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TWISTED GROUP RINGS OF METACYCLIC GROUPS

RACHEL QUINLAN

ABSTRACT. Given a finite metacyclic group G, a central extension F' having
the projective lifting property over all fields is constructed. This extension
and its group rings are used to investigate the faithful irreducible projective
representations of G and the fields over which they can be realized. A full
description of the finite metacyclic groups having central simple twisted group
rings over fields is given.

1. INTRODUCTION

Let G be a finite group and let k be a field. A function o : G x G — k* is
called a 2-cocycle if
1. a(z,1) = a(l,z) =1, Vz € G, and
2. a(z,y)a(zy, z) = a(z,yz)a(y, z) for x,y,z € G.
We will use the notation Z2(G,k*) for the set of such cocycles. A 2-cocycle « in
Z%(G,k*) can be combined with the group operation on G to define an associative
multiplication on a k-vector space of dimension |G| as follows:

Definition 1.1. The twisted group algebra k“G is a k-vector space with basis
{uz, * € G}, on which multiplication is defined on basis elements by uzu, =
a(z,y)ug, and extended by k-bilinearity.

The twisted group algebra k“G is a ring with identity element w;, which we
identify with the multiplicative identity of k& and denote by 1. An example of a
twisted group algebra is the ordinary group algebra kG, determined by the trivial
cocycle, which sends every element of G x G to 1.

Many standard results concerning group algebras extend without difficulty to
the more general setting of twisted group algebras. For example, we have

Theorem 1.2 (Maschke). Let G be a finite group and let k be a field whose char-
acteristic if positive does not divide |G|. Then twisted group algebras of G over k
are completely reducible.

We will assume throughout that the hypotheses of Maschke’s theorem are satis-
fied, so the twisted group algebra k“G is a direct sum of simple k-algebras.

Definition 1.3. If V is a left k“G-module, the function
T:G— GL(V)

Received by the editors July 15, 2002 and, in revised form, December 12, 2002.
2000 Mathematics Subject Classification. Primary 20C25.
Research supported in part by the Higher Education Authority, Ireland.

(©2003 American Mathematical Society

214

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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defined for x € G by

T(x)(v) =ugv Vo eV
is called a projective representation of G over k, associated to the cocycle a. This
projective representation is called irreducible if V' is simple as a k*G-module, and
absolutely irreducible if it remains irreducible under field extensions of k.

If dimy V' = n, the choice of a k-basis for V' associates to T a projective matriz

representation
T:G— GL(n,k)
satisfying
T(lg) = laL(nk), and
Tx)T(y) = az,y)T(xy) for z,y € G.

The kernel of T'is {g € G : T(g9) € Z(GL(n,k)) = k*}, which is a normal sub-
group of G. The projective representation 7' is said to be faithful if its kernel is
trivial.

Definition 1.4. Projective matrix k-representations 77 and T3 of degree n of G are
called projectively equivalent over k if for some A € GL(n, k) and for some function
w: G — E* satistying p(1g) = 1,

To(z) = p(x) A" Ty (2)A, Vo € G.

For a € Z?(G, k*), the number of mutually inequivalent irreducible projective
a-representations of G is at most equal to the number of simple components of
the twisted group algebra k*G, which in turn is at most equal to the number of
conjugacy classes of G but generally less. We remark that (provided G has at least
two elements) the ordinary group ring kG always has at least two components since
it has the direct sum decomposition

kG = Al EBAQa

where As is the augmentation ideal of kG and A;, which is isomorphic to k, is
generated as a two-sided ideal of kG by the central idempotent

e = L Z x.
|G| zeG
Projection on A; maps every element of kG to its augmentation and every ele-
ment of G to 1. The irreducible component A; of G corresponds to the trivial
representation of G.

Twisted group algebras generally do not come equipped with an augmentation
homomorphism, nor with an automatic decomposition into direct summands as
above. It is not difficult to exhibit examples of twisted group algebras which are
simple. For instance every quadratic extension of the field of rational numbers may
be realized as a twisted group algebra of Cy over Q. Of course, such algebras do
not remain simple under extensions of scalars; better examples are provided by the
rational quaternion division algebra and the matrix ring M»(Q), each of which is a
central simple QQ-algebra arising as a twisted group ring of Cy x Cs over Q. Indeed,
these are instances of the following fact, of which a proof can be found in [6].

