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ABSTRACT. We introduce “virtual” crystals of the affine types g = Df-;)_p

Agi) and 07(11) by naturally extending embeddings of crystals of types By and
C, into crystals of type Aazp,—_1. Conjecturally, these virtual crystals are the
crystal bases of finite dimensional U, ;(g)—modules associated with multiples of
fundamental weights. We provide evidence and in some cases proofs of this
conjecture. Recently, fermionic formulas for the one-dimensional configuration
sums associated with tensor products of the finite dimensional U(; (g)-modules
were conjectured by Hatayama et al. We provide proofs of these conjectures
in specific cases by exploiting duality properties of crystals and rigged config-

uration techniques. For type A(Qi) we also conjecture a new fermionic formula
coming from a different labeling of the Dynkin diagram.

1. INTRODUCTION

The quantized universal enveloping algebra U,(g) associated with a symmetriz-
able Kac-Moody Lie algebra g was introduced independently by Drinfeld [5] and
Jimbo [9] in their study of two-dimensional solvable lattice models in statistical me-
chanics. The parameter ¢ corresponds to the temperature of the underlying model.
Kashiwara [I5] showed that at zero temperature or ¢ = 0 the representations of
Uq(g) have bases, which he coined crystal bases, with a beautiful combinatorial
structure and favorable properties such as uniqueness and stability under tensor
products.

1.1. Finite affine crystals. The underlying algebras g of affine crystals are affine
Kac—Moody algebras. There are two main categories of affine crystals: (1) crys-
tal bases of infinite dimensional integrable highest weight U, (g)-modules, and (2)
crystal bases of finite dimensional Uy (g)-modules, where U,(g) is a subalgebra of
Uq(g) without the degree operator. The former category is well understood. For
instance, it is known [I6] that an irreducible integrable U, (g)-module has a unique
crystal basis. On the other hand, the latter is still far from well understood. It is
not even known which finite dimensional Uy (g)-modules have a crystal basis.
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In [8,[7] it was conjectured that there exists a family of finite dimensional Uy (g)-

modules {WS(T)} having crystal bases {B™°} (1 < r < n,s > 1), where n + 1 is
the number of vertices in the Dynkin diagram of g. If such crystals indeed exist,
one can define one-dimensional configuration sums, which play an important role
in the study of phase transitions in two-dimensional exactly solvable lattice models.
If g is of type AS), the existence of the crystal B™* is settled in [14], and the one-
dimensional configuration sums contain the Kostka polynomials [33, B8] 41| [44],
which turn up in the theory of symmetric functions [36], combinatorics [31], the
study of subgroups of finite abelian groups [3], and Kazhdan-Lusztig theory [21] 34].
In certain limits they are branching functions of integrable highest weight modules
[6, 38]. For all affine types and s = 1 it is shown in [T9] that B™! exists (but not
that it has the desired decomposition as a classical crystal in all cases). For type

Agi), the structure of B! has been described explicitly in [I0]. The existence and
structure of B™® has been proven for various other subcases [12, [14], [28, 29] 47].

1.2. Virtual crystals. Classical finite dimensional crystals of type C,, and B,, can
be embedded into crystals of type Ag,—1 [2]. This embedding has been extended to
certain perfect affine crystals [I8|. Following this idea we consider “virtual” crystals

Ve for types Dﬁil, AR A1 (the Dynkin diagram Aéi) with different distin-

2n 2n
guished vertex 0), and C’,(ll) by naturally extending these embeddings to finite affine
crystals. We conjecture that these virtual crystals V" are exactly the conjectured

crystals B™® of [8] [7]. This is proven for s = 1 and types Aéi), Aglﬁ, and C’T(Ll).
2)t

For type Aén the work was already done by combining [2] and [10]. As further
evidence we show that the virtual crystals have the expected decomposition into
classical components for all s > 1 in type ijl. In all cases the virtual crystal
V7% is shown to have at least the desired classical components. We give an explicit
characterization of elements in V™!, which is used to establish the equality between
the one-dimensional sums (defined in terms of the virtual crystals V™1) and the

fermionic formulas mentioned below.

1.3. Fermionic formulas. Crystal theory provides a general setting for the defi-
nition of one-dimensional configuration sums, denoted by X. Explicit formulas M,
called fermionic formulas, for X have recently been conjectured in [§] [7]. Fermionic
formulas are expressions for certain polynomials in ¢ (or g-series) which are sums
of products of g-binomial coefficients. These expressions play a preponderant role
in Bethe Ansatz studies of spin chain models. At ¢ = 1 they give the number of
solutions to Bethe equations of the underlying model. Kirillov and Reshetikhin
[24] obtained fermionic expressions for the Kostka polynomials from the Bethe
Ansatz study of the X X X model. In a separate development Kedem and McCoy
[22] discovered fermionic expressions for the branching functions of the coset pair
(Agl))l @ (Agl))l/(Agl))g based on the Bethe Ansatz study of the 3-state Potts
chain. This led to a flurry of works on fermionic expressions for characters and
branching functions of conformal field theories (see [7] for references). At present
many of these fermionic expressions are understood as certain limits of M or its
level truncation.

Branching functions and one-dimensional configuration sums are, however, not
the only places where fermionic formulas have appeared. Kirillov and Reshetikhin
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[25] conjectured that for g of nontwisted affine type, the coefficients of the decom-
position of the representations of Uj(g) naturally associated with multiples of the
fundamental weights into direct sums of irreducible representations of U,(g) are
given by the fermionic formulas at ¢ = 1. Here g is the simple Lie algebra asso-
ciated to the Kac—Moody algebra g. Chari [4] proved a number of cases of this
conjecture. Recently, it was conjectured by Lusztig [35] and Nakajima [37] that
quiver varieties are also related to fermionic formulas.

The conjecture X = M was proven in [26] for type A, The main technique
used in the proof is a statistic preserving bijection between crystals and rigged
configurations. Rigged configurations are combinatorial objects which label all
terms in the fermionic formula and also originate from the Bethe Ansatz [23, 24].

Here we prove the conjecture X = M of [8 [7] for types Dsﬂl, Aéi) and C" for
tensor products of crystals of the form B™!, assuming that V™! = B"™! for type

Dflr We also conjecture a new fermionic formula of type Agi”.

1.4. Duality on rigged configurations. The proof of X = M is achieved by an
explicit characterization of the rigged configurations in the image of the embed-

1)

ding of the above crystals into crystals of type Aérh1 combined with the bijection

between type Aglll crystals and rigged configurations [26]. An important tool
that is used in the proofs and the characterizations is the contragredient duality on
crystals and rigged configurations.

1.5. Content of the paper. Section 2lgives a review of crystal theory, in particu-
lar, the definition of crystal graphs, dual crystals, simple crystals, the combinatorial
R-matrix, the (intrinsic) energy function and the definition of the one-dimensional
configuration sums. In section [3 the combinatorial structure of crystals of type
Asll) is discussed in detail, and all results and definitions of section 2] are stated in
terms of operations on Young tableaux. Irreducible components of tensor products
of crystals of type A%l) can be parametrized in terms of Littlewood—Richardson
tableaux. These are introduced in section @ They are of importance in section [H
where we define rigged configurations and recall the bijection between Littlewood—
Richardson tableaux and rigged configurations of [26]. The relation between the
duality and this bijection is given in Theorem [577 Virtual crystals V™* for types
Df_il, AP AP and C’,(ll) are introduced in section[@ Their explicit characteri-

2n 0 “M2n >

zation for s = 1 is given in section in terms of classical virtual crystals V(A).
Finally, in section [[lthe fermionic formulas for s = 1 and types ijl, Aéi) and Cr(ll)
are proved. The proof relies on the main Theorem [T Tlwhich gives a characterization
of the rigged configurations in the image of the virtual crystals under the bijection
of section For type ASBT a similar characterization is given in Conjecture
which yields a new fermionic formula given in section Appendix [A] is reserved
for the proof of Theorem [71]

Finally, it worth mentioning that the techniques of this paper have been applied
in [39] to obtain fermionic formulas for level-restricted one-dimensional configura-

tion sums of type C’r(ll).

Acknowledgments. The self-duality property of rigged configurations of type
Cy(bl) as stated in Theorem [(1] was first observed by Tim Baker. The authors
thank him for this information.
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2. CRYSTAL THEORY

In this section some results from affine crystal theory are reviewed. In addi-
tion, we show that the tensor category of simple crystal bases of irreducible finite-
dimensional modules over quantized affine algebras, can be enhanced by including
a grading function which we call the intrinsic energy. This result (Proposition 2.13)
is central to the definition of the energy function of a virtual crystal, notions that
are introduced in section [6l A prerequisite for the explicit formula for the intrinsic
energy of a tensor product, is the discussion in section 2-12] of isomorphisms and
energy functions indexed by reduced words.

2.1. Crystals. Let g be a symmetrizable Kac-Moody algebra, P the weight lattice,
T the index set for the vertices of the Dynkin diagram of g, {a; € P | i € I} the
simple roots, and {h; € P* = Homgz(P,Z) | i € I} the simple coroots. Let U,(g) be
the quantized universal enveloping algebra of g [I7]. A U,(g)-crystal is a nonempty

set B equipped with maps wt : B — P and ¢;,f; : B — BU{@} for all i € I,

satisfying

(2.1) filb) =V < &) =0bif bV € B,
(2.2) wt(fi(b)) = wt(b) — o if fi(b) € B,
(2.3) (hi, wt(b)) = @i(b) — €i(b).

Here for b € B
.(b) = max{n > 0| &(b) £ 2},

p4(b) = max{n > 0| f(3) # @}.

(It is assumed that ¢;(b),€;(b) < oo for all i € T and b € B.) A U,(g)-crystal B
can be viewed as a directed edge-colored graph (the crystal graph) whose vertices
are the elements of B, with a directed edge from b to b’ labeled i € I, if and only
if f;(b) =1V'.

(2.4)

2.2. Morphisms of crystals. A morphism ¢ : By — By of Uy(g)-crystals is a
map ¢ : By U{@} — By U {@} such that

(2.5) YD) = 2.

(2.6) If (b) # @ for b € By, then
Wh( (b)) = wh(b),
€i(¢ (b)) = €i(b), and
@i(¥(b)) = @i (D).

(2.7) For b € By such that ¢(b) # @ and ¢(€;(b)) # @,
P(ei(b)) = ei((b)).
(2.8) For b € By such that ¢(b) # @ and ¢(f;(b)) # @,

Y(fi0) = fiw()).

2.3. Tensor products of crystals. Let By, Bs,...,Br be U(g)-crystals. The
Cartesian product By, X - - - X By X By has the structure of a U,(g)-crystal using the
so-called signature rule [30]. The resulting crystal is denoted B = BL®- - -® Bo® By
and its elements (b, ...,b1) are written by ® --- ® by where b; € B;. The reader
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VIRTUAL CRYSTALS AND FERMIONIC FORMULAS 105

is warned that our convention is opposite to that of Kashiwara [I7]. Fix ¢ € I and
b=0br® --®by € B. The i-signature of b is the word consisting of the symbols +
and — given by

= . 4
—— —— ——
@i(br) times ¢€;(br) times @i(b1) times €;(b1) times

The reduced i-signature of b is the subword of the i-signature of b, given by the
repeated removal of adjacent symbols +— (in that order); it has the form

—— —

@ times € times
If o = 0, then f;(b) = @; otherwise,
filbe® -+ ®@by) =bL® @ bj1 @ fi(b) ® -+ @by

where the rightmost symbol — in the reduced i-signature of b comes from b;. Sim-
ilarly, if e = 0, then ¢€;(b) = &; otherwise,

EibrL® - @b1)=bL® - ®bj11Q€(b;) @ Qb

where the leftmost symbol + in the reduced i-signature of b comes from b;. It is not
hard to verify that this well-defines the structure of a Uy(g)-crystal with ¢;(b) = ¢
and ¢;(b) = € in the above notation, with weight function

L
(2.9) wi(by ® -+ ®@b1) = Y wit(b)).

This tensor construction is easily seen to be associative. The case of two tensor
factors is given explicitly by

= _ filb2) @by if €(b2) > (1),
(210) fz(bz ® bl) - {62 ® ﬁ(bl) if €i(b2) < QOi(bl)

and

(2.11) Gy = PO 0 Gl > @i,

b2 ® ei(bl) if Ei(bg) < Saz(bl)
2.4. Crystals for subalgebras. For a subset J C I define the J-components of
a Uy(g)-crystal B to be the connected components of the crystal graph using only
edges labeled with elements of J. Say that b € B is a J-highest weight vector if
€;(b) =0 for all j € J. A highest weight vector is an I-highest weight vector.

2.5. Highest weight crystals. Let P* ={\ € P | (h;, \) >0 for all i € I'}. For
A € PT let B(\) be the crystal basis of the irreducible integrable U, (g)-module of
highest weight A. By [17] B(\) has the structure of a U,(g)-crystal in the sense of
section ZIlwhere ¢; and ﬁ are the modified Chevalley generators. B()\) is connected
and has a unique highest weight vector, denoted uy; it is the unique element in B(\)
of weight \.
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2.6. Dual crystals. The notion of a dual crystal is given in [I7, Section 7.4]. Let
B be a Uy(g)-crystal. Then there is a U,(g)-crystal denoted BY obtained from B
by reversing arrows. That is, BY = {b" | b € B} with

wt(bY) = —wt(b)
€i(b") = @i(b)
(2.12) pi(b") = € (b)
&) = (fi(v)"
FidY) = @(b)

Proposition 2.1. [17] There is an isomorphism (By @ B1)V = BY ® By given by
(by @ b1)Y +— bY @by .

2.7. Extremal vectors. Let W be the Weyl group of g, {s; | ¢ € I} the simple
reflections in W. Let B be the crystal graph of an integrable U,(g)-module. Say
that b € B is an extremal vector of weight A € P provided that wt(b) = A and
there exists a family of elements {b,, | w € W} C B such that

1. by =0 for w =e. N
2. If (h;, wA) > 0, then & (by) = @ and £ (by) = by,
3. If (hy, wA) < 0, then fi(by) = @ and & (b)) = by .

2.8. Affine case. We now fix notation for the affine case, which, for the most part,
follows [11]. Let g be an affine Kac-Moody algebra over C. Let I be the index set
for the Dynkin diagram, P the weight lattice, P* = Homg(P,Z), (-, -) the natural
pairing P*® P — Z, {«; | i € I} C P the simple roots, {h; | i € I} C P* the
simple coroots, {A; | i € I} C P the fundamental weights, ¢ the canonical central
element, and § € P the null root. One has P = Z§ @ @, ; ZA;.

Let the distinguished vertex in the Dynkin diagram be labeled 0 € I as specified
n [I1]. Let g C g be the simple Lie algebra whose Dynkin diagram is J = I — {0}
and let g’ C g be the derived subalgebra. Denote the weight lattices of g C g’ C g

by P, P., and P respectively. There are natural projections

cl —

P —» Py —» P.
Py = P/Z6 and P =2 P/(Z6®ZAo). We shall identify P, and P with the sublattices
of P given by €, ; ZA; and @ie]zxi where A; = A; — (c, A;)Ag. Let P=

@D, NA;.
Denote by Uy(g), U, (g), and Uy(g) the quantized universal enveloping algebras

el

of §, ¢’, and g respectively [17]. Let W and W be the Weyl groups of g and g; they
are generated by the simple reflections {s; | i € I'} and {s; | i € J} respectively.

2.9. Simple crystals. Following [I], say that a U (g)-crystal B is simple if
L. B is the crystal basis of a finite dimensional integrable U, (g)-module.
2. There is a weight A € P such that B has a unique vector (denoted u(B))

of weight A, and the weight of any extremal vector of B is contained in W A.

In the definition of simple crystal in [I], condition 1 is not present. However, we
always want to assume both conditions, so it is convenient to include condition 1
in the definition above.
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Theorem 2.2 ([1]).

1. Simple crystals are connected.
2. The tensor product of simple crystals is simple.

Remark 2.3. Suppose ¥ : B — B’ is an isomorphism of simple U} (g)-crystals. Then
U is the only such isomorphism. Since ¥ must preserve weight and send extremal
vectors to extremal vectors, it follows that ¥(u(B)) = u(B’). Since B is connected,
the rest of the map W is determined by the requirement that ¥ be a U, (g)-crystal
morphism.

Suppose B; are simple Uj(g)-crystals. By Theorem 22l B = B, ® --- ® By is
simple, with
(2.13) w(B) =u(BL) ® - @ u(B1).
2.10. Level and perfectness. For the U, (g)-crystal B, define ¢, : B — Py by
e(b) =Y ei(b)A;
iel

p(b) =D wib)As.

i€l

(2.14)

Define the level of B by
(2.15) level(B) = min{{c, €(b)) | b € B}.
Say that b € B is minimal if {c, €(b)) = level(B).
Let B be simple. Say that B is perfect of level ¢ if £ = level(B) and € and ¢ are
bijections from the set of minimal elements of B to (P1), = {\ € Pu | (c, \) = ¢}

2.11. Combinatorial R-matrix. The following two results essentially appear in
[13] in the case that By = By = Bs. They are a consequence of the existence of a
combinatorial analogue of the R-matrix on the affinizations of finite U, é (g)-crystals
and the fact that it satisfies the Yang-Baxter equation.

Theorem 2.4 ([13, Section 4]). Suppose By and By are simple Uy(g)-crystals.
Then
1. There is a unique isomorphism of U,(g)-crystals o = op, B, : B» ® By —
B1 ® Bs.
2. There is a function H = Hp, p, : Bo® By — Z, unique up to global additive
constant, such that H is constant on J-components and, for all by € By and
by € By, ifO'(bQ X bl) = b/l X b/2, then

—1 if €o(b2) > o(b1) and eo(bh) > ¢o(by),
(2.16) H(éb(bg@bl)) = H(b2®b1)+ 1 Zf Eo(bg) § (po(bl) and Eo(bll) S gOo(bIQ),
0 otherwise.
We shall call the maps o and H the local isomorphism and local energy function

on By ® B;. The pair (o, H) is called the combinatorial R-matrix.
By Remark 2.3 and ([213),

(2.17) o(u(Bz2) ® u(B1)) = u(B1) ® u(Bz).
It is convenient to normalize the local energy function H by requiring that
(2.18) H(u(B2) ® u(B1)) = 0.
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With this convention it follows by definition that

(2.19) Hp, B, ©0B,,8, = Hp, B,

as operators on By ® Bj.
The following observation, which follows from the uniqueness of the local iso-
morphism and energy function, is obvious but useful.

Proposition 2.5. Suppose By, Bz, and By are simple Ué(g)—crystals and there is
a U;(g)-crystal isomorphism ¥ : By — By. Then
(2.20) 0ByB = (P ®1p,)00p, 5o (lp, ® D),
(2.21) Hp, B, = Hp, p; o (15, @ V).
Suppose Bj; is a simple Uy (g)-crystal for 1 < j < L. By abuse of notation let oy,

and Hj denote the local isomorphism and local energy function acting in the k-th
and (k + 1)-st tensor positions (from the right).

Theorem 2.6 ([L3]). There is a unique U, (g)-crystal isomorphism B3 ® Ba® By —
B, ® Bs ® Bs given by either side of the Yang-Bazter equation

(2.22) 01009001 = 03 001 009.
Moreover,

(2.23) H, + Hyo1 = Hyo3 + Hyo109,
(2.24) Hy + Hyoy = Hyoy + Hyog0;.

Observe that ([223) and ([2:24) are equivalent; the latter is obtained from the
former by composing on the right by o102, using (2.22)), and the identities Hyo1 =
H1 and HQUQ = H2 which hold by (lm)

2.12. Isomorphisms and energy functions indexed by reduced words. Let
B; be a simple Ué(g)-module for1<j< Landlet B=Br®: ---® By. Let

a = (ai,as,...,ap) be a sequence of indices in the set {1,2,...,L — 1}. Let s;
denote the permutation that exchanges the j-th and (j + 1)-st positions. Define
perm(a), the permutation of the set {1,2,..., L} associated with the sequence a,
by

(2.25) perm(a) = 84, 8a,  * * Sa, -

Denote by o, : B — perm(a)B the Uy (g)-crystal isomorphism given by

(2.26) Ga = CarOay ++* Oa,

and the energy function E, : B — Z by

P
(2.27) E, = Z Ho00;1 00,00 Oa,-

j=1
Proposition 2.7. With the above notation, let B’ be a tensor product obtained
from B by reordering the factors. Then there is a unique U; (g)-crystal isomorphism
o:B — B, and 0 = 0, for any sequence a such that B’ = perm(a)B.

Proof. By Theorem B and B’ are simple since they are tensor products of
simple crystals. Let a be any sequence such that B’ = perm(a)B. Then o, : B —
B’ is an isomorphism of simple U/ (g)-crystals. But there is a unique U, (g)-crystal
isomorphism B — B’ by Remark [Z.3] O
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Remark 2.8. If o’ is obtained from a by a sequence of exchanges of the form
(..oyiygye..) = (.onydyi,...) where [i —j| > 1, then it is easy to see that E, = E,.

