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A MULTIPLICATIVE PROPERTY
OF QUANTUM FLAG MINORS

PH. CALDERO

ABSTRACT. We study the multiplicative properties of the quantum dual canon-
ical basis B* associated to a semisimple complex Lie group G. We provide a
subset D of B* such that the following property holds: if two elements b, b’ in
B* g-commute and if one of these elements is in D, then the product bb’ is in
B* up to a power of q, where ¢ is the quantum parameter. If G is SLy, then
D is the set of so-called quantum flag minors and we obtain a generalization
of a result of Leclerc, Nazarov and Thibon.

0. INTRODUCTION

0.1. Let G be a semisimple complex Lie group and fix a maximal unipotent sub-
group U~ of G. Let g and n™ be respectively the Lie algebras of G and U~.
G. Lusztig and M. Kashiwara have constructed the so-called canonical basis B of
the enveloping algebra U(n~) of n~, which has properties of compatibility with
standard filtrations.

Let C[U~] be the C-algebra of regular functions on U~. Then the action of U~
on itself by left multiplication provides an action of U(n™) on C[U ™| by differential
operators. Now, consider the pairing U(n~)xC[U~] — C, § X f — (f)(e), where e
is the identity of U~. Then this pairing provides the so-called dual canonical basis
B* of C[U~]. This article is concerned with some multiplicative properties of this
basis.

0.2. Let ¢ be an indeterminate and let U,(n~), C4[U~] be respectively the quan-
tum analogue of the classical objects U(n~) and C[U~]. We still denote by B, resp.
B*, the canonical basis, resp. the dual canonical basis, of Uy(n~), resp. C,[U].
We say that two elements b and b’ of B* g-commute if bb' = ¢™b’b, for an integer
m. We say that they are multiplicative if ¢"bb’ belongs to B* for an integer n. It
is known (see [20]) that if two elements are multiplicative, then they g-commute.
The converse was believed to be true until Bernard Leclerc found counterexamples
(IT2).

Suppose that two elements b and b’ of the dual canonical basis g-commute. Now
we discuss in which cases they are known to be multiplicative:

1) For all b, V', if g is of type A,, n < 3, By ([1]; see also [4]).

2) If g is of type A, and b is a small quantum minor (J20]).
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3) If g is of type A, and b, b’ are quantum flag minors ([I1]).

0.3. We present the results of this article. Let W be the Weyl group of g and
let wo be its longest element. For each reduced decomposition wy of wy we have
constructed in [4] a subalgebra Ag, of C,[U~] such that

1) the space Ay, is generated by a part of B*,

2) every two elements in B* N Ag, are multiplicative,

3) the algebras Ay, and C,[U ] are equal up to localization.
They are called adapted algebras associated to a reduced decomposition of wy.
They are connected to the more general theory of cluster algebras; []], see 5.3.

The main result of the article is the following:

Theorem. Let wy be a reduced decomposition corresponding to an orientation of
the Coxeter graph of g. Let b and b be two g-commuting elements of the dual
canonical basis. If b is in Ag,, then b and b’ are multiplicative.

Note that this result makes sense for the simply-laced case only. But as shown
in section 5.2 below, it can be extended to the general case.
As a particular case, we obtain:

Corollary. Let g be of type A,. Let b be a quantum flag minor and let b’ be any
element of B* which q-commutes with b, then b and b’ are multiplicative.

We refer to [L1] for motivations of this result. Actually, it provides a criterion of
irreducibility for modules on the affine Hecke algebra of type A which are induced
by the so-called evaluation modules.

We sketch the proof of the theorem. If two elements b and b’ of the dual canonical
basis g-commute, then the only property we have to obtain in order to prove that
b and b’ are multiplicative is

(0.3.1) q by € b’ 4 qL”,

where n is an integer, b is in B* and where L£* is the Z[g|-lattice generated by B*.
The natural question is: How do we control the powers of ¢ in the multiplications
of elements of the dual canonical basis? The control of these powers is based on
two main ideas:

1) Kashiwara proved that bases of integrable modules of the quantized enveloping
algebra Uy, (g) crystalize at ¢ = 0 and, are compatible with the tensor product. To
be more precise, let Pt be the semigroup of integral dominant weights and let
b, b be the corresponding elements in the crystal bases B(A) and B(X) of the
integrable modules of highest weight, respectively, A and A’ in P*. We can assert
that if b ® b belongs to the connected component of the crystal B(A\) @ B(\)
corresponding to B(A + X'), then (0.3.1) holds. We can easily check whether the
property beb € B(A+ ) holds or not with Littelmann’s path model of the crystal
basis ([14], [I5]) by comparing chains of elements of the Weyl group for the Bruhat
ordering.

