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BOUNDS FOR FOURIER TRANSFORMS OF REGULAR
ORBITAL INTEGRALS ON p-ADIC LIE ALGEBRAS

REBECCA A. HERB

ABSTRACT. Let G be a connected reductive p-adic group and let g be its Lie
algebra. Let O be a G-orbit in g. Then the orbital integral po» corresponding to
O is an invariant distribution on g, and Harish-Chandra proved that its Fourier
transform fio is a locally constant function on the set g’ of regular semisimple
elements of g. Furthermore, he showed that a normalized version of the Fourier
transform is locally bounded on g. Suppose that O is a regular semisimple
orbit. Let v be any semisimple element of g, and let m be the centralizer of
~v. We give a formula for fip(tH) (in terms of Fourier transforms of orbital
integrals on m), for regular semisimple elements H in a small neighborhood of
v in m and ¢t € F'*X sufficiently large. We use this result to prove that Harish-
Chandra’s normalized Fourier transform is globally bounded on g in the case
that O is a regular semisimple orbit.

1. INTRODUCTION

Let F be a p-adic field of characteristic zero. Let G be the set of F-rational
points of a connected reductive group defined over F', and let g be its Lie algebra.
For X € g, let O = Ox denote the G-orbit of X, and let yue» denote the orbital
integral corresponding to O, so that

(11) Ho(f) = /G L JEX) g €O ),

Here Gx denotes the centralizer of X in G and dz™* is an invariant measure on
G/Gx. Let B denote a symmetric, nondegenerate, G-invariant bilinear form on g,
and fix a nontrivial additive character 1) of F'. Then we have the Fourier transform

(1.2) f(X) :/f(Y) Y(B(X,Y)) dY, X €g, f€CZ(a)
g

The distribution fio (f) = po(f), f € C>(g), is the Fourier transform of the orbital
integral. Harish-Chandra [1] proved that it is a locally constant function on g’, the
set of regular semisimple elements of g.

For X € g, let 13(X) denote the coefficient of ! in the polynomial det(t —ad X),
where ¢ is an indeterminate and [ is the rank of g. Then ¢’ = {X € g : ny(X) # 0}.
For any G-orbit O in g, we normalize fio by defining

(13) q)(ga O7X) = |nQ(X)|1/2ﬂO(X)a X € g,'
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Harish-Chandra [I] proved that the normalized Fourier transform ®(g, O) is locally
bounded on g. In this paper we will prove the following theorem.

Theorem 1.1. Let O be a regular semisimple G-orbit in g. Then
sup |®(g, 0, X)| < co.
Xeg’

It is not true that ®(g, ©) is uniformly bounded on g for arbitrary orbits O. Let
O be any orbit, and define

(1.4) dp(0) = dimg — dim O — rankg = dimgy —rankg

where gx denotes the centralizer in g of a representative X € O. Then do(O) > 0
and do(O) = 0 when O is regular semisimple.

When O is a nilpotent orbit, it follows from the homogeneity property of nilpo-
tent orbital integrals (section 3.1 of [I]) that

(1.5) B(g,0,t2X) = [t|© D d(g,0,X), X g ,teF*.

The results of [2] show that for general orbits O, ®(g, O, t>X) also grows at infinity
like |t|4(®). Thus ®(g, O) is not uniformly bounded on g’ when do(O) > 0.

The normalized Fourier transforms of regular semisimple orbital integrals are
given by the following formula. Let b be a Cartan subalgebra of g, and let A
denote the split component of the Cartan subgroup B of G corresponding to b. Let
K be a compact open subgroup of G. Then for all X € b/, Y € ¢, we define

(1.6)  ®(g,da", X,Y) = |ng(X)["/2|ng(Y)[/? /G p /K Y(B(kY,zX))dkdz",

where dx* is an invariant measure on G/A and dk is normalized Haar measure on
K. Tt is independent of the choice K of compact open subgroup. When the choice
of invariant measure dz* is not important, we will drop it from the notation and
write ®(g, X,Y). Harish-Chandra [I] proved that this integral is convergent, and
that if Ox denotes the G-orbit of X € b’, then we can normalize the Haar measure
on G/Gx in (L)) so that for all Y € ¢/,

(L7) @(g,de™, X,Y) = |ng(X)[V2ng (V)" * oy (V) = 15 (X) '/ 2®(g, Ox, Y).

Theorem [[11] is a consequence of the following expansion at infinity. Fix a
semisimple element v € g and write m = Cy(y), M = Cg(7y). Define Ng(b,m) =
{y € G:y b Cc m}. Then as in [2], y € Ng(b,m) if and only if yM C Ng(b,m),
and W = Wg(b,m) = Ng(b,m)/M is a finite set. Let w € W, and let y,, €
Ng(b,m) be a representative for w. Then y,,'b is a Cartan subalgebra of the re-
ductive Lie algebra m, so that given a normalization of invariant measure dm;, on
M/y, Ay, we can define ®(m,dm?,y,'X,Y), X € b)Y € w’, as in (LH). For
each w € W, there is a locally constant function ¢, (dz*/dm?,~,) : b’ — C de-
fined in (@XH). It has the property that |c,(dz*/dm?,,~, X)| is a nonzero constant
independent of X € b’.

Theorem 1.2. Let w be a compact subset of b'. Then there exist a neighborhood
U(v) of v inm and T(y) > 0 so that for all X e w,H € U(y)Ng’, and t € F,|t| >
(),

O(g,de”, X,tH) = Z co(dz® /dm?,, v, tX) ®(m,dm, vy, X, tH).
weWw
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In the case that v € ¢’, Theorem follows from Theorem 2.2 of [2] or from
results of Waldspurger in [3]. The proof in the general case uses techniques from
2.

The following stronger version of Theorem[ITlis an easy consequence of Theorem
and induction on the dimension of g.

Theorem 1.3. Let b be a Cartan subalgebra of g, and let w be a compact subset of
b’. Then

sup  [D(g, X, )| < oo,
Xew,Yeg’

This paper is organized as follows. In §2 we show how Theorem can be used
to prove Theorem [[L3] In §3 we prove technical results which are needed for the
proof of Theorem [2. Finally, Theorem [[.2]is proven in §4. This is done first in
the case that g is semisimple and b is elliptic. The general case follows from this
case using parabolic induction.

2. PROOF OF THEOREM

The proof of Theorem [[3 requires only the following simpler version of Theorem
which is proved in the first part of §4 as the first step in the proof of Theorem
[C2. Assume that g is semisimple and b is an elliptic Cartan subalgebra of g. Then
the split component of B is trivial. Fix Haar measures dr and dm on G and M
respectively, and define ¢(g, m, dz/dm,v,X), X € b’, as in (Z9).

Proposition 2.1. Let b be a Cartan subalgebra of g with v € b, and let w be a
compact subset of b'. Then there exist a neighborhood w(vy) of v in b and T(y) >0
so that for all X € w,H € w(v) N, and t € F,|t| > T(y),

O(g,da, X,tH) = Y c(g,m,da/dm,v,ty,' X) ®(m,dm,y," X, tH).
weWg(b,m)

The proof of Theorem [[3lfrom Proposition E-Tlis by induction on the dimension
of g. Since the normalizations of Haar measures are not important for Theorem
we drop them from the notation. If dim g < 3, then g is abelian and |®(g, X, H)| =
[(B(X,H))| =1 for all H, X € g. Assume that dimg > 3 and that the theorem
is true for all reductive Lie algebras of smaller dimension.

