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ABSTRACT. We classify the simple infinite-dimensional integrable modules
with finite-dimensional weight spaces over the quantized enveloping algebra
of an untwisted affine algebra. We prove that these are either highest (lowest)
weight integrable modules or simple submodules of a loop module of a finite-
dimensional simple integrable module and describe the latter class. Their
characters and crystal basis theory are discussed in a special case.

0. INTRODUCTION

The aim of this paper is to study irreducible integrable modules for quantum
affine algebras, which have finite-dimensional weight spaces. The best known exam-

—

ples of such representations are the highest weight representations V() (cf. [16] 24])
on which the center of the quantum affine algebra acts via a positive integer power
of q. These representations have many pleasant properties; for instance, it is known
that they admit a canonical global or crystal basis. Another family of integrable
modules for the quantum affine algebra are the finite-dimensional modules which
have been studied, amongst others, in [I}[8, [T} 12, 13 [18, 251 (26, 27]. However, un-
like the highest weight representations, these finite-dimensional representations do
not respect the natural Z-grading on the quantum affine algebra which arises from
the adjoint action of the element of the torus corresponding to the Euler operator.
Thus it is natural to look for graded analogues of finite-dimensional modules. Be-
sides, in certain cases one has to consider these graded infinite-dimensional modules
instead of finite-dimensional ones. For example, a finite-dimensional module cannot

—

appear as a submodule of the ring of linear endomorphisms of V' (\) whilst any sim-
ple graded integrable module with nontrivial zero weight space can be embedded in
such a ring provided that A is sufficiently large (cf., for example, [20]). Such embed-
dings arise in the theory of quantum affine analogues of the Parthasarathy-Ranga
Rao-Varadarajan determinants ([22]).

Let g be a finite-dimensional simple Lie algebra of rank » and let U, be the asso-
ciated quantum affine algebra. Examples of infinite-dimensional integrable modules
which are not highest weight modules are easy to construct. Namely, let V be a
finite-dimensional module over U,. Then the space L(V) = V @ C(q)[t,t '] admits
an obvious structure of a Z-graded Ug,-module, which respects the grading on U,
induced by the Euler operator. However, even though V' is irreducible, the resulting
representation L(V') need not remain so.
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The irreducible finite-dimensional representations of U, are known (cf. [8]) to
be parametrized by n-tuples of polynomials in an indeterminate u, with constant
term 1. For instance, for the quantum affine algebra associated to s, we have
just one polynomial 7(u). If we take w(u) = (1 — u)(1 4+ u), and V to be the
corresponding irreducible finite-dimensional representation of Uy, then it is not
hard to see that the graded infinite-dimensional module L(V') is a direct sum of
two simple components. More generally, the module L(V) is reducible (moreover,
completely reducible) if the roots of the polynomials associated to V satisfy a certain
condition which involves roots of unity.

The paper is organized as follows. In Section P] we show that if V is an irre-
ducible finite-dimensional representation of the quantum affine algebra, then the
corresponding graded representation on L(V') is completely reducible and we de-
scribe its irreducible components (cf. Theorem [[] and Lemma 2.8)). Our analysis is
based on the result on irreducibility of tensor products of finite-dimensional simple
U,-modules obtained in [5], which allows one to construct an action of the cyclic
group Z/mZ on L(V) commuting with that of the quantum affine algebra, the inte-
ger m being determined by the family of polynomials corresponding to V. Namely,
these turn out to be polynomials in «". The irreducible components of L(V), as
in the classical case (cf. [4, [6] [14]), correspond to different irreducible characters
of the finite abelian group Z/mZ. However, unlike in the classical case when it is
induced by the natural action of the symmetric group S, on V, the action of Z/mZ
is rather sophisticated and difficult to describe explicitly.

Section [ is devoted to a classification of irreducible, integrable modules with
finite-dimensional weight spaces of the quantum affine algebra. Thus our Theorem[d
establishes that such a module must be isomorphic to either a highest weight module
or its (graded) dual, or to an irreducible component of the module L(V'), where V
is some irreducible finite-dimensional module over U,. The corresponding result in
the classical case was established in [4], [6]. Besides, we show (cf. Proposition BH)
that, as in the classical case (cf. [21]), all weight spaces of a simple integrable
module are finite dimensional if and only if its set of weights satisfies a boundedness
condition of [20].

The final section of the paper is concerned with the problem of describing the
characters of irreducible components of the module L(V') in terms of the characters
of V. More precisely, we are interested in relating the dimension of the weight spaces
of an irreducible component of L(V') to the dimension of the weight spaces of V. In
the classical case this was done in [14], and the formulae involve a modification of
the Euler p-function. In the quantum case we conjecture an analogous formula and
establish it in Proposition 7] for certain special modules for the quantum affine
algebra associated to sl,41. In order to do that, we consider a crystal ¢ = 0 limit
of these modules. Then the argument becomes purely combinatorial and involves
the major index of MacMahon. In particular, we also show that the characters of
these modules in the quantum case coincide with the characters of their classical
analogues. At the end of the section we discuss a crystal basis theory for these
modules.
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1. PRELIMINARIES

Throughout this paper, N (respectively, NT) denotes the set of nonnegative
(respectively, positive) integers. Let ¢ be an indeterminate and let C(gq) be the
field of rational functions in ¢ with complex coefficients. For r,m € N, m > r,
define

Wh=%§§;; [m]g! = [mlglm — 1q .. [2]4[1]4; [m}:__ﬁﬁL_

1.1. Let g be a complex finite-dimensional simple Lie algebra of rank n with a
Cartan subalgebra f and let W be the Weyl group of g. Set I = {1,2,...,n} and
let A = (d;aij)ijer, where the d; are positive integers, be the n x n symmetrized
Cartan matrix of g. Let {ay; : i € I} C b* (respectively {w; : i € I} C h*) be
the set of simple roots (respectively of fundamental weights) of g with respect to
h. As usual, Q (respectively, P) denotes the root (respectively, weight) lattice of g.
Let PT =3"..; Nw; be the set of dominant weights and set Q* =3, Noy. It is
well known that h* admits a nondegenerate symmetric W-invariant bilinear form
which will be denoted by (-|-). We assume that («; | o) = d;a,; for all 4,5 € I.
Let

g=9g0C[t,t ']® Cca Cd

be the untwisted extended affine algebra associated with g and let A = (d;aiz) ijel
where [ = T'U {O} be the extended symmetrized Cartan matrix and W the affine

Weyl group. Set b =h d Cc® Cd. From now on we identify h* Wlth the subspace
of f)* consisting of elements which are zero on ¢ and d. Define § € f)* by

S(h®Cc) =0,  5(d)=1.

Denote by 6 the highest root of g and set ag =0 — 0. Then {a; : i € f} is a set of
simple roots for g with respect to h and ¢ generates its i 1mag1nary roots. The bilinear
form on h* extends to a TW-invariant bilinear form on b* which we continue to denote
by (-]-). One has (§|«a;) =0 and (az | ;) = diaij, for all i, € I. Define a set of
fundamental weights {wl NS I} C b* of § by the conditions (wl|aj) = d;0;,; and
wi(d) =0 for all 4,5 € I. Let P = > ici Lwi © Z6 (respectively, P* = 3. Nw; ©
Z4) be the corresponding set of mtegral (respectively, dominant) weights. Extend
the w;, i € I to elements of P by setting w;(c) = w;i(d) =0. Set P = P®ZJ C P.
Denote by Q the root lattice of § and set Q+ = > iciNa;. Given Ay € P+
(respectively, A, u € P+) we say that A < pif u—X € QF (respectively, p—X € Q).