2) The quiver approach of the algebra C,[U ] enables us to interpret powers of ¢
which appear in multiplications in terms of dim Hom(M, N) and dim Ext!(M, N),
where M and N are representations of a quiver. An important tool is that the map
dim Hom(?, M) is increasing for the so-called degeneration ordering; see [3].
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1. NOTATIONS

1.1. Let g be a semisimple Lie C-algebra of rank n with Cartan matrix A =
(ai;). We fix a Cartan subalgebra ) of g. Let g = n~ & h & n be the triangular
decomposition and set N := dimn. Let {a;}; be a basis of the root system R
resulting from this decomposition and let R be the set of positive roots. Let P be
the weight Z-lattice generated by the fundamental weights w;, i € T := {1,2,...,n}
and set Pt := >, New;. Let W be the Weyl group, generated by the reflections
corresponding to the simple roots s; := s,,, with longest element wy. We denote
by (, ) the W-invariant form on P.

1.2. In this section we define the quantized enveloping algebra of g and the prop-
erties of its Poincaré-Birkhoff-Witt basis. We refer to [6] for proofs and details.

Let g be an indeterminate. Let U,(g) be the quantized enveloping Hopf Q(g)-
algebra as defined in [6]. Let U,(n), resp. Uy(n~), be the upper, resp. lower,
“nilpotent” subalgebra of U, (g). The algebra U,(n), resp. Uy(n™), is generated by
Ej;, resp. Fj, 1 < i < n with quantum Serre relations. For all A in Q := €, Zoy,
let Ky be the corresponding element in the algebra U = Q(q)[Q] of the torus of
Uq(g)-

For all 4 € @, let Uy(n), be the subspace of Uy(n) generated by the products
B .. Ep* such that )7, ma; = p. An element X of Uy(n), will be called an
(homogeneous) element of weight p. We set wt(X) := p.

Recall the triangular decomposition Uy(g) = Uy(n™) ® UY @ Uy(n). We define
the following subalgebras of U,(g):

Uy(b) = Uy(n) @ UY, Uy(b7) =Uy(n7) @ U,

As in [23], [17], we introduce Lusztig’s automorphisms 7;, 1 < ¢ < n, which define
a braid action on U,(g) by

(1.2.1) T(E) = —FiK,,,
Ti(E) = Y (1) g B BB 1< j <n,i # j,
s=0
(1.2.2) Ty(F) = —K_o E;,

—aij
Ti(Fj) = (=1)"®i73 Z q;iaijfsl;‘i(—aa:j—S)Fj};vi(s)7 1<i,j<n, i
s=0
(123) Ti(Kaj) = KS () 1< 17] <n,

k3

k n_gon (e, @)

where B = iy B, [Kg,! = Roa [k = Ugo - g (Ko, = D=0, ga = ¢ 757
Fix a reduced decomposition Wy = $;, Si, - - - Siy Of wp. For each k, 1 <k < N, set
Br = Siy - .- Si_, (ax). Tt is well known ([I8]) that {0k, 1 < k < N} is the set of

positive roots and that

Bi<fBa<...<PN
defines a so-called convex ordering on R*. This ordering will identify the semigroup
Zgg with the semigroup ZJZVO. In the sequel, we denote by {eg,1 < k < N} the
natural basis of this semigroup.
For all k, define B3¢ = Eg, =T;,...T;, ,(Eq,, ). For allm = (m;) € ZJZVO, set

E%(m) = E(m) := Egl”l) . .EEZ”V). It is known that { E(m), m € ZY} is a basis
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of Uy(n) called the Poincaré-Birkhoff-Witt basis, in short PBW-basis, associated
to the reduced decomposition wgy. In the same way, we can define the PBW-basis
{F(m), m € ZY,} of Uy(n7).