Suppose that g is not semisimple. Then we can write g = 3 + g1 where 3 is the
center of g, gy is the derived subalgebra, and dimg; < dimg. Then b = 3 + by
where by is a Cartan subalgebra of g;. Further, ¢/ = 3+ g} and b/ = 3+ b].
Let G = G/Z. Then Ay = A/Z is the split component of By = B/Z, and we
can identify G/A and G1/A;. Now if we use the same invariant measure to define
P(g,X,Y), X eb,Y € ¢, and D(g1, X1,Y1), X1 € b],Y1 € g}, we have

D(g, Z1+ X1, Zo+ Y1) = Y(B(Z1, 22))®(g1, X1, Y1), Z1, Z2 € 3, X1 € b}, Y1 € ¢

Let w be a compact subset of b’. Then there is a compact subset wy of b} so that
w C 3+ wi. By the induction hypothesis there is C' > 0 so that |®(g1, X1,Y1)| < C
for all Xy € w1,Y1 € g). Thus for all Z1,7Z5 € 3, X1 € w1, Y1 € ¢,

|®(g, Z1 + X1, Z2 + Y1)| = [(B(Z1, Z2)) (g1, X1, Y1) < C.

Thus we may as well assume that g is semisimple.
Since ®(g, X) is a class function on g, and g has a finite number of conjugacy
classes of Cartan subalgebras, it suffices to show that for each Cartan subalgebra f
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of g, |®(g, X, H)| is uniformly bounded for X € w, H € /. Fix an arbitrary Cartan
subalgebra § of g.

Let A be the split component of B and let G denote the centralizer in G of A.
Define Wg(h,gs) = Na(b, g6)/Gs where Ng(h,g0) = {y € G : y~'h C gp}. For
each s € Wg (b, g ), fix a representative ys € Ng(h, gp) for s. The following lemma
follows from combining Lemmas 1.7 and 1.13 of [1].

Lemma 2.2. Given a normalization dz* of invariant measure on G/A, there is a
normalization dxy, of invariant measure on Gy /A (independent of ) so that for all
Xeb ,Hel,

O(g,da*, X, H)= Y ®(ge,dz}, X,y; " H).
s€Wa(h,9e)

Now if b is not elliptic, dimg, < dimg, so that for each s in the finite set
Wea(h,96), |®(ge,dxy, X,y *H)| is uniformly bounded for X € w and H € .
Thus we may as well assume that b is elliptic.

Let || - || denote a norm on g, and let h' = {H € b : |H|| = 1}. For each
v € bl let w(y) C b and T(y) > 0 satisfy the conditions of Proposition 2T
Since h' is compact, there are y1,...,7% € h' such that h' C J, ., w(7i). Let
T =max{T(y;):1<i <k} Thenbhr = {H € b: | H| < T} is compact so that by
Theorem 7.7 of [1], there is C; so that |®(g, X, H)| < C; forall X e w, H € hrNyg'.
Further,

{Heb:|H|>T}cC |J {tH:Hcw(y),teF* |t|> T}
1<i<k
Thus it suffices to bound |®(g, X,tH)|, X € w, H € w(y;) Ng',t € F*,|t| > T, for
each 1 <17 <k.
Fix 1 <¢ <k, and let m; = Cy(7;). For each w € W (b, m;), let y,, € Ng(b,m;
be a representative for w. Then by Proposition 2] for all X € w, H € w(v;) N
g1t > T = T(v),

q)(gvatH) = Z C(gamivviaty;IX) q)(m“y;IthH)
weWg(b,m;)
Since g is semisimple and ; # 0, dimm; < dimg. Fix w € Wg(b,m;). Then w(w) =
ylw is a compact subset of the regular set of the Cartan subalgebra y,,1b of m;.
Thus by the induction hypothesis there is C, > 0 so that |®(m;, y,1X,Y)| < C,, for
all X € w,Y € m}. Further, by Lemma B4 |c(g, m;, i, ty, ' X)| = C}, is a nonzero
constant independent of X € b',¢ € F. Thus for all X € w, H € w(y;) Ng',|t| > T,

(g, X, tH)| < > ClCu
weEWg (b,m;)
This concludes the proof of Theorem

3. EVALUATION OF AN INTEGRAL

In this section we prove Lemma which is a slight generalization of Lemma
4.4 of [2]. This Lemma will be needed in §4 to prove Theorem [[2

Let R denote the ring of integers of F, P the maximal ideal in R, and @ a
uniformizing parameter so that P = wR. Let |- | denote the absolute value on F
such that || = ¢~ where ¢ = [R/P]. We assume that the character ¢ of F' used
to define the Fourier transform in ([CZ) has conductor R.
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There is n > 1 so that g and G are subsets of M,,(F'). We have the usual norm
| -] on g C M, (F) given by

(3.1) IXI} = max [ Xi;], X = [Xij] € M (F).

Let B denote the symmetric, nondegenerate, bilinear form on g given by
(3.2) B(X,Y)=tr XY, X,Y € gC M,(F).

Fix a reductive subalgebra m of g such that m = Cy(y) for some semisimple
element v of g. Since m is reductive, the restriction of B to m is nondegenerate,
and g =m®mt wheremt = {X €g: B(X,Y)=0VY € m}. For X € g, write
X = Xy + X; where Xo € m, X; € m*. Then as in [2] we define new norms on g
as follows. For X = Xy + X; € g, define

(3.3) IX1" = max{|| Xoll, [ X3l[}, [ X[I"= ~sup [B(Z,X).
Zeg,llz]'<1

Asin [2] | X||” = max{||Xol|"”, || X1||"} and there is a constant 0 < Cy < 1 so that

(3.4) Goll X" < IX1" < X1 < 11X, X € g

For any integer ¢ > 0, define
te={Xeg:|X|'<q}

It is a lattice in g. Define ¢y > 0 as in Lemma 4.1 of [2]. Then in particular, for
any ¢ > cg, exp : &, — G is well defined and we let K. = exp(t.). It is a compact
open subgroup of G contained in GL(n,R). For ¢ > ¢y, write

d.(X,Y) :/K Y(B(kX,Y))dk, X,Y €g,

where dk is normalized Haar measure on K.

Let X € m. Then the restriction of ad X to m* is a linear transformation
Tx : m+ — m*. Define m™8 to be the set of all X € m such that X is semisimple
and Cy(X) C m. Then for all X € m™®, Ty is invertible. For any integer s > 0, we
let

miE = (X e m' e | X|| < 2" | T < °)
where || T!| is the operator norm of Tx'. Then for all X € m™®8, Z; € m™*,
(3.5) ¢ 21| < llad X Zu| < [2]"/2]| Z4]l.
Define Cy as in (3.4)
Lemma 3.1. Let HY € m*8, and let Zy € m, Z; € m*. Then

1Z:]| < ¢**Cg M |ad Had Y Z )",
and if Zy + Z, € . where c is large enough such that ¢~¢ < ¢~ 2*Cy, then
I[H, exp(=Zo — Z1)Y]||" = max{||lad Had Y Z[|", ||[H, exp(—Zo) Y]] "}-
Proof. Let Zy € m, Z; € m*. Then, since H,Y € m*8, using (3.5)
lad Had Y Z1|| > ¢~ %%|| Zy||.