1.2. Forie I, set ¢; = ¢% and [m]; = [m],i. The quantum affine algebra ﬁq (9)
(cf. [2, Bl IO} 19]) associated to g, which Will be further denoted as U, is an

associative algebra over C(q) with generators 2 ,i € I, r € Z, KjEl iel, C*/2

’L'f”

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



QUANTUM LOOP MODULES 59

D*L h;, i€ I, r € Z\{0}, and the following defining relations
C*Y/? are central,
KK '=K 'K;=1, C'?Cc'?=c7'?¢'? =1
Kin :KjKi, K‘hjr:hj,rKi,
+ - i ij .t
Kiij'K’L' ! = ’L “ xj )
1 cr—-Ccr
[hi,r, hj,s] = (5r’,S ;[mij]i — 1
4; — 9q;
1
[hir,2E,] = i;[m”] CFIrl/2,%

1,my L s jr+57

+ + +ai; + + _ tai; + £ + +
Lir+1¥js — L5 slirt1 = 45 Lirlist1 = Ljs+1%5 s

C(r s)/Qw;rr —C- (r— s)/Qw

+ — s 7,7+s
[xi,r’ xj,s] = 0;,; - )
q; — qi
+ + .+ + _ B ;
Z Z |: :| T ey xiﬂ“w(mxﬁsxin"w(kﬂ) T mi,m(w =0, if 7 7& Js
TEX, k=0
for all sequences of integers 71,...,7m, where m = 1 — a;;, X, is the symmetric

group on m letters, and the wfr are determined by equating powers of u in the
formal power series

Zwm —KfleXp< % —q; thﬂ:s )

The algebra Uq (g) is Z-graded, the Ith-graded piece being
(Ug(@) = {z € Uyg) : DD~ = ¢'a}.

The subalgebra of ﬁq(g) generated by the elements 13;%0, i € I is isomorphic to
the quantized enveloping algebra U,(g) of g. Let ﬁi(>>) (respectively ﬁqi (<),
IAJf]t(O)) be the subalgebra of U generated by the elements x”, i€l £r e N
(respectively, z; ., i € I, £r € N, h;,, i € I, £r € N™). Let U; be the subalgebra

generated by Kzﬂ, i eI, D' and C*'/2. We will need the following result which
was established in [3].

Proposition. The subspaces ﬁqi = ﬂ'qi(<<)ﬂ'qi (O)ﬁqi (>>) are subalgebras of ﬁq
and

N PP

U,=0,0,U,.
1.3. We will also need another presentation of ﬁq. Namely, after [2, [19], the
algebra Uy, is isomorphic to an associative C(q)-algebra generated by E;, F;, K| iﬂ :
i € I, D¥! and central elements C*!/2 satisfying the following relations:

C = KOHKI"’, where 0 = Zriai, r; € NT,
il icl
KK '=K 'K, =1, KK;=K;K;,
DD '=D7'D=1, K;D = DK;,
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K,E;K; ' =q¢/"E;, K FK '=q "Fj,
DE;D™!'=¢%°E;,  DF;D™'=q %F},

Ki—K!
[Ei, Fj) = 035 ———1,
q; — 4;
1_(”]‘ T 1 - a’ij r l1—a;;i—1 P .
Z (1) - (Ez) E;j(E;) """ =0 if i # 7,
r=0 2
1—a;j
1= aij r l—as;—r e
> (=1 { . ]‘(Fi) Fj(F)'m =0 ifi#j.
r=0 7

The element F; (respectively, F;), i € I corresponds to 352,_0 (respectively, x; ). In
particular, the E;, F;, KijEl : 1 € I generate Ugy(g).

It is well known that IAJq is a Hopf algebra over C(gq) with the co-multiplication
being given in terms of generators E;, F;, K iﬂ ciel by the following formulae:

AE)=E oK '+19E, AF)=FEol+K oF,

the KijEl being group-like. Although explicit formulae for the co-multiplication on
generators xfr, h; » are not known, we will not need these in the present paper and
SO we say no more about it.

~

Lemma. Take x € (U, and write A(x) = 1 ® z2 in the summation notation.
Then we may assume that x; € (Ug)x, where k1 + ko = k.

Proof. The assertion is obvious for the generators F;, F;, Kiil. Since A is an al-
gebra homomorphism, it holds for any polynomial in these generators, which is
homogeneous with respect to D. O

1.4. Let Ug be the extended quantum loop algebra, namely the graded quotient
of ﬁq by the graded ideal generated by C*/2 — 1. The Hopf algebra structure on
ﬁq descends to a Hopf algebra structure on Ug. Let Uy be the C(q)-subalgebra
of Uy generated by the elements xfk, R Ki,Kfl, i€l kreZ, r#0. Itis
easy to see that Uy is a Hopf subalgebra of Ug. Let Ug(0) be the subalgebra of
Ug generated by elements h; ., Kiil, i €I, reZand D', Clearly, Ug(0) is a
Z-graded subalgebra of Ug. Let Uy(>) (respectively, U,(<) and Uy(0)) be the
subalgebra of Uy (0) generated by the elements ac;rr, i € I, r € Z (respectively, T,

iel,reZand h;,,i€I,reZ\{0}). Then ((;f., for example, [§])
Ug = Uy (U (0)U, (>).
For ¢ € I, set

© 4k
) = Y0 T,
o
and »
0o hi
]:)zﬂ:(u) — exp(—h;t(u)) = exp ( — Z q[ki]’ikuk) .
k=1 g

Let P 4, be the coefficient of u” in PE(u). One can show (cf. [3]) that the P, :
i € I, r € Z generate Uy(0). Moreover, by [3] monomials in the P;,, i € I, r € Z
(or equivalently, monomials in the h; ., ¢ € I, r € Z) form a basis of Uy(0).
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Lemma. Let x : Uy(0) — C(q)[t,t™!] be a nontrivial homomorphism of Z-graded
algebras.

(i) There exists a unique m > 0 such that the image of x equals C(g)[t™,t~™].

(ii) Suppose that the image of x equals C(q)[t",t~™]. Then there exist iy € I
such that x(Pi,,+m) 7# 0 and the kernel of x is generated by the P; ., i € 1,
r #0 (mod m) and by the elements of the form

Pi,ism - (X(Pio,im)_SX(Pi,ism))P{Z,j:mv (XS I, s € Nt

Proof. Let m,n € NT be minimal such that both ¢, t~™ lie in the image of x.
Then t™~™ € Imy. Since either 0 < m —n < mor 0 < n—m < n, it follows
that m = n which proves the first part. For the second part, it is enough to observe
that the elements listed in the assertion are homogeneous and lie in the kernel
of Im . O

1.5.  In the rest of this section we summarize some general results from the repre-
sentation theory of U, and U,(g), which will be used later.
For any Ug-module V and any p =}, ; piw; + 16 € P, set

‘A/M ={ve V:Duv= v, Kjv = g, Vi€ f}
If ‘A/M # 0, we say that p is a weight of V. The set of weights of V will be denoted
by Q(V). The module V is said to be an admissible module of type 1 if
V= @ Vi
uef’
and dim ‘A/M < ooforall pe P. One has analogous definitions of admissible modules
of type 1 for the algebras U (with P replaced by P¢), U, and Uy(g) (with P
replaced by P). From now on, all modules will be assumed to be of type 1. A qu—

moclule Vis integrable if for all ¢ € I the elements F; and F; act locally nilpotently
on V. Similarly, one can define integrable Uf, U, and U,(g)-modules.

1.6.  We now recall the construction of highest weight integrable modules over ﬁq

and U, (g). We work with the presentation of U, described in [l
The following result can be found in [24], 3.5].

Proposition. For every A =} . ; \iw; +kéd € p+ (respectively X =, Niw; €
P there erists a unique, up to an isomorphism, simple integrable ﬁq—module
V(A) (respectively Uy(g)-module V(X)) of type 1 which is generated by an element
vy satisfying

E;vy =0, K, v\ = qi)""w\, D.vy = ¢"u,, Fi)"'Jrl.v)\ =0, Viel
(respectively, E;.vy =0, K;.vy = q;\"'v)\, Ff""“.fu)\ =0,Viel).

1.7. The modules V() and V() are the quantum analogues of the corresponding
modules V,¢(A) and V,(A) over, respectively, § and g, whose characters are given by
the Weyl-Kac formula. Namely (cf. [23] Theorem 4.12]), for all v € ]3, (respectively
v € P), we have dim V()), = dim V.¢()), (respectively, dim V(A = dim Vee(A),).
In particular, both V(A) and V() have finite-dimensional weight spaces. Further-
more, a standard argument from the representation theory of g yields the following.
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Lemma. Let € Pt be such that A\ — p € Q. Then dim V/()\),, # 0.
Finally, we will need the following.

Proposition (cf. [24] 3.5 and 6.3]). (i) Assume thatV =D, p V. is an inte-

grable admissible ﬁq -module such that Q(V) is contained in the set
Ule{,ui —v :veQt}, for some k € Nt and for some pi,...,u, € PT.

Then R
Ve P mOVO,
AeP+
for some nonnegative integers m(X). Furthermore, as a Ugy(g)-module,
‘7()\) is a direct sum of simple finite-dimensional highest weight modules
V(i) for various p € PT.
(ii) Let M be an integrable Ugy(g)-module. Then M is a sum of simple Ug(g)-
modules of form V(\) for various X\ € PT.