In the sequel, we call a (left) factor of Wy a reduced decomposition @ = s;, ... S;,,
1 <k < N. Conversely, we say that g is a (right) completion of .

Let w be in the Weyl group and let @ = s;, ... s;, be a reduced decomposition of
w which is completed to Wy = s;; 84, - - - Siyy. Let Ug(ng) be the Q(g)-space generated
by the E%0(m) such that m; = 0 for i > k. By [7, 2.3], U,(ny) is a subalgebra of
Ug(n) which depends only on w and not on the reduced decomposition @. In the
sequel, we shall denote it simply by Uy (ny).

Recall the following theorem, [6l 1.7]:

Theorem. Fix a reduced decomposition Wy of wy and set
Fio(Uy(n) = €D Q@)E™(m), mezl,
n<m
where < 1is the right lexicographical ordering of Zgo- Then, the spaces FL0(Uy(n)),
m € Zgo; define a Zgo-ﬁltmtion of Uy(n). The associated graded algebra
Gr™(U,(n)) is generated by Gr™ (E,), a € RT with the relations
Gr°(E,)Gr™ (Eg) = ¢tP) Grio (Eg)Gr*™(E,), a<pf.

As in [11] 4.2], we define the bilinear forms d%° = d and ¢® = ¢ on ZY, x Z¥,
such that - -
Gr(E(m))Gr(E(n)) € ¢~ ™™ (1 + ¢Z[g))Gr(E(m + n)),
Gr(E(m))Gr(E(n)) = ¢“™™ Gr(E(n))Gr(E(m)).

To be more precise, we have
1
d(m,n) = Z<Bi76j>minj +3 Z<Bi7ﬁi>mini-
i>7 4
We define the Z[g]-lattice £ generated by the { E%°(m), m = (m;) € ZJZVO}. From

[16, Proposition 2.3], this lattice does not depend on the choice of wy.

1.3. There exists (see [24]) a unique nondegenerate Hopf pairing (, ) on U,(b) x
Uqy(b7) such that

(', upuy) = (A(u"), uy ®uy), ut € Ug(b); up,uy € Ug(b7),
(ufug, u) = (uf @uf, A(u7)), u” € Uy(b7); ui,ug € Uy(b),
(Kx, Ku) = qi()\’m ) A pEQ,

(Kx, Fi)=0, AeEQ,1<i<n,

(Ei, Kx) =0, reQ,1<i<n,
(Ei,Fi):%ésij, 1<i,j<n,

where A is the comultiplication of the Hopf algebra U,(g). Here, (, ) extends to
(Uq(6) @ Uy (b)) x (Uy(b7) @ Uy(b7)) by the natural formula

(uf ®@ud,uy ®uy) = (uf,uy)(ug,uy).

Let {E(m)*, m € Z]ZVO} be the dual basis of {F(m), m € ZJZVO} for this pairing.
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168 PH. CALDERO

From [I3], we claim that:

Claim. For all m in Z¥, there exists a function fm(g) in Q(g) such that E(m)* =

fm(¢)E(m) and fm(0) = 1. Moreover, this function is an eigenvector for the Q-

automorphism of Q(q) defined by ¢ +— ¢~ 1.

We set
L= P ZlgE(m)*.

mEZgO

1.4. In this section, we give some results about Lusztig’s canonical basis B and its
dual B*.

First, for A\ in P*, let V,(\) be the simple U,(g)-module with highest weight
A. Choose a highest weight vector vy. It is known that V() verifies the Weyl
character formula. For all w in W, let v,,» be a (nonzero) extremal vector of weight
wA and let V; ,(A) := Uy(n).vypx be the Demazure module.

Let B be Lusztig’s canonical basis of Uy(n~) ([16]), which coincides with Kashi-
wara’s global basis ([9]). It verifies the following property:

Theorem. Fiz X\ in Pt, and let B(\) := {b € B, bvyx # 0}. Then the set B(\).vyx
is a basis of Vg(X). Moreover, for all w in W there exists a unique subset By, of B,
which does not depend on A and such that (B(X) N By).va is a basis of Vg, (N).

Remark. In the sequel, if no confusion occurs, we shall identify B(\) with B(X).vy.