Theorem 1.5. Let A be a finite abelian group. Then there exist fields over which
A has central simple twisted group algebras if and only if A is of symmetric type,
i.e., A is a direct product of two isomorphic abelian groups.
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216 R. QUINLAN

In this paper we consider the question of which finite metacyclic groups possess
central simple twisted group algebras over fields of characteristic zero. The methods
used involve the investigation of generic central extensions of metacyclic groups and
irreducible representations of their group algebras. Before specializing to the case
of metacyclic groups, some relevant background information is given in Section 2.

2. GENERIC CENTRAL EXTENSIONS

Suppose T : G — GL(n, k) is a projective representation of a finite group G.
It is easily observed that the subgroup of GL(n, k) generated by {T'(g),g € G} is
an extension of some (not necessarily finite) subgroup of k™ (=2 Z(GL(n,k)) by a
homomorphic image of G. Thus associated to T is an ordinary representation 7' of
some (not necessarily finite) group G whose quotient modulo a central subgroup is
a homomorphic image of G. In this situation T is called a lift of T to G.

Suppose H is a group having a central subgroup A for which H/A = G. Then
(A, H) is called a central extension of G, and this central extension is said to
have the projective lifting property for G over k if every irreducible projective k-
representation of G is projectively equivalent over k to one which is defined by
restricting an ordinary k-representation of H to some transversal for A in H. Ex-
amples of central extensions having the projective lifting property over all fields
arise from the following construction, which is due to Schur.

Let F be a free group mapping onto G with kernel R. Define

F:=F/|F,R], R:=R/|F,R].

Then R C Z(F) and F/R = G. Tt follows easily from the freeness of F' that if
6 : G — G is a surjective group homomorphism and (A, H1) is any central
extension of G, then there exists a homomorphism § : FF — H mapping R into
A and inducing 6 on G. It then follows from the comments at the beginning of this
section that the central extension (R, F') has the projective lifting property for G
over all fields.

Later it will be useful to consider an alternative formulation of this statement:
every simple component of a twisted group algebra of G over the field k is isomor-
phic as a k-algebra to a simple image of the group algebra kF under a k-algebra
homomorphism sending R into k*. We will refer to extensions such as (R, F) as
generic central extensions for G. We now list some relevant properties of generic
central extensions and their group rings. Details can be found in [5].

In the following, (R, F') is a generic central extension for the finite group G. The
first two properties are due to Schur (see [I], for example).

1. The set of torsion elements of F' is equal to its commutator subgroup F’.
This group is finite and is determined by G up to isomorphism.

2. R =5 x (F' N R), where the torsion subgroup F’ N R of R is isomorphic
to M(G), the Schur multiplier of G, and S is a free abelian group of rank
equal to the free rank of F.

3. Every central idempotent of kF' belongs to the completely reducible ring
kEF' (see [4], Chapter 4, Theorem 3.8). If 7 is the set of primitive central
idempotents of kF’, then F acts on Z by conjugation, and every primitive
central idempotent of kF' is the sum of the elements of one orbit of this
action. These primitive central idempotents give a description of kF as a
direct sum of indecomposable components.
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4. Suppose T : G — GL(n, k) is an irreducible projective representation of
G,andlet T: F — GL(n,k) be alift of T to F. Then the linear extension
of T to kF annihilates all but one of the components of kF. The compo-
nent which survives does not depend on the choice of lift; so T' belongs to a
particular component (or a particular primitive central idempotent) of kF.
Projectively equivalent irreducible projective representations of G belong to
the same component of kF'. Moreover, if k is algebraically closed, then ir-
reducible projective representations of G belonging to the same component
of kF are projectively equivalent over k. So in this case the components
of kF precisely distinguish the equivalence classes of irreducible projective
k-representations of G. (This is Theorem 3.2 of [5]).

3. METACYCLIC GROUPS
Let G be the metacyclic group given by
(3.1) G=(x,yla™ =1, y* =2', y~lay =2a"),

where ged(r,m) = 1, mjt(r — 1), m|r® — 1, and we can assume (by replacing z if
necessary with another generator of (z)) that t|m.