Corollary. Let M be an integrable Ugy(g)-module with finite dimensional weight
spaces. Then M is finite-dimensional.

Proof. Let r € NT be minimal such that ro; € Q for all i € I. Then any A € P
can be written as X' + 7 where n € QT and N € PF .= {v =3, kiw; € PT :
0 < k; < r}. Evidently, P is a finite set. On the other hand, by Lemma
for all A € P, there exists A € Q(V(\)) N PF. Since dim M), < oo and the sum
of V(A) is direct, it follows that the multiplicity of each V(A) in M is finite and
that the set of A € PT such that V(\) occurs in M is also finite. It remains to

apply (ii) of the above proposition. O

1.8. Since ﬁq is a Hopf algebra, given a ﬁq—module V = @Vef, V,, we can en-

dow V* with a structure of a ﬁq module via the antipode. If dimV, < oo for
all v € P, then V# = ®D,cp V), is a Ug-submodule of V*. The module V# is
called the graded dual of V. One can prove that the graded dual of ‘7()\) , A€ pt

is the unique simple integrable module generated by an element v} such that
Fyvy =0, Ko} = q; Mo, D} = q "3, ENTlol = 0.

Clearly, ‘A/()\)# is an integrable module. Results analogous to the ones above hold
for the modules V (A\)#. Finally, note that the element C acts on V()) as ¢” id and
on V(A\)# as g7 id where r = (A]0). Notice that r > 0 unless A € Pt npe =176
In the latter case both V(A) and V(A)# are one-dimensional.

1.9. Let M be an integrable Uy, (g) or Uz-module. Following [24, 5.2], one can

define C(g)-linear endomorphisms 7; : ¢ € I (respectively, i € I ) of M satisfy-
ing T; My = Ms, . Moreover, by [24] Chapter 39], the T; satisfy the relations of the

braid group associated with W (respectively, W). In particular, the set of weights

of M is W (respectively W) invariant. Moreover, if M is admissible, then we have
dim My = dim M, for all w € W (respectively, w € W).

2. QUANTUM LOOP MODULES

In this section we study a family of irreducible integrable modules of ﬁq on
which C acts as the identity and hence these are actually modules for the extended
quantum loop algebra Ug.
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2.1. Given a U; module V' of type 1, one can easily verify that the following
formulae define a structure of a Ug-module of type 1, which we denote by L(V;d),
on the vector space L(V) = V ® C(q)[t,t"']. Namely, fix d € Z and define for
all k,r € Z, z € (Ug) and v €V,

z(v®t") = (zv) @ t"F, D@t =q¢t vt
We set L(V) = L(V;0) and call it the quantum loop module associated to V.

Lemma. Let V be a cyclic U, module generated by an element v € V. Then L(V)
is generated as a Ug-module by the elements v @ t", r € Z.

Proof. Tmmediate. U

If V is a finite-dimensional Ugz-module, then the corresponding loop module
L(V) is an integrable Ug-module.
The main result of this section is the following

Theorem 1. Let V be an irreducible finite-dimensional Ug-module and let d € Z.
Then there exist v € V and a unique m € NT such that as U¢ -modules we have,

m—1
L(Vid) = P UL (vet),
s=0

where Uf}.(v ® t%) is an irreducible Ug-module for all 0 < s <m — 1.

We prove this theorem in the remainder of this section. For simplicity of notation,
we assume that d = 0, the general case being identical.

2.2. We need several results about irreducible finite-dimensional representations
of U, which we now recall (cf. [§]). Let

A={r= Z Tmu™ € C(g)[[u]] : =(0) =1}.

m>0
Definition. We say that a Uj-module V is ¢-highest weight, with highest weight
(A, %), where A = 3, ; Niwy, mF = (7 (u), ..., w5 (u)) € A", if there exists

0 # v € V) such that V = U,.v and

a:jkv =0, Kiv=q)v, PE(u).w = 7 (u)v,

for all i € I, k € Z. Such an element v is called a highest weight vector.
If V' is an ¢-highest weight module, then in fact V' = Uy (<).v and so

Vi#0 = p=A-n (neQ").

For any A € P+, w* € A", there exists a unique (up to an isomorphism) irreducible
highest weight U,-module with highest weight (\, 7%). Write 73" (u) = 3°, < Wfrur
and let T(\, %) be the left ideal in U, generated by U,(>); and the elements
Pt — wfr, K; — qi‘ :i€ I, reNT and let M(\, wF) be the quotient of U, by
I(\,7%). Let oz be the canonical image of 1 € U, in M (\, w*). This module is ¢-
highest weight and has a unique irreducible quotient which we denote as V (A, 7).
Let vz be the canonical image of o7 in V(\, wF).

Lemma. Let % € A. Take a € C(q)* and set mf = (7*(au),..., 7 (au)).
Then there exists a canonical isomorphism ¢+ o 2 V(A7) — V(A 7E) of Uy(g)-

modules, such that
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(1) For all x € (Uy)k, v € V(A mF) we have,

¢7Ti,a(xv) = akx¢ﬂi,a(v)'

(i) For all a,b € C(q)*,
¢7Tf,b o ¢7Ti,a = (bﬂ'i,ab'

Proof. Given a € C(g)*, let ¢, be the graded algebra automorphism of Uy defined
on generators by

Ga(ahy) = a"zf,  a(hix) =aFhin,  ¢u(Ki) = K; ¢a(D) = D,

for all i € I and k € Z. Evidently, ¢,;! = ¢,-1. It follows immediately from the
definitions that ¢, maps I(\,w¥) to I(\, 7F) and hence induces an isomorphism
of vector spaces ¢, : M(\, %) — M(\,7E). Since ¢.(x) = z if 2 € (Uy)o, it
follows that this map is an isomorphism of (U,)o-modules, in particular, a map
of U,(g)-modules. Let L(\,w%) be the maximal U,-submodule of M (), w%). We
claim that ¢q(L(A,w%)) is a Ug-submodule of L(\, 7w¥), even though ¢, is not
a Ug-module map. Indeed, take y € Uy, such that y + I(\,7%) € L(A,w*). Then
for all z € Uy,

2oy + 1N 7)) = 2¢a(y) + I 75) = da(97 " (@)y) + I\, 77)
= da(dy @)y + 1A 77)) € da(L(A 7).
Since ¢,(vr) = vgr,, we conclude that ¢, factors through to a map V(\,w%) —
V(A,wE), which is the desired isomorphism ¢z« ,. The properties (i) and (ii) of

¢m+ o are immediate from the fact the algebra automorphism ¢, satisfies these
conditions. 0

2.3. The following was proved in [8] (see also [9]).

Theorem 2. Assume that A € PT and 7+ € A™ satisfy the following:

(i) " = (m1,...,7n) is an n-tuple of polynomials,

(ii) A; = degm;,
(iil) 7, (u) = ude™im; (u=t)/ (udeg”iwi(u_l))|
Then V (X, %) is an irreducible finite-dimensional {-highest weight U,-module with

highest weight (\, ). Moreover, these exhaust the irreducible finite-dimensional
£-highest weight modules.

u=0"

From now, we shall only consider n-tuples of polynomials 7w = (71, ..., m,), which
have constant term 1 and split over C(¢) and we denote by V() the irreducible
{-highest weight module corresponding to .

We also need the following (cf. [9])

Proposition. Assume that V(mw) and V(r') are irreducible highest weight U,-
modules and also that V(m) @ V(w') is irreducible. Then

V(im)@V(n) 2 V(rr) 2 V(a') @ V(r),

! __ / /
where 7w’ = (w7}, ..., 7,7).
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2.4. Given such an n-tuple m, and d € Z, define a homomorphism x7 4 : Ug(0) —
C(q)[t,t™ ] by extending the assignment,

(2.1) xm.a(Pisr) = T 57, xma(Ki) = ¢i®™, xm.a(D) = ¢*,
for all i € I, r € Z to a homomorphism of Z-graded algebras. We set x& = X0

Lemma. Let w = (7y1,...,m,) be an n-tuple of polynomials satisfying m;(0) = 1.
Suppose that x7 : Uy — C(q)[t™,t™™] — 0, for somem > 1. Then for alli € I, m;
is actually a polynomial in u™. In particular, there exists an n-tuple of polynomials

w0 = (70,...,70) such that 7%(0) = 1 and

m—1
T = H ﬂ?(gsu)v
s=0

where ¢ € C is an mth primitive root of unity.