Let B* C Uy(n) be the dual basis in U,(n), ie., (b*,b") = dpr. Note that this
basis is not really canonical since it depends on the choice of a Hopf pairing (, ).
Nethertheless, we shall call it the dual canonical basis.

Let n be the Q-automorphism of U,(g) such that n(E;) = E;, n(F;) = F;, and
n(¢) = ¢~'. Let o be the Q(g)-anti-automorphism of U,(g) such that o(E;) = E;
o(F;) = F;. We can now give a characterization of B*; see [11], Proposition 16].
This characterization will give rise to Lusztig’s parametrization of the dual canonical
basis B*. It depends on the choice of a reduced decomposition of wy.

Proposition. Fiz a reduced decomposition wy of wg. Then, for each m in Z’ZVO,
there exists a unique homogeneous element X := B%(m)* = B(m)* in U,(n) such
that

O"I](X) _ (_1)tr(X)q(wt(X),wt(X))/qux, X e E(m)* + qE*,
where wt(X) = Y, kicy; is the weight of X, qx = [, ¢%, and tr(X) =3, k;.
Remark. First note that the proposition implies that £, resp. £*, is the Z[qg]-lattice
generated by B, resp. B*. Note also that the eigenvalue of X = B(m)* for on only

depends on the weight of X. Now, it can be easily seen that the first condition in
the proposition can be replaced by “X is an eigenvector for on”.

We denote by BY°(m) = B(m) the corresponding element in the canonical basis
B. For w in W and X in P*, we set B}, := {b* € B*,b € B, }, and B(\)* := {b* €
B*,be B(\)}.

2. PRELIMINARY RESULTS ON THE DUAL CANONICAL BASIS

2.1. In this section, we obtain a property of triangularity for the decomposition
matrix of the dual canonical basis in a general PBW basis.
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Proposition. Let Wy be a reduced decomposition of wo. Then, for all a in RY, the
element (E%°)* of the dual PBW-basis belongs to B*.

Proof. By Proposition 1.4 and Remark 1.4, it is enough to prove that (E%)* is an
eigenvector for on. By Claim 1.3, it is sufficient to prove that this is true for E%o.

Set Wy = 84, .- 8iy. Wehave EY0 =T; .. .T;, . (E;,) for psuch that a = 3,. By
(1.2.1)-(1.2.3), we obtain that for all homogeneous elements X in U,(n) of weight
1, we have onT;(X) = (—qa, )" # =M T;(on(X)). Recall that E;, is a homogeneous

eigenvector for 7. By induction, this is also true for E%°.

The following corollary generalizes [16, Theorem 9.13 (a)].

Corollary. Let wg be a reduced decomposition of wg. Then, for all m in Z’ZVO, we
have the following homogeneous decompositions:

(i) on(E™ (m)) = emE™ (m) + Y, e E™(n), by € Zlg.q7],
(ii) B™(m) = F(m)+ Y, ., d&F(n), d3 € ¢Z[q],
(it}) B (m)* = E™(m)* 3, chE™ ()", e € qZld).

Proof. Let m be in ZJZVO and set on(E(m)) = > e E(n), e2 € Z[g,q~']. Up to a
multiplicative scalar, we have from the previous proposition

on(B(m)) = on(ES™) .. ES™))
= U??(Eg;:N)) e an(Eglnl)) = Eé:;”v) e Eérlm).

Hence, by Theorem 1.2, Gr (on(E(m))) = Gr™ (E(m)), up to a multiplicative
scalar. This implies (i).

By duality, it is sufficient to prove (iii). The coefficients c% are in ¢Z[q] by
Proposition 1.4. Now, the property of triangularity comes from Proposition 1.4
and (i).

Remark. In the previous corollary, the lexicographical ordering < can be replaced
by a coarser ordering: the one generated by m < ey +ep, 1 <k <k’ < N < E(m)
is a term of the PBW decomposition of Eg, Eg,, — qw'dﬂk)Eﬁk,Eﬁk.

2.2.  The previous corollary implies the compatibility of the dual canonical basis
with the space Uy(ny), w € W.

Proposition. Let w be in W. Then, Uy(n,,) is generated as a space by a part of
B*.

Proof. Let w be a reduced decomposition of w and let wy be a reduced decompo-
sition of wy which completes w. Fix an element of the PBW-basis which belongs
to Uy(ny). Then, by 1.2, all smaller elements of the PBW-basis, with the same
weight, belong to Uy (ny,). By Corollary 2.1, this implies the proposition.