Let (R, F') be a generic central extension for G. Then F' is generated by elements
X and Y with X — 2, Y — y. Let c denote the element Y ' XY X1 of F'.
Then ¢ € RX" ™!, so ¢ commutes with X. Also,

Y leY =¢" = ()< F.

It is easily checked that every simple commutator in F' belongs to {(c), and so
(c) = F’. We observe that both X' and Y* belong to Z(F); it follows that

A=Y IIXYYX P =1 and Y SXVSX ! =ittt g
For a positive integer i > 2 we define
ol
r—1
Then |F'| divides ged(¢, a(s)). In fact, this is exactly the order of F” since
[F': F'NR] = |G| =m/ged(m,r — 1)

a(i)=14+r+r2 4+ 47

and
_ged(m,r — 1) ged(t, as))
B m

[F'OR| = |M(G)]

(for a proof of this see, for example, [B]). For convenience we define n = ged(t, a(s))
= |F’|. Note that n|m since ¢|m.

Study of the structure of components of group algebras of F' and their simple
images is greatly facilitated by the cyclicity of F’. We begin by considering the
group ring of F' over the field C of complex numbers.

Let £ be a root of unity of order n in C. The group ring CF’ is a direct sum of

n copies of C, and its primitive idempotents fo, f1,..., fn—1 are given by
1 n
fi==) (Ee).
j=1
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The group F acts on {fo, f1,..., fn—1} by conjugation, with kernel Cr(c) =
(X,Y? ¢), where b = ord, (). We have
- RN [ R
;=yiy = 23 ey = 23 ey
(et (et
where 7’ denotes the inverse of r modulo n.
We note that f; € Q(&§)F' for i« = 0,1,...,n — 1, and we have an action of

Gal(Q(£)/Q) on Q(&)F’ defined for 7 € Gal(Q(£)/Q) and ag,...,an—1 € Q(§) by
n—1 T n-1
<Z aici> = Z alc.
i=0 i=0
If o € Gal(Q(€)/Q) is defined by o(¢) =£", then
o = fori=0,...,n—1.

K3
The primitive central idempotents of CF' are sums of orbits of { fo, ..., fn—1} under
the action of (Y'), or equivalently, of (¢). Hence each has coefficients in the fixed
field of Q(§) under . We let k denote this field. Its degree as an extension of Q is
6(n)/b.

The group algebras kF', CF and kF’ all have the same set of primitive central
idempotents. The field k is an example of a projective splitting field for G; i.e.,
every complex projective representation of G is projectively equivalent (over C) to
a projective k-representation of G. Furthermore, any subfield E of C which is a
projective splitting field for G must contain k; otherwise, EF' will have primitive
central idempotents not remaining primitive in CF, and complex irreducible rep-
resentations of G belonging to the corresponding components will not be realizable
over F.

Let e be a primitive central idempotent of kF and let A = kFe. We are in-
terested in central simple k-algebras which arise as images of A under k-algebra
homomorphisms sending the centre of A into k. With this in mind, we begin with
a description of Z(Fe).

Let d be the order of the group F’e, so c?e = e, and d|n. Then

YIXY = X = (X)en Z(A) = (XVe.
Also,

YTIXY' = X = Yie € Z(A) <= d|a(i) = (Y)en Z(4) = (Y")e
where d|a(b’) and d fa(i) for i < b'. Let by denote the order of  modulo d. Then
dla(t') = d|(r* — 1) and by|b'.

Say b’ = bgi. Then
a’) = ab)(l+7rP+- 407Dl
d
ged(d, a(bq))”

Now g|r—1 since d|r®* —1, hence r = 1 mod g, and g can divide 1470+ .. 470=1b
only if g divides . We conclude i = g and b’ = byg.

Suppose for some finite group H, field F and a € Z2(H,F*) that F*H is a
central simple F-algebra. If F is an algebraically closed field containing F, then
a can be regarded as a 2-cocycle in Z2(H,F*), and F*H is a central simple

— gl +7" 4 D) where g =
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F-algebra. Then H has, up to projective equivalence, a unique irreducible a-
representation over F, and this projective representation is faithful. Thus any
finite group having a central simple twisted group ring over a field has a faithful
absolutely irreducible projective representation. In the metacyclic case, the above
observations on the centre of a component of kF' lead to the following result.