Remark 2.9. In general, E 1) # E(2,1,2). Take By = By = B3 = BY!in Agl)
with b =1®2® 1 (see sections B2 and [3.4). Then E(; 51)(b) = 1 and E3 1 9y = 2.

For later use we define a few specific reduced words. Let

aM) = a,

2.28
(2:28) a® =(1,2,...,k=1,a*" V)  for k> 1.

Note that perm(a(")) is the permutation that reverses the numbers {1,2,...,L}.
For ¢ and m positive integers summing to L, define

a®V = (1,2,...,0),

(2.29
) a&m :(m7m+17..,,g+m—17a(£’m’1)) for m > 1.

Observe that perm(a(z’m)) is the shortest permutation that exchanges the numbers
{1,2,...,¢} past the numbers {{+1,{+2,...,0 4+ m}.

2.13. Tensoring tensor products. Let £ and m be positive integers. Let B; be
a simple Uy (g)-crystal for 1 < j < £+m. Then By = By @ -+ @ Beya @ Beyy
and B} = By ®---® By are simple crystals by Theorem[22] We compute the local
isomorphism op; p; and energy function Hp; p; explicitly.

Proposition 2.10. With the above notation,

(2.30) OB, B = Og(t.m);
(2.31) HBQ,B{ =E,em.

Proposition 210 is proved by induction. The first nontrivial cases are for three
tensor factors.

Proposition 2.11.

) 0B3,B2®B1 = 0102,
2.33) Hp, (B,@B,) = H2 + Hi09,
)

0(B3®Bs),B; — 0201,
2.35) H(Bg@Bz),Bl = Hy + Hs0;.

Proof. We will prove the case £ = 2 and m = 1 as the case { = 1 and m = 2 is
similar. We have o = o102. It must be shown that Hp, B,gB, = H2 + Hio2. Let
us fix b € B3 ® By ® By. For any isomorphism ¥ that reorders B3 ® By ® By by a
composition of local isomorphisms, define pos(¥) € {1, 2, 3} to be the position in the
threefold tensor W(b) where €y acts (see section Z3)). Let AHy = Ha(b) — Ha(épb),
AHlag = Hl(Ugb) — Hl(Uggob), A= AHQ + AHlUQ. Write o = UBg,(BQ@Bl) and
let pos’(id) (resp. pos’(c)) have value L (left) and R (right) on the two-fold tensor
product Bs ® (B2 ® By) (resp. (B2 ® B1) ® Bs). Then the rows of the following
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table give all the possibilities:

pos(id) | pos(oz) | pos(oi02) || pos’(id) | pos’(o) | AHy | AHyop | A
3 3 3 L L 1 0 1
3 2 2 L L 0 1 1
3 2 1 L R 0 0 0
2 3 3 R L 0 0 0
2 2 2 R L 0 0 0
2 2 1 R R -1 0 -1
1 1 2 R L 0 0 0
1 1 1 R R 0 -1 -1

The columns pos’(id), pos’(c), and A agree with the defining conditions for H in
Theorem 2.4 O

The next case is m = 1.

Proposition 2.12.

(2.36) OByy1,(Bi@-@By) = 0102+ 0,
1
(2'37) HB/,+1;(B/,®"'®BI) = Z Hjoj110442 - 0y
j=1

Proof. Formula (2.36)) holds by Remark 2.3] Formula (2.37) is proved by induction
on ¢, by applying and (2.33) for B ® (B, ® B}) where B} = Byy1, B) = By,
andBi:Bg_1®---®Bl. |:|

Proof of Proposition[Z10. Again (2-30) follows by Remark[23l The proof of (2:31l)
follows by induction on m. The base of the induction (m = 1) is given by Proposi-
tion ZT2] For the induction step, (234) and (EL3H) are applied for (B; ® Bj) ® Bj
where B = Byim, By = Biym-1® - Q@ Byyq and Bf = By ® -+ ® By. O

2.14. Graded simple crystals. Let B be a simple U, (g)-crystal, equipped with
a function D = Dp : B — Z called its intrinsic energy, which is required to
be constant on J-components and defined up to a global additive constant. Call
the pair (B, D) a graded simple Uy (g)-crystal. We normalize the intrinsic energy
function by the requirement that

(2.38) Dg(u(B)) =0.

Let (Bj, D;) be graded simple U,(g)-crystals for j = 1,2. Write 7 for the pro-
jection onto the rightmost tensor factor. Define Dp,gp, : Bs ® B1 — Z by
(239) D32®Bl = HBQ,Bl +D17T+D27TO’BZ’BI.

From now on we suppress the operator m, observing that the operator D; always
acts on the rightmost tensor factor, which will be in B;. The subscripts of H and
o indicate positions.

Observe that ([2:38) holds for B = By ® By if it is assumed that it holds for By
and By and that (2.I8) holds. This can be seen using (2-13) and (Z.17).

Proposition 2.13. Graded simple crystals form a tensor category.
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Proof. Tt must be shown that the tensor product construction for graded simple
crystals is associative. This is true if the grading is ignored. It suffices to show that
Dpye(B2081) = D(B:9B2)@B: -

By Proposition 21Tl and (Z39) we have

Dp,o(B,9B1) = HBs,Bo0B, + DByoB, + D30By,B08,

(2.40) = Hy + Hyoo + Hi + Dy + D201 + D3a102
and

D(BseBo@p = H(Bs0B2),50 + D1+ D105, 0B:9 B, By
(2.41) = Hy + Hz01 + D1 + (H1 + D2 + D3o1)o201

= Hy + Hyo1 + Hio201 + D1 + Dyo201 + D3o20102
= Hy + Hyo1 + Hi0201 + D1 + Daoy + D3oq02.

In the second computation, (2:22) is used. Also used is Djoo = D;, which holds
because D; acts on the rightmost tensor factor, which is not changed by . One

sees that ([2:40) and (240) are equal by (2:24). O
Let (Bj, D;) be graded simple U, (g)-crystals for 1 < j < L and let u; = u(B;).
Let B= B ® --- ® By. Following [38] define the energy function Ep : B — Z by
(242) EB = Z Hi0i+1(7i+2"'0'j71~
1<i<j<L
By the normalization assumption 28] it follows that
(2.43) Ep(u(B)) =0.

The following formula was motivated by the definition of the D energy function
in [7, Section 3.3].
Proposition 2.14. The intrinsic energy Dp for the L-fold tensor product B =
Br ®---® B is given by
L
(244) Dp :EB-I-ZDleUQ"'Uj,l.
j=1
Proof. The proof proceeds by induction on L. For L < 2 (2.44) holds by definition.

Suppose it holds for L — 1 tensor factors. Let B = By and B} = B,_1 ® -+ ® By.
Applying the definition (239) for B) ® B}, induction, and Proposition 210, we

have
Dp = Hpy i + Dp; + Dpyop; B
L-1
= Z Hioit10i42 01 + Ep;
i=1
L-1
+ Z Dp,0102--+0j_1+ Dp,o1---011
j=1
which is evidently the right-hand side of (2:44)). O

The energy functions are insensitive to reordering of tensor factors.
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Proposition 2.15. Let B’ be a reordering of B= By ® ---® By and o : B — B’
any composition of local isomorphisms. Then Dp:oc = Dp and Eg.oc = Ep.

Proof. The proof immediately reduces to the case ¢ = o;. Let us prove the first
assertion, as the second follows from it. Write B} = B ® --- ® Bj 2, B =
Bj_1®---® Bi, By = Bj;1 @ Bj and BY = B; ® Bj;;. By (219) it follows
that Dpy o 0’ = Dp; where ¢’ : Bj11 ® B; — B; ® Bjy1. Therefore, By = By
as graded simple crystals. Tensoring both on the left by B4 and on the right by
B, the result is a pair of isomorphic graded simple crystals B = B’ via the map
o=1p ® o' ® 1p;. In particular, Dp = Dps o 0. This argument implicitly uses
Proposition [2.13] and Remark [2.3] O

2.15. The crystals B"™*. We recall conjectures regarding the crystals B™*. Recall
Chevalley’s partial order on P, defined by p > X if and only if 4 — A € @, ; Ne;.
Conjecture 2.16 ([7]). For eachr € J and s > 1, there exists an irreducible finite
dimensional integrable U, (g)-module Wi with simple crystal basis B™* having a
unique extremal vector u(B™?®) of weight sA,, and a prescribed Uy(g)-crystal decom-
position of the form B™* = B(sA,) ® B, where B is a direct sum of U,(g)-crystals
of the form B(\) where \ € P oand sA, > M. Moreover, there is a prescribed
intrinsic enerqgy function D = Dpgrs : B™® — 7Z, that is constant on J-components,
such that 0 = D(u(B™?®)) > D(b) and b is any element not in the J-component of
u(B™®).

Conjecture 2.17 ([19]). ) s the universal U, (g)-module generated by an ex-
tremal vector of weight sA,.

This is known to hold for s = 1 [19].

Conjecture 2.18 ([7]). There is a unique b® € B™* such that ¢(b%) = level(B™*)A,.
Moreover,

(2.45) Dpre(b) = H(b® b%) — H(u(B™) @ b)
where H = Hpr.s pr.s is the local energy function.

Remark 2.19. Observe that the function B™* — Z given by b — H(b®b?) is constant
on J-components. By definition o;(b?) = 0 fori € J. By @I0), f;(bob?) = f;(b)@b?
for all b € B™*. The assertion follows from the fact that H is constant on J-
components of B™* @ B™*, by Theorem 241

2.16. One-dimensional sums. Let A € P and B = B, ® -+ ® B; where B; =
B"i»%i for 1 < j < L. The set P(B, \) of (classically restricted) paths in B of weight
A is the set of J-highest weight vectors in B of weight A. Define the classically
restricted one-dimensional sum

(2.46) X(B,Xg) = >, ¢"»".
bEP(B,N)
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3. CRYSTALS OF TYPE A%l)

In this section we discuss the combinatorial properties of type AS) in detail.

3.1. The root system A, ;. In this section let g be the complex simple Lie
algebra of type A,_1. Let J = {1,2,...,n — 1} be the index set for the vertices
of its Dynkin diagram. Let us realize the weight lattice P explicitly inside the real
span of the hyperplane in R™ orthogonal to the vector e = (1,1,...,1) € R™. Let
{ei | 1 <4 < n} be the standard basis of R™. Then one may take o; = &; — €11
for i € J. Identifying the weight lattice of gl(n) with Z™, there is a projection
wtg @ Z" — P defined by v — v — %e where (-,-) is the standard bilinear form
on R™. In coordinates it is given by wtg(a1,as,...,a,) = Z?;ll(ai —aip1)A;. In
particular, A; = wtg(1?,0"?) for 4 € J. The highest root of g is § = (1,072, —1).
If A is a partition (A1 > Ay > -+ > \,,) € N, then wtgy(\) € P By abuse of
notation an element of Z" is sometimes identified with its image under wtg.

3.2. Crystal graphs of type A,_;. Recall that for A\ € ﬁJr, B()) is the crystal
of the irreducible integrable U,(g)-module of highest weight \. We now review
the explicit realization of B(A) given in [20]. The vertices of B(\) are given by
the set of (semistandard) tableaux of shape A in the alphabet [n] = {1,2,...,n}.
The U, (g)-crystal structure shall be defined by embedding tableaux into the set of
words.

The crystal graph of B(A;) (where we recall that A; is the image under wty of
the partition (1,07~1)) is given by the set [n] with f;(i) = i + 1 for all i € J and
all other elements sent to @. One defines wt(i) = A; — A;_; for all i € [n].

The set of words in the alphabet [n] is the crystal graph of the tensor algebra
of B(A;); its explicit structure is given by the signature rule (see section[Z3). The
weight function wt on this crystal graph is given as follows. Let the content of a
word u be the element cont(u) = (mq(u), ma(u)...,my(uw)) € N® where m;(u) is
the number of occurrences of the letter j in u. Then wt(u) = wtg(cont(u)) € P.

We identify the tableau ¢t € B()\) with its column-reading word, which is by
definition ¢ = cica--- where ¢; is the strictly decreasing word given by the j-th
column of ¢. This defines an embedding of B()\) into the set of words in the alphabet
[n]. Tt is easy to see that €; and ﬁ stabilize the image of this embedding. The U,(g)-
crystal structure on B(\) is defined by declaring this embedding to be a morphism
of U,y(g)-crystals. The highest weight vector uy of B()) is given explicitly by the
Yamanouchi tableau, the tableau of shape A whose i-th row is filled with the letter
1 for all 4.

3.3. Schensted’s insertion. Schensted [4(0] gave an insertion algorithm that as-
sociates to a word u a tableau P(u) of partition shape. Given an alphabet (totally
ordered set) A, let ~ be the equivalence relation on words in the alphabet A defined
by u ~ v if and only if P(u) = P(v). Let Plac(A) denote the set of ~-classes. It fol-
lows from [40] that P(P(u)P(v)) = P(uv), so that the multiplication on words given
by juxtaposition, descends to a multiplication in Plac(A). Plac(A) is called the
plactic monoid. Knuth [27] showed that the set of relations in Plac(A) is generated
by relations of the following form, where z,y, 2 € A and u, v are words:
UTZYV ~ UZTYV for z <y < z,

1
(3.1) UYZLTV ~ UYTZV forx <y < 2.

A column word is one that is strictly decreasing.
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Let B C A be a subinterval. For a word u in the alphabet A, denote by u|p the
subword of u obtained by erasing all of the letters not in B. It follows immediately
from the relations (BI) that if u ~ v, then u|g ~ v|pg.

It is a well-known and remarkable fact that Schensted’s algorithm gives a mor-
phism of type A,_1 crystal graphs.

Theorem 3.1. For all words u in the alphabet [n] and all i € J, P(¢;(u)) = &;P(u).

Proof. It suffices to show that if u ~ v is one of the relations (31l), then e;(u) ~ e;(v)
is also. The result is entirely straightforward unless {z,y,z} = {i,i + 1} and
€; changes one of x,y,z. In this case (ignoring identical left and right factors)
one has (i + 1)(i + 1)i ~ (i + 1)i(¢ + 1). Applying €; to both sides one obtains
i(i 4+ 1)i ~ (i + 1)ii. 0

3.4. The crystals B™* of type Agl_)l. Let g be the affine algebra of type Agblzl.
Write I = JU{0} ={0,1,...,n —1}.

Theorem 3.2 ([14]). For every r € J and s > 1 there is a finite dimensional
integrable Ué(ASll)—module W) with crystal basis B™* such that

1. B™* = B(sA,) as Uy(A,—1)-crystals.
2. DBT,S - 0
3. B™% is perfect of level s.

Moreover, let v be the rotation of the Dynkin diagram of type Afllll that sends the
simple root a; to a1 where subscripts are taken modulo n. Then there is a unique
bijection ¢ : B™* — B"*® such that

(3.2) P =1,

(3.3) wt o9 = 1 o wt,

(3.4) fi=v7 o fip1 o,
(3.5) ei=v¢ o109

where 1 : P — P is induced by the map Z" — Z" given by (ai,az,...,a,) —
(a‘27a37" -aa/Tua/l)-

The operators ¢y and fg are computed explicitly in [44]. Tt suffices to define ¢)~1.
For t € B™* define ¢~!(t) € B™* by the property

(3.6) O ()| ne1) = P(t|2,n)) — 1

where t + r is the tableau obtained by adding the integer r to each letter. This
definition determines the positions in 1/ ~!(¢) of the letters in the subinterval [n—1].
But it also determines the positions of the letters n as they must fill up the rest of
the rectangular shape.
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Example 3.3. Let r = 3, s = 4, n = 5. Then a tableau t € B™* and ¢~1(t) are
given below:

1J1]27]3 213 2721273
t=|2 314 t|[2,n]:2 2134 P(ﬂ[ln]):?’ 31415
3455 3[4]5]5 415

1J1]1]2 1[1]1]2
P(tlpn) —1=[2]2]3]4 v i) =[2]2]3]4
34 34155

Since B™* is perfect of level s, there is a unique b € B™* such that ¢(b?) = sAg;
it is the tableau in B™* whose i-th row from the bottom consists of s copies of the
value n + 1 — 4. Since B™° consists of a single J-component, Conjecture holds
by Remark [ZT9

3.5. Inhomogeneous paths. Let R = (Ry,Ra,...,RL) be a sequence of rect-
angular partitions. Say that R; has r; rows and s; columns where s; > 1 and
1<r;<n—1foralll<j<L. Define the Ué(g)—crystal

(37) BR — B""L7SL ® - ® B'I"Q,SQ ® B""lvsl.

The elements of Bg are called inhomogeneous paths. Of course one could compute
ep and ﬁ) on Bpg using the signature rule and the above rule for ¢y and fo on single
tensor factors, but it is simpler to compute them as follows. Let ¢ : B — Bpg be
the bijection given by ¥(by, ® -+~ ®b1) = ¢¥(b) ® -+ ® ¥(b1). Then €y and ﬁ) as
operators on Br may be defined by the equations (BH) and (34)).

3.6. Simplicity of tensor products of B™°. Consider the finite dimensional
integrable U, (g)-module W) with crystal basis B™* (see Theorem B.2). We observe
that the crystal B™* is simple (see section 2.9). Let A = sA,, with corresponding
partition (s",0™"") € Z™. It is not hard to check that the extremal vectors of B™*
are in bijection with the orbit WA. In the notation of section X7 for every w € W,
let by, be the unique tableau in B™* of content w(s",0" ") € Z". This shows that
B™* is simple. The crystal Bg of the previous section is a tensor product of simple
crystals. So Bp is simple and hence connected.

3.7. Dual crystals. Let N > A\; and \Y = (N — A,,...,N — X3, N — A\1). For a
column word c¢ in the alphabet [n], let ¢V be the column word that uses precisely

those letters that are not in c¢. For a sequence of column words u = cycy...cn,
define

(3.8) u =cf e
Proposition 3.4. There is a unique Uy(g)-crystal isomorphism B(\)Y — B(\Y).

Proof. Tt is easy to see that the map B(\) — B(\VY) given by ¢ — ¢V (where ¢V
is defined in (3:8])) is a well-defined bijection that satisfies (ZI12)). For uniqueness,
by definition the map V takes highest weight vectors to lowest weight vectors. But
B(\) has a unique highest weight vector and B(AY) has a unique lowest weight
vector. O

Proposition 3.5. Let uw = c; - - - cy where each c; is a column word. Then P(uY) =
P(u)¥.
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Proof. In the statement, P(u) is computed with respect to a factorization into N
column words, the last several of which may be empty. It suffices to show that if
u,u’,v,v" are column words such that uv ~ u'v’ with u’ one letter longer than u,
then vV ~ v'Yo/Y. This reduction, together with the proof of this special case,
can both be seen by considering a jeu de taquin on skew tableaux having at most
two columns. O

Example 3.6. Let n = 6. One has uv = (42)(6521) ~ (642)(521) ~ (6421)(52) =
P(uv) and dually (uv)Y = (43)(6531) ~ (643)(531) ~ (6431)(53) = P(uv)".

Proposition 3.7. The U,(g)-crystal B™* has dual crystal B"~"*.

Proof. Observe that as U,(g)-crystals one has (B™*)Y = B" ™5 using N = s
columns. By the uniqueness in Proposition [3.4] it follows that the crystals are
also dual as Uy (g)-crystals by the same map. O

3.8. Reversing the Dynkin diagram.

Theorem 3.8. Let B be the crystal basis of a finite dimensional Ugy(g)-module
(resp. U,(g)-module). Then there is an involution B — B denoted b — b*, such
that

Fi0") = En_i(b)",
(3.9) Ei(b*) = fr_i(b)*,
wt(b*) = wowt(b)

for all i € J_(Tesp. i € I with subscripts taken modulo n) where wy is the longest
element of W.

Proof. Consider the orientation-reversing automorphism of the Dynkin diagram of
type Agblzl that sends a; to a,,_; for all i with subscripts taken modulo n. The
existence of this automorphism implies the existence of a map * : B — B satisfying
(B3). Since the Dynkin diagram automorphism is an involution, so is the induced
map *. O

The following result is easily verified.

Proposition 3.9. Suppose there are crystal graphs B; and bijections * : B; — B;
satisfying B9). Let B= B, ®---® By and B* = By ® --- ® Br,. Then the map
*: B — B* given by

bL®...®b1._>b’1‘®...®b*L
satisfies (B9).

Given a word u, let u* be the word obtained by replacing each letter ¢ by n+1—1,
and reversing the resulting word. Clearly, if u is a column word, then so is u*. If
u = c1c2 . .. cn where ¢; is a column word for all j, then by definition v* = ¢} ... cj,
which is a sequence of column words. In particular, let ¢ € B()). It is easy to check
that ¢* is a skew tableau whose shape is given by the 180 degree rotation of A.
Define t*¥ = P(¢t*). The tableau ¢tV is called the evacuation [32] of the tableau t.
Observe that if A is a rectangle, then ¢V = t*.

Proposition 3.10.

1. The map u — u* is an involution satisfying (39).
2. For any word u, P(u*) = P(u)®.
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3. The map B(\) — B(\) given by t — t®V is the unique map satisfying ([B.9)
(in which * is replaced by ev ).