3. QUANTUM FLAG MINORS

3.1. For all A in PT, the weights of B(\)* are the A — p, where p runs over the
weights of V4 () (with multiplicity). The quantum flag minors (see [10], [2] 4.2]),
are elements of B(w;)*, 1 < i < n, which correspond to extremal vectors. To be
more precise, let w be in W and let @ = s;, ...s;, be a reduced decomposition of
w. There exists a unique element in B(w;, )* with weight (Id—w)(ww;,, ). Denote by
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A this element. Then, AY is a quantum flag minor and each quantum flag minor
can be written in this way.

The following proposition generalizes some properties of the g-center of Uy(n) =
Uqg(ny,) proved in [4, Proposition 3.2] to Ug(ny,).

Proposition. Fiz an element w in W and let w = s;, ...s;, be a reduced decom-
position of w. Then:
i) Let X, be an element of weight p in Uy(ny,); A%LX, = ¢{UdtwImiam x A
7 2 q wrH K=
ii) Let b* be an element of weight p in BY; ¢'@i b A% € B* mod qL*.
" w w n—w

Proof. We prove (i). Set @' = s;, ...s;,,, for k¥ < k. From [5} (3.3.2)], we obtain
ApAG = g TmImn 2o AL AT
where pi := (Id — w')w;,, is the weight of A%, and k' < k. Hence,
ALAL, = q<(1d+w)wik,u'>AE,AE.

This formula holds for &' = k because ((Id + w)w;, , (Id — w)w;, ) = (w;,, @i, ) —
(www;, , ww;, ) = 0 by W-invariance. Now (i) comes from the fact that the division
ring generated by the A%,, 1 < k' <k, is the division ring of Uy(n,,), [, Corollary
3.2].

The proof of (ii) is a straightforward generalization of [4, Proposition 3.2]. We
sketch the proof. Let b, and Ay be the elements in B corresponding respectively to
b, and A} and suppose that b, € B(A), A € PT. Then, Ay ® b, € B(w;,) ® B(A)
and this element corresponds to an element of the crystal basis at ¢ = 0. We know
that b, is in B,,. Hence, by Littelmann’s path model, we can associate to b, a chain
of elements in W which are lower than w for the Bruhat ordering. Moreover, the
chain associated to Ay is reduced to w. So, both chains can be compared for the
Bruhat ordering. This implies that Ay ®b,, € B(w;, + A) at the crystal level. This
implies (ii) by [I1] Proposition 33].

3.2. By [[fl Theorem 3.2] and Proposition 2.2, we have:

Lemma. Let wy = s; ...8, be a reduced decomposition of wg and let w =
Siy---8i, 1 <k < N. Let m be in Z’>VO such that my = 0 for k¥ > k. Then
B%(m) is in By,.

Note that this lemma can be directly proved by applying the Berenstein-Zelevin-
sky formula ([2, Theorem 3.7]) for the transition map between the Lusztig para-
metrization and the string parametrization of the dual canonical basis. Indeed, by
[9, Theorem 12.4], the elements of B}, are characterized by a string parametrization.

We can now prove the key proposition:

Proposition. Let Wo = i, ... Siy be a reduced decomposition of wy and let w =
Siy -8, 1 <k<N. Fizm inZ’ZVO. Then

P A% o (m)* € B (ng 4+ m)* + ¢L,
where ng is such that A% = B% (ng)*.

Proof. We first suppose that m is in Z;O x {0}¥~k. Then, by Proposition 3.1 and
the previous lemma, we have

¢ A% BY (m)* € B + qL*,

where v and p are respectively the weights of A% and B (m)*.
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Recall the notation of 1.2. By [11], 4.2], we have
d(nﬁ)v m) + d(ma nﬁ)) = <V7 M)a d(nﬁlv m) - d(ma nﬁ)) = C(nﬁ)a m)

Using Proposition 3.1, we obtain d(ng, m) = (v — w;,, ). Hence, there exists m’
in Z¥, such that

g™ AL B (m)* € E(m')* + Y qZlg E™ (n)".