Thus by (B.4))
121 < ¢**||]ad Had Y Z1 || < ¢**Cy*|lad Had Y Zy||".
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Now suppose that Zy + Z1 € ¢.. Then || Zy + Z1||" = max{|| Zo||, || Z1]|} < ¢"¢, so
that || Z;]| < ¢ ¢i=0,1. Now

1
[H,exp(—Zo— Z1)Y] =Y _ i [H, (—ad Zy — ad ZO)RY] =Wy + Wy + V.
k>0

Here Wy = [H, exp(—Zo)Y] € m, Wy = [H,[~Z1,Y]] = ad Had Y Z; € m*, and

1
V = Z Z E(_l)k[H7 ad Z€1ad Z€2"'ad kaY]
k>2 €

where for each k > 2, the sum is over multi-indices € = {e;}¥_;, ¢; € {0,1},1 <i <
k, for which at least one ¢; = 1.
Using Lemma 4.1 of [2], for each k£ > 2 and multi-index € as above,

1
I
But by the first part of the lemma,

¢ 21| < q=¢*Cy tlad Had Y Zu||” < |Jad Had Y Zy || = [Wa||” < [Wo + Wi "

when ¢=¢ < ¢=2¢Cp. Thus for such ¢ we have ||[V]|” < ||[V]| < ||[Wo + Wa]|”.
Thus

1 el -
[H,ad Ze,ad Ze,..ad Ze, Y| < |51 |1 HI Y g EDN 2l < a2zl

I[H, exp(=Zo — Z)Y]|" = [Wo + W1 + V"
= [Wo + Wi ||"” = max{|[Wol", [W2]"}.

For ¢ > ¢, let
(3.6) B ={Xem:|X| <q ), KM =exp(t)),
Lemma 3.2. There is ¢’ > cg so that for allc >, K.NM = Ké‘/[.

Proof. Let v be a semisimple element of g such that m = Cy(y). We may as well
assume that ||y|| < |2|. Then since v € m™&, there is s > 0 so that for all Z; € m*,

q Nzl < N [Z0A] <12 2]

Let ¢ > co such that ¢7¢ < ¢~°. Then clearly KM C K.N M. Let k €
K.N M. Then we can write k = exp(Zy + Z1) where Zy € m,Z; € m* with
1Zo + Z1||" < g ¢. Thus ||Zo]] < ¢ ¢ and ||Z1]] < ¢~ °. Now since k € M, ky = .
But kv = exp(Zo + Z1)y = v + [Z1,7] + W where

1 _
W= 7124 (Zo+ Z0)* 2.
k>2

Thus [Z1,7] = —=W.
But for each k > 2, using Lemma 4.1 of [2]

1
I-7ad (Zo + Z1)* " Z1, ]| < 4|1 Z4ll.

k!
Thus W] < ¢7¢[[Z1] < q~*[Z1]l. But [[[Z19]l = ¢ Za]]- Thus [Z1,7] = =W
implies that Z; = 0. Thus k = exp Zg € KM. O
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For H,Y € m 8, define
mt(H,Y)={Z, em’: |lad Had Y Z,|" < 1}
and

(3.7) I(m* H)Y) = / Y(1/2B(Zy,ad Had Y Zy)) dZ,
mL(H,Y)

where dZ; is Haar measure on m* normalized so that {Z; € m* : ||Z;| < 1} has
volume one. Let d(m™) denote the dimension of m*, and for X,Y € m, define

(3-8) ¢ (X,Y) = Y(B(EX,Y))dk
KM
where dk is normalized Haar measure on KM.

Lemma 3.3. I(m%) is a locally constant function on mI°8 x m™°8. Further, let c be
large enough so that q=¢ < ¢~ 4570 C2. Then for all H,Y € m°8 |t| > q25+CC0_1,
C L _ L
Ge(t2H,Y) = g™ |t 71 gl (2 H,Y) I(m*, H,Y).

Proof. The first part is clear from the definition.
Fix ¢ > 0 such that ¢=¢ < ¢~%7%C2, H,Y € m!*¢, and t € F* such that
|t| > ¢>t¢Cy*. By Proposition 4.2 of [2], since |t| > ¢°, we have

oY) = [ W(EBRH.Y)) d.
K.(H,Y,t)
where K.(H,Y,t) = {k € K. : ||[[H,k~'Y]||” < |t|~'}. Define
e (H,Y,t) = {Zo € &) : ||[H,exp(—Zo)Y]||" < |t| ™'},

EL(H,Y,t) = {Z, emt Nt : |lad Had Y Z,|" < |t|71}.
Now K. = {exp(Zo + Z1) : Zy € tM,Z; € mt N¢.}, and by Lemma [3.1] since
¢ < q 20y, for all Zy € m, Z; € m*,
|[H,exp(—Zo — Z1)Y]||"” = max{||lad Had Y Z1||", || [H, exp(—Zo)Y]||"'}.
Thus K.(H,Y,t) = {exp(Zo + Z1) : Zo € €M (H,Y,t), Z; € €L(H,Y,t)}.

Let dZ denote the Haar measure on g for which €. has volume one and let
dZy denote the Haar measure on m for which € has volume one. Then if Z =

Zo+ Z1, Zop € m,Z; € m*, we have dZ = qu(“‘L)dZO dZ;. Thus we have

(2 H.Y) = g / / (2 Blexp(Zo + Z0)H,Y)) dZodZ:.
eM(H,Y,t) JeL(H,Y,t)
Let Zo € €M and Z, € €.(H,Y,t). Then
Blexp(Zo + Z1)H,Y) = B(exp(Zo)H,Y) + > _ by,
E>1
where for k > 1,

1
by, = Z EB(ad Ze1ad Zez"'ad ZekH’ Y)

Here, as in the proof of Lemma[31] the sum is over multi-indices € for which at least
one ¢; = 1. Suppose that exactly one ¢; = 1. Then ad Z,,ad Z.,...ad Z,, H € m+
and Y € m, so that B(ad Z.,ad Z,...ad Z.,H,Y) = 0. Thus b; = 0 and by =
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1/2B((ad Z1)*H,Y) = 1/2B(Z1,ad HadY Z1). Suppose that k > 3 and at least
two of the ¢, = 1. Then

1
B(ad Ze,ad Zey ad Zo, H,Y )|

L)~ ¢ —(c—c —
< g D H Y] 1R < gD 2,
But by Lemma BT for k > 3,
g D 2|2 < g7 0gRCy ¥ (Jlad Had Y 24 |")? < [t

for Z; € €L(H,Y,t) since ¢~ ¢ < ¢~**~%(C2. Thus

Y(t*B(exp(Zo + Z1)H,Y)) = (t* Blexp(Zo)H, Y))¢(t*1/2B(Z1,ad Had Y Z1)),
so that
d)c(tQHa Y) = qu(mL)

X / Y(t2B(exp(Zo)H,Y))dZy
€M (H,Yt)
X / Y(t*1/2B(Z1,ad HadY Z1)) dZ;.
tL(H,Y t)
But applying Lemma 4.2 of [2] to m in place of g, since [¢t| > ¢°,
/ Y(t*B(exp(Zo)H,Y))dZy = oM (2 H,Y).
€M (H,Y 1)
Further, using the proof of Lemma 4.4 of [2], since |t| > ¢>**°Cy !,

/ (t21/2B(Zy,ad Had Y Z1)) dZy = [t| ™) [(m*, H,Y).
t1(H,Yt)

For H € m™®, define 1y, (H) = detad H|,,. = det Tg. Let

g(m) ={y€g:Cy(y) =m}.
Then g(m) C m*e. The following was proven in Lemma 4.5 and Theorem 2.2 of

2.