Proof. Part 1 is straightforward. For part 2 it suffices to show that if u ~ v is a
relation of the form (B]), then so is u* ~ v*, but this is also straightforward. Part
3 follows from part 2, the connectedness of B()), and the fact that P is a morphism
of crystal graphs. O

We remark that the uniqueness in part 3, together with Theorem [3.8], imply that
t — t°V is an involution.

3.9. Combining duality and Dynkin reversal.

Proposition 3.11. There is a bijection B(\) — B(\Y) given by t — t*VY = tVev
such that

(3.10) Gt = eni(t)VY,
wt (V) = —wo(wt(t))

for allt € B(\) and i € J. Moreover, if X is a rectangle, then 3I0) also holds for
1 =0.

Proof. ¥V and * obviously commute on sequences of column words. Proposition B.5
implies that VY = ¢tV*¥ for all t € B()\). Equation (310) follows from (ZI2) and
Theorem BR. O

A similar statement holds for tensor products.

3.10. Local isomorphism. Let B; = B"°% for j = 1,2. The existence and
uniqueness of the local isomorphism ¢ : By ® By — B; ® Bs (see section [ZI1]) is
guaranteed by the simplicity of B™* (see section B]). Observe that as a U,(g)-
crystal By ® By is multiplicity-free, since B; = B(s;A;) is indexed by a rectangular
partition for j = 1,2 [45]. Therefore, the isomorphism o : By ® By — B ® Ba is
uniquely specified by the property that o(by ® b1) is the unique element b} ® b}, €
B; ® By such that P(byby) = P(b}b5). The bijection o is described quite explicitly
in [42].

Example 3.12. Let

112
b2 = 3 and b1 =
Then
1|1 1|
P(bab1) =23
3
Hence

b=[1]3] and W=yl
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Proposition 3.13. The following diagram commutes:

Bo® By —2— B;® B

(3.11) v| |v
BY ® Bf —— By @ B
Proof. Let b; € B; for j =1,2 and o(ba ® b1) = b} ® bfy. Then
P((b2b1)") = P(babr)” = P(byb5)" = P((b}3)")
by the definition of ¢ and Proposition BH. This suffices by the definition of . [

Proposition 3.14. The following diagram commutes:

By® By —2— B ® By

(3.12) gl |

By ® By —— B2 ® By

Proof. Let b;, b} be as before for j = 1,2.
P((b2b1)") = P(b2b1)®" = P(b105)*" = P((b}b5))
by the definition of o and Proposition 310l This suffices by the definition of . [

3.11. Local isomorphism for single columns. In the case that B; = BTl for
7 =1,2 there is an explicit construction for the local isomorphism ¢ which will be
useful later. For g = A,,_1, represent b € B™! by a column of height n with a dot at
height i if and only if the letter i occurs in b. Now o : B™'' @ B™"! — BTl @ Br21
with 79 > 71 is obtained as follows [38]. Let bo®b; € Bo® By and b @b, = o (b2 ®b1).
1. Pick the highest dot in b;. Call it e,. Connect o, with the highest dot in by
not higher than e, (assuming periodic boundary conditions if necessary).
2. Repeat this with all unconnected dots in b;.
3. Slide all (12 — 1) unpaired dots from by to by. The result is b} ® b}.

Example 3.15. Let n =7, by = 7532 and b; = 651. Then

\)
OOEEOOE

so that b] = 753 and b = 6521.

3.12. Energy function. Explicit formulas may be given for the energy functions
in type A. Let B; = B"% with J-highest weight vector u; for j = 1,2. Given the
normalization (2I8) one has the explicit formula [44] [4T]

(3.13) H(by @ b1) = —min(ry, 7o) min(si, s2) + dmax{s, s} (Shape(P(b2b1)))

where d(\) is the number of cells of A that lie in columns strictly to the right of
the s-th column. It is not hard to see that the values of H are nonpositive integers.
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Remark 3.16. In [44], 4] a different normalization was used, namely, only the d
function was present.

Let R=(Ry,...,Ry) and b=0b;, ® --- ® by € Br where Bp is defined in B1).
Write D and Eg for Dg, and Ep,, in ([244) and (ZZ42). Since Dgr.- =0,

(3.14) Dg = Eg.
Proposition 3.17. For all b € Bg,
(3.15) Egv«(b¥*) = Egr(b).

Proof. Let B = Bg, B’ be any reordering of the tensor factors of Bg, and o : B —
B’ any composition of local isomorphisms. By Propositions and 3.14]

(3.16) a(bV*) = o (b)V*.

Using this one may reduce to the case R = (R1, R2). The crystal Bg is connected
(see section B.G]). It then suffices to check [BI5) for the single element us ®u; where
u; is the J-highest weight vector of B;, by (3.16) and Proposition [311] Again by
Proposition[31] (ug®uq)¥* is a J-highest weight vector of the same weight (namely
—wo(wt(uz ®u1))) as vz ® v; where v; is the unique J-highest weight vector in B
But there is only one such J-highest weight vector in Bgrv+ of this weight, so the
two vectors must agree. It follows that both sides of (BIH]) evaluate to zero. O

3.13. Kostka polynomials. Let A be a partition (or an element of P via Wts)
as in section B), R = (R1,...,Rr) a sequence of rectangles and Bg as in (B.7).

Define
(3.17) Kxr(q) = ¢"™IX (Bg, X;q),
(3.18) Kxr(q) = X(Br,\iq ")
with X (Bg, \;q) as in (2.46) and
[|R|| = Z min(r;, r;) min(s;, s;).
1<i<j<L

It was shown in [38] (see also [44] [4T]) that K r(q) is the Kostka polynomial Ky,(q)
if R is a sequence of single rowed partitions where r; = 1 and s; = u;. Hence we
call Ky g(q) the generalized Kostka polynomial. Both Ky r(q) and Ky r(g) have
nonnegative integer coeflicients.

4. LITTLEWOOD—RICHARDSON TABLEAUX

4.1. Definition of Littlewood—Richardson tableaux. The J-components of
Bpg are parametrized by the combinatorial objects called Littlewood—Richardson
(LR) tableaux. These objects, being in the multiplicity space, should be considered
a completely different kind of object than the elements of Br. It is a beautiful
coincidence in type A that operators that act on the representation space such as
crystal operators and duality, also act in the multiplicity space in certain situations.

We recall the notion of an R-LR word [42], which can be formulated as follows.
Let (91,72,...,n1) € N be a sequence of positive integers summing to N, A =
{1 <2< -+ < N}, A the subinterval of A given by the first 1, numbers, A,
the next 7o numbers, etc. Say that a word u in the alphabet A is n-balanced if
€;(u) = fi(u) = 0 for all i € A that are not maximum in one of the subintervals A;.
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Let R = (Ry,. .., Ry) be a sequence of rectangular partitions such that R; has n;
rows and y; columns. Let y(R) = (uf*,...,u}*) € NV be obtained by juxtaposing
the parts of the R;. Define the set W(R) of R-LR words by v € W(R) if and only
if u has content y(R) and u is n-balanced. This definition is equivalent to the one
in [42].

Conversely, for an n-balanced word u, let v € NV be the content of u. Then
vi =~y for all 4,7" in the same subalphabet A;. Let y; be this common value for
the subalphabet A; and let R; be the rectangular partition having 7; rows and p;
columns. Then w is an R-LR word.

Let LR(R) be the subset of W (R) consisting of tableaux of partition shape (via
the identification of a tableau with its column-reading word) and LR(A, R) the
subset of LR(R) consisting of tableaux of partition shape A. The set LR(\, R) is
empty unless A has at most N parts.

4.2. Recording tableaux. The way in which the LR tableaux parametrize the
multiplicity space of Bg, is by suitable recording tableaux for Schensted’s insertion.

Consider a given factorization u = ¢y -+ - cac1 of u where ¢; is a column word
in the alphabet [n]. Let @ = Q(cn - -cocy1) be the unique filling of the Ferrers
diagram of the shape of P(cy - --c2c1) such that the shape of Q|f;] is the shape of
P(cj---c1) for all j. Since each ¢; is a column word it follows that the transpose Q"
of  is a semistandard tableau. In more traditional language, () is the recording
tableau for the column insertion of the word cp - - - cacqy such that the insertion of
the letters in ¢; are recorded by the letter j.

Fix R = (Ry,...,Ry) and let R* = (RY},..., R}) where ! denotes transpose. Let
n be a positive integer such that n > u; for all j. One may regard elements of Bt
as tableaux of a fixed skew shape in the alphabet [n]. The following result, up to
labeling of the recording tableaux, is a special case of the main theorem in [46].

Proposition 4.1. There is a bijection Br: — |J,, B(A\") x LR(\, R) given by b —
(P(b), Q(b)Y) where A runs over partitions with A1 < n.

Recall that the operation ¥ was defined for tableaux ¢ in the alphabet [n] with at
most N columns and for partitions with at most n rows and N columns. We define
an operation ”* which is a similar kind of operation but with n and N exchanged.

Let A" be the partition obtained by skewing the rectangle (n”) by A and rotating
180 degrees, or equivalently A\ = n — Ayyi—;. Let R® = (R{,..., R}) where
R} = ((n — p;)") for each j. This complements the widths of the rectangles in R.

For a sequence u of n column words in the alphabet [N], we write u” for the
dual sequence of column words instead of u".

Proposition 4.2.

Q((CN ce Czcl)v*)t = Q(CN ce 6261)m-

Proof. Let Q1 and Q2 be the tableaux on the left- and right-hand sides. Let v be
obtained from u by replacing ¢y by @ and let @} and Q) be the corresponding
tableaux for v. By induction on the number of nonempty factors, @} = Q5. By
definition the first N —1 column words of ©V* and vV* agree. To conclude Q; = Q2
it suffices to show:

1. Q’/L = Qi|[N71] fOI’ 1= 1, 2.

2. @1 and Q2 have the same shape.
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Part 1 holds by the definition of Q. For part 2 one has
shape(Q(u"*)") = shape(@(u"))" = shape(P(u"*))’
= shape(P(u")®")" = shape(P(u"))" = shape(P(u)")"
= shape(P(u))"" = shape(P(u))"" = shape(Q(u))™"
= shape(Q(u)"")

by the fact that the P and Q tableaux of a given word have the same shape,
Propositions B10 and B3] the fact that ¢V is shape-preserving, and the rule for how
v and " change shapes. O

Proposition 4.3. There is a bijection LR(\, R) — LR(A\", R") given by t — t".

Proof. Let t € LR(A, R). Then t" is a tableau of shape A by Proposition[3.4l It has
the correct content to be R*-LR by definition since the corresponding rectangles in
R and R” have the same heights. Since ¢ is 7-balanced, ¢" is also by (2I2)). Thus
the desired map is well defined. Since " is an involution the map is bijective. [

Example 4.4. Let p = (3,2,1) and n = (2,3,1) and n = 5. Then N = 6 and
R and R" (whose rectangles have their rows are filled with the letters of their
corresponding subintervals) are given by

R R"

QY = W) | N =
QY = | | DN —

[6] [6]6]6]6]

Let A = (5,4,3,1,0,0). Then A" = (5,5,4,2,1,0). Below is a tableau ¢ € LR(\, R)
and its dual t" € LR(A\", R™).

t th
1[1]1]3]3] 1]1]3]3]3
2121214 2121414716
415]6 41556
5 56

- 6

4.3. Generalized automorphisms of conjugation. Given 1 < p < L — 1, let
TpR be obtained from R by exchanging the p-th and (p + 1)-st rectangles. There
is a bijection [42] given by the generalized automorphisms of conjugation 7, :
LR(A, R) — LR(\, 7, R). It extends uniquely to a bijection 7, : W(R) — W (7, R)
by P(rpu) = 7,P(u) and Q(mpu) = Q(u).

The bijections 7, and the combinatorial R-matrices o, are related as follows
(which may also be used as the definition of 7).

Proposition 4.5. For any b € Bg: and 1 <p < L —1, Q(o,())" = 7,Q(b)".
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Proposition 4.6. The following diagram commutes:

LR(\,R) —2~— LR()\7,R)

(4.1) a8 |

LR(\",R") —— LR(M,7,R")

Tp

Proof. Let Q € LR(R). By Proposition flthere is a b € Bg: such that Q(b)" = Q.

Then
(Q") = 7 (Q(H)") = 7(QB")") = Qop (b))
= Q(op(0)"")" = Q(op(b))" = 7,(QD)")" = 7,(Q)"
by Propositions [4.2] E.5] and 3141 O

4.4. Embeddings. There are embeddings 0 : LR(A, R) — LR(A, rows(R)) where
rows(R) is the sequence of single-rowed shapes of sizes given by v(R); they are
defined as compositions of two kinds of elementary embeddings [43], 41]. The sec-
ond kind of elementary embedding is given by the 7,. The first kind is given as
follows. Suppose that Ry = (k%) and Ry = (k®) where a — 1 > b+ 1. Write
R’ = ((k*Y), (k**1), Rs,..., RL). Then there is an embedding 4 o4 : LR(\, R) —
LR(X, R’). This extends to an embedding W(R) — W(R') by u — u' where
P(u') = th,ap(P(w)) and Q(u') = Q(u).

Again fix n. We have R = (((n — k)%),((n — k)*),R,...,R}) and R =
((n = B0, (= K1), RY, . .., ).

Proposition 4.7. The following diagram commutes:

LR(\,R) -2, LR(\R)

Al lA
LR(\", R") ——— LR(\",R"")

tn—k,a,b

Proof. One reduces to the two rectangle case by restriction to the subinterval A; U
As. Recalling that the tensor product of two rectangles is multiplicity-free and
using the duality symmetry of tensor product multiplicities, one has

ILR(A, R)| = [LR(V", R")| < [LR(\, R')| = [LR(\", R < 1

from which the result follows. O

Corollary 4.8. The following diagram commutes:

LR\ R) —2" LR()\ rows(R))

Al |

LR\, R") —— LR\, rows(R)")

RN

Proof. This holds by Propositions and E.7. O
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4.5. Generalized charge and duality. Let R = (R1, ..., Rr) such that R; hasn;
rows and g; columns. The generalized charge is a function LR(A, R) — N defined as
follows. For L = 1 chargep, is the zero function. For L = 2 and v € W (R, R2), let
dR, r, (1) be the number of cells in the shape of P(u) to the right of the max{ 1, p2}-
th column (see (3.13)). For general L and t € LR()\, R), define [42, 41|

L—1
chargep(t) = % Z Z(L —j)d;(tt)

T€GL j=1

where d;(7t) refers to the above function d applied to the shape of the P tableau
of the restriction of 7t to the j-th and (j + 1)-st subalphabets for 7R.

Proposition 4.9 ([44]). For all b € Br:, —Eg:(b) = charger (Q(b)").
Corollary 4.10. For all t € LR(R), chargep(t) = chargepa (t").
Proof. This follows from Propositions [4.1], [4.9] and [3.17 O

5. RIGGED CONFIGURATIONS

Rigged configurations are combinatorial objects which were first introduced in
the context of Bethe Ansatz studies of spin models in statistical mechanics [23)], [24].
Here we recall their definition and a bijection from Littlewood—Richardson tablaux
(or equivalently classically restricted paths of type Asll)) to rigged configurations.
The relation between duality and this bijection is given in Theorem B.. We will

need these results later in section[lin the proof of fermionic formulas of type Dﬁ)_l,
Aézn) and C'y(bl). In section [7 we will also introduce rigged configurations associated
to Dfﬂl, Aéi) and Cr(ll). The rigged configurations of this section correspond to the
algebra Asll).

5.1. Definition of rigged configurations. Let A be a partition and let R =
(R, ..., Rr) be a sequence of rectangles with R; having r; rows and s; columns.

The set of admissible configurations C(\, R) is the set of all sequences of parti-
tions v = (v, @) .. ) subject to the constraints

k L
|l/(k)| = — ZAJ + ZS(L min{ra7k}a
a=1

=1
PP W) >0

for k > 1 and ¢ > 0. Here Pi(k) (v) is the vacancy number of the parts (strings) of
length i in v(®) defined as

PP @) = Quv* D) = 20iM) + Qi * V) + Qu(e (R)),

where (¥ is the empty partition, Qi(p) is the size of the first ¢ columns of the
partition p, and £(*)(R) is the partition whose parts are the widths of the rectangles
in R of height k.

The set RC(\, R) of rigged configurations is defined as follows. An element of
(v, J) € RC(A, R) consists of a configuration v € C(\, R) together with a rigging J.
The rigging J is a double sequence of partitions

J = {JFD} s
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such that J*9 is a partition in a box of width Pi(k) (v) and height m;(v*)) where
m;(v®)) is the number of parts of v*) of size i.
The cocharge of a rigged configuration (v, J) € RC(A, R) is defined by

cc(v, J) = ce(v) + Z |J (D)

i,k>1
with
ce(w) =Y a (@ — oY),
kyi>1
where o) is the size of the i-th column of v(*).

A rigged configuration (v,.J) can also be viewed as follows. Each part of J(%:?)
labels a part of length 4 in v®). The pair (i,x) of a part of v%) together with its
label is called a string. Then (v, J) is the multiset of strings. A string (i, z) is called

singular if z = Pi(k) (v).

5.2. Duality and rigged configurations. Let A be a partition and R a sequence
of rectangles R, with r, rows and s, columns. Fix n such that n > Ay and n > s,
foralll1 <a<L,andlet N= 25:1 T

Proposition 5.1.
1. There is a bijection " : C(\, RY) — C(M\t, RM) defined by v\F) = p(n=Fk)
foralll1<k<n-1.
2. Pi(k) ") = Pi(n_k)(z/) foralli>1and1 <k <n-1.
3. There is an induced bijection " : RC(\Y, RY) — RC(A\M, RM) defined by
vNE) =y (n=k) gnd JAED = J=kd) for gll 1 <k <n—1 andi> 1.
4. ce((v, )") = ce(v, J).

Proof. Note that [v"\*F)| = [p(»=k)| = — Z;:lk AL+ 25:1 ro min{sq,n — k}. Since
> A= Y4 TaSa D jonk A = Nk — D ionk Mgy and N = 37 7, it fol-
lows that [v"*)] = — Z?:l MY+ E£=1 ro min{n — s,, k}, so that indeed %) €
C(AM, RN, The other assertions follow easily from the definitions. O
5.3. Bijection between LR tableaux and rigged configurations. In [26] the
existence of several bijections between LR tableaux and rigged configurations was
established. Let ¢ and 5 be the columnwise quantum and coquantum number
bijections, respectively.

Let us describe the algorithm for the bijection ¢p : LR(A\, R) — RC(A!, RY)
explicitly.

Let t € LR(A, R) be an LR tableau for a partition A and a sequence of rectangles
R = (Ry,...,Ry) where R, has r, rows and s, columns. Set A; = [|[Ry| +--- +
|R;j—1]|+1,|R1| + - - - + | R;|]. Relabel the letters in ¢ such that the i-th occurrence
(from the left) of the a-th largest letter in A; is mapped to |Ri| + -+ + |R;j—1| +
(¢ —1)r; + a. Call the relabelled tableau T'. Set |\| = M. Let Z; be the tableau of
shape R; such that the columns of Z; are successively labelled by the letters in A;.

The rigged configuration (v, J) = ¢(t) is obtained recursively by constructing
a rigged configuration (v, .J)(, for each letter 1 < o < M occurring in T'. Set
(v, J)0) = 9. Suppose that x € flj, and denote the column index of z in T by
¢ and the column index of z in Z; by ¢/. Define the numbers (%) for ¢ <k <e
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TABLE 1. Example for the bijection algorithm (see Example [5.2))

e WO S 0 i SR OO0 3

6| 1[]1 0[]0
71 []1 o[]o
9 1[JJr o[]o

0] 2[]]1 8—8 0[]0

| 3[]]1 8 0|0 0[]o

B 1[]]1 8 0|0 0[]0

(e=1)
(z—1)
/

as follows. Let ¢(~1) be the length of the longest singular string in (v, J)

Now select inductively a singular string in (v, J )g?_l)

whose length (%) is maximal such that ¢*) < ¢(++1. if no such string exists, set
(k) = 0. Then (v, J)(z) is obtained from (v,.J)y—1) by adding one box to the
selected strings with labels such that they remain singular, leaving all other strings
unchanged. Then the image of ¢ under ¢ is given by (v, J) = (v, )y

For the above algorithm it is necessary to be able to compute the vacancy num-
bers of an intermediate configuration v(,). Suppose x occurs in Z; in column ¢’.
In general, R(,) = (R1,..., Rj_1,shape(Z;|;1,4])) is not a sequence of rectangles. If
shape(Z;|[1,+)) is not a rectangle, one splits it into two rectangles, one of width c
and one of width ¢/ — 1. The vacancy numbers are calculated with respect to this
new sequence of rectangles.

By definition set () = oo for k> cand (K =0 if k < (.