Using Theorem 1.2 and Claim 1.3, we obtain m’ = ngz + m. By Proposition 2.2,
this implies

g™ AL E™ (m)* € E™ (ng +m)* + qL".
We can now study the general case. Let m be in Z]>VO and decompose m = n + p
with n € Z5, x {0}¥=% and p, = 0 for | < k. We have ¢1Pe AL B(m)* =

qd(“lﬂ’“)AfDE_(n)*E(p)* € (E(ng +n)* + > ¢Z[¢|E(r)*)E(p)*, where r runs over
7k, x {0} ~F. Hence, ¢*®o™ A% E(m)* € E(ng +n+p)*+3 ¢Z[g|E(r+p)* C
E(ng +m)* + ¢L*. This ends the proof.

4. QUIVER ORIENTATIONS AND QUANTUM FLAG MINORS

According to [], Proposition 3.2 is almost what we need if we want to test the
Berenstein-Zelevinsky conjecture when one element is a quantum flag minor. In
fact, we have to prove an analogue of this proposition where E%°(m)* is replaced
by B%(m)*. This can be obtained if we prove some increasing property of the
linear form d“°(ng,?). By results of Reineke [20] and Bongartz [3], it is possible
to prove those properties by the quiver approach ([21]) of quantum groups.

4.1. This section refers to [22] for notation and definitions. We suppose here that
— —
the graph I' of g is simply laced. Fix an orientation I' of I" and let Modk " be the
—
category of k-representations of the quiver I', where k is an algebraically closed

field. We also denote by ModkT the set of isomorphism classes in the category
—
Modk T . _
For M, N in ModkT , set
e(M,N) = dimy Hom(M,N),  ¢(M,N) = dimy Ext' (M, N).

Let Tndk T lﬁthe set ogsomorphism classes of indecomposable modules of ModkT .
Let 7: IndkT' — IndkT" U {0} be the Auslander-Reiten translation, with the con-
vention that 7(M) = 0 if M is a projective module. Recall ([22]) that

(4.1.1) ((M,N)=e(N,7(M)), M,N cTdkT.
By the work of Ringel [21], the algebra U,(n) can be realized as a deformation of
—
the Hall algebra associated to I'. In particular, for a special reduced decomposition
— - =
wo(T") of wy, the PBW-basis of U,(n) can be naturally parametrized by Modk T .
Let R(wo) be the set of (i1,...,iy) in {1,...,n}" such that wy = s;, ...8;,. We
consider the set of “commutation classes” R(wp) corresponding to the relation
(il, . ,ik,ik+1, . ,iN) = (il, e ,ik+1,ik, e ,iN) if Siksik+1 = Sik+15ik~

In this section, a reduced decomposition of wg will mean an element of R(wq). The
following lemma can be found in [I6] par. 4].
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Lemma. Let T be an orientation of I' and let i be a sink of T. Then we can
choose an N-uple (i1,...,in) in the class 7110(?) € R(wo) such that ix =1i. Let F)z
be the oriented graph obtained from T by reversing the arrows which go to i, we
have (ia,...,iN,1*) € wo(T;), where i* is such that wo(a;) = —ax.

In the proposition that follows, we give a recollection of results which can be
—
found in [20] and [I6]. It describes the link between the Modk I' -parametrization
—
and the Lusztig parametrization associated to wo(T").

Proposition. Fiz an orientation T of I'. Then there exists a Z>q-linear bijection
v ModkT — 7Y, such that
(i) of M is indecomposable, then (M) = ey, for k in {1,..., N},
(ii) if M is indecomposable projective and if (M) = ey, then k is minimal in
{K', i =ir},
(i) of M is indecomposable nonprojective and if (M) = ey, then «(7(M)) = ey,
where k' < k is mazimal such that iy = iy,
(iv) d(t(M),(N)) =e(N,M) — ((M, N).

4.2. In the following sections, we shall replace the lexicographical ordering < by
the coarser ordering discussed in Remark 2.1. We still denote it by <. If the reduced
decomposition wg is associated to a graph orientation, then this ordering is the
Ext-ordering on ModkT ~ 7%, (B]), which is also the degeneration ordering; [3
Corollary 4.2, Proposition 3.2]._We are now ready to prove the expected “increasing
property” of d”°(ng, ?).