Lemma 3.4. There is a unique locally constant function co(g,m) on g(m) x m*e
with the following properties. First, suppose that Y € g(m) N m.*8 and H € mi*®
for some s > 0. Then

Co(g,ma Y, H) = |ng/m(H)|1/2|ng/m(y)|1/2I(mLa Y, H)

In addition, for allY € g(m), H € m*&,

(1) CO(gamvtK H) = CO(gam7KtH) fO?” all t € FX;'

(ii) co(g,m,Y,t2H) = co(g,m,Y, H) for all t € F*;

(iii) |eo(g,m,Y, H)| is nonzero and independent of Y, H ;
(iv) co(g,m,Y,mH) = co(g,m,Y, H) for all m € M.
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Let dz and dm denote Haar measures on G and M respectively. For ¢ > ¢g, let
V (K., dzr) denote the volume of K. with respect to dx and let V(KM dm) denote
the volume of KM with respect to dm. Then qu(“‘L)V(Kc,dx)V(Kéw,dm)_l is
independent of ¢. For Y € g(m), X € m™8 ¢ > ¢, define

(3.9)  clg,m,dx/dm,Y,X) = ¢V (K, de)V (KM, dm)  eo(g, m, Y, X).

Suppose that b is a Cartan subalgebra of m and let A denote the split component
of the Cartan subgroup of G corresponding to b. Fix an invariant measure dx*
on G/A and an invariant measure dm* on M/A. Then if da is a choice of Haar
measure on A, we can normalize Haar measures dxr and G and dm on M so that
dx = dx*da,dm = dm*da. In this case we write

(3.10) c(g,m,dz*/dm*,Y, X) = c¢(g,m,dz/dm,Y, X),Y € g(m), X € b'.

Lemma 3.5. LetY e g(m), X € b/, H emnyg'. Then
(i) c(g,m,dz*/dm*, Y, X)®(m,dm*, X, H) is independent of the choice of dm*.
(ii) Let u € G and fix any invariant measure dm?, on uMu~1/uAu=L. Then

e(g, um, dz*/dm}, uY, uX)®(um,dm}, uX, uH)
=c(g,m,dz" /dm*,Y, X)®(m,dm*, X, H).

Proof. Part (i) is clear from the definitions. Thus in (ii) we may as well assume
that dm? is chosen so that dm* corresponds to dm} under the map m — umu=!.

Then we have
O (um,dm’, uX,uH) = ®(m,dn*, X,H),X € b', H € m’.

Fix H e mN g, and let h be the Cartan subalgebra of g containing uH. Then
u € N(h,m). It is shown in the last part of the proof of Theorem 2.2 of [2] that
for this choice of dm?, c(g,um,dz*/dm}, uY,uH) = c(g, m,dz*/dm*,Y, H) for all
Y € g(m). O

4. AN EXPANSION AT INFINITY

In this section we will give the proof of Theorem The first step is to prove
Proposition 21l This will be done in a series of lemmas. Thus we assume through
Lemma [£4] that g is semisimple and b is elliptic. Let v be an arbitrary semisimple
element of g, and let m = Cy(y). Then the Cartan subgroup B corresponding to
b has trivial split component. Fix a normalization dx of invariant measure on G
and define ®(g,dz, X, H),X € b/, H € ¢ as in (LI). Fix w € Wg(b,m) and a
representative y,, € Ng(b,m). Then the Cartan subgroup B, = v, By, of M
corresponding to y,,'b must also have trivial split component. Fix a normalization
dm of invariant measure on M. Then we also have ®(m,dm,y,' X, H), X € b/, H €
w’, as in (CI). Define ¢(g,m,dz/dm) as in (39). Since dx and dm are fixed
throughout the proof of Proposition [ZT] we drop them from the notation.

Suppose that v = 0. Then m = g, Wg(b,m) = {1},¢(g,9,7) = 1, and Proposi-
tion ZTlis trivial. Thus we may as well assume that ~ # 0.

Let w be a compact subset of b’, and let X € w. Then Cy(X() = b is abelian,
and so there is an open closed subset wg of b with Xy € wg C w®? = w which satisfies
the conditions of Corollary 2.3 of [I]. Since w can be covered by a finite number of
sets wp, we may as well assume that w = wg for some Xy € w. Then Vj = w(? is a
G-domain (open, closed G-invariant set) in g by Corollary 2.4 of [1].
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Fix a Cartan subalgebra h of g containing . Then b is a Cartan subalgebra of
m. Let h = by, ...., hx denote a complete set of representatives for the M-conjugacy
classes of Cartan subalgebras of m. Then we can choose representatives y, €
Ng(h,m) = {y € G : y~'h € m} for Wg(h,m) = Ng(h,m)/M so that for each
v € Wg(h,m), y,'h = b, for some 1 < j < k. We may as well take y; = 1 as the
representative of 1 € W (h, m). Also, we can choose representatives y,, € Ng(b, m)
for W (b, m) so that for each w € Wg (b, m), y,;'b = b; for some 1 < j < k. These
representatives will be fixed throughout the proof of Proposition 2.1l

Since wy is compact and Wg (b, m) is finite, there is 79 > 0 so that ||y < ¢™|2|*/?
and |yt X| < ¢°[2|"/? for all w € Wg(b,m), X € wy. Let tg = w™. Then
itoy]l < |22 and ||y, ' toX || < |2|"/? for all w € Wg(b,m), X € wy. Assume that
Proposition 211 holds for 4" = oy and w, = {tcX : X € wp}. Define T(y) =
¢ 2T (v") and w(y) = ty'w(y’). Let t € F* such that |t| > T(v), X € wp, and
H € w(y)Ng. Then |tty?| > T(7)¢*>° = T(y'), toX € wh, and toH € w(v'), so
that

q)(gv tOXa (ttSQ)tOH)

= Z c(g,m,tofy,ttGQy;ItoX) @(m,y;ltoX, (tta2)t0H)
weEWg (b,m)

But it is clear from (.6]) that
®(g, X, tH) = ®(g, to X, (tty 2)to H),
O(m, y, to X, (tt *)toH) = ®(m,y,' X, tH),
and from Lemma [B4(i) and (39) that
c(g, m, toy, gy, toX) = c(g, m, 7, 1y, ' X).