Proof. By the definition of y7 and Lemma [.4, 7T2:T = 0 unless m divides r. It
follows that the 7 are polynomials in ™. In particular, m divides degm;, hence we
can write deg m; = m;m for some m; € N. Let a; be a root of m; in the algebraic
closure of C(g). Then, evidently, (®a; is a root of m; for all s = 0,...,m — 1.
Since 7;(0) = 1, a; # 0, and so we can write

m; m—1
mi(u) = [ T (@ = birCu),
r=1 s=0

for some b; , € C(q). Set

my
m(u) =[] = birw).
r=1
It remains to observe that 79 € C(q)[u]. O

Given 7 such that xz : U5 — C(g)[t™, ¢t ™] — 0 for some m > 1, let " be the
n-tuple of polynomials defined in the previous Lemma.

2.5.  Our further analysis is based on the following result which was established
in [5, Theorem 3.

Theorem 3. Let {w; = (mj1,...,mjn) : 1 < j < k} be a set of n-tuples of
polynomials with constant term one which are split over C(q). Assume further,
that for all 1 < j,5' <k and | € I we have

a # bg?,

where a and b are arbitrary roots of w;; and mjr ;. Then, the tensor product V(m1)®
- @ V(my) is an irreducible Ug-module.

Proposition. Let V(m) be an irreducible finite-dimensional representation of Uyg,
and assume that xr : Uy — C(q)[t™,t~™] — 0, for some m > 1. Then there erists
an n-tuple of polynomials ©° such that

V(m) 2 V(r'(u) @ V(r'(Cu) ® - @ V(x'(C™ 'u)).
Proof. This follows immediately from Theorem Bl and Lemma, [Z4] 0
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2.6. It follows from Theorem [3l and Proposition that there exists a nontrivial
isomorphism of Ug-modules,
o V(w(w) @ V(72 (Cu)) @ - @ V(7 (¢" 1))
— V(r(Cu) @ V(n°((Pu) @ - @ V(7' (u),

which maps the tensor product of highest weight vectors on the left to the corre-
sponding element on the right. Set

No = (QSTrg’Cmfl X ¢71-22’<m71 R ® ¢7T0’<7n—1) O Tqro.

Then 770 is a Uy(g)-module endomorphism of V(w) = V(n%(u)) ® V(7w°((u)) ®
- ® V(w%(¢™ 'u)) and maps a highest weight vector to its multiple. We may
assume, without loss of generality, that n;o maps a highest weight vector to itself.

Lemma. Suppose that x € (Uy)y, for some k € Z. Then
naeo (z.0) = ¢ * @ (v).
In particular, nge = id.

Proof. Let A denote the standard co-multiplication on U, (cf. [4]) and set A" =
(A®id® Yoo (A®id)A: U, — U2, Suppose that z € (Ug)x. Then we
can write, using the summation notation of Sweedler and Lemma [L3] A™ ! (z) =
1 @ ® Ty where 2; € (Ug)y;, kj € Z and ki + - - - + ky, = k. Therefore,

T]T‘-O (SC’U) = ((ﬁﬂ%(m—l (29 (72571'22,(”"*1 [ %] ¢71'0,Cm—1)(x1 R ® xm)7'7r0 (U)
=V 9. ® xm)(¢ﬂ2’<m,_1 ® ¢71-22’<m_1 ® - @ Pgro cm-1) © Tro(v)

= (o (v).
Since V() is simple, it follows that V() = Ugug. On the other hand, nrovgr =
vqr, hence by the above V() is a direct sum of eigenspaces of nzo and all the
eigenvalues of nzro are mth roots of unity. It follows immediately that nzl, =id. O

2.7. Extend nzo to L(V (7)) by setting ngo(v @ ") = ("ngro(v) ® t". From now
on we will denote this map by 7.

Lemma. The map n: L(V(w)) — L(V(w)) is a Uy module endomorphism.
Proof. Take x € (Ug)y, for some k € Z. Then, for all v € V(w) and r € Z,

n(z(v @) = n(zv @ t™F) = o (zv) @ ¢

= "z (v) @ t"TF by Lemma 2.6
=znvat’).
Since every x € Uy can be written, uniquely, as a finite sum of homogeneous
elements, we conclude that n commutes with the action of Ug. O

2.8. Our Theorem [lis an immediate consequence of the following

Lemma. Let L*(V(w)) C L(V(w)) be the eigenspace of n corresponding to the
eigenvalue ¢°, s =0,...,m — 1. Then

3

LV(r) = @ L(V(m) = @ Us-(or 0 1%),
s=0

S

Il
=]

where the summands are simple Ug-modules.
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Proof. Since ngo(ver) = v, it follows that n(vg ® t°) = Pog ® t°, hence vr ®
t* € L*(V(m)). Furthermore, n € Endye L(V (7)) whence L*(V(m)) is a Ug-
submodule of L(V(w)). Finally, observe that, by Lemma [ZT] every proper sub-
module of L(V (7)) meets v @ C(q)[t,t~"]. Therefore, U (v ® t*) is simple. [

Remark. Although we have worked over C(gq), the results of the section go through
if we specialize ¢ to be a complex number which is not a root of unity.

3. CLASSIFICATION OF IRREDUCIBLE INTEGRABLE MODULES FOR qu.
3.1. We begin with the following definition which is analogous to Definition 221

Definition. A Ug-module V' of type 1 is called ¢-highest weight if there exists a
vector v € V, A = 3, ; \iw; +dd € P® and a maximal graded ideal M in U (0)
such that

el

x:k.v =0, Mo =0, K;v= q{\"'v, Dv = q¢%
foralli eI and k € Z.

It is not hard to see that the set of maximal graded ideals in Ug4(0) is in bi-
jective correspondence with the set of graded ring homomorphisms x : Ug(0) —
C(q)[t,t7!]. Given such a x and A € P¢, one can define in the obvious way a
universal highest weight module M (A, x). Namely M (), x) is the left Ug-module
obtained by taking the quotient of Ug by the left ideal generated by the elements
xi‘r, 1€ 1,reZ, kery, Ki—qi)"', ieland D—q? Let Ux,x be the image of 1 € Uy
in M (), x). Standard methods show that M (A, x) has a unique irreducible quotient
V(A x)- Denote the canonical image of Ty, in V(A x) by va -

We need the following result which was proved in [7, Proposition 3.5].

Proposition. For all s > 0 we have
(a:;’ril)s(a:;,o)s = P, +s + terms in UyU,(>)+.

Theorem 4. The Uj-module V (X, Xx) is integrable if and only if there exists an
n-tuple of polynomials w = (m1,...,7y,) in an indeterminate u with constant term
one, and d € Z, such that

Ai = degm;, X = X,
where x.q was defined in (Z1]).
Proof. Suppose that V (A, x) is integrable. Then we have
(7)) vax =0, rel, s>X\N+1,

whence
(m;’jﬂ)s(x;o)s.v)\,x =0, iel, s>\+1
Using Proposition 31l we conclude that
P vy =0, 1€1, |5| >N+ 1,

that is, P; s € ker x for all ¢ € I and |s| > A; 4+ 1. Furthermore, since (3[:;0)’\"'.1»\7)< %

0, and x;fl(x;’o)k"'.vxx = 0, it follows from the representation theory of Ug(sls)
that

(37%))\"’ (xijo)ki-vkx #0,

)
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hence FP; », # 0. Thus, we can define an n-tuple of polynomials 7 by

1
mi(u) = <W) > (P )t

r>0
One can prove then, as in [7], that the eigenvalues of P; _, are given by the n-
tuple 7w~ defined in the previous section. It is now easy to check that x = xx 4
where x(D) = q¢ and the result follows.

For the converse statement it suffices to prove that given an n-tuple of poly-
nomials with constant term one and d € Z, there exists an irreducible integrable
module with highest weight x7r 4. Consider the module L(V (w);d) defined in BTl
It is clear that the element vr ® 1 generates a highest weight Ug-module which is
integrable. Further, by Theorem [, it follows that this module is irreducible and
hence is isomorphic to V(deg, x7.4)- O

We note the following consequence.

Corollary. Any irreducible integrable (-highest weight Ug-module is isomorphic
to a simple submodule of a quantum loop module, and in particular has finite-
dimensional weight spaces.