—
Proposition. Let wo(T') = si, 84, - .. Sip be the reduced decomposition of wy associ-

atedto T and let @ = Siy Siy - - - iy, be a (left) subword ofﬁ)o(?). Letng be asin 3.1.
Then the form d(ng,?) is increasing for <, i.e., m <n = d(ng, m) < d(ng,n).

Proof. By [5] 3.2.2], we have ng = > e; where [ runs over the set {l, 1 <1 <k, i; =
ir}. From Proposition 4.1, we obtain that

d(ng,?) =Y (2,7 (M) = Y _¢(r' (M), ?),

i>0 i>0
where M}, is the indecomposable module corresponding to e. By (4.1.1), we obtain

after elimination that d(ng,?) = (7, M), which is increasing by [3, Proposition
3.2].

4.3. Now, the natural question is to know if every quantum flag minor can be
associated to a graph decomposition T. More precisely, fix w in W and a reduced
decomposition % of u. Is there an orientation T of T and a (left) subword w of
Wy = Wo (f)) such that AZ = A7 This is true for the A,, case, but not in general.

Claim. Let g be of type A,. Then every quantum flag minor can be realized as
B"(ng)* where w is a factor of a reduced decomposition wg associated to an
orientation of T.

Proof. Tt is known that for all k, 1 < &k < n, the set of quantum minors in B(wy)*
is naturally indexed by a set of rows I = {i; < iy < ... <ir}. We generally denote
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it by Aq(I,J) where J = {1,...,k} is the set of its columns. This (flag) quantum
minor corresponds to an extremal vector in V(wy) associated to

k
W E S(i;—1)---818(ip—1) +++S1++-8(ij—1) - - - s1W*F,

where W* := {u € W, uwy, = wy}.

Now, it is well known that wy := 515251535251 ...5,Sn—_1-.-S251 is a reduced
decomposition associated to the equioriented quiver T : n - n—1 — ... —
1. Let O be the set of orientations of the graph I'. Define the map r;, 1 <
i < mn, from O U to itself such that r;(0) = 0, rz(f}) = T, if i is a sink of
T and ri(?) = () if not. Define rf =r;...rjif 1 < i < j <nand rf =

— = — =
Id: T T if not. Set T'M = yPpl”t p2= 0=k p1(T°0). Then, by a
—

straightforward verification using Lemma 4.1, we obtain that I'! is in O and that
—
W =83, 1) .. S18(ig—1) - -+ 1. - S(iy—1) - - - 51 is & (left) subword of wo(T' 7).

Remark. The claim is not true if we take g of type Dy. With the standard notation,
the quantum flag minor associated to the reduced decomposition W = s2515382
cannot be realized from a quiver orientation.

5. ADAPTED ALGEBRAS ASSOCIATED TO A QUIVER ORIENTATION

5.1.  We first recall some basic facts on adapted algebras associated to a reduced
decomposition of wy; see [4]. Fix a reduced decomposition wy of wy and let W
be the set of left subwords of wy. Then, the quantum flag minors A%, w € W,
g-commute. Moreover, they generate a Q(g)-algebra A, such that:

1) Ag, is a g-polynomial algebra of GK-dimension N = Card W.

2) As a space, Ag, is generated by a part of the dual canonical basis, namely
the monomials in the A%, w € W, up to a power of q.

Now, we reach the main theorem:

Theorem (simply laced case). Fiz an orientation T of T' and set Wy = 11)0(?),
Suppose that b* in Ag,NB* and (b')* in B* q-commute, then they are multiplicative,
i.e., their product is an element of the dual canonical basis up to a power of q.

Proof. Set o = si,Si, - --Siy. The elements b* = B¥ (m)* and (V')* = B%(m')*

g-commute. Hence, in order to prove that they are multiplicative, it is sufficient
(see [11], 5.1]) to prove that

(G1) g B () B (m') € B (m + m') 4 gL
Recall that, by Corollary 2.2,
(512) B (m')* = E™(m) + Y chy ™ (n)",

n<m’

with 2, € ¢Z[g]. Moreover, B (m)* is a product of A%, where @ runs over a
subset Wy of W. This implies that d“°(m,?) = " d?*(ng,?), where @ runs over
Wy with multiplicity. By Proposition 4.2, this asserts that the form d®°(m,?) is

increasing for <. Hence, (5.1.1) is a consequence of Proposition 3.2 and (5.1.2).