Example 5.2. Let A = (4,3,2,2,1,1), R = ((1,1,1),(2),(2,2,2,2)). Consider
t € LR(\, R) given by

for k=c—2,c—3,...,¢

1[4]5]5]
266
37
=TS
7
8]
Then
1[5]6]10]
27|11
312
=
8
9]

The nontrivial steps of the above algorithm for ¢ are given in Table[[l A rigged
partition is represented by its Ferrers diagram where to the right of each part
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the corresponding rigging is indicated. The vacancy numbers are given to the
left of each part. For example Ry = ((1,1,1),(2),(2,1,1,1)) so that the va-
cancy numbers of (v, J)(10) are calculated with respect to the sequence of rectangles

((1,1,1),(2),(2), (1,1, 1)).

Let comp be the involution on rigged configurations that complements the quan-
tum numbers. More precisely comp(v, J) = (v,J) where J is obtained from J by
complementing each partition J*%) within the box of width Pi(k) (v) and height
m;(v®)). By definition, the coquantum number bijection is gR = comp o ¢p.

It was shown in [26] that the bijection %R preserves the statistics.

Theorem 5.3 (|26, Theorem 8.3]). For ¢t € LR(\, R) we have

chargen (t) = ce(Jr(1)).

5.4. Bijection from paths to rigged configurations. Proposition [£1] yields a
bijection Br — |, B(A) x LR(\", R"). An element b € P(Bg, \) will be mapped
to (y,t) where y is the unique Yamanouchi tableau of shape and content A (see
the end of section [3:2]). Hence the above bijection restricts to a bijection between
paths and LR tableaux P(Bg,A) — LR(A, R?). This in turn induces a bijection
between paths and rigged configurations. It will be useful for later to state this
bijection explicitly. By abuse of notation we denote the bijection induced by ¢ also
by ¢ : P(Bg,\) — RC(\, R), and similarly for ¢.

Let b =0, ® - ®by € P(Bgr,A). Recall that R; in R = (Ry,...,Ry) has r;
rows and s; columns. Factor each step b; into columns b; = u"---u). Under the
bijection P(Bg,A) — LR(A!, R"), which maps b € P(Bg,\) to t € LR(A}, R?), a
letter ¢ € ui is mapped to the letter 22;11 Sk + Jj in column c in t. As before the
rigged configuration (v, J) corresponding to b is constructed recursively, this time
onl<i<L 1<j<s; and increasing c € uf in this order. Suppose the letter ¢
is at height ¢’ in u/. Then select singular strings of length £(¢=1, ¢(c=2) (<) in
the (¢ — 1)-th, (¢ — 2)-th,..., ¢/-th rigged partition such that the £(*) are maximal
subject to the condition le=1) > ple=2) > ... > <) As before add a box to
each selected string, keeping it singular and leaving all other strings unchanged. If
c € u} and j < s;, the vacancy number is calculated with respect to the sequence
of rectangles (Ry, ..., Ri_1,(5%), ((si — 7)€ 1)) where ¢ is the height of ¢ in b;.

Example 5.4. Let A = (6,4,2,1), R=((3),(1,1),(4,4)) and
_l1]1]2]3
v=tetrts e

in P(Bgr,A). Then the corresponding LR tableau in LR(A, RY) is the t of Example
BE2. For example the letter 4 in u} = corresponds to the letter 5 in the fourth

column of ¢ and will select singular string lengths £ > ¢(2) in the second and third

rigged partition. Similarly, the letter 3 in u3 = corresponds to the letter 6 in the

third column of ¢ and will select a singular string of length #(?) in the second rigged
partition. For example, the rigged configuration in Table [l for = 10 corresponds
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to the intermediary paths

111123 1
He eI,

5.5. Duality under the bijection.

Lemma 5.5. Let R = (Ry,...,Ry) where Ry, is a single row with at least two
bozes. Fiz t € LR(\, R) and let t' (resp. t") be obtained from t by removing the

rightmost (resp. two rightmost) letters L from t. Denote by () (resp. Z(k)) the
lengths of the selected strings under the bijection algorithm for ¢ going from t' to t
(resp. t"" tot'). Then

g(k) < Z(kfl) )

Proof. Let (v,J) = é(t), (V',J") = o), and (v",J") = ¢(t"). The vacancy
numbers change by

Z(k—1)

(5.1) Pi(k) (l/) _ Pi(k)(V”) — (7 —(k) - —(k+1)

<i<t™y @ <i<t

).

Let ¢ (resp. €) be the column index of the box /¢’ (resp. t'/t"). Then ¢ > €. Since
Z(a = o0, it follows from (BJI) that there are no singular strings of length ¢ with
Z(E_l) <iin (¢v/,J)©. Hence ¢(® < Z(E_l). By induction on k it follows that /() <
D) < Z(k) for k < €. Since by (BI)) the strings in the range Z(k_l) <1< Z(k) are
(I

nonsingular, we must have k) < Z(kil).

Theorem 5.6 (|26, Theorem 8.3]). The following diagram commutes:

LR(LR)  —2%,  RCO\,RY)

aRl J{inclusion

LR(A, rows(R)) ——— RC(X\,rows(R)")

QNX-UWS(R)

Theorem 5.7. The following diagram commutes:

LR\ R) —25 RC(M,RY)

Al U
LR(A", R") ——— RC(A\M, RN
DRA
The diagram also commutes with ¢ replacing 25
Proof. By Corollary L8 and Theorem [5.0], one may reduce to the case that R =
(R1,...,Ryr) is a sequence of single-rowed shapes. Recall that ER = compo¢g. By

Proposition [5.1] it is obvious that comp commutes with the duality map on rigged
configurations. Thus it suffices to prove the theorem where ¢ replaces ¢.
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We proceed by induction on L. The theorem is true for L = 0. Let ¢t € LR(\, R)
and ¢; < --- < ¢; be the column indices of the letters L in t. Then in " the
column indices of the letters L are in the alphabet {1 < --- < n} with letters
n+1—c¢y...,n+1—c; omitted. Call them ciA for 1 <i<n—2/{ Lett be the
tableau obtained from t by removing all letters L and R’ = (Ry,...,Rr_1). By
induction ¢gn (") = ¢p/ (t')". Hence it suffices to show that the addition of the
letters L to ¢’ under ¢ r is (up to reversal of the order of all partitions) equal to the
addition of the letters L to t'" under D

Set (vg,Jo) = ép (') and let (v;_1,J;_1) be the rigged configuration corre-
sponding to t’ with letters L added in columns ci,...,c;—1. Adding the letter
L in column ¢; has the effect on the rigged configurations of selecting singular
strings in (v, J)*® for k = ¢; — 1,¢; — 2,...,4 of length Egk) maximal such that
Kgcﬁl) > égci*z) > > él@ > ﬁl(.i*l) == ﬁl(.o) =0, adding a box to the selected
strings and making them singular again. By Lemma [(.5] ﬁl(.k) < El(.]izl). It follows
that ﬁgk) with 1 <4</ andi <k < ¢; is uniquely defined to be the length of the
maximal singular string in (v, Jo)*) such that

(5.2) (P < min{eFH gFTY

»i—1

where Egkﬂ) = ifk > ¢ —1 and 8&11) =oc0ifi=1o0rk > c;_1. Define a
matrix M with ¢ rows and ¢, — £ columns with entries M;; = ZEJH*D, The entries
are weakly increasing along a row and weakly decreasing along a column. Some of
the entries may be oco.

Now do the analogous construction for t". Call the selected strings under ¢, s§
for1 <i<n—fandi <k < c). By the same arguments as before they are uniquely
defined as the lengths of the maximal singular string in (14, J§')*) = ¢pia (") such
that sz(-k) < min{s§k+1), sz(-lizl)} where sEkH) =ooifk>c)—1and sz(-lizl) =00 if

j4i—1)

k)

i=1ork>c},. This yields a matrix M" with entries M/} = 5!

It is clear from (G2) that the entries in M can either be defined inductively
row by row, top to bottom, right to left, or column by column, right to left, top to
bottom. The same is true for M”. Since by induction (vg, Jo)*) = (v, J§) %) for
1 <k < n, it follows that M; ; = M/, _,,, ;,., ; or equivalently €§k) = ngg:gli)kn'

This implies (g, Jo)*) = (v, J}) ) as desired. O

Example 5.8. Let R = ((1),(3), (2), (4), (3), (2), (4)) and

1[2]2]3]4]5 1]2]2]3]4]5]
2[4[4]5 |77 2[4]4]5
t=3|5]6]|7 sothat t'=[3[5]6

417 4

6 1 6]
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Then ¢; =2, ¢ =4,¢c3 =5, ¢4y =6 and

0[]o
0 0 - 1[]1
(V07JO):1D1 2_0| 8_8 1:0 ODO
0[]0 —
1 0 - 1[]1
(V17J1):1Djl 2_0| 8_8 1:0 ODO
1 | 0 0 | 0 LM
(vo, )= 1[ ] ]1 1] ]1 1 ]0 L Ho 0[]0
1]o 1 ]o —
e oHe' 1
(vs, J5)= 1[ ] ]1 1_(1) 0o 2 [0 0[]0
L o[ ]o
e O o
(va, i)= 1[ ] ]1 1] ]1 0o 1 ]1 0[] ]o
1]o - 1
(- 0_0 (-
so that
a) P\
v 62 @ o1
IS 0 1
&(14) &(15) 0 1
On the other hand, ¢ =4, ¢ = 6 so that
— 0[]0
A TAY _ 1[]1 - 0 0
(vo,Jo)= 0[]0 1Mo 0[]0 5 0| 1[]1
L 0_0 L
0 | 0
A TAY _ 1 1 1 0
(i) =o[]]o | 0| o[ [0 5 0| 1[]1
L 0_0 L
1 | 1 8 0|0 1 | 0
AN ZA
(vg,J9)= 0[]0 1] ]1 oMo 1 ]1 1[]]1
1[]o oo 1[]o

and
M — 5(11) 552) 5(13) 554) _(1 11 oo>
2w )00 1)
So indeed ng) = séﬁ:k]izz

5.6. An embedding. For r < n there is a unique embedding of multiplicity-free
Uq(Agp—1)-crystals

iT,S . Banr,s ®Br,s _ Banrfl,s ®Br+1,s.
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Explicitly it is given by i, s(u ® v) =v' ® v’ where P(uv) = P(v'v’). By B13),
HBQW,—T,S’BT,S (u ® ’U) = HBQn—T—l,s’BT-f—l,S (’U’ ® u’) + s.

This map also preserves ¢y and fo when such operators act on the left tensor factor.
An analogous map can be defined on rigged configurations. Let R = (R1,..., Ry1)
be a sequence of rectangles such that R;_1 = (s") and R = (s ") and R
the same sequence of rectangles with Ry _; replaced by (s"*!) and Ry, replaced by
(s?"=7=1). Define jy, s by the following commutative diagram:

RO(AE, RY) 2wsion, RO(At, R

RCtrl J{RCtr

RC(\,R) —— RC(\,R™).
Jrys
Here RCtr : RC(AY, R") — RC(A, R) is the RC-transpose map as defined in [26]
Section 7]. It can be checked by direct computation that for (v, JJ) € RC(A, R) the

rigged configuration j, (v, J) is obtained by adding a singular string of length s to
the k-th rigged partition for all r +1 < k < 2n—r — 1.

Theorem 5.9. Let B be any tensor product of type A§2_1 crystals of the form

B¢ and let R (resp. RT) be the sequence of rectangles associated with Br =
B?"="8 @ B ® B (resp. Br+ = B> ""1L5@ Bt ® B). The following diagram
commutes:

i, s®idp

P(Bg, \) P(Br+, )

7] |7
RC(A, R) . RC(\, RT).
Jros
Proof. The proof follows from the Evacuation Theorem [26, Theorem 5.6], the
Transpose Theorem [26, Theorem 7.1] and P(u*v*) = P(v'"u/") for i, s(u ® v) =
v’ ® v/ which is true by Proposition B.I0. O

6. CRYSTALS OF TYPE Dfﬂl,Aéi) AND O

Let g be an affine Lie algebra of type ijl, Aéi), A(Qi)T, or y(Ll), defined by the
Dynkin diagrams with distinguished vertex 0 given in Table [2].

There is an embedding P — P4 of the weight lattice of g into that of Agg_l
which preserves distance up to a fixed scalar factor. This suggests that Ué(g)—

crystals can be embedded into Ué(Agl) )-crystals. We introduce the notion of a

n—1
virtual Uy (g)-crystal, which is by definition a suitable subset of a Ué(AéQfl)—crystal.
We define the virtual U, é (g)-crystal V™* and give some evidence that it agrees with
the crystal B™* of Conjecture 218 (whose existence was conjectured in [7, Conj.
(2) 4@t
2n

2n

2.1]). These conjectures are proved for crystals B™! of types g = C’r(ll), A
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TABLE 2.

D(%le

9y o==0—0—------
(n=2) 7% n—1 n
2). o=0

A 0 1

Ag).

2,

> 9) O==O—O—------
(n22) 75 ol n
1. =0

A G

2

Aénﬁ:

39y O==0—O—-ooe--
n=2) G775 n—1 n
o

S 9) O==O—O—---n-- — O==0
n=2) G775 n—1 n

6.1. Affine Lie algebras Df_‘)_l,Aézn) and C\". We use the notation of section
2.8 The null root § is given explicitly by

agt+ar+--tap—1+a, fOfg:szszlv
5 2000 + 201 + -+ + 20,1 + iy fOl"QZAéi)a
oo+ 201 + -+ 201 + 20, for g= Ang’

ag+ 201+ 4+ 201+, forg= ,(Ll).

To each g we associate two simple Lie algebras g and g,

2 2 2 1
| Dy 45 ARt ol
B, C., B, C,
Bn Bn Bn Cn.

o @l

Note that g = g except for Aézn) The algebra g will be used in section [7]

Let (-|-) be the standard bilinear form on P normalized by

(6.1) (O|A) = {c, A) for any A € P.

6.2. Embedding of weight lattices. Let

2 forg= AP C}ng),

2n >

- {1 for g = Dg_i)_l,Agzn)T,
(6.2)

2 forg=AP" oW,

2n

, {1 for g = Dfﬂl, A
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We use the superscript and subscript A to denote the root system Aéln)_l (or Agp—1).
There is an embedding of weight lattices ¥ : P — P4 defined by

‘I’(AO)Z’Y/A647
U(A;) = AA+A
U(An) =

v(0)

This induces the embedding ¥ : P — P! given by

for 0 < i <mn,

2n—1i

(6.3)

(6.4) U(A;) = A —|—A2nz for 1 <i < n,
T(A,) =

One may verify that
U(ag) =7'ag,

(6.5) V(o) = al + a3, for 0 <i < mn,
() = yalt.

Observe that

(6.6) (U(u)|¥(v))a =Y (ujv)  foru,ve P

under the normalization (G.I)). Note that if A € fA, then A € Im(¥) if and only if
the following conditions hold:

(hiy A) = (han—i, \) for1<i<n-—1,
(6.7) (hn , A) is divisible by 7,
(ho , \) is divisible by 7.
The third condition is a consequence of the other two. Let wg be the longest element
in the Weyl group of type As,—1. Then for A € Im(¥) N FA,
(6.8) —wp(A) = A
since this holds for W(A;) for 1 <i < n.

6.3. Virtual U/ (g)-crystals. We wish to define a category of U; (g)-crystals which
1)_1)-crystals. Let V be a finite Ué(Aéz)_l)—crystal.

are realized as subsets of U (Agn
In view of ([6.5) we define the virtual U, é (g) raising and lowering operators on 1% by

2= (@) Jo= (",
(6.9) & = e e fi=fa A foro<i<mn,
& = (&) fo= (1),
Let V C V be a nonempty subset such that
(6.10) Im(wtaly) C Im(0).
Then V has a virtual weight function wt : V' — P defined by
(6.11) U(wt(b)) = wta(b).

This is well defined since ¥ is injective.
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A virtual U (g)-crystal is a pair (V, V) such that V SNatisﬁes (EI0) and is closed
under the virtual raising and lowering operators ¢; and f; for 0 < i < n. Sometimes

the larger crystal 1% (called the ambient crystal) is omitted in the notation.

Proposition 6.1. A virtual U;(g)-crystal (V, ‘7) is a Uj(g)-crystal in the sense of
section [Z (see also [Z.8).

Proof All the properties are immediate except for (Z3). Since €; and €a,_; (resp.
fz and fgn ;) commute for 1 < i <mn — 1, by the definitions we have for b € V,

(6.12) co(b) = g (b)/7'] wo(b) = Lo (0)/7'],

(6.13) €;(b) = min{e (b), e, _; (D)} for1 <i<n-1,
6.14)  i(b) = min{pA(0), o, (D)} for1<i<n—1,
(6.15) en(b) = L7 (0)/7] po(b) = L7 (0)/7]-

Here |z| denotes the largest integer smaller or equal to x. First let us verify (2.3)
for ¢ = 0. We have that

¢ (b) — €5 (b) = (hi , wta(b)
is a multiple of 7/ by (6.1) applied to wt4(b) and (23) for b viewed as an element
of V. For b € V we have

o (b) — g (b)

eoft) = cofb) = L2 :$<h3,wt,4<b>>:<ho,wt<b>>

by ([612), (6II), and (E3). A similar calculation establishes (Z3]) for ¢ = n. Let
1 <i<n-—1. Observe that

(6.16)  ¢7'(b) — €' (b) = (hi, wta (b)) = (Rg_i Wt (D)) = @3, _;(b) — €2y, _(b)
using 23) for b € V and 7). Suppose first that oA (b) < i _.(b). Then
eA(b) < €4, .(b) and one has
pi(b) — €i(b) = @ (b) — € (b).
If ¢ (b) > @5, ;(b), then e (b) > €4, _;(b) and
pi(b) = €i(b) = @, 3(b) — €5, (b).

In either case (Z3)) follows by (EI6) and (E3). O

A morphism of virtual Ué (g)-crystals (V7, ‘71) — (g, ‘72) is a morphism ‘71 — ‘72
of the ambient Uy (Agl)fl)—crystals which restricts to a morphism Vi — V; of U, (g)-
crystals.
6.4. Tensor products of virtual crystals. Let (V4,V;) and (Va, ‘//\'2) be virtual
U,(g)-crystals. We wish to define their tensor product. Define the virtual crystal

operators €; and ﬁ on ‘72 ® ‘71 by (EEI) Define wty,gv, : Va® V4 — P by (IIQ)
Unfortunately, the subset Vo ® V; C Vg ® V1 need not be closed under e; and fz

Example 6.2. Letn =2, g = C ) andlet Vo = V; = BZ’Q be Ué(Ag ) )-crystals.

n—1
Let (Va, V2) and (V4, Vl) be the virtual crystals generated by the elements by and
b1 where
1)1 111
by = 513 b1 = 3 .
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Then fg(bg ®by) = J?QA(bg) ® J?QA(bl) ¢ Vo ®Vy. This disagrees with the usual tensor
product structure on U, (g)-crystals defined by (Z.10).

Let b € V. Consider the following conditions:
(b) = oy (b) and €A(b) = e, _(b) for 1< i<n—1,
(6.17) w0t (b) and €4'(b) are divisible by +/,
©2(b) and €2 (b) are divisible by 7.
Say that b is i-aligned for 1 < i < n — 1 if the first conditionA holds, 0-aligned if the
second holds, and n-aligned if the third holds. Say that (V, V') is an aligned virtual

U, (g)-crystal if, for every b € V, b is i-aligned for all 0 <4 < n.
Let 1 <i<n—1.If bis i-aligned, then

(6.18) (D) =€) =eh, ;(b)  and  @i(b) = ¢ (b) = hy, (b).

If b is n-aligned, then

1 1

(6.19) en(d) = —en(b)  and  pu(b) = —¢pn (b).
Y Y

If b is 0-aligned, then
1 1

(6.20) co(b) = ?e{)‘(b) and ©o(b) = ?apg‘(b).

Remark 6.3. Let (V, ‘7) be a virtual U,(g)-crystal and b € V. If vy = 1, then b is
n-aligned and if 4/ = 1, then b is 0-aligned.

Proposition 6.4. Aligned virtual U;(g)-crystals form a tensor category.