3.2. We are aiming to prove a classification result which is similar to the one

obtained in [ [6]. This can be done only if we work over an algebraically closed

field containing C(q). The classification result also holds if we specialize q to be

a nonzero complex number which is not a root of unity. We will assume without

further comment that we are in one of these situations until the end of this section.
We begin with the following

Proposition. Let V = ®ueﬁ V., be an integrable ﬁq—module of type 1, such that

dimV, < oo for allv € P. Then there exists A € P such that Va#0and Vayy, =0
for alln e QT \ {0}. In particular, (\| ;) >0 for alli € I.

Proof. Suppose that for each p € Q(V) there exists v € QT such that u+v € Q(V).
Fix some p € (V). Then there exists an infinite sequence {7, },>1 such that 7, <
Nrg1 and p+n. € Q(V) for all » > 1. Set W, := Uy(g)Vuts,. Then W, is an
integrable U, (g)-module with finite-dimensional weight spaces and hence by Propo-
sition [L7(ii) and Corollary [T,

W, = @ m(ﬂr,S)V(MT,S)v

s EPT

where m(u-s) € N and are nonzero for finitely many i, . Choose s; such that
vy = p1s, > pand m(py,s, ) # 0. Such s; exists since p + 7y is a weight of Wi.
Furthermore, let ro be the smallest positive integer so that there exists so with
Vo = fry.sy > Uy 1,51 F Hre,s, a0d My, s,) 7 0. Notice that ro always exists
since the module W; is finite-dimensional and the maximal weights which occur
in W, keep increasing. Repeating this process, we obtain an infinite collection of
elements vy, > u, k > 1 such that V(vg) is isomorphic to an irreducible U,(g)-
submodule W (v;;) of V. By Lemmall7it follows that V,, "W () # 0 for all k > 1.
Since all the v, are distinct, the sum of W () is direct, which contradicts the
finite-dimensionality of V,,. In particular, A 4+ o; is not a weight for all ¢ € I. It
follows that V) generates a highest weight U,(g)-module, whence A is dominant
with respect to the oy, ¢ € I. (]
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3.3. Let UZFS (vespectively, U; ), i € I, s € Z be the subalgebra of ﬁq generated
by E = a:;fS, F =, and K = C°K; (respectively, by £ = z;, ' = xszs
and K = C*K; ). One can easily see from the defining relations (cf.[[.2)) that Ufs
is isomorphic to Uy(slz), E, F' and K being the standard generators of the latter
algebra.

The following simple lemma will be used repeatedly in the proof of our main
theorem.

Lemma. Let V be an integrable admissible ﬁq—module, Assume that p € Q(V)
satisfies (] sd Fa;) > 0 for somei €1 and s € Z. Then p+ a; —sé € QV).

Proof. Recall that if M is a finite-dimensional U, (slz) module and Km = ¢®m for
some m € M, with k > 0, then F'm # 0. Consider a U,(slz)-module U7 V. Since
C*KF' acts on V,, by ¢* with k = (11| s0 F ;) positive, it follows that J;ffsVH # 0.
Since Vi C Vita,—ss, the result follows. O

i,—S

3.4. Now we will prove the main result of this section.

Theorem 5. Let V = @ueﬁ V., be an irreducible integrable ﬁq-module of type 1

and assume that dimV,, < oo for all v € P and let r € Z be such that Cv = q"v for
all v € V. Suppose that dimV > 1.
(i) If r > 0, then there exists \ € Pt such that V= V()).
(ii) If r = 0 then, there exists an n-tuple of polynomials 7 with constant
term 1 and d € Z such that V is isomorphic to an irreducible component
of L(V(w); d).
(iii) Ifr <0, then there exists A € Pt such that V = V(N*.

Proof. By Proposition B2 we can choose A € P € Q(V) such that A 4+ 7 is not a
weight of V for all p € QT and (A |a;) > 0 foralli € I. Givenn =3, kia; € QF,
set htn =3 . ki

(i) Assume that r > 0. Then there exists m € N such that Vy;4 = 0 for
all s > m. Indeed, otherwise we can choose s > 0 such that A + sd € Q(V) and
(A sd]sd—a;) =rs—(A|a;) > 0foralli € I. Tt follows from LemmaB3lthat A4«
is a weight of V for all ¢ € I, which contradicts the choice of A\. Next, we prove that
the U,(g)-module M = ﬁ;r(<<)ﬁ;r(0)ﬁ;(>>)V)\+m5 is finite-dimensional. Since

U (0)US(>) c Ul (>)Ut(0),

it suffices, by the choice of m, to prove that IAJ'&|r (<<)IAJ'&|r (>>)Vx4ms is finite-dimen-
sional.
Let us prove first that

(3.1) U (3)Vasms = US (0)Vakms,

where UJ (g) is the subalgebra of Uy(g) generated by the xzfo : 4 € I. First,
suppose that xZSV)\JFm(; # 0 for some ¢ € [ and s € NT. Then A + (m + 5)d + o
is a weight of V. Since (A 4+ (m + 8)d + ;| ;) = (M| a;) + 2d; > 0, it follows
from Lemma B.3 that A + (m + s)d € Q(V) which is a contradiction. Then using
induction on htn we conclude that A +n + (m + s)d, n € QT is not a weight of V
for all s > 0, whence

ﬁ;(»)v)\+m5 = U, (0)Varms C Ug(g)Vasms.
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Yet Ug(g)Vagms is finite-dimensional by Corollary [ and (B.I) is proved.
In particular, there exists a finite set {7y} C Q* such that U (g)Vaims C

@D, Vi, where pup = X+ m + mé and that M C @, ﬁ;r(<<)VM. Since

dimﬁ;}‘(<<)—n+sé < oo for all p € QT and s € N, to prove that M is finite-
dimensional, it is now sufficient to prove that

(3.2) U (<) sV =0

for all but finitely many 7 € Q* and s € N, which is an immediate consequence
of the following two assertions:

1°. The set {n € Q" : up —n+ 16 € Q(M) for some [ > 0} is finite.

2°. For every n € Q*, M, _y+1s = 0 for [ sufficiently large.

In order to prove 1°, assume it to be false and observe that the weights of M
are all of the form up —n+18 : n € QT. Since M is an integrable U,(g)-module,
it follows (cf. [CY) that Q(M) is W-invariant. Since the set of the py, is finite, as
is the group W, and P, § are preserved by W, we can always choose € Q such
that ur —n+16 is a weight and the W-orbit of pug —n+16 contains an element which
is not of the form p, — 1’ + 1J for some r and 7’ € QT, which is a contradiction.

To prove 2° we proceed by induction on htn. If htn = 1, that is n = «; for
some j € I, and pr, —n+ 15 € Q(M) for infinitely many [, choose ! large enough so
that pr —a; +16 € QM) and (upe —n+ 10| (1 -1)0 —a;) =7 —1) — (x| aj) +
2d; > 0. Applying Lemma we conclude that pp + 9 is a weight of M, which
is a contradiction. For the inductive step, suppose that n € QT with htn > 1.
Then there exists j € I such that n — a; € QT. Furthermore, by the induction
hypothesis there exists N such that pr — (n — ;) + 10 ¢ QM) for all | > N.
Choose s > 0 so that pi —n+ 10 € Q(M) whilst (ux —n+10|(s+1)6 — ;) =
r(s+1) — (ur|aj) + (n|a;) > 0, where [ = N + s+ 1. Then Lemma B3] yields
e — (n—aj) + (N +1)6 € Q(M), which is a contradiction by the choice of N.

Since V is simple, it follows from Proposition 2] that Q(V) c Q(M) — Q.
Further, any p € P with (1|6) > 01is 1% conjugate to an element in P+. Since V is
integrable, Q(V) is W-invariant hence Q(V) is contained in a finite union of cones
of the form u — @+ where p € P*. In order to complete the proof of (i), it only
remains to apply Proposition [[L71

(i) If r = 0, then Q(V) is contained in P°. We prove first that there exists
€ Q(V) such that 27, V, =0 for alli € I, m € Z.

Suppose that a:;me,\ # 0 for some ¢ € I and m € Z. Set p = A\ + a; + md.
Suppose further that x;fs.Vu # 0 for some j € I, s € Z. Observe that, if i # j € I,
then either a;; +2 > 0 or a;; +2 > 0 and obviously a; + 2 > 0. Thus we may
assume, without loss of generality, that a;; +2 > 0. Then (A + a5 + o] ;) =
(M a;) + di(a;; +2) > 0 and so by Lemma we conclude that A + «; € Q(V),
which is a contradiction by the choice of .