Remark. 1t is likely that the theorem works for all reduced decompositions of wy.
In fact, it would result from a generalization of Proposition 4.2 for general wy.
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By Claim 4.3, we deduce the following corollary which generalizes a result of
[11]:

Corollary. Let g be of type A,. Let b* and (V')* be g-commuting elements in B*.
If b* is a quantum flag minor, then b* and (b')* are multiplicative.

5.2. In this section, we sketch the proof for a generalization of Theorem 5.1 in the
nonsimply laced case. We recall some facts on Cartan datum associated to quotient
graphs; see also [I7, par. 14] and [19, par. 7].

Let w be in W and let @ = s;, ...s;, be a reduced decomposition of w.

For a = s4, ... 84, _, (), ), We set n, := ng, with ng as in Proposition 3.2.

Let I be a Coxeter graph of type A-D-E and let a be an automorphism of the
graph I'. Suppose that this automorphism is admissible, i.e., there is no edge joining
two vertices of the same a-orbit. Let I be the set of vertices of I' and I be the set
of a-orbits in I. Then we can define a Cartan datum on I in the following way.

If w # U, then (g, aF) is equal to —1 times the number of edges joining a vertex
of W to a vertex of v.

(o, o) is equal to 2 times the number of vertices in @.

It is known that the Cartan datum of a graph of type B-C-F-G can be realized
in this way from a graph of type A-D-E and an admissible automorphism and
we denote by I' = (T, a) the quotient graph. Let Qr, resp. Qr, be the Z-lattice
generated by the roots corresponding to I', resp. T, endowed with its natural
bilinear form. Fix an orientation T of the graph I' which is compatible with the
automorphism a. This provides an orientation of the quotient graph. Now, the
following properties are easily checked:

The rule ag +— ), oy @ defines a linear map from Q to Qr which is compatible
with the bilinear forms. _

The reduced decomposition of wy associated to I' can be factorized in the fol-

lowing way:
wo = ( ] su)---C [] sur)-
ul €U up€EuUp

This provides the reduced decomposition of the longest element wo of the Weyl
group associated to the orientation of the quotient graph I' : Wy = sg, ...s7,. We
fix both reduced decompositions in the sequel.

We can naturally identify the set of positive roots R with the set of a-orbits in
RT.

We define a linear map ¢ : ZES — Zgg by ex = Y cq€a- We have ¢(ng) =
> acy Na and d(ng, m) = d(¢(ng), #(m)).

This last property provides the increasing property that we need in order to
generalize Theorem 5.1 for the reduced decomposition associated to the orientation
of the quotient graph:

Theorem (nonsimply laced case). Let g be a Lie algebra of type T = (I',a). Fiz
an orientation of the quotient graph T'. Let Wy be the reduced decomposition of the
longest element of the Weyl group of g associated to the orientation of T'. Suppose
that b* in Ay N B* and (b')* in B* g-commute, then they are multiplicative.

5.3. In order to understand a “multiplicative” description of the dual canonical
basis, S. Fomin and A. Zelevinsky have defined the so-called cluster algebras ([g]).
Roughly speaking, cluster algebras are algebras equipped with a distinguished set
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of generators called cluster variables and this set is divided into a union of sub-
sets called clusters. The cluster variables verify the so-called exchange relations.
For each symmetrizable Cartan datum, Fomin and Zelevinsky associate a cluster
algebra.

As a conclusion, we would like to highlight the link between the results of 5.1 and
the theory of cluster algebras. This follows some discussions with A. Zelevinsky.
One of the most amazing facts in the Fomin-Zelevinsky theory is that many alge-
bras, such as C[U ], C[G], encountered in the representation theory of semi-simple
Lie groups seem to be realized in the algebraic framework of cluster algebras. In
particular, the subalgebras As, should specialize at ¢ = 1 onto a subalgebra of
C[U~] generated by a cluster. The connection to our problem is the following: it is
reasonable to think that if b and b’ are g-commuting elements of the dual canonical
basis, and if b is specialized at ¢ = 1 onto a cluster variable, then b and V' are
multiplicative. What we proved in 5.1 is a particular case of this conjecture when
the cluster is associated to some reduced word.
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