Proof. Let (V],‘A/j) be aligned virtual Uy (g)-crystals for j = 1,2. Since they are
aligned, it follows that for all b ® by € Vo ® V7 and all ¢ € I, e; and ﬁ either
act entirely on the left factor or on the right factor of by ® by. Therefore, the
operators e; and ﬁ coincide with those given by the U, é (g)-crystal structure on the
tensor product V2 ® V4 defined by (2:I1) and (Z:10)), which define a tensor category.
Finally, it is easy to verify that (V2 ® V7, Va® ‘71) is aligned. O

If (Va, V2) and (V4, V}) are aligned virtual U, (g)-crystals then define their tensor
product to be the aligned virtual U, (g)-crystal (V2 ® Vi, Vo ® ‘71)

6.5. Virtual combing\torial R-matrix and energy function. Say that the vir-
tual U, (g)-crystal (V, V') is simple if

1. V is a simple U, (Aéln)_l)—crystal.

2. V, with its virtual U, (g)-crystal structure, is isomorphic to a simple Uy (g)-
crystal.
3. u(V) =u(V).
The following result shows that local isomorphisms and energy functions exist
for aligned simple virtual crystals.
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Proposition 6.5. Let (V, ‘71) and (Va, ‘72) be aligned simple virtual Ué(g)-crystals.
Write

=09, 1, Th@ Vi — Vi@V,

= H‘72,‘71 : ‘72 (24 ‘71 — 7,

oc=o0yy Va® VI = V1 ® Vs,

I{:I{VQ,V1 VoV —Z

T

for the local isomorphisms and energy functions for the pair of simple Ué(Aéil)fl)—

crystals Vi and Vs, and the pair of simple U,(g)-crystals Vi and Va. Then
(6'21) o :a|V2®V1a

1 ~
(622) H = ?H|V2®V1~

Proof. (Vo @V, Va® ‘71) is an aligned simple virtual U;(g)-crystal, by Proposition
and Theorem 2.2] generated from the extremal vector
= u(Va® Vi) = u(Va) @ u(Vi) = u(Ve) ® u(V) = u(V2 © 1),

which holds by ([ZI3) and property 3 of the definition of the simple virtual crystal
(V;, V). Similarly, (Vi @ Va, Vi ® Vo) is an aligned simple virtual U, (g)-crystal with
generator v’ = u(V1@Va) = u(‘//\'l @Va). Now G is a U;(A(Qil)fl)—crystal isomorphism
such that G(u) = u/. As such it intertwines with the virtual operators &; and f;
for 0 < i < n. Therefore, Gly,gv, is a U, (g)-crystal isomorphism from the Uy (g)-
component of u to that of v/, that is, from Vo ®@ V1 to V1 ® V5. But there is a unique
such map, namely, o. This proves (G.21)).

By abuse of notation, let H : Vo, ® V; — %Z be defined by (B.22). It suffices
to show that H satisfies the defining properties of the energy function given in
Theorem 2.4 This is entirely straightforward except for (216). Let b; € V; for
j =1,2 and write o(by ® b1) = b} ® b}.

Suppose first that ey(ba) > @o(b1) and (b)) > @o(bh). Since (V;,V;) is aligned
for j = 1,2, this means

€5 (b2) = 7'eo(b2) > 700 (b1) = @5 (b1)
and
€0 (b1) = 7'e0(b1) > 7' po(b) = @§ (b))
by (G20). Applying €' to by ® by 7' times and using ([16), one has
H(Eo(by ®by)) = H((@) (b @ b1)) = H(by @ by) — /.
Dividing by +' one obtains (ZI6) for H in the first case. The other cases are

similar. O

6.6. Virtual intrinsic energy. Let (V ‘A/) be an aligned simple virtual U, (g)-

crystal. Suppose the ambient simple crystal V is graded by the intrinsic energy
function Dy;. Then V' has an inherited intrinsic energy function Dy : V — %Z,
defined by

(6.23) Dy (b) = = Dy (b).
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Call (V, ‘A/; Dy, Dy;) an aligned graded simple virtual crystal.

Let (V, ‘//\'j; DVJ,,D‘A/j) be an aligned graded simple virtual U, (g)-crystal for j =
1,2,...,L. Consider the simple Uj(g)-crystal V.= V7 ® --- ® V; and the simple
Ué(Aég_l)—crystal V =V, ®---® V. There are two ways to form an intrinsic
energy function for V. One way is to use the fact that it is a tensor product of
graded simple Uy (g)-crystals (Vj, Dv;) using (Z44). The other way is to use the
inherited intrinsic energy function (6:23) coming from the fact that (V, V) is an

aligned virtual crystal and (‘7, Dy ) is a graded simple crystal (with Dy defined by
[44)) in terms of Dy,.). It follows from (€22)) that the two definitions agree.

6.7. Virtual crystal V™°. For g of type Dﬁ)_l, AP AT o C’r(ll), we wish to

2n 2n >

define a virtual U, (g)-crystal V™* (1 <r <mn,s > 1). Let V™ be the Ué(Aéh)_l)—
crystal
BY ™ @ BY ifr <n,
P BY® ifr=nandg= Dfll,
(6.24) VIt =9 grsyen - @) 4@1
(BY?) ifr=nandg=A4s,,A5"",
B if r=nandg=CV.

The virtual crystal (V"*, ‘A/T’S) is defined as the subgraph of yrs generated from
the extremal vector u(V"™*) by applying the virtual operators ¢; and f; (0 <i < n).

Conjecture 6.6. V™° is aligned.
For 1 <i < n, define

2 ifg:Ag}T and i = n,

1 otherwise.

(6.25) i = {

The crystals B™* of Conjecture come equipped with the following prescribed
decomposition as U,(g)-crystals:

A 3 2 1
(6.26) B o {B(SAn) if r=nand g= D2, O,

@, B(\) otherwise

where A € P has the form \ = Sy mipiA; such that S ym; < s, s—m, €L,
and m; € v'Z for 1 < i <r — 1. Moreover, B™* comes equipped with the following
intrinsic energy function:

0 ifr:nandg:Dfll,Cr(Ll),

627 D 7,8 b == J— R
(6.27) e (b) {(Anu_surm) if be B(\) C B.

Conjecture 6.7. The virtual crystal V™* is the simple crystal B™* of the U;(g)-
module W, with extremal vector u(V"™%) = u(‘A/’“’S) of weight sy A, In particular,
V™5 has the Uy(g)-crystal decomposition given by ([620) and Dyr.s = Dpr.s.

It will be shown in Proposition 6. I8 that V"° has at least the Ugy(g)-components
specified by ([6:26) and that the virtual intrinsic energy on these components agrees

with (627). If either g = Dﬁ)_l or s = 1, it will be shown in Theorems (.21} [6.23]
B.29, and B.Z7] that V™* is aligned and has exactly the decomposition (G.ZG)).
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6.8. Self-duality. We now consider the problem of giving explicit conditions for
membership in the virtual crystal V™ as a subset of V™*. We shall see that a
necessary condition for membership in V"* is self-duality up to local isomorphism.

Let VO”"I;SAbe the U, é(Aéh)_l)—crystal obtained by reversing t/l}e order of the tensor
factors in V™°. Let V3° be defined as V"° is, except with V" replaced by V3°.
There is a U, (Agln)_l)-crystal isomorphism o : ‘C’“’S = V;® where o is the identity
or the local isomorphism according to whether VV™* has one or two tensor factors.
The map o induces a U, (g)-crystal isomorphism V"% — V.

Proposition 6.8. For every b € V7?,
(6.28) bY* = o (b).

Proof. First let b= u(V"*). Since ‘A/Oqf is multiplicity-free as a U,(Aa,—1)-crystal,

it suffices to show that both b¥* and o(b) are As,_1-highest weight vectors of the
1)

same weight. Since o is a Ué(Agn

_1)-crystal isomorphism, o(b) is a Uy(A2n—1)-
highest weight vector of weight wta(b). bV* € ‘//\Zps is an Ag,_1-highest weight
vector of weight wt4(bY*) = —wo(wta(b)) by BI0). Since wta(b) = ¥(su,A,), it
follows that —wq(wta (b)) = wta(b) by (EF). So ([E28) holds.

Now suppose b € V™* satisfies (628) and f;(b) # @ for some 0 < i < n. It will
be shown that fi(b) also satisfies (E2R). This, together with a similar proof with

e; replacing f;, suffices. Let 0 < j < 2n. We have

(6.29) FRO)Y =8 0Y) = Fap_y(077) = Fan_j(0(0)) = o(fan_; (b))

by (ZI2), Theorem B8, (G.28), and the fact that o is a Ué(Agl)fl)—crystal isomor-
phism. (6:28) holds for fo(b) and f,(b) by applying (6:29) with j = 0 and j = n
respectively. (628) holds for f;(b) for 1 <i < n—1 by observing that fJA and fQAnfj
commute, and applying (6.29)) for ff(b) and then for f2 jf;‘-“(b). O

Proposition 6.9. For allb € V™S such that (©28)) holds and for all1 <i<mn-—1,
b is i-aligned.

Proof. Let 1 <4 <n—1. Since o is an isomorphism of Ué(AéB_l)—crystals we have
€' (b) = €' (0 (b)) = €' (67*) = phn_i(b”) = € _;(b)
by Theorem and (Z.I2). The proof for ¢ is similar. O

6.9. Virtual U,(g)-crystals. Recall that for the affine algebras g under consider-
ation g is either of type B, or C,,. A pair (V,V) is a virtual U, (g)-crystal provided
that V' is a finite U,(Ag,—1)-crystal, V C V is a subset that satisfies (610) and is

closed under the virtual operators e; and ﬁ for 1 < i < n defined by (@9). An
aligned virtual U,(g)-crystal is one that consists of elements that are i-aligned for
1< <n.

Let A € P and A = T(N) € (ﬁA)+. Since the virtual operators ¢; and f;
(for 1 < i <n) are comprised of type Uy(A2,—1) operators and the latter preserve
the property of being a tableau of a given shape, it follows that Ba(\*) is closed
under these virtual operators. Therefore we may define V() to be the virtual
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U,(9)-crystal given by the subset of B4(A) generated from uya using the virtual
operators ¢; and ﬁ for 1 <i<n.

The following crucial theorem is due to T. Baker [2]. Our approach, which
emphasizes the self-duality property, could be used to give an elegant proof of this
result.

Theorem 6.10. V()\) is aligned and is isomorphic to B(\) as a Uy(g)-crystal.

Proposition 6.11. Let (V, ‘A/) be an aligned Uy (g)-crystal. Then every b € V is
in the connected component of a virtual U,(g)-highest weight vector u, and u is a

Uq(Aapn—1)-highest weight vector when viewed as an element of V.

Proof. Let b € V. Suppose e;‘(b) > 0 for some 1 < j < 2n — 1. Since (V, ‘7) is an
aligned virtual U, (g)-crystal, it follows that €;(b) € V where i = j for 1 < j <n
and i = 2n — j for n < j < 2n — 1. Replacing b with €;(b) and continuing in this
manner, eventually one has e (b) =0 for 1 < j < 2n — 1. O

Proposition 6.12. Let A € P andbe Ba(M). Ifb e V(N), then
(6.30) P(bV*) = b.
Moreover, if § = B,, and b satisfies (G30), then b € V(A).

Proof. The proof that elements of V() satisfy (6.30) is similar to the proof of
Proposition [6.8 and is omitted. Suppose § = B,. Let b € Ba(A*) be such that
(630) holds. Let V' C Ba(A4) be the virtual U,(B,,)-crystal generated by b. It
suffices to show that uya € V’. By the proof of Proposition[6.8, (6:30) holds for any
element in V’. But (G30) implies that V' is i-aligned for 1 <4 < n—1, in a manner
similar to the proof of Proposition By Remark V' is n-aligned. Therefore,
(V', Ba(A?)) is an aligned U,(B,,)-crystal. By Proposition 61T uya € V. O

6.10. U,y(Cp)-crystals. For this section let g = C),,. The crystal graphs of the

irreducible integrable U, (C), )-modules B(A) for A € ?+, were constructed explicitly
by Kashiwara and Nakashima [20] in terms of certain tableaux.
The crystal graph B(A4) is given by

(6.31) LLSLSLL

with wt(i) = A; — A1 = —wt(3) for 1 <i < n.

Let A be the set of vertices of B(A1), totally ordered so that the elements appear
from smallest to largest going from left to right in (G31)). Let |u| denote the
length of the word u. A subset A C [n] is often identified with the column word
having precisely the letters in A. Write A° = [n] — A, A = {i | i € A}, and
A= W — A = A¢. In particular, if u and v are column words in the alphabet [n],
then Tu is a column word in the alphabet A and (vu)V* = uv°. If w is a column
word in the alphabet A, then it can be written uniquely in the form w = Tu where u
and v are column words in the alphabet [n]. In this case write u = w4 and v = w_.

The crystal B(A,) may be defined as the connected component in the tensor
product B(A1)®" of the column word r(r — 1) ---21 where the tensor symbols are

omitted. Explicitly, B(A,) is the set of column words P of length r in the alphabet

[n] U [n] that satisfy the one-column condition [20]:

(6.32) If i and i are both in P, then |Py|;| 4 |P-|j| <.
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Let \ € P Write A = Z§:1 ij where m1 > mg > -+ > my,. ThEn B()\) may

be defined as the connected component of g, ®--Quy in BAn,)® - ®
B(Kmp).

Lemma 6.13. P satisfies [632) if and only if PSPy is a tableau.

Proof. The following are equivalent:
1. P does not satisfy (6.32).
2. Thereisanindex 1 < i < nsuchthati € P,,i ¢ P, and |P+|[i]| > |Pf|m |
3. There is an index 1 < i < n such that |Py|j] > [P ];]-
4. P¢ Py is not a tableau.

Each of the above conditions is obviously equivalent to the next except for 3 implies
2. For that case just take ¢ to be minimal. If i € Py or i € P¢, then the index i — 1
satisfies 3, contradicting minimality. O

We now recall the explicit isomorphism B(A) — V(X) given in [2]. The first case

is A=A,. For P € B(A,), let
K=P,NP._,
(6.33) ¢
J=max{A C (PLUP_)°||A| =|K|and A < K}

where the maximum is computed with respect to the partial order on column words
that says v < v if and only if uv is a tableau. This given, let

(6.34) Qir=(Pr—K)UJ.

Define the map V¥ : B(A,) — Ba(Azn_r + A,) by

(6.35) P—Q.P°®Q_P;

where Ba(Aa,_, + A,) is regarded as the Uy(Azp—1)-subcrystal of Ba(Agp—r) ®
Ba(A.,) by taking the column-reading word. Lemma [6.13] ensures that the column-
reading word indeed corresponds to a tableau.

Let A = Appy + Ny + -+ Ay, for 1 <my <n, M = T(A), and b= PV @
-+~ ® P® € B(\) where PY) € B(A,,,). Define W : B(A\) — Ba(A*) by

(6.36) T(b) = P(T(POYT(PR) ... T(PP)).

We observe that @4 and Q_ may be computed from P by local isomorphisms
of type A for tensor products of columns.

Lemma 6.14.
(6.37) (P ®P.)=Q4 ®Q°.

Proof. The construction in the definition of @4 and @_ is equivalent to the algo-
rithm of section BIT used to compute o(P° ® Py). O

Example 6.15. Let n = 9 and P = 388763. Then P_ = 83, P, = 8763, K = 83,
J =52, Q- = 52, and Q4 = 7652. On the other hand, o(P¢ ® P;) may be
computed using the algorithm described in section B.IT. Note that P¢ = 9765421
so that
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K is the set of all heights which has a dot on the right, but no dot on the left.
(P1 U P_)¢ is the set of heights with a dot on the left, but no dot on the right.
Hence J is obtained by selecting from top to bottom for each element i € K the
maximal h < 4 with a dot on the left and no dot on the right at height h. The
elements in J are all selected by the algorithm for the computation of o as described
in section BTT], and hence both computations of J are equivalent.

_ For the following Lemma, we identify A with [2n] via the bijection i — i and
1—2n+1—1qfor i€ [n].

Lemma 6.16. Let u and v be column words in the alphabet [n]. Then there is

a unique pair of column words v’ and v' in the alphabet [n| such that |u| = |/,
| = [v'|, and (defining s = u'*v and t = v""u)
(6.38) o(s @ 1) = 5 @ 1

where o : Bi"’k’l ® BZ’I — BZ’I ® Bi”fk’l is the local isomorphism of type Agz)q
with k =n + |u| — |v].

Proof. For existence, define v’ and v’ by
(6.39) clv@u)=u ®v.

By definition u’ and v’ are column words of the correct length. Applying the map
V* to ([6.39), by Propositions B.I3land BI4 and the fact that o is an involution, one
has

(6.40) c(W V) =7° @uc.

By definition s = u/“v and ¢ = v/ u, so that s and ¢¥* are column words of the
same length and ¢ and sV* are column words of the same length. Thus to prove
(E38) it is enough to show that P(st) = P((st)V*). Since the shapes of both P(st)
and P((st)V*) have two columns, it suffices to show that

1. P(st|g) = P((st)V*|) for B = [n] and for B = [n].

2. P(st) and P((st)V*) have the same shape.
Now sV* = v/ and tV* = u’. We have

P((s1)" ) = B(u2') = Blou) = B(st]y)
by (€39) and
P((s)"*l) = BET°) = B V") = Blstiy)

by (640). This proves 1. Condition 2 is equivalent to Q1 = Q(st)! and Q2 =
Q((st)V*)* have the same shape. But Q2 = Q(st)!* = Q7 by Proposition B2 with
N = 2. So it is enough to show that shape(Q1)" = shape(Q1). But this holds since
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shape(Q1) has at most two rows and exactly 2n cells (since " is taken within the
2 x 2n rectangle).

For uniqueness, observe that Q(vu)? is a tableau with |u| ones and |v| twos, and
Q(u'v")! is a tableau of the same shape with |v| ones and |u| twos. The second
tableau is uniquely specified by this property. O

Proposition 6.17. Let b = u ® v € Ba(Aon_r + A,). Write u; = ulp) and
U = U|[n41,2n] and similarly for v. The following are equivalent:

1. be V(Ay).
2. (630) holds, uivy is a tableaw and |ui| — |v1| =n —r.
3. (630) holds, usvy is a tableau and |uz| — |va| = n —r.

Proof. 1 implies 2: Let P +— b under the U,(C,,)-crystal isomorphism B(A,) —
V(A,), given by ([635). Then uy = Qi, uy = P°, vy = Q_, and v; = P, with
Q@+ defined by Lemma [6.14 By Lemma ujvy is a tableau, with |ui| — |v1| =
n—|P_|—|Py|=n~—|P|=n—r. 2implies 1: Let P be such that P° = ul(, and
P = v|j,. By Lemma [6I3] P € B(A,). By Lemmal[6.16 it follows that P ~— b
under the isomorphism B(A,) — V(A,).

For the equivalence of 2 and 3, suppose that P and @ are such that (@31) holds.

Then the following are equivalent:

1. PP, is a tableau.

2. Q4+Q¢ is the column-reading word of a skew two-column tableau with
unique southeast corner.

3. QiQ+ is a tableau.

4. Qi@_ is a tableau.

Moreover, it is easily seen that }Pf| —|Py| = ‘@i - }@J Now suppose 2 holds.
Write b in the form @in ® Q_P,. By the proof of Lemma it follows that
(637) holds. Thus 3 follows. The proof that 3 implies 2 is entirely similar. O

6.11. V™° contains the prescribed U,(g)-components.

Proposition 6.18. Let A\ € P be such that B(A) is a summand specified by ([620).
Then there is a unique Uy(g)-crystal embedding vy : V(A) — V™ defined by b’ +— b
where b’ = P(b), and Dyr.s = Dpr.s on Im(y).

Proof. Let A = Z;Zl miA; € P’ be any weight such that ¥U(\) occurs in the

Uq(Azp—1)-crystal decomposition of Vs, BA(¥(X\)) occurs in V™ with multiplicity
one, and on this component Dy, has value 0 if V™% has one tensor factor and value
_7'5+Z§=1 jm; otherwise [42] [41]. Let vy € V™5 be the unique Uy(Azp—1)-highest
weight vector in V"* with wt 4(vy) = U(A). There is an embedding of virtual U, (9)-
crystals V(\) — V™* given by u — v where v = P(v). The map is a morphism of
virtual U, (g)-crystals since P is a morphism of U,(Asz,—1)-crystals.

Now let A € P' be a weight appearing in (6.26). Then B4(¥()\)) occurs in
Vs, By the argument in the previous paragraph it suffices to show that vy € V"°.
It can be shown that there is an explicit sequence of virtual operators going from
u(‘A/T’S) to vx. Moreover, one has Dyr.s(vy) = 0 if V™ has a single tensor factor,
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and otherwise
1 1 "L _
Dyr.s(vy) = ?D(/m (va) = ?(—rs + ijj) = (A= surAr|Ay) = Dprs(vy).
j=1

O

Instead of writing this sequence of operators in full generality, we give the fol-
lowing illustrative example.
Example 6.19. Let g = C’T(Ll), n=4,r=3,s=>5,and A = 2A, + A3. We work in
Vop® and V3® for convenience. Using the explicit rules for computing the operators
1
of type Aén)fl,

~4~4-~2 ~2~ ~
‘73’5 es€1€; o ejeo _ o €o .
u( op ) —— UsRotARs 7 VoR,42R.4Rs 7 VoR,4RA,-

Each of the above vectors has the form b ® u(Bi’5), where b is given respectively by

11111 1111111 1111|111 111|166
2121222 21212122 2121266 2021277
31313133 3/6|6|6|6 316|16|7|7 316(6|8]|8

This shows that vy € V5.

6.12. Characterization of V™*. We characterize the elements of V">* inside V"
using the self-duality condition (6.28).

Proposition 6.20. Let g = Df_il and b € V5. Then b € Vs if and only if
B28) holds.

