

x = 4Hα1 + 5Hα2 + 7Hα3 + 10Hα4 + 8Hα5 + 6Hα6 + 4Hα7 +Hα8

e = X2α1+3α2+3α3+5α4+4α5+3α6+2α7+α8 +X2α1+2α2+4α3+5α4+4α5+3α6+2α7+α8

+X−α8

t1
C

= CHα4 ⊕ CHα5 ⊕ CHα6 ⊕ C(2Hα7 +Hα8)⊕ C(Hα2 +Hα3)
dδe(z) = −7z4 sc-admissible χ = −7λ8 Not special

9. 1100000 1 k(x,e,f)
C

' A4 + T1

x = 5Hα1 + 7Hα2 + 9Hα3 + 13Hα4 + 10Hα5 + 7Hα6 + 4Hα7 +Hα8

e =
√

2(X2α1+2α2+3α3+4α4+3α5+2α6+α7+α8 +X−α8)
+Xα1+3α2+3α3+5α4+4α5+3α6+2α7+α8

t1
C

= CHα3 ⊕ CHα4 ⊕ CHα5 ⊕ CHα6 ⊕ C(Hα1 +Hα2 + 2Hα7 +Hα8)
dδe(z) = −6z5 admissible special

10. 1000010 2 k(x,e,f)
C

' B3 + T1

x = 6Hα1 + 8Hα2 + 11Hα3 + 16Hα4 + 13Hα5 + 10Hα6 + 6Hα7 + 2Hα8

e =
√

2(X2α1+2α2+3α3+4α4+3α5+2α6+2α7+α8 +Xα7−α8)
+Xα1+2α2+3α3+4α4+3α5+3α6+2α7+α8 +Xα1+2α2+2α3+4α4+4α5+3α6+2α7+α8

t1
C

= CHα2 ⊕ CHα4 ⊕ C(Hα3 +Hα5)⊕ C(Hα1 +Hα6 +Hα8)
dδe(z) = −12z4 admissible special

11. 0001000 0 k(x,e,f)
C

' A3 +A1

x = 4Hα1 + 6Hα2 + 8Hα3 + 12Hα4 + 9Hα5 + 6Hα6 + 3Hα7

e =
√

2(Xα1+2α2+3α3+5α4+4α5+3α6+2α7+α8 +X−α4−α5−α6−α7−α8)
+X2α1+3α2+3α3+5α4+4α5+3α6+2α7+α8 +X−α2−α3−α4−α5−α6−α7−α8

t1
C

= CHα5 ⊕ CHα6 ⊕ CHα7 ⊕ C(2Hα1 +Hα2 + 3Hα3 + 3Hα4 +Hα8)
dδe(z) = 0 admissible special

12. 1000002 4 k(x,e,f)
C

' D5

x = 8Hα1 + 11Hα2 + 15Hα3 + 22Hα4 + 18Hα5 + 14Hα6 + 10Hα7 + 4Hα8

e =
√

2(Xα2+α3+2α4+2α5+2α6+2α7+α8 +X−α8)
+2X2α1+2α2+3α3+4α4+3α5+2α6+α7+α8

t1
C

= CHα2 ⊕ CHα3 ⊕ CHα4 ⊕ CHα5 ⊕ CHα6

dδe(z) = 0 admissible special

13. 0000012 2 k(x,e,f)
C

' B4 + T1

x = 6Hα1 + 9Hα2 + 12Hα3 + 18Hα4 + 15Hα5 + 12Hα6 + 8Hα7 + 2Hα8
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e =
√

3(Xα1+2α2+2α3+3α4+2α5+2α6+2α7+α8 +Xα1+α2+2α3+3α4+3α5+2α6+2α7+α8)
+2X−α7−α8

t1
C

= CHα1 ⊕ CHα3 ⊕ CHα4 ⊕ C(Hα2 +Hα5)⊕ C(Hα5 + 2Hα6 +Hα7 +Hα8)
dδe(z) = −8z5 admissible special

15. 1000011 1 k(x,e,f)
C

' G2 + T1

x = 6Hα1 + 8Hα2 + 11Hα3 + 16Hα4 + 13Hα5 + 10Hα6 + 6Hα7 +Hα8

e =
√

2(Xα1+2α2+2α3+3α4+3α5+3α6+2α7+α8 +X−α6−α7−α8)
+
√

2(Xα1+2α2+3α3+5α4+4α5+3α6+2α7+α8 +X−α2−α3−2α4−2α5−α6−α7−α8)
+X2α1+2α2+3α3+4α4+3α5+2α6+2α7+α8

t1
C

= CHα3 ⊕ C(Hα2 +Hα4)⊕ C(2Hα1 − 2Hα2 + 3Hα5 + 2Hα6 +Hα8)
dδe(z) = −2z3 admissible Not special