Thus we may as well assume that ||| < [2|'/? and |jy;'X|| < [2|'/? for all w €
WG(b,m),X € wop-
Define

(4.1) Qo = {ty,' X : X € wp,w € Wg(b,m),t € F* ¢ ' <|t| <1}

Then Q9 C mNg C m™ and v € g(m) C m™, and Q is compact, so there is
5 > 0 so that v € my*® and Qy C m}°s.

Let w, be a compact open neighborhood of v in m which is small enough such
that the following conditions are satisfied. First, since m.°® is open, we can assume
that w,, C m®8. Next, since I(m=) is a locally constant function on m:®& x m*¢ and
Q is compact, and |1g,m| is a locally constant functions on m{®, we can assume
that

(4'2) |779/m(H)| = |ng/m(7)| and I(ml,H,X) :I(mL,v,X), H GWWX € Q.

Next, since M = Cg(7), the y,7y, v € We(h, m), are distinct. Similarly the y,,y, w €
We(b,m), are distinct. Thus we can choose w, so that y,w, N yywy # 0 for
v,v" € Wg(h, m) implies that v = v" and y,wy N Yy w, # O for w,w’ € We (b, m)
implies that w = w'.

Fix w, satisfying the above conditions. Since w, and ¢ are compact open
subsets of m, there is a compact open subgroup K¢, of M small enough such that
K% w, = w, and K{,Q = Qy. Now since the sets y,w, are disjoint and compact,
w € Weg(b,m), we can choose a compact open subgroup K of G which is small
enough such that the sets Ky,w, are disjoint and y, 'Ky, N M C K, for all
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w € Wg(b,m). Fix such a compact open subgroup K, and for w € Wg (b, m), write
K(w) =y, Ky, and Ky (w) = K(w) N M.

Let U be an M-domain (open, closed, M-invariant set) in m such that v € U C
wy which satisfies the conditions of Corollary 2.3 of [I]. In particular, we can
assume that U Nh; C w,,1 < i <k, Cy(X) C m for all X € U, and for every
compact subset @ of g there is a compact subset Q of G such that zU N Q #
implies that z € QM. Define V = U%. By Corollary 2.4 of [1], V C wg and is a G-
domain in g. We will show that w(v) = U N satisfies the condition of Proposition
2.

Define V(K) = {kyY : k € K,y € Ng(b,m),Y € U}.

Lemma 4.1. (i) The double cosets Ky,M,w € Wg(b,m), are disjoint.
(ii) For all w € Wg(b,m), k € K(w), U Nkyy,'b C w,.
(iii) For all w € Wg(b,m), k € K(w), ky,'b’ Nm # 0 if and only if k € Ky (w).
(iv) Let x € G such that xtH € V(K) for some H € w(y)Ny'. Then x €
K Ng(b,m).

Proof. (i) Suppose that z € Ky,M N Ky, M, w,w" € Wg(b,m). Then there are
k,k' € K,m,m' € M such that x = ky,m = k'y,om’. Now xv = ky,y = Ky €
Kyywy N Kyyyw.. Thus by assumption on K, w = w'.

(ii) Let w € Wg(b,m), k € K(w) and Y € UNky,'b. Then ky,'b C Cy(Y) Cm
so that y,k~! € Ng(b,m). Thus there are w’ € W,m € M, such that y,k=! =
k19w = yuwm where k; = y,k~'y,! € K. Thus y, € KywM N Ky,M. Now by
(i), w=w' so that k =m™' € M NK(w) C KY,. Now k7Y € UnNy,'b C w, so
that Y € kw, = w, since k € KY,.

(iii) Let w € Wg(b,m), k € K(w). Then ky*b'Nm # () if and only if there is X €
b’ such that ky_'X € m if and only if ky_,*b C m if and only if y,k~* € Ng(b, m).
But as in the proof of (ii), ywk ™' € Ng(b, m) implies that k € MNK (w) = K p(w).
Conversely, if k € Kyr(w), then y, k=t € y,M C Ng(b,m).

(iv) Let z € G and H € w(y) N such that zH € V(K). Then there are
k € K and w € Wg(b,m) such that 2H € ky,U, so that y 'k~ 'aH C U C m.
Since H € b/, this implies that y,1k~1xh C m, so that 2~ 'ky, € Ng(h,m). Thus
there are v € Wg(h, m) and m € M such that 2~ 'ky,, = yym. Now y,tk~laH =
m~ly;'H € U implies that y,;'H € mU = U. But there is h;,1 < i < k, so that
yo'h=1b;. Thusy,'H e UNbh; Cw,. But w(y) =UNh=UNh; Cw,. Thus
H € w, N yyw,. Now since w, N y,w~, # 0, we have y, = 1. Thus 2~ 'ky,, = m so
that x = ky,m~! € KNg(b,m). O

From now on we write W = Wg/(b, m). Define 7,/ and c(g, m) as in Lemma 5.4

and (39).
Lemma 4.2. There is T > 1 with the following properties.
(i) For all X € wo,Y € V,|t| > T,

/ O(B(Y,kX))dk =0
K

unless Y € V(K).
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(ii) For all X € wo,w e WY €U, [|t| > T,
1 (B )2 1 o (3 ) [ 1/2 / B(Btya Y, kX))dk
K

= V(K7 dl‘)_l‘/(KM(’UJ), dm)c(g, m, 7, ty;lX) / w(tB(K kly;lX))dkh
K]\,[(w)

where Kyr(w) = M Ny, Ky, dk1 is normalized Haar measure on Ky (w),

V(K,dx), is the volume of K with respect to dz, and V(Kp(w),dm) is the
volume of K pr(w) with respect to dm.

Proof. By Lemma 5.4 of [2] there is T; > 1 so that for all X € wo,Y € V,|¢t| > T4,

/ O(B(Y,kX))dk =0
K

unless Y € V(K). Thus (i) will hold for any 7' > T1.
Fix w € W. Then for all X € wy,Y € U,t € F,

| oy R0 = [ By X))
K K(w)
where dk’ is normalized Haar measure on K (w) = y, ' Ky,,.
For X # 0 € g, define the integer v(X) so that | X|| = |&*(X)|. Let S = {X €
g:||X||=1}. Thenforall X #0¢ g,w v X € S.
Let Uy ={Y € U : Y € w,}, and let S; denote the closure in S of

{w MYy .y et}

It is a compact set. Now U C wéw where w, is compact, so the eigenvalues of
ad X, X € U are bounded. Since Us is a closed subset of m, as in Lemma 7.4 of [I],
every element of S; is either nilpotent or is of the form w )Y for some Y € Uj.

Let Y/ € S1,X € wp, and suppose that [ky,'X,Y’] = 0 for some k € K(w).
Then k=Y’ € y;;'b, so that Y is semisimple, and hence of the form Y/ = @~ ¥y
for some Y € Uy. But then k7'Y € y,'b so that Y € U N ky,'b. By Lemma 1]
(ii), this implies that Y € w,. This contradicts the assumption that Y € U;. Thus
[ky,'X,Y'] #0 for all X € wy,Y’ € S,k € K(w), so by Lemma 3.1 of [2] there is
T} such that

| wB k0 =0
K(w)

for all X € wy,Y' € Sy, |t| > T3.