Proof. The forward direction holds by Proposition [6.8] For the reverse direction,
suppose b € V™ satisfies (628). Let V C V™ be the virtual U, (g)-crystal gen-
erated by b. It follows from the proof of Proposition that every element of V'
satisfies (6.28). But V is automatically aligned by Remark [6.3] and Proposition

6.9 By Proposition[6.17] there is a U, (g)-highest weight vector u € V' that is also a
U, (Aszp—1)-highest weight vector. Since u satisfies ([6:28), wta(u) € Im(¥)N (?A)Jr.
Since u € V™*, it follows that wt4(u) = W(A) for some A appearing in (G.26). By
Proposition[6I8 u € V™%, It follows that V = Vs, O

Theorem 6.21. Let g = Df_al. Then the U, (g)-crystal V™>* is aligned and has the
U, (§)-crystal decomposition given in (6.26).
Proof. This follows from the proof of Proposition [6.20) (]

Lemma 6.22. Let b be an element of the Uy(Agn—1)-crystal Ba(Azn—r) ® Ba(A,)
such that (630) holds for P(b). Let ¢; be the number of occurrences of j in b for
1<j5<2n. Then cj +copy1—; =2 forall1 < j < n.

Proof. The lemma follows directly from wt 4 (b) = —wowt 4 (b), which holds by (6.30)
for P(b), 12) and (39). O

Theorem 6.23. Let g = CW. Then V™ is an aligned Ué(C’y(Ll))-crystal and Vb =
V(A,) as a Uy(Cy)-crystal.

Recall that the characterization of the U, (C,, )-crystal V (A,.) was given in Propo-
sition
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Proof. By Proposition 618 V(A,) € V™! and the embedding is inclusion. To

show equality it suffices to show that V' (A,) is closed under fy and €5. To check
this we use the explicit computation of the O-string in Ué(AéQﬁl)—crystals given
in section B4l Let b = u®@v € V(A,) C Ba(Agn_r + A,) such that fo(b) # @.
Write fo(b) =w®az € V™. Then u and v both contain 2n and do not contain
1. Computing fo = (}BA)Q on b, in all cases w and x are obtained from u and v
respectively by removing 2n from the bottom and adding 1 at the top. Thus wx is
a tableau. fo(b) € V™! satisfies (E28) by Proposition 8 Let w; and z; be defined
as u; for j = 1,2. Then wazy is a tableau, being obtained from usvs by removing
2n from the bottom of each column. From this, one also sees that |ws|—|z2| = n—r.
By Proposition [6.17 fo(b) € V(A,). In an entirely similar manner, one may show
that V(A,.) is closed under €.

By Theorem B.I0 it remains to show that the elements of V(A,) C vVl are
0O-aligned. By Lemma [6.22] we need only check the case that 1 and 2n occur in b
once each. Since uv is a tableau, 1 € u. If 2n € u, then ¢;'(b) = ¢{'(b) = 0 and b
is 0-aligned. So assume 2n € v. If r < n, then V™! has two tensor factors, and by
(2110 and ([ZT0) b is 0-aligned. So let r = n. Write u = @l and v = (2n)v. We will
show that €' (b) = 0, as the proof of '(b) = 0 is similar. €' = oeés, ;0¥ ~! by
(B5). Thus it is enough to show that ez, _1(»~1(b)) = 0. Since ¥~ 1(b) has a single
2n — 1 and a single 2n, this holds if 2n — 1 is in the right-hand column of 1 ~1(b).
But

O (0 2n—1) = P(bli2,20)) = P(ud) = o(u®7)
by (B.6). So it suffices to show that 2n — 1 remains in the right-hand column in
passing from u ® v to o(u ® U). But there is only one letter that moves from the
right hand column to the left under o, and it must be in v; (and therefore is not
2n — 1) since ujv1 = (uv)|p, is a tableau with columns of equal size. O

Proposition 6.24. Let g = A(22n), V=, Im(ez,) C ‘A/T’l, b=u®uv € ‘7“1,
and uj and vj defined as in Proposition[6.17 for j = 1,2. Then b € V if and only
if

1. b satisfies (625]).

2. ugvy 1s a tableau.

3. |ug| —|v2| = n—r.

Proof. The following are equivalent:

o b satisfies (G2X).

e P(bV*) =P(a(b)).

o P(b) satisfies (E30).
The equivalence of the first two items follows from the fact that Vrlis multiplicity-
free as a Uy(Azn—1)-crystal and P is a Uy(Asz,—1)-crystal morphism. The equiva-
lence of the second and third items is a consequence of Propositions and B10]
and the definition of o.

Write P(b) = v/ ®v’ where v’ and v’ are column words. Since v and v are column
words of lengths 2n — r and r respectively, it follows that ' and v’ have lengths
2n — k and k for some 0 < k < r. Moreover, one can pass between b and P(b) using
a two column jeu de taquin. Let ug and v§ be defined in a manner similar to u; for
7 =172.
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Suppose first that b € V. Then P(b) € V(Ay) for some 0 < k < r. By Proposition
617, P(b) satisfies (6:30). By the above argument b satisfies (6:28)). By Proposition
ubvl is a tableau and |u)| — |v5| = n—k > n—r. To finish the forward direction
it is enough to show that u) = us and vl = vy. In passing from v’ ® v’ to u ® v,
some letters go from the left column to the right. Since all letters in v} are blocking
letters of u}, the only letters that can block u) from moving to the right are those
in v}. But by Proposition [6.17 |u}| — [v}| = n — k, so there are n — k letters in u}
available to move to the right. The smallest » — k of these, actually do move. In
particular, uf, = us and v} = vs.

For the reverse direction, suppose b € V™1 satisfies the three properties. Since
P(b) is a tableau, it suffices to show that P(b) satisfies the properties in Proposition
for k. Since b satisfies (6.28), P(b) satisfies (6.30), arguing as above. This
time, passing from u ® v to v’ ® v’, we assume that usvs is a tableau. That means
that all the letters of vy cannot move to the left, and so stay in their column. The
left column only gets larger, and can only get larger by letters in the interval [n].
Therefore, uy, = uy and vy = vy again. O

Theorem 6.25. Let g = AéQn) Then the Ué(Agi))-crystal Vvl is aligned, and as a
Uqy(Ch)-crystal,
Vil = (BV(A,).
k=0
Moreover, the Uy(Cy)-crystal embedding vy, : V(Ax) — V™' can be computed by
Ux, = r—1,100r-210" "0k with i, s as defined in section [0l

Proof. Observe that alignedness follows from the above U, (C,,)-crystal decomposi-
tion, since v/ =1 for g = Aézn) and the virtual U, (Cy,)-crystals V (Ay,) are i-aligned
for1 <4 <n. Themap i,_; 0 -0, coincides with %, by Proposition[6.I8 since
both are U,(C,,)-crystal embeddings V (A;) — V™l Let V be as in Proposition
BI8, which asserts that V' C V™!, To show equality it suffices to show that V is
closed under &, and fj.

Recall that for g = AY), V1 = B2 @ B! and fo = f&. Let b= u ® v be
such that fo(b) + @. Write fo(b) = w® z. Let w; and x; be defined as u; is for
7 =1,2. It will be shown that fo(b) satisfies the three properties in Proposition
624, Since b e V C V™, fo(b) satisfies ([G28) by Proposition 68

Suppose first that fo(u ® v) = u ® fo(v). Then u = w and vy = (2n)zy. It

is easily seen that properties 2 and 3 of Proposition [6.24] hold for fo(b), so that
f()(b) evV. _ _

Otherwise, suppose fo(u ® v) = fo(u) ® v. Then z = v, 2n € u, 1 &€ u, and
w is obtained from w by removing 2n from the bottom and putting 1 at the top.
In particular, us = (2n)ws and ve = x2. The only way that wexs fails to be a
tableau is if n = r, when the first column is shorter than the second. Since ugvs is
a tableau with columns of equal length, 2n € v9. By Lemma there are no ones
present. But then ﬁ)(u ®RV) =u® ﬁ)(v), contrary to assumption. Therefore, woxo
is a tableau.

To check property 3 of Proposition[6.24 it is enough to show |us| — |va| > n —r.
Suppose not, that is, equality holds. Following the proof of Proposition 624, write

u' ®v" = P(u®wv) and define v and v;. Then uj ® vj = P(u1 ® v1). As in the
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aforementioned proof it can be shown that v’ ® v’ € V(A) for some 0 < k < r and
that u) = uz and v4 = vy. By our assumption it follows that k = r and hence that
v’ = u and v/ = v. In particular, uv is a tableau. By Lemma levor2nevw
but not both. But 1 € v is not possible since uv is a tableau and 1 € u. And if
2n € v, then %A(u ®v)=u® ]70‘4(1)), contrary to our assumption.

The proof that V is closed under ¢, is similar. O

Proposition 6.26. Let g = Aéiﬁ and 1 < r < n. Recall that V(uA,) C
Ba(Aap_r+A) C V™YL Then b € V(urA,) if and only if b€ V™!, b is a tableau,
and b satisfies ([G.28]).

Proof. This follows from Proposition [6.12] O

Theorem 6.27. Let g = Agiﬁ. Then the virtual Ué(Agiﬁ)-crystal V™l s aligned

and is isomorphic to V (urAy) as a Ug(By)-crystal.

Proof. Tt suffices to show that (V (A, ‘A/’"’l) is 0-aligned and closed under €y =
(M2 and fo = (f&)2. Let b € V(p,A,). By Proposition and Lemma
b is a tableau and ¢ + c2, = 2 where ¢; is the number of occurrences of j in b
for 1 < j < 2n. Write b = u ® v where u and v are column words of type As,_1.
Suppose first that ¢; = 2. Then €/'(b) = 2 and @ (b) = 0, so that b is 0-aligned.
Writing €y(b) = w ® x the column words w and x are obtained from u and v by
removing 1 from the top and putting 2n at the bottom. Clearly, éy(b) is a tableau.
Since €y(b) € V™1, it satisfies (6.28) by Proposition [6.8 and is therefore in V'(u,-A,.)
by Proposition .26l An entirely similar argument applies for the case ¢; = 0.
Finally, suppose ¢; = 1. Since b is a tableau, 1 € u. Regardless of where the single
symbol 2n appears in b, one has ¢4 (b) = @' (b) = 0, so that b is again 0-aligned. [

6.13. B™! for g = C'y(bl). The goal of this section is to establish Conjecture 6.7 for
Vil of type C,(ll). The Ué(Cr(ll))—module Wl(r) exists and has a simple crystal basis
B! [T, 19]. We use the symmetry of the Dynkin diagram C’T(Ll) to derive properties
which uniquely define the structure of the affine crystal B™!. Then we show that
the virtual crystal V™! satisfies these properties.

We state some generalities which must be satisfied by B™*® assuming it exists.

Consider the automorphism of the Dynkin diagram C’T(Ll) given by i +— n — ¢ for
0 <4 < n; it has order two. It induces an involution on crystal bases of U (Cr(ll))—
modules. Let P — P be the linear involution given by A; — A, _; for ¢ € I. There
is an induced linear involution ¢ : P — P given by A; — A,,_; — A, for all i € J.
Identifying P =2 Z" one has

(6.41) vol(ar,ag, ... an) = (—ap,...,—a2, —aq).

The existence of the Dynkin diagram automorphism implies the following result.

Proposition 6.28. Let B be the crystal basis of an irreducible integrable U, (Cr(ll))—
module. Then there is an automorphism Yo of B with the following properties:

(6.42) e’ =1,

(6.43) wt oo = e o wt,

(6.44) Yoo fi = fuioto foralliel,
(6.45) Yo 0 € = €p_i 0 Y forallieI.
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In particular,

(6.46) fo=voofuoto and & =1c o0& ovc.
Since the U,(C),)-crystal structure of B™* is prescribed by (6.2G), it only remains
to determine the automorphism ¢.

Remark 6.29. Let J' = {1,2,...,n — 1}. By Proposition [6:28] /)¢ acts on the set
of J'-highest weight vectors in B™* and is uniquely determined by this action.

Define the map ¢ : Vs s by
{1l)"®1/)" if r <n,
Yo =

(6.47) .
P" otherwise,

where 1 is the order 2n automorphism of type A&ll.

Proposition 6.30. The map ¢ defined by (64T stabilizes the virtual crystal V™3
and satisfies the conditions of Proposition for V5,

Proof. ¢ satisfies the conditions of Proposition 6.28] for all elements of ‘7“5; this
follows immediately from the known properties of ¢ recorded in Theorem[3:21 To see
that ¢ stabilizes V™, by (6.44) and (645) it is enough to show that ¢¢ (u(V"%)) €
V™3, But this element is of extremal weight and is easily seen to be in the U, (C,,)-
component of u(‘A/’"’S) by direct computation. O

Proposition 6.31. V(A,) is stable under 1c. In particular, V™' = V(A,) as sets.

Proof. Let b = u®v € V™. Write u = uou; and v = vov; where u; = u|[n]
and uz = u|jp41,2n) and similarly for v. By Proposition [6.17] uovs is a tableau and
lug| = |v2| =n — 7.

Suppose first that r < n. By direct computation ¢ (b) = (u1 + n)(uz — n) ®
(v1 + n)(va —n) where ¢ £ n means to add or subtract n from each entry in the
tableau t. Applying Proposition .17 again, it follows that ¢ (b) € V(A,) since
(ugv2) — n has the same above properties that usvy does.

Otherwise, let 7 = n. Then |u;| = |v;| for j = 1,2. Now

Y™ (uo) | = P(uv]fny1,20)) — n = Plugvz) —n = (ug — n)(vz —n)
which has two columns of equal length. This means that " (uv)|[n11,2,) has two
columns of equal length, so that it is equal to its P tableau. But P(¢" (uv)|(n41,20)) =

P(uv|i)) +n = (u1 +n)(v1 +n). Therefore, the columns of ¢c(uv) are given by
(u1 4+ n)(uz —n) and (v +n)(v2 —n), and the previous argument goes through. O

Theorem 6.32. The virtual crystal V™! is the crystal graph B™' of the U, (Cr(ll))—
module W,".

Proof. By [1] it is known that there is an irreducible integrable Ué(C,(LI))—module
Wl(r) with crystal basis which is isomorphic to B(A,) as a U,(Cy,)-crystal. Since

the .J’-highest weight vectors in B(A,.) have distinct weights, it follows by Remark
that the map ¢ of Proposition for the crystal basis of the module er) is
uniquely determined by (6.42), (6.43), (6.44), and (6.45) where only i € J’ are used.
By Proposition [6.3T] the involution ¢ of V™! restricts to an involution on V™1,

As such it satisfies the properties of Proposition .28, by Proposition [6.30] O
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6.14. B"! for g = A{Y)

[10] and [2].

T, The following result is obtained by combining results in

Theorem 6.33. Forg = APT the virtual crystal V™1 is isomorphic to the crystal

2n

graph B™' of the Ué(AéQ)T)—module Wi,

n

Proof. In [10] a U, (A(Q?T)—module Wl(r) was constructed. Its crystal basis B! was

shown to be isomorphic to B(u,A,) as a Uy(By,)-crystal. This agrees with the
decomposition specified by ([6:26). Combining Theorem [6.10] of [2] and the explicit

action of ¢ and fy computed in [10], it follows that B™! = V™1 as Ué(A(QQn)T)—
crystals. O

6.15. B™! for g = Aézn) The structure of B™! of type AéQn) can be deduced from
that of the opposite Dynkin labeling A(Qi)T. To distinguish various objects defined
for Aézn)T we shall use the symbol t. There is an isomorphism of Dynkin diagrams
A(Q?T — A(Qi) given by ¢ — n — i for 0 < 4 < n. This induces an isomorphism of
weight lattices 142 : P — P given by 142 (Aj) =A,_; for 0<i<n.

Theorem 6.34. Forg = Aéi), the virtual crystal V™' is isomorphic to the crystal
graph B! of the U(;(Aéi))-module Wl(r).

Proof. The Ué(A(QZn)T)-module WI(J:) is also the Ué(A(QZn))-module Wl(r). Therefore,
their crystal bases Bfr"’l and B™! are equal as sets (but not as weighted crystals).
By abuse of notation we write B™! for either crystal, using t to distinguish the two
structures on this set. The isomorphism of Dynkin diagrams implies that ﬁ = ﬂii
on B™!. Therefore, there is an automorphism v 4 : B™! — B™! such that

Yae (fi0) = faci(Wae (b)) for0<i<n,
wt(P a2 (b)) = Yae (Wi (b))

for all b € B"'. We claim that B"' & V™! as U}(AS))-crystals. In light of the
above facts and the Ué(A(Qi)T)—crystal isomorphism B;’l — VTT’I, it is enough to
show that there is a unique bijection ¥4 : VTT’1 — V™1 such that (6.48) holds
for all b € VTr’l. But the map 42 is unique since VTT’1 is connected as a virtual
Uq(Bp)-crystal and there is no choice for 1 4 (u(VT“)) by weight considerations.
Recall that V™! = ‘7{,1 = B¥""'@B’;'. It is easily verified that the automorphism

Y™ @ ™ of the Ué(Agl) )-crystal V™! satisfies (G4R). O

n—1

(6.48)

7. FERMIONIC FORMULAS

In this section we prove the fermionic formulas associated with crystals of type
D Aéi) and C3V) of the form V"+! @ ... @ V™! as conjectured in [7, 8] and

n+1:
(2)t
2n

conjecture a new fermionic formula of type A We use the virtual crystals

discussed in section [ and results [26] on bijections between paths of type AS) and
rigged configurations.
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7.1. Main theorem. Let V"® be a virtual crystal of type Df_al, Agi) or CiV as
defined in section Denote by ¥™*% : V"5 — Vs the inclusion of the virtual
crystal into the corresponding ambient crystal. The image of U"*! is given in Propo-
sitions 617, and for type C,(ll), Dgll and Aéi), respectively. Under the
bijection ¢ from paths of type A(211)71 to rigged configurations as described in section
b.4] this image can also be explicitly characterized in terms of rigged configurations
as stated in the theorem below. This theorem will be essential in the proof of the
fermionic formulas.

Let R = (Ry,...,R1) be a sequence of rectangles where R; has r; rows and s;
columns. Define Vg = V5L @ ... @ V751, ‘73 =VrsLg... ‘7"1’51, and let
Ur: Vg — 173 denote the inclusion Vp = UL @ ... @ WSt Let R be the
sequence of rectangles corresponding to the underlying tensor product of crystals

BY;* (see (62).

Theorem 7.1. Let R = (Ry,...,Ry) be a sequence of single columns where R;
has height r; azd Vg the cgrresponding virtual crystal~ of type Cy(bl), A(Qi) or Dfizl,
The image Im(¢p o ) of o Wg : P(Vg,-) — RC(, R) is characterized by the set
of rigged configurations (v, J) satisfying the properties:

o 1, 2 3 for type Cr(ll),

o 1, 3 for type Aéi),

o [ for type Dﬁ)_l
where

L. (v, B = (v, )Pk e they are contragredient self-dual.

2. All parts of V™ are even.

3. All riggings in (v, J)™ are even.

The proof of Theorem [7.1] is given in Appendix [Al

Conjecture 7.2. Theorem holds for any sequence of rectangles R.

A similar characterization of Im(¢ o W) seems to exist for type A(Qiﬁ also. The
image of U™ is described explicitly in Proposition .28,

Conjecture 7.3. Let Vi be a virtual crystal of type Agﬁ. The image Im(p o ¥R)
of poWp: P(Vgr,-) — RC(-, R) is characterized by the set of rigged configurations
(v, J) satisfying the properties:

1. (v, ))®) = (v, )=k .. they are contragredient self-dual.

2. All parts in J™9 are congruent to i modulo 2.

We believe that a proof of this conjecture for tensor products of single columns
can be given in a similar fashion to the proof of Theorem [[T] as given in Appendix

Al
7.2. Rigged configurations of type Cy(bl). Given a sequence of rectangles R =
(R1,...,Rr) and a partition A, let v = (v®, ..., v™) be a sequence of partitions
with the properties

L@ ==3% A+ SoF | symin(ry, a) for 1 < a <n,

2. (™ has only even parts.
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Define vacancy numbers as follows:
(7.1)
P9w) = Qi * V) —2Q;(v'™) + Q;(v\ V) + Q;(¢@(R)) for 1 <a<n,

Denote by Cy(A, R) where g = CWY the set of (v ..., v™) satisfying the two
properties listed above and ]Di(a)(l/) >0foralll<a<mnandi>0.

The set of rigged configurations of type g = C,(ll), denoted by RC4(A, R), is
given by (v, J) such that v € Cy(A, R) and J is a double sequence of partitions

J = {J@D} <<, such that the partition J(®? lies in a box of width ]Di(a)(l/) and
i>1

height mi(l/(“)j.
The cocharge for (v, J) € RCy(\, R) is defined by

ceq(v, J) = ceg(v +ZZ|J(“)|

a=11i>1

where

1
ceov) = (5 o al® — ale) 4+ Laf)?).

i>1 a=1

7.3. Rigged configurations of type Aéi) Given a sequence of rectangles R =
(R1,...,Ryr) and a partition A, let v = (v, ..., (") be a sequence of partitions
such that

a L
|V(a)|=—2/\j+251min(m,a) for 1 <a<n.