Thus, we have proved that V = ﬁqvo where vy satisfies

z vy =0, Viel, rel.

7,7

Since Uy = U, (<)Ug(0)Uy(>) it follows from standard arguments that Ug(0)vo
must be an irreducible Ug(0)-module. Since Ug(0) is a Z-graded commutative
algebra, it follows that the irreducible graded representations must just be the
quotient of Ug(0) by a maximal graded ideal 9 of Ug(0), which annihilates vo.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



QUANTUM LOOP MODULES 71

This proves that V' is an £-highest weight module of U and (ii) now follows from
Corollary B.11.
(iii) This case is similar to the first one. O

3.5.  Assume that the bilinear form on E* is normalized in such a way that its
values on P are rational (for, it is sufficient to assign a rational value to (wo | wo)).
Let M = ®ueﬁ M, be a ﬁq—module of type 1. We say, following [20] 21], that M
is a bounded module if (v|v) < N for some N € Z and for all v € Q(M). In
particular, if M is simple, then this upper bound is attained (cf. [20, 7.2]), that is,
there exists A € Q(M) such that (v|v) < (A|A) for all v € Q(M). We call such a A
maximal.

Observe that a bounded module is necessarily integrable. Indeed, if both p
and p + na; are weights of M, then (p + no; | p + nay) = (pulp) + 2n(p| a;) +
n?(a; | ;) < N which imposes a bound on |n|. It is shown in [2T] that a simple
bounded g-module is admissible, being necessarily of one of the types described
in 4, [6].

We will now establish a similar result for ﬁq—modules.

Proposition. Let V be a simple bounded ﬁq—module and suppose that X\ is its
mazimal weight and that dimV # 1.

(i) If (A\]0) > 0, then V = V(u), where i € WAn P+,
(ii) If (A|6) = 0, then V is isomorphic to a simple submodule of L(V (7);d)
for some n-tuple 7 of polynomials with constant term 1 a/n\d deZ.
(iii) If (\|8) < 0, then V is isomorphic to V (u)#, where € W(=X) N P+,

In particular, a simple bounded ﬁq -module is admissible.

Proof. Since the form (-|-) is W-invariant and V is integrable, any element of
the W-orbit of \ is also a maximal weight of V.

(i) Suppose that (A|d) > 0. Then the W-orbit of A contains u € P*. Since u
is maximal by the above remark, it follows that u + a; is not a weight of V' for
all i € I. Indeed, (u+ a;|p+ o) = (u|p) +2(p| ;) + (i | a;) > (| p), which
contradicts the maximality of p. Therefore, E;V,, = 0 for all i € I, that is V is
a highest weight module of highest weight p. Since V is simple, the claim follows
immediately from Proposition [7. -

(i) Suppose that (A|8) = 0. Then A € P¢ and so WA N Pt is empty. How-
ever, since W is a finite group, we can always conjugate A to some p € P€ such
that (1| ;) > 0for all ¢ € I. Since (pp+ o + 0 | pp+a; +56) = (| p) +2(p | o) +
(i | i) > (] p) and p is a maximal weight, we conclude that u + «; + sd is not
a weight of V for all i € I and s € Z. It follows that xZSVH =0foralliel
and s € Z. The rest of the argument repeats that of the proof of the second part
of Theorem A

(ili) The argument repeats that of (i). O

4. CHARACTERS OF QUANTUM LOOP MODULES IN 5,11 CASE

4.1. In the classical case, we get the following (cf. [I4]). Let V = ®f=1 V() ®mim
be a finite-dimensional Lg = g® C[t, ¢~ !]-module with evaluation parameters a; ,-¢*
where \; € Pt and are distinct, a;,, € C*, r = 1,...,m;, s = 0,...,m — 1
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and a;,/a;  is not an mth root of unity. Let L(V) be the corresponding loop
g-module. Then the formula of [I4] Theorem 4.4] yields

(4.1) dim L*(V)yyrs = Z ©r—s(d) dim Vul//dd7
where V1/4 .= ® LV ()Emim/d and
p(d/ ged(d, k))

PHD =D 4] geata )’

where ¢ is the Euler function and p is the classical Mobius function, p(k) = 0 if &k
is divisible by a square and p(k) = (—1)! if k is a product of I distinct primes.
Alternatively, set Vp = ®z V(A )®m’ Then

(4.2) dim L (V)5 = Zw () dim(Vp) 71/,

4.2. Retain the notations of Section[2land define, for any d dividing m,
1/d _ (W%/d ] l/d)

™ RN
where 7, /d( ) = Hm/d ' 70(¢iy). In particular, if d = 1, then w* = . It

follows immediately from Theorem and Lemma 24 that V(7'/%) is isomorphic

to V(n%) ® V(ﬁgd) @ V(ml T m—a)- Then we conjecture the following quantum
analogue of (1)) and (IZ:ZI)
Conjecture. Letv € P, r € Z and s =0, . — 1. Then
dim L*(V (7)) yyrs = ngr o(d) dim V (w/?),, 4 /d
d|m
~m Z%" o(d) dim(V (70) 2/ 7).
d|m

In the rest of this section we prove this conjecture in some special case for g =2
5[n+1~

4.3. Recall that V() is a direct sum of eigenspaces of 7o and that the eigenvalues
of the latter are mth roots of unity. Let V(m)*) C V(7) be the eigenspace of 1o
corresponding to the eigenvalue ¢*. Define, for all v € V() and for all s € Z,

m—1

1
E g ksn;cro
k=0

Evidently, IT; depends only on the residue class of s (mod m). Observe that the Il
are U, (g)-module endomorphisms of V(7). Furthermore, for all v € V() and for
all r, s € Z, define

O(0 @ t") = He_p(v) @t

Lemma. (i) Thel, : s =0,...,m—1 are orthogonal projectors onto V (m)(*).
(ii) Thells : s=0,...,m—1 are Uj-module endomorphisms of L(V(m)) and
orthogonal projectors onto its simple Uy submodules L*(V (m)).
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Proof. For the first part, we have, for all v € V(7r),

1 m
L) = 3 ) = 3D ) = ),
whence I (v) € V(ﬂ')(s). Furthermore, write u = II(v). Then nk,(u) = (**u, and

SO

1 m—1
Ty (v) = — D¢,
k=0

If s—s’" =0 (mod m), then the sum in the right-hand side equals m, whence I12 =
IT,. Otherwise, the sum equals (¢"(5=5) —1)/(¢(s=5) —1) = 0, that is, Iy oI, = 0
if s # s (mod m).

For the second part, take z € (Uy)g, V(w), r € Z. Then
m—1
~ — 1 , .
IL(z(v ®t") = y(z0o @ ") = = GIrth=spyd (z.v) @ ¢
m =
1 m—1 .
= E CJ(rfs)x.ngTO (’U) ® rHk {E.HS(U ®tr).
=0

It follows that ﬁs commutes with the action of Ug. Furthermore,
DTl (0 © 7)) = ComoTly o (0) © 17 = ¢TI, (0) @17
= Tl (v @ t"),
whence the image of II, is contained in L?(V(w)). Finally,
M0 (v @ t7) = Ty T, (v) @ 1.

It follows immediately from the first part that ﬁi = ﬁS whilst ﬁsf o ﬁS =0ifs#s
(mod m). 0

Observe that ngo preserves weight spaces of V().
Corollary. Given v € P, set V(Tf),(,k) = V(m), NV(m)*). Then
dim L* (V (7)) 4rs = dim V (),
where k = s —r (mod m).
Proof. This follows immediately from Lemma [£.3] O

4.4. Throughout the rest of this section g is assumed to be isomorphic to sl,41. It
will be convenient to identify the set I with Z/(n+1)Z in the sense that i+k : i € I,
k € Z is understood as i + k (mod n + 1). Let V' be the quantum analogue of the
natural representation of g. Explicitly, V' is an (n 4 1)-dimensional vector space
over C(gq) with a basis vy, ..., v,, the action of the generators E;, F;, K; : i € I
of Ug(g) being given by
Ewj=0ij0;1, Fivj=6;j10501, Ky =q" %, iel, jel.

Given a € C(q)*, we can endow V with a structure of a Uz-module which we
denote by V(a) by setting

Eyv; = dj0avn, Fovj = 8j.na" " vp, Kov; = q‘sﬂ'“vo_‘si’%j, jel.