Since v # 0 and g is semisimple, m # g. Now since for all Y € U, Cy(Y) C m,
we have 0 ¢ U. Since U is closed, there is § > 0 so that ||Y|| > for all Y € U.
Define Ty = T3d~ L. Then for all |t| > T2, Y € Uy, X € wo,

/ Y(tB(Y, ky; ' X))dk :/ Y(tw”Y) B(w MY, ky 1 X))dk =0
K(w) K(w)
since [t = |t| |V > T5 and w*Y)Y € §.

Using the same argument as above with K (w) in place of K (w), we can also

prove that there is T3 > 0 so that for all |¢t| > T5,Y € Uy, X € wy,

/ BB, kryg! X))dky = 0.
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Thus as long as T' > T (w) = max{Ts,T5} and Y € Uy,
)2 s )2 [ (B, YR X) )l =0
= V(Ga dx)_1V(KM(w), dm)c(g, m, 7, ty; X) / w(tB(Yv kly;lX))dkl

for all [t| > T, X € wo.

Define ¢’ as in Lemma B2] and pick ¢ > ¢’ large enough such that K, C K(w)
and ¢¢ < ¢~ 4579 CZ. Let ki, ...,kq € K(w) denote a complete set of coset repre-
sentatives for K \K(w). Since V( (w),dx) = V(K,dz), the volume of K. with
respect to normalized Haar measure on K (w) is V4 = V(K,dz) "'V (K., dr). Thus
forall Y € w,, X € wp, and t € F*,

/ BB, kys X0k = V3 3 6tV kg X),

i=1

Define Iy = {1 < i <d: Kk NKy(w) # 04,1, ={1<i<d:i¢ Iy}
For i € I, we may as well assume that the coset representative k; is chosen
so that k; € Kp(w). Now since ¢ > ¢/, by Lemma K.NM = KM. Thus
Ky(w) = U,ep,, KMki, so that for all Y € wy, X € wp, and t € F*,

[ By Xdk = Ve Y 6 (0 b ),
K (w) i€ln
where Vo = V(K (w), dm) V(KM dm). Further, by Lemma ET] (iii),
Kckiy,'o'nm #0
if and only if there is k € K, such that kk; € Kjs(w). Thus
Iy ={1<i<d:Kky,'t'nm#Qp}.

Let 1 < ¢ < d and suppose there are ¥ € wy, X € wp, and k£ € K. such that
[Y, kk;y, 1 X] = 0. Then kk;y,'X € mNK_.k;y, b so that i € Ip;. Thus fori € I},,
for all Y € wy, X € wy, and k € K., [Y,kky,'X] # 0, so that by Lemma 3.1 of
[2] there is T'(i) > 0 so that ¢.(tY, kiy,*X) =0 for all Y € w,, X € wy, |t| > T(i).
Pick T}, = max{T'(i) : i € I}, }.

Now suppose that i € Iy, so that k; € Ky (w) C K3,. Let Xg € wp, Y € w., and
t € FX,|t| > ¢***2°Cy 2. Then t =t for some t,,ty € F* such that ¢~! < |t;] <
1 and |tg| > ¢**+¢Cyt. Now YV € w, C mi® and t1k;y,' X € K9,Q0 = Qo C miee.
Thus by Lemma [3.3] and (E2)),

e (tY, kiyqle ) = be(t5Y, tikiy,, ' X)
:q |t | d(m )(bc (tOY tl 1yw ) (m Ytl 1yw X)
= "M |~ U GM (1Y kg ' X) T(mt,y, trkiyy  X).

But for all X € m™s t € ['*,

L
g /m (E2)] = 18] g (X)].
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Thus using Lemma B4 and (E2),
1
lto| =™ I I(mt v, t Ky, ' X)
— L — — — —
= 1to| =™ ng/m (V)2 g m (t1 iy X)| T 2 co(g, m, 7, t1kiyy ' X)
— L — — — —
= [to| ™ ng/m (V)| 72 ng jm (t19 X) |7 2o (g, m, 7, t1y, " X)
= [1g/m (V)| 72 0 (s X) |71 20 (g, m, 7, tyy, X).
Thus
¢C (tY; kly;lX)
L — — — — —
= " SN (XY ki X) g m (V)| 72 g (i X)) 71 %0 (g, m, v, ty ' X).

Let To(w) = max{T/,, ¢**t2¢Cy 2}, and let Y € w,, X € wo,t € FX, [t| > Ta(w).
Then

g /m (Y )2 11 (32 X1/ o) D(tB(Y, ky,' X))dk

= Vl Z |779/m(tY)|1/2|ng/m(y;1X)|l/2¢c(th kzy;lX)
i€ln

€L
:qud(m )Co(gam777ty;u1X) Z (bi\/[(tY, kly;IX)

i€l
= qu(“‘L)Vle_lco(g,m’%tyfulX)/ V(EB(Y, kiyy, ' X))dky.

K]\{(’LU)
But using (3.9,
¢V, o, m. vty X) = V(I o) TV (K (w), dm)e(g. w7, 1y, X).
Thus the lemma is valid for T' = max{T1, T1(w), To(w) : w € W}. O

Lemma 4.3. Fiz H € w(vy) Ng'. Then there is a compact open subset Gy of G
satisfying the following conditions.

(i) For all X € wy,|t| > 1,
B(g, X, tH) = [ ()| (tH)| /2 / / G(LB(a H, kX)) dkds.
Gy JK

(ii) For each w € Wg(b,m), define Mg (w) = M N Guyy. Then for all X € wy,
[t > 1,
®(m,y, X, tH)
= b, SO 2 GED2 [ B by X)) dydim,
MH(’w) K]\/[(w)
Proof. Let Vo = w§. Since {H} is a compact subset of h’, by Lemma 5.4 of [2]
there is C' > 0 so that
/ W(EBRH, Y ))dk = 0
K

for all Y € V, |t| > 1 unless ||Y|| < C. Fix w € Wg(b,m) and let Vs = (y, wo)™M.
Applying Lemma 5.4 of [2] to m and Ky = K N M there is C,, > 0 so that

(B(KH,Y))dk = 0
Km
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for all Y € Vi, |t| > 1 unless |[Y]| < Cy. Let Cg = max{C,Cy, : w € Wg(b,m)}.
Let Q ={Y € Vo : |Y] < Cx}. It is a compact subset of G, so that there is a
compact subset  of G such that zwgNQ # @ implies that x € Q. Let Gy = KQK.
It is a compact open subset of G satisfying Gy = KGy K.
Let X € wo, |t| > 1. Then

(g, X, tH) = [ng(X)| /2 ng(tH)| /2 /G /K G(B(kH, eX))dkdz.

Let © € G and suppose ||zX| < Cy. Then zX € VyNQ so that z € Q C Gy.
Thus for # € G, ||zX|| > Cg, so that [, ¢¥(tB(kH,xX))dk = 0. Thus

/G/Kw(tBU“H’fCX”dkdh /G ) /K Y(tB(kH, 2X))dkdz.