Define vacancy numbers as follows:

(7.2)
P ) = Quv ™) = 2Qi(0*) + Qi) + Qu(¢(R)) for 1 <a<n,
PP () = Qi) = Qu(w™) + Qu(s™ (R)).

Denote by Cg(A, R) where g = A(QZYL) the set of (v, ... (™) satisfying the con-

straint above and Pi(a)(u) >0foralll <a<mnandi>D0.

The set of rigged configurations of type g = AQn, denoted by RC4(\, R), is
given by (v,J) such that v € Cy(A, R) and J is a double sequence of partitions

J = {J(®DY <<, such that the partition J(*? lies in a box of width Pi(a)(y) and
i>1

height mi(y(“)j.
The cocharge for (v, J) € RCy4(\, R) is defined by

ceq(v, J) = ceg(v +2ZZ|J(‘“

a=11i>1
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where

ceq(v Z (Z 2a (a) Eaﬂ)) + al(.n) 2).

i>1 a=1

7.4. Rigged configurations of type Dfll. Let A = (A1,...,A) be a composi-
tion satisfying Ay > Ao > --- > A\, > 0 and either \; € Z for alli or \; € Z + % for
all i, and R = (Ry,..., Rr) a sequence of rectangles. Then let v = (v(V), ... v(™)
be a sequence of partitions with the properties
a L 1 L
__Z;/\j—f—z:simin(m,a)—l—azgsia for 1 <a <n.
I= m_<n r;=n

Define vacancy numbers as follows:
(7.3)

P W) = Qi V) = 2Q,;(v™) + Qv V) + Q, (¢ (R)) for 1< a <n,

P () = 2Qi(" V) = 2Q,(v™) + Qi (" (R)).

Denote by Cy(A, R) where g = Df_al the set of (v, .., (") satisfying the con-
straint above and Pi(a)(u) >0foralll <a<mnandi>0.

The set of rigged configurations of type g = ijl, denoted by RCy4(A, R), is
given by (v, J) such that v € Cy(A, R) and J is a double sequence of partitions

J = {J@D} <<, such that the partition J(®? lies in a box of width ]Di(a)(l/) and
i>1

height mi(y(“)j.
The cocharge for (v, J) € RCy4(\, R) is defined by

ceq(v, J) = ceg(v +Z§PMWHMWD

i>1 a=1

where

ceo) = (5 200l - ale) 4 0f9).

i>1 a=1
7.5. Fermionic formulas. It follows from Theorem [53] and Proposition that
(7.4) —Egr(b) = cc(d(b))  for be P(Ba,A).
By Theorem [7] (and Conjecture [[2)), (C4), (6:23) and the definitions of rigged

configurations in sections[.2] and[T4, we can express the one-dimensional sum
of type g = C(l) AP D(Q)1 in terms of rigged configurations

2n

(7.5) X(Br,Ajg )= Y gD
(v,J)ERC4 (XN, R)

where A is the “partition” corresponding to the weight A. That is, if A = Ay, +

<-4 Ay, then X is the “partition” with columns of height ki, ..., ke. In the case of
g= ijl, A, yields a column of height n and width % (explaining the quotation
marks around partition). The contribution of {.J(*9} to ccq(v, J) can be evaluated
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explicitly by noting that the generating function of partitions in a box of dimension
m X p is the g-binomial coefficient

"

for p,m € N and zero otherwise, where (¢),, = (1—¢)(1 —¢?)--- (1 —¢™). We also
introduce t4,ty (1 <a<n) by

(ta)lgagn = {

(ta )1<asn =

for C,(ll) ,

2,
1 otherwise,

=N

.
1

—_ =

~— — ~— — ~—~

Y

for Df_i)_l,

for A?

2n >

for Cr(ll) .

)

2,2,...,2
2,2,...,2,
1L1,...,1

geeey

— N =

s Ly ey

Then (ZH) may be recast into the form

(@
(76)  X(BrAighH= Cc“(")HH{m’ (@) + P )

y(a))
veCqy(M\R) a=1i>1 qa

where ¢, = qtz. This formula is known as the fermionic formula.
To compare this with the fermionic formula stated in [7} Eq. (4.5)] several defi-
nitions are necessary. Set

(@) _ P()() for 1 <a<n,
bi P(")(V) for a = n,

(a) m; (V@) for1 <a<n,
m.: =
! m. (V™) for a=n

with 7" as in ([G2). Let Lga) be the number of rectangles in R with a rows and i

columns. Let &g, Ay (a = 1,. ,m) be the simple roots and fundamental weights of

g and let P be its weight lattlce To relate P with P we introduce a Z-linear map
P — P by

(7.7) t(Ro) = el for1<a<n

where ¢, is specified as
o] 2 ifg:Aéi)andazn,
“ 1 otherwise.

Note that (Z71) induces t(ag,) = €40,. With these definitions we obtain

n

a a . .. 1 ~ ~ . .
(7.8) pl(. ) = Z L; )mm(z,j) Y Z(aa|ab) me(tbz,tak;)m( )
ji>1 @ p=1 k>1

foralli>1and 1 <a<n,

(7.9) zn: S imiPa, = zn: iLK, —

a=11:>1 a=1i>1
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and
n

(7.10) ceg(v) = cc({m}) := % 3 (@aldw) Y min(tyj, tak)mVm.

Then (Z.6)) is equivalent to

n (a) (a)
Co—1y cc(im m +p"
(7.11) X(Br.Aig ) =Y g })HH[ @ ]

{m} a=14>1 a

where the sum is over all {mga) eNJ|1<a<mn,i>1} subject to the constraint
([C9) and pga) is given by (Z.8). This is [7, Eq. (4.5)] with ¢ — 1/¢ and ¢ — .
There are also level-restricted versions of the one-dimensional configuration sums
which are g-analogues of fusion coefficients. In [8, Eq. (4.8)] and [7, Conj. 3.1
and Eq. (4.5)] fermionic formulas for the level-restricted configuration sums were

conjectured for A = 0. For type CtV these and generalizations thereof for general
A are proven in [39] using the virtual crystal techniques developed in this paper.

7.6. New conjectured fermionic formula for Aéiﬁ. Similar to the derivation

of (ZII) from Theorem [T and Conjecture [[2] a fermionic formula of type Aéiﬁ
can be derived from Conjecture [[3] which to our knowledge is new. Namely, we
conjecture that for Br a crystal of type A(Qiﬁ and A a dominant integral weight

(a)
e e et

{m} a=14>1
m{™ + p{" i o [ + 0" =1
H ™ H q" (™) .
i>1 7 i>1 A
i even i odd

Here cc({m}) is as in ([ZI0) and pz(-a as in ([L.8) with (tq)i1<a<n = (t))1<a<n =
(1,1,...,1,1). The sum is over all {mga) € N| 1< a<n,i> 1} subject to
constraint (C9) with €, = 2 and e, = 1 for 1 < a < n. Note that a summand in
(CI2) is only nonzero if pl(.a) >0foralll <a<mn,i>1and pgn) > 1if ml(.n) >0
and 7 is odd.

APPENDIX A. PROOF OF THEOREM [7_1]

First we show that if (v,J) € Im(¢ o Ug), then (v,J) has the properties of the
theorem. Later we will show that the converse holds, that is, if (v, J) satisfies the
the properties, then (v,.J) € Im(¢ o Ug).

By Propositions[6.17] 620 and [F24] the image of ¥  yields paths that are contra-
gredient self-dual up to application of the combinatorial R-matrix for all three types
ijl, Aéi) and CS". It was shown in [26] that under the bijection ¢ the combina-
torial R-matrix on LR tableaux yields the identity map on rigged configurations.
Hence point 1 follows from Theorem [5.7]in all three cases.

To prove point 3 for type A(Qi) and points 2 and 3 for type C,(ll) we proceed
by induction on L. Let p = pr, ® --- ® p1 € P(Vg,:). By induction (v,J) =
¢oWp(pr_1 ® -+ ® p1) satisfies point 3 for A( ) and points 2 and 3 for C'y(bl)

where R’ = (Ry,...,Rr—1). Let ' be the helght of Ry. For type C’,(ll), pr, =
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[N
®

3 -2 -1 0 1 2 3

FIGURE 1. Example of an /-slide for n = 4 and with 65(34_1) =0,
£§4+0) —1, €§4+1) —9, €§4+2) —9 €§4+3) 4

u®v € Vo(A,) for some one column tableaux w and v of height 2n — r and r
respectively where r = 7. For type Agi), PL = lp/—1,1007—210 - Qip1(u® V)
for some u ® v € Vo(A,) by Theorem [6.25 Let ﬁgk) for 1 < i <r (resp. sgk) for
1 <i < 2n—r) be the lengths of the selected strings corresponding to the i-th letter
in v (resp. u) under ¢ as described in section[5:4l By definition and by Lemma (.5
the following inequalities hold

(A1) (8 <D s <),

(A.2) (9 <m0 s <Y,

Since r < n, the number of boxes added to v(™) by v is d := r — |v[y,|. Sim-
ilarly, the boxes added to the central partition by u is n — |u|p,;| which is equal
to d by Proposition [617 Let a (resp. b) be such that ug, ugt1,-- -, Ugtrd—1 (TESP.
Vb, Vb1, -, Uptrd—1) add boxes to v(™. Since by (AI) and (AZ) Egi)l < égk) and
sgi)l < sgk) it suffices to show that

(A.3) so=6" 41 for0<i<d.

Hence, in this case, point 2 follows directly by induction for type C'y(bl). Since the
vacancy numbers Pr(nn) are all even by the symmetry of point 1 and the fact that
under the embedding all rectangles in R of height n have even widths, point 3 is
also satisfied. For type A(Qi) equation ([A23)) also ensures that after the addition of
u ® v all riggings are even since the vacancy numbers are even. The step pr, is
obtained from u ® v by the application of 4,,_11 0--- 04, 1. By Theorem (.9 this
induces j,r—1,1 0--- 0 j.1 on rigged configurations which adds singular strings of
length 1. Again, since the j; 1 do not change the vacancy numbers and all vacancy
numbers are even, point 3 is satisfied for type Agi) It remains to prove (A3).

To prove (A.3) we need to study the properties of ﬁgk) and sgk) more closely.
To this end it is useful to think of ﬁgk) and sgk) in geometrical terms. Draw dots,
called bolts, at (7, égnﬂ )) in the zy-plane whenever égnﬂ ) is defined and not infinity.
Connect two bolts (j,ﬁgnﬂ)) and (j — 1,65"”71)) by a horizontal line from (5 —
1,61(."”)) to (4, égnﬂ)) and a vertical line from (j — 1,65””71)) to (j — 1,@(”“)).
For fixed i call this the i-th f-slide. In the same fashion define the i-th s-slide by
replacing ﬁgk) by sgk) everywhere. An example is given in Figure [l
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® @ r 4

. . . o—0—00
-5 -4 -3 -2 -1 0

F1cURE 2. Example of folded ¢-slides for n = 6 and v the single
row with entries 3,5,6,9,12. The positive parts are red whereas
the negative parts are black. Nut-bolt pairs are denoted by red
circles with black interior.

Lemma A.1. (-slides (resp. s-slides) do not cross.

Proof. This follows directly from the conditions (A2). O

Call the set of all points (z,y) of a slide S with > 0 (resp. = < 0) the positive
(resp. negative) part of S. Let us now define a folding operation on slides by
mapping the point (z,y) of a slide S to (—|z|,y). A bolt that changes under folding
transforms to a “nut”.

Let us now define nut-bolt pairs as follows. By the symmetry of the rigged
configuration (v, J) and the property of v that there is no vy with vy = 2n —v, +1
(otherwise the duality property of Proposition cannot hold) the b-th folded
(-slide must cross each k-th folded f-slide with k£ < b and v > 2n — v, in at least
one bolt. If K,(cnﬂ) = é,gnﬂ) with 7 > 0, then call [E,(Cnfj),ﬁl()nﬂ)] a nut-bolt pair
(note that here we also allow k = b). By induction on ¢ > 0 the (b + ¢)-th folded
¢-slide must cross each k-th folded f-slide with k < b+ ¢ and vy > 2n — vp4; in at
least one unclaimed bolt. Call [62"_3), Zéf:j)] a nut-bolt pair if Z,in_J) = 61()1?) and
[ﬁ,(cnfj ), é,ﬁjﬁ )1] is not a nut-bolt pair. An example is given in Figure

We will use the following two lemmas to prove ([A3)).

Lemma A.2. Fori >0 and j > 0 the following must be nut-bolt pairs:

(A.4) [f,(cnfj),égijj)] for some k or [sszz)j,fl(ﬁjj)];
(A.5) [s,(cnfj), s((;r;j)] for some k or [é,giz)], sgj:gj)].

If [ssz.z)j,fl(ﬁ?)] 18 not a nut-bolt pair, then

(A.6) svily > iy

and similarly if [fl(,iz)j, Sfﬁij)] is not a nut-bolt pair, then

(A7) syt > e
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Lemma A.3. Letj > 1. If [é,(cnfj), é(nﬂ)] is a nut-bolt pair and [E,(cnﬂH) E(n+j71)]

bti 1 Ypti—1
is mot a nut-bolt pair, then 61()1?) < sfﬁ_?i)j < max{ﬁfﬁn_jﬂ),ﬁ,(:_]) +1}.

The proof of these lemmas is given by an intertwined induction on ¢ and j. We
will give the proofs separately, but the inductive step of each will rely on the validity
of both lemmas for either the same 7 and greater j, or smaller .

Proof of LemmalA 2 We prove (A4)) by induction on increasing i and decreasing
j. Suppose that for given ¢ and j, [ﬁfﬁn_j),ﬁl()ﬂfj)] is not a nut-bolt pair for any k.
We want to show that then [s((;j;i)], é,ﬁ?)] is a nut-bolt pair.

First assume that j is maximal, that is n + j = vp4; — 1. Note that from the
duality and the tableau condition of u ® v as stated in Proposition [6.11 it follows
that ug4i—j > n—7j and uqyi—j—1 < n—j for n+5 = vp4;—1. Since we know already
that the final rigged configuration has to be symmetric, i.e., satisfies condition 1 of

Theorem [T1], and since s,(cnfj) < sgj;i)] for all k > a+1i—j by (A2), we therefore
must have S(;Zi)] = fﬁtj ) so that [sfﬁr_li )j, El()Ti_j )] forms a nut-bolt pair.

Now assume that n+ 5 < vp4; — 1. Then by induction (A4]) must hold for j + 1.
(n—g—1) (nt+1) (n—41) 431y (o
a+i—j—1°%b+4i ) _ a+i—j bJ_rifl )
also a nut-bolt pair, then by symmetry sfﬁ:li)j = éﬁ? ) so0 that [sgj;i )j,é,gi? )]
indeed forms a nut-bolt pair. If [ﬁfﬁn_jﬂ),ﬁéﬂfz;l)] is a nut-bolt pair for some k

= 00, then é,(cnﬂdrl) > é,ﬁjjﬂ) since otherwise [é,&nij),ﬁl()itj)] would

be a nut-bolt pair which contradicts our assumptions. Then again by symmetry
521_11)3 = ééﬂ.—] ) and [sfﬁ_?i )j,ﬁl()ﬂ._] )] forms a nut-bolt pair.

Otherwise, assume that [Eénfj*l),égitjﬂ)
[ﬁ;"_j),ﬁﬁﬁ)l] is also a nut-bolt pair, then [Z,(;_jH),Z(nﬂ_l)

. } bti-1
bolt pair for any k' since otherwise [6,(;7] ), El()zr] )] would be a nut-bolt pair which

éﬁ;iﬁ”,féﬁ_ﬁ;l)] must be a nut-bolt pair.

Assume that [s ] is a nut-bolt pair. If [s

| is a nut-bolt pair for some k. If

] cannot be a nut-

contradicts our assumptions. Hence [s

By the change of vacancy numbers there are no singular strings of length ﬁén_j - <
h < E,in_J) in the (n — j)-th rigged partition after the addition of all letters up to

Uq-ti—1. Since Si’iﬁi’j < Séﬁ;itl) = f,(ﬁjz;l) < fén_j), this shows by symmetry that
5274:1)3 = ez(;z:j) and hence [SEZZZ)j,fgifj)] forms a nut-bolt pair. If [Eé"fj )76151?1)1]
is not a nut-bolt pair, then ﬁl(cn*j*l) < s((;j;i;i)l < E,(Cnfj) by lemma [A.3 (note

that E,in_j) > fén_j Y since otherwise [Z,(vn_j),ﬁl(ﬁ_j_j)] would be a nut-bolt pair
which contradicts our assumptions). By the same arguments as before there are no
singular strings of length ﬁl(cn*j*l) < h< E,(Cnfj) in the (n — j)-th rigged partition

after the addition of all letters up to uq4;—1. Using Sfﬁ;i )j < sgj;i ;91 ) follows
again.
The statements (AH), (A6) and (AJ7) are proven in a similar fashion. O

Proof of LemmalA3. The lower bound follows directly from (Af]).
The upper bound is proven by increasing induction on ¢ and decreasing induction
on j.
L ‘ . . o (n—j+1) y(n+j—1)
Fix i. Let j be maximal, that is n+j = vp4; —1. Assume that [¢;; i1l
is a nut-bolt pair for some &’ < k. The conditions of the lemma require that
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k' < k. By definition éérfjj ) is ‘Fhe lengthl of the largest singular string in (v, J)™+7)
subjgct to the.condition 61()1?) < K,():L:i Il). There is a siggular $tring of length
K,(;f]) > E,(Cnfj) in (v,J)"7). Hence by symmetry [E,(;*j),égijj)] must form a
nut-bolt pair so that & = k. This contradicts ¥’ < k. Therefore, by ([Ad), either
pnti=1) (n—j+1) p(ntj—1) (n+3)
bti—1 ati—j 2 Ybti-1 ‘ _ 4 bti
there is no singular string of length El()zr]) <h< EEZJ{ZII) in (v, J)("*+7) and hence
(n—3) L S(n—j+1)
a+i—j — a—i_—i—j ] i
the change in vacancy numbers this implies that sgj;i)] < max{gl(cnﬂJrl), gl(cn—J) +1}.

If n+j < vpys — 1, then by (A4) and (AF) and the crossing conditions on
£-slides exactly one of the following three must be a nut-bolt pair for ééﬂ.—] ), (1)

n—j—1 n+j+1 n—j—1 n+j+1 n—j—1 n+j+1 .
(oo 50 65 @) [T () [TV 6] We are going
to treat each case separately.

Assume that case (1) holds. If K,():L:i Il) > fl(ﬁ_jjﬂ), then by the definition of

E,ﬁjj) there are no singular strings of length é,ﬁjj) < h< é,ﬁjjﬂ) in (v, J)"+9),

By symmetry there are no singular strings of length fén_j ) < h < Z,()th iy

=ooor [s | is a nut-bolt pair. By the definition of ¢

by symmetry in (v, J)(®~7). Using that s and taking into account

(v, J )(”*j). Taking into account the change of vacancy number, there are still no
singular strings of length max{@é"_jﬂ), Z,in_])+1} <h< féﬂ.—”l) in the (n — j)-th

(n—j)
a+i—j <

sM=I—h _ pnti+l) by [AZ2), it follows that s(;i?i)] < maX{fén_j+l)7 e}in—j) 1) It

ati—j—1 = Ybti
gt (nts+1) ((ﬁ__ii—;l), Zgi‘;ﬂ;l)] must be a nut-bolt pair. By the same
gl(cnfjJrl) g3

bric1 < Ly , then [s
arguments as above there are no singular strings of length max{ o
1} < h < Egiﬁi;l) in the (n — j)-th rigged partition after the addition of all

letters wqy;—1. Since sfﬁr_li)j < s((;:ijl) = Zﬁﬁ;l) by (]H) this implies s((;j;i)] <

max{¢" Y (D) 41y
Assume that case (2) holds. Then the conditions of Lemma [A3] are satisfied

for j replaced by j + 1 and by induction 5512:1;91 = E,(cnfjfl) + 1. Note that

E,(cnfj) = él(ﬂ”*jfl) in case (2). Since EEZJ{ZID > één7j+1) it follows that s((;:i;rl) >

E,(;L—jﬂ) > ﬁén_j). Hence by (A2) it follows that sg_zz)] = Z,in_j) + 1.
Assume that case (3) holds. Let us first show that siD) < g;"_—lj) +1. If

a+i—j
n—j n+j
1 4] i
that E;":lj UBS é,(cn:lj Y since otherwise [E;":lj ), éﬁ? )] would be a nut-bolt pair which
contradicts our assumptions). Since s((;;i )J < sfﬁ_;i ;i)l by ([(A2) it follows that
sfﬁ:li)j < ﬁl(cn:lj). If [E,(;:j),égiﬁ)l] is a nut-bolt pair, then (a) [SSZZJ;I),EZ()T{ZII)]

or (b) [El(c’i—ljﬂ),gl()ﬂfi:l)] is a nut-bolt pair. In case (a) s(ﬁ:i)] < s((z’jr—zi*]-l) =
g(n'i‘j—l)

bric1 | < g;"_—lj) so that the assertion holds. In case (b) the assump‘pions of the
lemma hold for ¢ replaced by i — 1 so that by induction Sz(zr;‘i)jq = EI(C":IJ) 4 1. Since

ng_zi)g < sfﬁ?fj_l) < szz_iz)jfl by (A1) and (A2) the assertion holds.