This module corresponds to the n-tuple of polynomials = = (1 — au, 1,...,1).
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Let a,b € C(q)* such that b/a # q%. Then, by [5], V(a) ® V(b) is irreducible
as a Ug-module and V(a) ® V(b) = V(b) ® V(a). A computation analogous to
that of 7, 5.4] and based on a simple observation that V®% 22 V(2w;) @ V(w2)
(where wy =0 if n = 1) as a Uy(g)-module, allows one to obtain explicit formulae
for the isomorphism I, : V(a) ® V(b) — V(b) ® V(a) preserving the highest weight
vector

IZ(UZ‘®UZ‘):’U¢®UZ‘, 1€1,
1-¢ q(z —1)
(4.3) L(vi ®v;) = (z q2>vi®vj+<ﬁ vj & Vi,

z—1 1—¢%)z . .
I(v; @v) = (q(iz))vi®vj+<%>vj®vi, 0<i<j<n

where z = b/a. In particular, we may always assume, without loss of generality,
that a = 1. More generally, take a1,...,a, € C(q)* such that a;/a; # ¢%. Then
Toiyijasi = id® ! ®Iai+1/ai®id®m7“1 gives an isomorphism of U -modules which
permutes the ith and the (¢4 1)th factors in the tensor product V(a1)®- - @V (am).
The latter is isomorphic to V(wr) where m = (I]_; (1 — a;u),1,...,1).

Now, suppose that a; = ¢*~!, where ¢ is an mth primitive root of unity. Then
we are in the situation of Lemma Z4 and 7° = (1 — u,1,...,1). It follows that
the isomorphism 7o can be constructed explicitly as I, = Iem—1 5,1 0 Lem—2 o0
-+~ 0I¢ 1. Furthermore, since V(¢?) is simple as a U,(g)-module, ¢ﬂ-2i7<_1 =id as

a map of vector spaces. Therefore, I, can be identified with the map nxo defined
in 226

4.5. Recall that C(q) is the quotient field of C[q] and define a subring A of C(q)
by A = {f/g : f,g € Clq], g(0) # 0}. Then A is a local ring, the unique
maximal ideal being ¢A. Evidently, if f/g € A, then f/g = f(0)/g(0) (mod gA).
In particular, A/gA = C. Observe also that, given an A-module M, we get M :=
M/qM = M ®4 A/qA. Given m € M, we denote its canonical image in M by .

Let B(m) be the set of all tensor products of the form v;,, ® --- @ v;, : ip € I
and set L£(m) = Py cp(r) Av. It follows from ([.3) that o maps L(m) into itself
and, in particular, preserves ¢L(m). Furthermore, if v € P is a weight of V (),
set L(m), = L(w)NV(m),. Since each v € B(r) is a weight vector, it follows that
No preserves L(m),. Set L(w), := L(w),. Then dimc £(7), = ranka L(7), =
dimc(q) V(Tl')l,.

Lemma. Given v =v,, @ ---®uv; € B(w), define
desc(v) ={r : ipp1 < ip, 1 <1 <m}

and let Maj(v) be the sum of elements of desc(v) if the latter is nonempty and zero
otherwise. Then

o (v) = My (mod gL ().
Proof. Observe that ([@3)) yields, for all r =1,...,m — 1,

v, iv"—i—l 2 ir
Lim—r (V) = mod qL()),
— {C’“—mv, 72T (mod gL(m)
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It follows immediately from the definition of desc(v) that Iem—r (V) = (v
(mod ¢L(w)) provided that r € desc(v) and Iem—r p,—p (V) = v (mod ¢L(m)) oth-
erwise. The result is now immediate since nzo(¢L(7)) C gL(). O

4.6. Denote by 7jro the map of C-vector space L(7r) into itself which obtains
canonically from nzo. By the above Lemma, the eigenvalues of 7jro are mth roots
of unity.

Lemma. Let £L(m)*) be the eigenspace of o corresponding to the eigenvalue C*.
Then, for all k=0,...,m —1,

dimc(q V(m)® = dimg L(7) B,
Moreover, if we set L(m ) L(m) ®) N L(mw),, then
dimgg) V(m Y®) = dime L£(m) .

Proof. Givenv € B(m), set (v) := II;(v) where k = Maj(v). Evidently, (v) € L(m)
and, moreover, (v) = v (mod ¢L(m)) by Lemma Since the canonical images
of v.€ B(w) in L(m) form a basis of £() over C, the (v) : v € B(m) gen-
erate L(m) as an A-module and are linearly independent over A by Nakayama’s
Lemma. Therefore, the (v) : v € B(m) form a basis of V(&) over C(g). Fur-
thermore, by Lemma E3(i), (v) € V(7)*). We conclude that V(7)*) contains a
linearly independent subset {(v) : v € B(m), Maj(v) = k (mod m)}, whose cardi-
nality equals dimec £(mr) *) by LemmalZEl Thus, dimgg) V(7)*® > dimc L(m) ®),
On the other hand, since V () (respectively, £(7)) is a direct sum of eigenspaces of
ngo (respectively, 7o), it follows that dimgy V() = 2?2_01 dimgg) V(m)®) >
S dime £(w) #) = dime L(7) = dimg(qg) V(m), whence the desired equality.
The second assertion is immediate since all the v € B(7r) are weight vectors. O

4.7. Tt follows immediately from Lemma that
dimc L(7) ¥ = #{v : v € V(x),, Maj(v) =k (mod m)}.

The cardinality of the set which appears in the right-hand side was computed in [I5].
Namely, there is a bijection between the set of weights of V() (or £(7r)) and the
set
{(ko,...,kn) e Nt . k0++kn=m}
Indeed, take v=1v; ®---®@uv;, € B(mw) and set k;(v) : i =0,...,n where k;(v) =
#{r : i, =i}. Then v is of weight v = """ ( ki(wiy1 — ;) = Doy (ki1 — ki),
where we set wg = wp4+1 = 0. It follows from the definition that ko(v)+- - -+k;(v) =
m. One can easily check that v,v' € B(mr) are of the same weight if and only
if ki(v) =ki(v') foralli=0,...,n
Suppose that v corresponds to (ko, ..., k,). Then

. : m
dimg £(7), = dimgy) V(7), = <k;0 i >

and by [I5] A.l—A.6],

dimc E Z gok ( ) Z SOk dimC(q) V(ﬂ'l/d)u/d-
ey d

d|m

Applying B3] and Lemma E.6] we obtain the following
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Proposition. Assume that g is isomorphic to sl, 1. Let m° = (1—u,1,...,1) and
T = (H;’l:gl(l — 97 ), 1,...,1), where ¢ is an mth primitive root of unity. Then

. s 1 .
dlmC(q) LAV () pirs = m Z or—s(d) dlmC(q) V(ﬂ'l/d)u/d
d|

1 ) m
= — > prald) dimey (V7)™ ), ja,
d|m

forallve P,reZ ands=0,...,m—1.

4.8. In the remainder of this section we will discuss the crystal basis theory of our
modules L(V (7)). One can easily see that V(¢*) does not a admit a crystal basis
in the sense of Kashiwara. However, one can slightly modify the definition of a
crystal basis so that it makes sense in our particular case.

Let M be an integrable ﬁq—module or a finite-dimensional U,-module. Then,
for i € I fixed, the Kashiwara operators E;, F; are defined in the following way
(cf. 16, 2.2] or [24, 16.1]). Any m € M, can be written uniquely as m =

D 50,5440 Fi(s)us, where Fi(s) = F7/[s]!, t = (M au), us € ker E; N M40, and
equals zero for s sufficiently large. Then
Eim _ Z Fi(s_l)us, Em _ Z Fi(SH)us.
s>0,s+t>0 $>0,s+t>0
Definition. Let £ be a free A-submodule of M satisfying M = L ® 4 C(q) and B
be a basis of £. Fix ¢ € C*. We say that (£, B) is a (-crystal basis of M if
(i) L=, L, B=]],B., where L, = LN M, and B, =BNL,.
(ii) £ is stable by the E;, F; for all i € I, hence the E;, F; act on L.
(iii) EiB, F;B C ¢(%%°BU {0}, for all i € I. )
(vi) For v,v' € B one has v/ = ¢*F;v if and only if v = (¥ E;v'.
If { = 1, the above definition reduces to the Kashiwara’s definition of crystal

bases (cf. [16] 2.3]).
The following lemma is an adaptation of [24] Lemma 20.1.2] for {-crystal bases.