But since Gy is compact and K bi-invariant, we have

/GH /K V(tB(kH, 2 X ))dkdx

_ /K /G /K G(EB(RH, 2k X)) dkdadh,

:/ / / Y(tB(z  kH, k1 X))dk, dxdk
KJGyg /K
:/ /w(tB(x’lH,k:lX))dkldx.
GH K
Fix w € Wg(b,m). Let X € wp,|t| > 1. Then
®(m,y, ' X, tH) = Inm(y;lX)|1/2|nm(tH)|1/2/ G(tB(kH, my,"' X))dkdm.
M JKn

Let m € M and suppose |my,'X|| < Cy. Then my,'X € Vo N Q so that
my,t € Gg. Thus m € M N Guy, = My (w). Thus we have

/ Y(tB(kH, my," X))dkdm = / Y(tB(kH, my,* X))dkdm.
M JKy My (w) J Km

Let me M,k € Kyy = KN M, ky € Kyr(w) = M Ny, Ky,. Then
' Grywki ' = k' Gr(ywk1y, ") o = Gryw

since k, ywkiyy,t € K. Thus kmk, € My(w) if and only if kmk; € Guy,, if and
only if m € k;_lG,rj(ywkl_1 = Gy if and only if m € My(w). Thus as above we
can write

/ Y(tB(kH, my," X))dkdm

Ky (w) J My (w) JKum

:/ / / Y(tB(m 'kH, kyy, ' X))dkidmdk
Ky J My (w) J K (w)

- / / Y(tB(m™ H, kry,,' X))dkydm.
My (w) J Ky (w)
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The following lemma completes the proof of Proposition Bl Define T'(y) = T
as in Lemma

Lemma 4.4. For all X € wo, H € w(y)NY,|t| > T,

O(g, X tH) = > c(gm,y,ty, X)®(m,y, ' X, tH).
weWg (b,m)

Proof. Fix X € wo, H € w(y) N, |t| > T. Then by Lemma 3] since || > 1,
B, X, tH) = () np(eH) [ [ w(eBla H kX)) b
Gu JK
Let # € G. Then by Lemma B2} since [t| > T and x~'H € V,
/ Y(tB(z~ H, kX))dk = 0
K

unless 27 H € V(K). Now by Lemma BT (iv), this implies that 2=! € Ky, M for
some w € W = Wg(b,m). Write z = my,'k for m € M,k € K. Then z € Gy
if and only if my,! € Gy if and only if m € Guy, N M = My (w). Finally, by
Lemma [T (i) the cosets Ky, M,w € W, are disjoint, so that

/GH /Kw(tB(x_le kX))dkdx

- K, dz)V(K dm)~1 B(kYyym ™~ H, kX))dkdmdk
U;Vw )V (Kpy (w), dm) /K/MH(M)/KW (k7 g ))dkdmdky

= €T w),dm) ! wrrf1 , m.
],;VV(K’d W (K pr(w), dim) /MH(M) /K B(tB(ywm™ H, kX))dkd

Fix w € W,m € My(w). Then since m 'H € U and |t| > T, using Lemma 2]
V(K, dﬂ?)V(KM(w%dm)_l/ Y(tB(yom™ ' H,kX))dk = |ng/m(tm™ H)|~'/2
K

X Ing/m(y;lX)l_l/QC(g,m%ty;lX)/K ( )w(tB(m”H,kly;lX))dkl-
M(w

But
[ng (X2 |ng (LH) [/ [ng pm (tm ™ HD) 712 g (" X) |71/
= [n (" X) [ 10 (L) /2.
Thus using Lemma [£3]

O(g, X, tH) = Y c(g,m, 7, by, ' X)
weWw

<t O e [ /K B H b X))k

= clgm, v, by, X)®(m, y, X, tH).
weWw
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We now keep the assumption that b is elliptic, but remove the assumption that
g is semisimple. Let Z denote the split component of the center of G. It is also
the split component of the Cartan subgroup of G corresponding to b. Let dx*
and dm™* be choices of Haar measures on G/Z and M/Z respectively, and define

c(g,m,dz* /dm*) as in (310).

Lemma 4.5. Let w be a compact subset of b’, and let b be a Cartan subalgebra of
g with v € h. Then there exist a neighborhood w(vy) of v in b and T(v) > 0 so that
forall X e w,Hew(y)NY, andt € F,|t| > T(vy),

O(g,da*, X, tH) = > c(g,m,da*/dm*, 7, ty, ' X) &(m,dm",y, X tH).
weEWg (b,m)

Proof. Write g = 3+g1,b = b1+3,5 = h1+3, where g; is semisimple, b; is an elliptic
Cartan subalgebra of g;, and bh; is an arbitrary Cartan subalgebra of g;. Write
v = Zo+7,Zo € 3,71 € h1. Then m = Cy(7y) = 3+my where my = Cy, (71). We can
identify G; = G/Z and My = M/Z. Let dzy and dm; be the Haar measures on Gy
and M corresponding to dz* and dm™* respectively with these identifications. Then
for all Z1,7, € 3, X1 € b’l,H1 € h’l,w eW = Wg(b,m) =W, = WGl(b1,m1),

@(g,dfﬁ*, Zl + Xl; ZQ + Hl) = w(B(Zla ZQ))(I)(gladxlelaHl)v
(D(m7 dm*aym_ul(zl +X1)aZQ + Hl) = w(B(ZlaZQ))(I)(mhdmlvy;thHl)a
c(g,m,dm*/dm*,'y,y;l(Zl + Xl)) = C(glamladxl/dmlalylqu;le)'

By Proposition 2] there are a neighborhood wy (1) in h1 and T'(y1) > 0 so that
for all Xy € w1, H1 € wi(y1) NHY, [t > T(),

q)(gladxlaletHl)

= Z c(gr, ma, day /dmy,y, tyy, X1)®(my, dma,y,, ' Xy, tH)).
weWi

Then for all Z1,49 € 3,X1 cwi,Hy € wl('yl) n h/la |t| > T(’}/l),
q)(gadx*a Zl + Xlat(ZQ + Hl)) = w(B(thZQ))(I)(gladxlaxlthl)

= O(B(Z1,125)) Y clgr,mi,dzy/dma, i, by,  X1)®(ma, day, yy, ' Xo, tH:)

weWy
= Z c(g, m,dz* /dm*, v, ty, (Z1 + X1))®(m, dm*, y, (Z1 + X1),t(Z2 + H1)).
weW
Thus we can take w(vy) =3+ w1(y1) and T(vy) = T'(11)- O

Suppose now that b is an arbitrary Cartan subalgebra of g. Let A be the split
component of B, and fix an invariant measure dz* on G/A. Let Gy, denote the
centralizer in G of A. Normalize the invariant measure dzj on Gy /A so that in the
notation of Lemma [2:2] we have

(4.3) O(g,da*, X, H)= Y O(gy,doy, X,y;'H), X b/ Hey.
s€Wa(h,90)

Fix w € Wg(b,m) and a representative v, € Ng(b,m). Then A, = y, 1Ay,
is the split component of the Cartan subgroup y, !By, of M. Fix an invariant
measure dm}, on M/A,,. Now the centralizer in M of Ay, is My s = M Nyy'Geyu.
For each u € Was(h, my p), let ¥, € Nag(h, my, ) be a representative for u. Then by
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Lemma [Z2] applied to m and m,, 5, we can normalize the invariant measure dmy,
on (My)/Ay so that for all X € b', H € b’ we have

(4.4) ®(m, dm?,, v, ' X, H) = > D6, Ay o, Yo X, vy L H).
u€War (b, My 5)

Now y,7y € g and Cg, (Yw?Y) = 96 N YoM = YoMy, p. Define
(4.5) cw(dx™ [dmy,, v, X) = c(8b, YwMuw,b, drg /(dmy, 4)*, ywy, X) , X € b,

where ¢(go, YuwMuw,b, dzy /(dms, (), Yuy, X) is defined as in (E.10) with gp instead of
g and y,my p instead of m, and the invariant measure (dm;, ,)* on Yuw Moy vyt /A
is normalized by transferring the invariant measure clme’b on My p/Ayw used in
@A) via the map m — y,my,'.