16. 1000011 3 k(x,e,f)
C

' B3 + T1

x = 8Hα1 + 11Hα2 + 15Hα3 + 22Hα4 + 18Hα5 + 14Hα6 + 9Hα7 + 3Hα8

e =
√

3(Xα1+α2+α3+2α4+2α5+2α6+2α7+α8 +Xα1+2α2+3α3+4α4+3α5+2α6+2α7+α8)
+2X−α7−α8 +X2α1+2α2+3α3+4α4+3α5+2α6+α7+α8

t1
C

= CHα2 ⊕ CHα4 ⊕ CHα5 ⊕ C(Hα3 + 2Hα6 +Hα7 +Hα8)
dδe(z) = −15z4 sc-admissible χ = −15λ8 Not special

17. 1000003 1 k(x,e,f)
C

' B3 + T1

x = 6Hα1 + 8Hα2 + 11Hα3 + 16Hα4 + 13Hα5 + 10Hα6 + 7Hα7 +Hα8

e =
√

3(Xα1+α2+2α3+3α4+3α5+3α6+2α7+α8 +Xα1+2α2+2α3+4α4+3α5+2α6+2α7+α8)
+2X−α4−α5−α6−α7−α8 +X−α2−α3−α4−α5−α6−α7−α8

t1
C

= CHα5 ⊕ C(Hα3 +Hα4)⊕ C(2Hα1 +Hα2 +Hα6 +Hα7 +Hα8)
⊕C(2Hα1 +Hα3 +Hα7 +Hα8)

dδe(z) = −z3 − z4 sc-admissible χ = −λ8 Not special

23. 0110001 2 k(x,e,f)
C

' B2 + T1

x = 8Hα1 + 12Hα2 + 16Hα3 + 23Hα4 + 18Hα5 + 13Hα6 + 8Hα7 + 2Hα8

e =
√

3(Xα1+2α2+2α3+4α4+3α5+2α6+2α7+α8 +Xα1+2α2+2α3+3α4+3α5+3α6+2α7+α8)
+2X−α2−α4−α5−α6−α7−α8 +

√
2(X−α3−α4−α5−α6−α7−α8

+Xα1+2α2+3α3+4α4+3α5+2α6+α7+α8)
t1
C

= CHα5 ⊕ C(Hα4 +Hα6)⊕ C(2Hα1 +Hα2 + 2Hα3 +Hα4 +Hα7 +Hα8)
dδe(z) = −8z3 admissible special

26. 1010011 1 k(x,e,f)
C

' A2 + T1

x = 9Hα1 + 12Hα2 + 17Hα3 + 24Hα4 + 19Hα5 + 14Hα6 + 8Hα7 +Hα8

e = 2(X2α1+2α2+3α3+4α4+3α5+2α6+α7+α8 +X−α2−α3−2α4−2α5−2α6−α7−α8)
+
√

6(Xα1+2α2+2α3+4α4+4α5+3α6+2α7+α8 +X−α1−α2−α3−2α4−2α5−α6−α7−α8)
+Xα1+2α2+3α3+4α4+3α5+2α6+2α7+α8

t1
C

= CHα2 ⊕ CHα4 ⊕ C(Hα1 +Hα3 +Hα5 + 2Hα6 + 2Hα7 +Hα8)
dδe(z) = −5z3 sc-admissible χ = −5λ8 special

27. 0110003 4 k(x,e,f)
C

' A3

x = 12Hα1 + 18Hα2 + 24Hα3 + 35Hα4 + 28Hα5 + 21Hα6 + 14Hα7 + 4Hα8

e =
√

1 +
√

6X2α1+2α2+3α3+4α4+3α5+2α6+α7+α8

+
√

10Xα1+α2+α3+2α4+2α5+2α6+2α7+α8

+
√

6X−α2−α4−α5−α6−α7−α8 +
√

1−
√

6X−α3−α4−α5−α6−α7−α8

+
√

6−
√

6Xα1+2α2+3α3+4α4+3α5+2α6+α7+α8

+
√

6 +
√

6X−α1−α3−α4−α5−α6−α7−α8
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t1
C

= CHα4 ⊕ CHα5 ⊕ CHα6

dδe(z) = 0 admissible special

29. 1000031 3 k(x,e,f)
C

' G2 + T1

x = 12Hα1 + 17Hα2 + 23Hα3 + 34Hα4 + 28Hα5 + 22Hα6 + 13Hα7 + 3Hα8

e =
√

5(Xα1+α2+2α3+2α4+2α5+2α6+2α7+α8 +Xα1+2α2+2α3+4α4+3α5+2α6+2α7+α8)
+
√

8(X−α1−α3−α4−α5−α6−α7−α8 +X−α1−2α2−2α3−3α4−2α5−α6−α7−α8)
+3X2α1+2α2+3α3+4α4+3α5+2α6+α7+α8

t1
C

= CHα5 ⊕ C(Hα3 +Hα4)⊕ C(Hα2 −Hα3 + 2Hα6 +Hα7 +Hα8)
dδe(z) = −7z3 sc-admissible χ = −7λ8 Not special
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[Bo] N. Bourbaki, Groupes et Algèbre de Lie, Chapitres 4,5,6, Elements de mathématique,
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