There are no singular strings of length max{@,(vn__lj_l), Z,(;L—jﬂ)} <h< Z,(;:j) in
the (n — j)-th rigged partition after the addition of all letters up to u,4;—1 because
of the change of the vacancy numbers. Furthermore, there are no singular strings

rigged partition after the addition of all letters up to ug4;—1. Since s

] is not a nut-bolt pair, then by induction sg’;i;i)l < EI(C":IJ') (note

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



VIRTUAL CRYSTALS AND FERMIONIC FORMULAS 157

of length El(ﬁjj) < h< min{féﬁjﬂl),fﬁﬂfl)} in (v, J)"*) by the definition of
E,()th ). Hence by symmetry and change in vacancy numbers, there are no singular

strings of length max{¢" 7+ (=1 L1} < p < min{féﬁjﬂl),fﬁﬂf)} in the

(n—j)-th rigged partition after the addition of all letters up to ug+;—1. Now assume
that 577 < £"") Then these conditions and the fact that [s{" ;7T ¢ 7707 i

a+i— ati—j 2 Ybti—1
a nut-bolt z)air if El()Tlfle) < é,ﬁ—:jﬂ) imply that 5((11_11)] < max{g;"—ji-l)7 f,(cn_j)—i—l}.
Hence the only case left to consider is sg_zz )J = fff__lj )11, By the above
arguments this case can only occur when [6,(;:] ) ; fé’}:ﬁ )1] and [EI(;’:IJ H)’ gé’:g Il)] are
nut-bolt pairs with s((lz:i)],l = Z,(J:j) + 1. We will show that sfﬁr_li)j = ﬁgf__lj) +1

cannot occur unless E,in_j) = Z,(;:j) in which case Lemma [A3] obviously holds.

Assume that ﬁl(cn*j ) < é,(cn:lj ). By the definition of é,ﬁjﬁ )1 and symmetry there is no
singular string of length fff__lj ) +-1 available for sfﬁ_?i )j unless (i) él(ﬁ_ji 'fl) = Kéf:i )1 or

(ii) Eé’iﬂgl) = é,giji)l Assume case (i) holds. By ([A4) either [sfﬁ;i;i)z,égijﬂrl)]

or [E,(;i;jfl),ﬁ(nﬂﬂ)] has to be a nut-bolt pair. However, the first case yields a

bti—1
contradiction since sfﬁ_?igg > ((ﬁ__ii)j_l so that [Z,(vn;]_l),ﬁl()ﬂfffl)] must be a nut-

bolt pair. Assume that case (ii) holds. Then [6,(;1:2] H), Eé’}:ﬁ 51)] must be a nut-bolt

pair. By ([A22)) this implies that Z,(;L__Qj_l) = Z,(;Sj) = 6("_?) and [ﬁ;ﬁ;j_l),ﬁéitZTl)]
£n+j+1)]
+i—1

must be a nut-bolt pair and . Now, there is no singular string
of length ﬁl(cn:lj) + 1 for sgj;i)] unless E,(;i;jfl) = E,(cn:Qj). But then [E,g’i;j),égijg]
must be a nut-bolt pair since otherwise [K,(Cn:z] ),é,ﬁﬁ )1] is a nut-bolt pair which
contradicts our assumptions. This in turn implies that ¢ 77> = él(::lj ). By (A4)

bi—2
ffﬂiﬁ)pfz(ﬁgl)] or [ﬁggﬁ_l),ﬁl()iﬁgl)] must be a nut-bolt pair. However,

the first case contradicts sg_zz )J = fff__lj ) + 1 since 3((11_11 )J < sg_zz ?Pl.

[E,(;i;jﬂ),égiﬁ;l)] must be a nut-bolt pair. By induction sgj_;i)j_Q = ﬁ,gn:lj) + 1L
In summary, both [6,(;1:2] ),El(:zrz )2] and [6,(;1:2] H),éﬁﬁ ;1)] are nut-bolt pairs with
((;j__zi )j_2 = Z,(;L__lj ) 4 1. Now repeat the entire argument which shows that both
[ﬁl(cri;j), é,giji)g] and [él(gigﬂl), é,ﬁﬁgl)] are nut-bolt pairs with sfﬁ:iz)ji:s = é,(::lj)—i—l,
etc. Since there are only finitely many ¢-slides, these conditions must eventually
(n—j)
a+i—j

E,(;L__lj ). This concludes the proof of Lemma [A.3] O

Proof of (A3). We prove (A3) by induction on 3.

Induction beginning: i = 0. If v, = n + 1, then by Proposition [6.17] also ug =
n—+ 1 and ug—1,vp—1 < n. This implies that Kl()") is the largest singular string in

must be a nut-bolt pair. Hence in both case (i) and case (ii) [E,(;i;jfl),é
g(n—j—l) _ g(n—j)
k-2 =t

either [s

Hence

S

break down which shows that s = E,(;:j ) + 1 cannot occur when E,(cnfj ) <

(v, J )(”) and st(ln) is the largest singular string in the central rigged partition after
the addition of v. Since fl()") + 1 is singular it follows that s((l") > Zén) + 1. After the

addition of v the vacancy numbers of the strings of length A > Zén) in the central
rigged partition decrease by one. However, since all labels are even no string of

length h > fén) + 1 becomes singular. Hence st(ln) = één) + 1.
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Now assume that v, > n + 1.
If [sgb__ll),égnﬂ)] is a nut-bolt pair, then by (&) si” < s{"7" = €£n+1). Fur-
thermore, E,gi;l) > El()nﬂ) since otherwise the folding of the b-th /¢-slide would

not cross the (b — 1)-th ¢-slide in a bolt. This implies that st > Zgnﬂ). Also
(n—1) Z(()n—i—l)]

a—1
singular string of length Zén) +1, this implies that s&n) > fl()") +1. After the addition
of v, the vacancy numbers corresponding to the strings of length él()") <h< Z,()n'H) in
the central rigged partition have decreased by 1. Again, since there are no singular
strings of length Egn) <h< El()"H) in (v, J)™ by the definition of El()") and all labels
are even, it follows that there are no singular strings of length El()n) +1<h< El()nﬂ)
after the addition of v. Hence i = één) + 1.

If [K,gi;l),ﬁl()nﬂ)] is a nut-bolt pair, then by (Af) and (A7) we have sgn:ll) >
E,(:i;l) and s&nﬂ) > ZénH). This implies s&n) > fl()") + 1. After the addition of v
the vacancy number in the central rigged partition corresponding to the strings of
length fén) <h< El()"H) decreases by one and of length El()"H) < h increases by one.

s((::l) > él()") since otherwise [s was not a nut-bolt pair. Since there is a

Hence there are no singular strings of length h > El()"H) and by the now familiar
arguments also not for Kgn) +1<h< El()nﬂ) since all labels are even. This proves
st(ln) = één) + 1.

Finally, let [6,5”71), éénﬂ)] be a nut-bolt pair. Note that this case can only happen

if ug—1 = n. We will show that s — één) + 1. Since by (A7) 551”*1) > één), it

a—1
then follows that s((ln) = één) + 1. If v, = n+ 2, then v,_1 < n for [6,5”71),6271“)]

holds. The length of the longest singular string in (v, J)("*1) is één) and hence by
symmetry also in (v, J)™=1. This forces s = El()n)—i—l. Hence assume v, > n+2.

If [££n72),€l()n+2)] is a nut-bolt pair, then s(n:ll) = één) + 1 holds by Lemma[A3. If

a
[El(::z), €£n+2)] is a nut-bolt pair, then the vacancy numbers in the (n — 1)-st rigged

partition corresponding to strings of length 6&;2) < h< ﬁgﬁzl) are increased by
one after the addition of v so that there are no singular strings of this length. By
Lemma [A-3] f,gif) < s < ééﬁ;l) (note that the case ééﬁ;l) = oo is included

a—2
here). Hence using s 7" < s"3? and ([A6) this implies £" " < s" 71 < ({772,
By the definition of Egnﬂ) there are no singular strings in (v, J)("*t1) of length

Kgn) <h< 61(77:2) and hence by symmetry also not in (v, J)(»~1). After the addition
of v there is a singular string of length Zgn_l) + 1 so that St(:i_ll) = KI()”) + 1. To
conclude, assume that [55171_22),&()””)] is a nut-bolt pair. Then by (A2) and (A.6)

Egn_l) < s((::l) < 351":22). By the same arguments as in the previous case there
are no singular strings of length Z,(:i;l) +1<h< s(a":f) in the (n — 1)-st rigged

(n—1) _ El()") + 1 as asserted.

partition after the addition of v so that s,_;

Induction step: i — 1 — i. Assume that [sgj__ii)l, ﬁl():j_l)] is a nut-bolt pair. Then

A7 > 60 W > D ) > 17

of length Egi)i after the addition of v and the letters wq, ..., uq4i—1, it follows that

Egi)i < s(az)l < s(az_ii)l by (A2). By the definition of El()i)i there are no singular

. Since there is a singular string
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strings of length 0 < p < oty (v, J)™. The vacancy numbers of the

bti bti
central rigged partition corresponding to the strings of length Z,()Z)i < h< ﬁl(ﬁ_i._l)

decrease by one. Hence due to the even labels there are no singular strings of length
ééi)i +1<h< é,ﬁ—:l) in the central rigged partition after the addition of all letters
up t0 ug+i—1. This proves (A3).

Now assume that [Eéﬁ;ﬂ,féﬁjm
g(n)

pri_1 T 1. The vacancy numbers of the central rigged partition after the addition
(n—1)

m  _

| is a nut-bolt pair. By induction s, /; ;

of all letters up to ug4i—1 for the strings of length ¢ < h< El()i)Fl increase

bti—1
by one and for the strings of length fl(ﬁ_)i < h < 61()3_;_1)1 decrease by one. Since
there are no singular strings of length ﬁl(ﬁr)i < h < é,ﬁjl) = 6,51:)1 in (v,J)™
by the definition of Z,()Z)i there are no singular strings of length Zl(ﬁ_)i +1<h<
lpioy
due to the even labels. Also 3((11)1 < s((;j_)i_l = Z,()Z)i_l + 1. Hence (IE[) holds
unless sé’fl = s((ﬁr)Fl and El(ﬁr)i < El(ﬁr)ifl.
this cannot occur. Assume that 3((11)1 = 3((;21—1 and fl(ﬁ_)i < Z,()Z)i_l. This requires

sU = sy and sUEY = 5{Y, | by (AD). By (&) either (1) [s07 2, 41 1)]
or (2) [ﬁgﬁn*l), fl(:j_f_l)l] forms a nut-bolt pair. Since [Z,()::_l)l, férj_jl)] is a nut-bolt pair
by assumption, k in case (2) must be k = b+ i — 2. Hence if case (2) holds,
there is no singular string of length s((;j_)i_l in the central rigged partition after
the addition of all letters up to uy4;—1 by the change in vacancy number. Hence

s((;j_)z = s((;j_)i_l cannot hold. By the same arguments there is no singular string

in the central rigged partition after the addition of all letters up to ug4i—1

We will show that in the present case

of length s((ﬁr)Fl if El()i:é,fl(ﬁﬁ)l > El(ﬁr)iil. Hence either (a) 6,51;1)2 = é,gi)ifl or
(b) Egi‘r_l)l = Kéi)i_l. Since sflz_ii)Q > sflz_ii)l > Z,()Z)i_l, case (b) requires case (2)

which we already argued yields a contradiction. Hence assume case (a) and case
(1) holds. But then by (A.4) and (A.5) [Zéi:_lé,sgiti)l] must be a nut-bolt pair

which contradicts s Y = ¢"™) 4+ 1. This concludes the proof of (A3) when

a+i—1 = tpyioa
[fl()::_l)l, fl():j_l)] is a nut-bolt pair.
n+2)

Finally, assume that [El(ﬁr;l), éérfjl)] is a nut-bolt pair. If EEH = oo, theni =1
and vy = Uy =N+ 1, Vpy1 = Ugt+1 =N+ 2 and ug—1,vp—1 < n — 1. By symmetry

n—1 n+1
e

may assume from now on that Z,():L:Q) < 0o0. We will show that sflz_ii)l = Zl(ﬁ_)i + 1.

Then by (A.6) and (IE(I);)‘L follows that sfﬁr)l = El(ﬁr)i +1. If [82123)2,621172)] is
n—

a nut-bolt pair, then ¢, ;% > 61()3_172) since otherwise the (b + ¢ — 1)-st and the
(b + 4)-th £-slide would not cross in a bolt. Hence by the definition of é,ﬁjl) there
are no singular strings of length ﬁl(ﬁ_i._l) < h< 61()3_172) in (v, J)"t1). By symmetry

] forms a nut-bolt pair which contradicts our assumption. Hence we

there are no singular strings of length ﬁl(ﬁjl) < h < Eéﬁ:m in (v, J)™=Y. Since

s((;j_;i)l < ng__ﬁ)z by (A22) it follows that sflz_ii)l = fl(ﬁ_)i +1. If [815122),61()1172)] is a
nut-bolt pair, then 55174:91 = égi)i + 1 follows from Lemma [A3l The last case to

consider is that [Z,()Z:_Q)l, fl()Ti_Q)] is a nut-bolt pair. Note that due to the change of

vacancy numbers there are no singular strings of length 6151;2)1 < h < El(ﬁr:)l in
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the (n — 1)-st rigged partition after the addition of all letters up to ug+;—1. Also
by the definition of ﬁl(ﬁjl) and symmetry there are no singular strings of length

Zg::l)—i—l <h< ﬁl(ﬁ_i)l in the same rigged partition. Hence, if sflz_ii)l < Zéi;_l)l, then

5174:‘91 = El(ﬁr;l) + 1 as asserted. We may therefore restrict our attention to the case

s =0 L with 6771 < 677N (note that €771 = £ would imply
the assertion). We will show that these conditions cannot hold simultaneously.
By Lemma [AJ s((;j_;i)l = 61()3_;_1)1 + 1 can only happen if (1) [Zéi:_l)l,ﬁéij_l)l] is
a nut-bolt pair or (2) ﬁl(ﬁrf)l = El(ﬁr:)l Note that case (2) implies case (1) since

otherwise [fl()::_l)l, fl():j_l)] is a nut-bolt pair which contradicts our assumptions. Case

(1) implies by induction that s((;:i)z = é,ﬁ)Fl + 1. In summary [é,gii)l,égii)l]

is a nut-bolt pair with s((;j__zz = 61()3_;_1)1 + 1. There are no singular strings of

length 6,51:)1 + 1 available in the (n — 1)-st rigged partition for sgj:ii)l unless (a)

+2 —1 -1 : —2 +2
E,()L_)l = Z,()L_)l or (b) 8151)1—2 = Z,()Zi_)l. In case (a) by (A4) either [Sgii—)37££11—)1]
n—2 n+2 n—2 n—1
or [££+i7)27€£+i7)1 ¢(1+i7)3 = Sgﬂ‘jz-

In case (b) 61()::3)2 = 61()3_;_1)1 so that [81512_2)2, ng:f)l] must form a nut-bolt pair. Hence

in cases (a) and (b), [621;2)2, é,g?:f)l] forms a nut-bolt pair and El(ﬁrf)z = El(ﬁr:)l By
the change in vacancy numbers there is no singular string of length 6,()3_;_1)1 +1
available for 55174:91 unless 6,51;1)2 = 6,51:)1 Then [E,SZZE)Q,EEZE)Q] must be a nut-
bolt pair since otherwise [81512_1)2, Zgi‘r_l)l] forms a nut-bolt pair which contradicts our

assumptions. By induction s((;jr;i)?, = 6,51:)1 + 1. Repeating the same arguments

shows that [6212_1)3, Zgi‘r_lé] forms a nut-bolt pair with 3((11_121 = Z,()i;_l)l—l—l, etc. Since

there are only finitely many ¢-slides, these conditions must be eventually broken

S

] forms a nut-bolt pair. The first case contradicts s

which shows that s(az_ii)l = 61(71:)1 + 1 is not possible unless El(fgl) = 6151;1)1 This
concludes the proof of (A.3)). O

So far we have shown that the conditions of Theorem [T_1] are satisfied if (v, J) €
Im(¢oUR). It remains to show the converse, that is, if (v, J) satisfies the conditions
of Theorem [7.1} then (v, J) € Im(¢ o Ug).

Letp=pr®--®p1 = ¢ 71(1/, J) where p; = bib; € BZ’Q if R; is a single column
of height r; = n and p; is of type C'y(bl), p; = b; € BZ’l if R; is a single column of
height r; = n and p; of type Dﬁ)_l, orpi =b;®@b; € Bin_”’l ® B;{’l otherwise.
By Theorem .1 and the fact that the combinatorial R-matrix on paths yields the
identity map on rigged configurations, condition 1 of Theorem [7-1] ensures that p is
contragredient self-dual, that is o(b; ® b;) = bY* ® bY*. For type Df_zl this already
shows that (v, J) € Im(¢ o ¥R) by Proposition

For type Agi) act on (v, J) with jT_ll Ojr_ﬁl,1 SRR Ojr_Ll—l,l with 7 as small as
possible. That is, first remove singular strings of length 1 from the k-th rigged
partition for rp < k < 2n — rp, if possible. Repeat this for rp — 1,7 — 2,... until
no more such singular strings can be removed for r — 1.

By induction we may assume that (7, J) = ¢(pr_1®---@p1) is in Im(po W) if
it satisfies the properties of Theorem [[1] where R’ = (Ry,...,Rr—1). Set u®@ v =
by, ® by, and r = r;, for type CS and u® v = z;% o ir_jl,l 0+ 0 i;Ll,l,l(bL @br)
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for type A( ) Then by Proposition[6.17]and Theorem [6.25] it suffices to prove that
(uv)|[ is a tableau, ||| = [V|m)| =1 —r and (7, J) satisfies point 3 of Theorem
[T for type AéQn) and points 2 and 3 for type C’T(Ll)

The rigged configuration (7,.J) is obtained from (v, J) by the inverse algorithm
to the one described in section B4l Let (v, J)(y,q for 0 <i < 2n —r and (v, J) ()
for 0 < i < r be rigged configurations where (v, J)w,2n—r) = (v, J), (v, J)(u,0) =
(v, J) v,y and (v, J) (0 = (7, J). The rigged configuration (v, J)(u,i—1) is obtained

from (v, J) (4,5 in the following way: Select singular strings of length s(z) ~(1+1)

in the i-th, (¢ + 1)-th, ...rigged partition in (v, J)(,; minimal such that 551) <
~(i+1)
S, < ...

i If no such singular string exists in the k-th rigged partition set
§(k) = 00. Let u; be minimal such that §

i ~(u ) = 0. Then remove a box from each of
the selected strings in the i-th to (u; — 1)—th rigged partition in (v, J)(,,;) keeping
them singular and leaving all other strings unchanged. The result is (v, J)(,i—1)-

Define ng), v; and (v, J)(y,i—1) in the analogous fashion starting with (v, J)(, .

Then let u be the column tableau of height 2n — r with entries uq, ..., u2,_, and
v the column tableau of height r with entries vy, ..., v,.

Similarly to ([AZ3) the following holds. Let a and d, be defined such that
551”), ~((;_L21, .. ,§£L+)d _, are precisely all finite ~En). Define b and d, similarly in

terms of Ei ™) Then similar to the proof of (A3) it can be shown that d := d,, = d,
and

wm =3 -1 for0<i<d,

(For type C(l), ((ﬁi-)z # 1 since by property 2 all parts in v are even. For type

A( observe that 5, )~ # 1 also due to the application of j;ll o .7}_4}1 10 OjT_Ll 11

to (v,J).) This proves, in particular, that (7, .J) satisfies point 3 for type A( and
points 2 and 3 of Theorem 11 for type CS. It also shows that ||| — |v| ]| =
(n—d)— (r—d) =n—r as desired.

Finally, Lemma holds with sgk) and ng) replaced by §§k) and ng), respec-
tively. The proof is similar to the proof of Lemma [A From this it follows that

Fn+s) — 2(n—j)
KbJrij S a+zj]

be minimal such that

In particular, this implies that s(n j)] = oo if éb?:j = 0. Let ¢
El(::._c) = 00, that is, n+ ¢ = vp4;. Then the above shows that
(A.8) Ugti—e <N — C.

By the contragredient self-duality (uv)|},) is a tableau if and only if (uv)|[n41,20] is
a tableau. Now assume that (uv)|(,41,2,) is not a tableau, that is, there exists an
index 7 such that e,y < vpyy for all 0 <4’ <4 and wgs; > Vpys. Let vpay = n+c.
Then it follows from duality that uq;—. > n — c¢. This contradicts (A.8). Hence
(uv)|[n) must be a tableau as asserted.
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