Fix s € Wg(h, gs) and a representative y; € Ng(h, go). Then y; 1y € y:1h C ge,
and we define mp s = Cy, (y;'v) = gp Ny; 'm.

Lemma 4.6. There is a bijection (s,v) < (w,u) between

{(57U) - S E WG(b?Qb)7U E WG[,(b7mb,S)}

and
{(w,u) : w e Wg(b,m),u € War(h, my,6)}

such that if ys € Ng(h,ge) is a representative for s, y, € Ng,(b,mp ) is a rep-
resentative for v, and y, € Ng(b,m) is a representative for w, then ysy, 'y, €
Nar(h,my ) is a representative of u.

Proof. Let s € Wg(h,gp),v € W, (b,mps). Then y,'b C mp s C y; 'm so that
Ysyy b € m. Thus y,y; ' € Ng(b,m). Thus there are unique w € Wg (b, m) and
m € M such that y,y;! = yuym™!. Now ysy, 'y = m € M and h C m, so that
m~'h C m. Further, m~'h = y,, " yoy5 'b C y;," g6 since yoys'h C yu@6 = gp. Thus
m~'h C m Ny, gy = My p so that m € Nps(h,my ), and so represents a unique
class u € Was(h, my ). Now we map (s,v) — (w, u).

Now let w € Wg (b, m),u € Was(h, my 5). Then for any representative y,, for u,
YwYy ' C @b so there are unique s € Wg(h, gp) and z € Gy such that y,y,* =
ysz~ L. But as above, x71b C mp 5. Thus z € Ng, (b, mp_s) represents a unique v €
Wa, (b, mp ). Now if y, is any representative for v, there is m € My ¢ such that z =
yorn. Now ysy, 'y = yuma where my =y yomy, 'yu € Yo Yo (Mo s)Yy Yo =
Y "G Y N ml_lel. Thus m, € y;leyw N M = My, so that y,m; is also a
representative of u. Thus the map (w,u) — (s,v) gives an inverse mapping. O

Lemma 4.7. Letw be a compact subset of b’. Then there exist a neighborhood w(7)
of vy in b and T(y) > 0 so that for all X € w, H € w(y)NY, and t € F,|t| > T(7),

O(g,de”™, X,tH) = Z cw(dz™ /dm?, v, tX) ®(m,dm},, yy X, tH).
wEWG(b,m)
Proof. By (@3), for all X € b/, H € by,
q)(gvdx*vaH) = Z q)(gbvdxzvayng)
sEWG (h,90)

Fix s € Wg(h,mp). Then y; 'y € gp and Cy, (y5 ') = goNy; 'm = mp 5. Since b
is an elliptic Cartan subalgebra of gy and w C bNg’ C bNgy, we can apply Lemma
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S to y; 1y to obtain a neighborhood w’(y; 1) of y; 1y in y;1h and T'(y; 1y) > 0
so that for all X € w, H € w'(y;1y) Nb,|t| > T (y5 ),

D(gp, day, X, tH)

= Z C(Qb,mb,ada?[*mys_l%ty;1X)¢(mb,say;1X7tH)-
vEWG,, (b,mp,s)

Here, since by Lemma H5] ¢(gp, mp s, dzy /dmk)®(mp s, dm?) is independent of the
choice dm} of invariant measure on My /A, we drop it from the notation.

Define T'(y) = max,T"(y;'v) and w(y) = (), ysw'(ys'y). Then for all X €
w,H € w(y)Nb,|t| > T(y), we have

®(g,dx™, X, tH)

= > S g me dug, us ' X)®(my 6y, Xty T H).
s€EWg(h,g96) vEWG, (b,myp,s)

Fix a pair (s,v) and let (w,u) be the pair that corresponds to it by Lemma F.6]
so that y, € Gy, yu € M, and y,y; ' = ywy, '. Then

Yomps = Yo(@e Nys 'm) = go Nyuys 'm = g6 Nyuy, 'm
= Yo (Y 96 NM) = YoMy .
Thus using Lemma, and (X)), for all X e b/, H € i/,
(g, Mo, dzg, Y5 'y, yy ' X)P(me sy, ' X, y; " H)
= (g, Yo Mo s, dzh, yoys 7, X)P(yomo s, X, yoys ' H)
= (G, YoMuw,b, dg / (dm, ) Yoy, X )P (YoM o, (dmi, o), X, ywy, ' H)
= cy(dx™ [dmy,, v, X)®(my b, dmy, o, Yo X,y LH).

Finally, using (£4) and Lemmal[£] for all X € w, H € w(y) Ny, |t] > T(7), we
have

@(97 dx*? X7 tH)
= Z cw(dz™ [dm),, v, tX) Z @(mw,b,dm;w,y;lX, ty, L H)

wEWe(b,m) uEWnr(h,muw,p)
= Z cw(dz* /dm?,, v, tX)®(m, dm?,, yo ' X, tH).
weEWg(b,m)

The following proposition completes the proof of Theorem L2

Proposition 4.8. Let w be a compact subset of b'. Then there exist a neighborhood
U() of v inm and T(y) > 0 so that for all X e w,H € U(y)Ng’, and t € F,|t| >

T(v),

O(g,da”, X, tH) = > cy(da”/dm},v,tX) ®(m,dm;,y," X, tH).
weWg (b,m)

Proof. Since the measures dz* and dm},w € W = Wg(b,m) are fixed, we drop
them from the notation. Let b1,....,Hr denote a complete set of representatives
for the M-conjugacy classes of Cartan subalgebras of m, and fix 1 < i < k. By
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Lemma 4.7 there are a neighborhood w;(7y) of v in h; and T;(y) > 0 so that for all
X €w,H ew;(y)Ng,and t € F,|t| > Ti(v),

(g, X, tH) = > co(y,tX) ®(m,y, ' X, tH).
weWw

Let T(v) = maxi<;<r Ti(7y), and let w(y) be a neighborhood of v in m small
enough such that w(vy) Nh; C wi(y) for 1 < i < k. Now by Corollary 2.3 of
[1] there is an open, closed, M-invariant neighborhood U(7) of v in m such that
Ur)Nh; Cw(y)Nbh; Cwi(7),1 <i<k. Nowlet X ew,HeU(y)Ng,|t| > T(y).
Then there are m € M,1 < i < k,H; € b;, so that H = mH;. But H; =m~'H €
U(y)Ng Nb; Cwi(y)Ng'. Thus

O(g, X,tH) = (g, X, tH;) = > cu(y,tX) ®(m,y, ' X, tH,;)

weWw
= ) cw(n,tX) O(m,y,' X, tH).
weWw
O
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