Lemma. Assume that (L, B) is a -crystal basis of M. Let m € Ly and fiz i€ 1.

Write m = Zs>05+t>0 Fi(s)us, where ug € ker By N Myysa,;, and us =0 if s > 0.
Then - B

(i) For all s >0 and r >0, Fi(r)a:s e L.
(ii) If m € B, then there exists so such that us € qL if so # s, Us, € (2%°B
and m = FZ.(SO)usO (mod ¢L).

Proof. The argument is an obvious modification of that of [24, Lemma 20.1.2]. O
4.9. Retain the notation of f4.

Proposition. Fiz ( € C* and let m = (H;y;ol(l — ), 1,...,1). Let V(m) be
the corresponding simple U -module which is isomorphic to V(1) @ --- @ V(¢N~1).
Set B(m) = {vi, ® - @ vy : iy € I} and L(w) = Dvepim Av. Then the
pair (L(m), B(m)) forms a -crystal basis of V(w). Moreover, the action of E;, F;
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onv=uv, Q- - Qv is given by

Eiv=CrDoy @ @ By, @ ®@v;, (mod gL()),
FiV _ Cf(sfl)tsi,ovil R ® Fivis ® - @ Viy (mod q,C(ﬂ'))7

where r and s are determined by the standard Kashiwara rules for the tensor product
of crystals (cf. [16, Theorem 1] and [I7], 1.3]).

Proof. The property (i) of Definition is obvious. The other three for ¢ € I
follow from the standard results of Kashiwara on crystal bases (cf., for example,
[24, 20.2]). So, it only remains to prove (ii)—(iv) for ¢ = 0.

The proof is basically an adaptation of the standard argument. Let Uy be the
subalgebra of ﬁq generated by Ey, Fy and thl, which is isomorphic to U, (sl).
Throughout the rest of the proof we shall omit indices of the operators Fy and Fjp.

We use the following inductive argument. Set My := V(1)@V ({)®---@V(¢F1).
It is clear that (ii)—(iv) of Definition[Z8 hold for M; and that (iv) follows from (ii)—
(iii), the second assertion of our proposition and Kashiwara’s tensor product rules.
Now, suppose that they hold for M}, and the pair (L, By), where B, = {v;, ® -+ ®
Vi, Ay € f} and Ly = @beBk Ab. Given b € By, of weight v, set t = (v ] ag) and
write b = Zs>0,s+t>0 FG®y, as in[L8

Notice that M1 = V(1) ® ¢, ¢ My, where m), = (H?;é(l — ), 1,...,1).
For the inductive step we should prove first that, for all i € I and for all b € By,
E(vi ® b), F(vi ® b) € Liy1. Since the v; : i # 0,n span trivial Up-modules, we
can write

v, @b = Z v; @ Fy, = Z F(S)(vi@){Sus).
§>0,s4+t>0 $>0,s+t>0

Since E(v; ® us) = 0 if ¢ # 0, the claim follows by induction hypothesis. When
it is easy to check that (iii) holds for v € Byy; of the form v; ® b where b € By,
and i # 0,n. Now, by Lemma 8 b = F(0)y, (mod ¢L;) for some so > 0. It
follows that v; @ b = (%0 F ) (v; @ ug,). If 5=0, then obviously E(v; ® b) = 0.
Otherwise, E(v;@b) = ¢ F0—1 (1;@u,,) (mod ¢Ly1) = Cv; @Eb (mod gLy 1).
Similarly, F(v;®b) = ¢* Fo+D (y;®@b) (mod ¢Lj11) = (" 'v;@ Fb (mod qLk1),
which proves the second assertion and (iv).

It remains to consider the case when ¢ = 0,n. One can easily check that the
weight vectors

X, = v, @ u,, Y, := v, ® Fu, —{qt+25[t+2s]vo®us
are annihilated by E. Furthermore, for all » > 0,

F(T)Xs = C_Tqrvn b2 F(T)U's + C_T+1'UO 2y F(T_l)us;

FOY, =g [r 4+ 1on @ POy + 7 ([r] — ¢ 77 [t + 28] )og @ FOu,

2(t+2s—r) _ 1
¢ —1

2r
-1
q - vp @ F(r—i—l)us + C—r-{-lqr q

3 ’U()®F(T)us.
¢ —

=¢r
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In particular, we have
FOX, = (0, @ FOuy + ¢ oy @ FC Dy,

2(s—1
FG-Dy, = ¢—5t1 g _ )1
q* —1

2(t+s+1) _

Uy ® F(S)us + Cfs+2qs q Vo @ F(Sfl)us.

¢ —1
Fix s > 0. Evidently, v, ® F®)u, and v ® F*~Du, are nonzero and linearly inde-
pendent. Furthermore, the determinant of the matrix of coefficients of F(®) X
and FG-DY, in the basis consisting of v, ® FGOlug and vy @ FE—Dyy equals
—¢726=1 (mod gA), whence is a unit in A. Therefore, there exist as,bs € A
such that v, @ F®u, = a,FO X, + b, FE~DY, s> 0. Thus, we can write

v, @b = Z Uy @ F(S)uS — Z aSF(S)XS + Z bsF(S_l)YS

$>0, s+t>0 §>0, s+t>0 s>0, s+t>0
= ). FY0X+bYen)= Y, FOU,
520, s+t+1>0 5§20, s+t+1>0

which is the decomposition of v, @ b of &8 It follows from the definitions of X, Y5,
Lemma L8 and the induction hypothesis that (v, ®b) = D50, 544150 FGe=Dy,
and F‘(vn ®b) = Es>0,s+t+1>0 FGHOU, lie in Ly1. A similar argument shows
that E(vo ® b), F(vg ® b) € Ljp1.

Now observe that F(8) X, = (~5t1yg®@ FC~ Dy, (mod ¢Lyy1) whilst FE-DY, =
¢y, @ FG)y, (mod ¢Lk+1), s > 0. Assume first that Eb =0 (mod ¢Lg).
Then b = up (mod ¢Lx) and so v, ® b = Xy (mod ¢Lk41). It follows that E(vn ®
b) =0 = FEv, ®b (mod ¢Lk4+1). On the other hand, F(vn ®b) = vy ® us
(mod qLy41) = Fv, ® b. Suppose further that Eb ¢ qLy. Then b = F)y,
(mod qLy) for some s > 0. Tt follows that v, ® b = ¢*"'F~VY, (mod ¢Lyy1).
If s =1, then E(v, ®b) =0= Ev, ®b (mod qLy1). Otherwise,

E(v, @b) = ¢ FE2Y, = (v, © FC Vu, = (v, @ Eb - (mod qLe41).
Similarly, F(vn ®@b) = CFOY, = ¢lu, ® Fb (mod ¢Lk+1). We omit an

analogous computation for vy ® b. O

4.10. Suppose now that ¢ is an mth primitive root of unity and retain the notation
of A and

Proposition. Set B(m)*) = {v € B(m) : Maj(v) = k (mod m)} and define
() =P B Avyetr, B(@=][BmC et

r€Z  veB(m)(s—n) re€Z

Then (ﬁ/q(ﬂ'\), /9(?)) is a C-crystal basis of L*(V (m)).

Proof. Set L = L(m) ®4 Alt,t71], B = [I,czB(m) ®t". One can easily check
that the above proposition implies that (Z,B) is a (-crystal basis of L(V(m)).
Set £* = LNL* (V(x)). We claim that Ls = L3(7) defined above. Indeed, since (v)
lies in L(m) for all v € B(mw), L5(w) C L. Suppose further that v € B(m)=7),
Then n({v) @ t") = ("nro({(v)) @ t" = ¢5(v) @ t" (cf. the proof of Lemma [6)),
whence £*(w) C L*(V(w))NL = L* as an A submodule. Furthermore, both £* (1)

and L° are direct sums of free weight A-submodules and l?(?)u 4rs C Z:y-wa for
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—

all v € P, r € Z. Observe that L(m),, s is generated as an A-module by (v) @ t"

where v € B(ﬂ')(fﬂ). Since the images of these elements in Z\SV+T5/qZ;V+T5 form
a basis of that vector space by L6 it follows by Nakayama’s lemma that they

generate L* as an A-module. Therefore, L£5(mw) = L5. The result now follows
immediately from Proposition .9 and [I5] Proposition 3.6 and Lemma A.1]. O
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