Theorem 3.1. The metacyclic group G of possesses a faithful irreducible
projective representation over C if and only if

1. n=m, and

2. m does not divide a(i) for any i < s.

Proof. Suppose T is an irreducible complex projective representation of G, and let
e be the primitive central idempotent of kF' to which T belongs. Let d = |F’e],
and let T be a lift of T to F. Then X% € Z(kFe) and T(X%) is a scalar matrix, so
2% € ker T. Thus T can be faithful only if m|d, which means m = d = n since d|n,
and n|m. It follows also that ¢ = m (since ¢|m and n|t), so y* = 1 and G = (z) X (y).
Assume now that n = m. Then m|a(s) since n|a(s). If m|a(s’) for some s' < s,
then Y € Z(kFe) and y* € ker T. Hence T can be faithful only if m does not
divide a(s’) whenever s’ < s. This establishes the necessity of conditions 1 and 2
for the existence of faithful absolutely irreducible projective representations of G.
For the sufficiency, assume 1 and 2 are satisfied and let e be a primitive central
idempotent of CF with |F'e| = m. If T : G — GL(I,C) is an irreducible projective
representation of G belonging to e, let T be a lift of T to F. Then T restricts
faithfully to F'e = C,,. Let 2'y? € G, with 0 <i<m, 0<j <s. If j #0, then

(XYH)IX(XYHX =0 X £ X;

so T(X'Y7) ¢ k* and x'y/ & ker T.
If j =0 and i # 0, then
YIXY X~ = ¢
SO T(X ) & k* and 2° € ker T. Hence faithfulness of T follows from faithfulness of
T|F/ . O

Theorem 3] is originally due to Ng (see [3]). We will further show that if F is a
subfield of C and G is a metacyclic group satisfying the conditions of the theorem,
then G has faithful absolutely irreducible projective representations over F if and
only if E contains k. Certainly FF must have a primitive central idempotent e
for which F’e has order m. The coefficient of ¢ in e is a rational multiple of
v = T?“Q(g)/k(fi) where £ is some primitive mth root of unity in C. Then ~; € E
for each i and k C F since k is generated over Q by {v;}.

We now return to the group algebra kF' to investigate the degree and Schur index
of the representations described in Theorem [l From now on we will assume that
the hypotheses of the theorem are satisfied by the metacyclic group G and its
generic central extension (R, F'). Let e be a primitive central idempotent of kF' for
which F’e has order m and let A = kFe. Then kF'e = k(&,,).

Consider the k-subalgebra Ay of A generated over kF’e by Y. Since k is
the subfield of kF’e fixed by the automorphism defined by conjugation by Y,
Z(Ap)NEkF'e = ke. Since (Y) is right independent over kF’e and (Y) N Cp(ce) =
(Y'®), the centre of Ay is generated as a k-algebra by Y and is isomorphic to the
ring of Laurent polynomials in one variable over k. From Ay we can form the
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ring of quotients A; = (Z(Ag)) !4y, in which every nonzero element of k(Y ?)e is
invertible. The centre of A; is K, the field of quotients of k(Y ?)e.

Lemma 3.2. A; is a cyclic K-algebra of degree b.

Proof. The subfield K F'e & K (&,,) is a cyclic extension of degree b of K on which
(Y)/(Y®) acts as the full Galois group. Moreover, A; is generated as a left module
over KF'e by {1,Y,..., Yb~1} O

In particular, A; is a central simple K-algebra. We now use this fact to produce
a pair of algebraically independent generators for Z(A) over k. We define

m

97 ged(m, a(b))’

Then by the comments preceding Theorem 3.1, we have m|a(gb) and m fa(i) for
1< gb,so s = gband g =0b/s. Moreover,

(X) N Cp(Y?) = (X9),
since Y XY? = X®) and m divides ia(b) if and only if g divides 1.
Lemma 3.3. There exists an element ¢’ of kF'e with X9¢ € Z(A).

Proof. By the above comments X9 acts by conjugation as a central automorphism
of Aj. This automorphism is inner by the Noether-Skolem theorem, so there exists
an invertible element ¢” of A; for which X9¢” centralizes Ye and hence all of A.
After multiplying if necessary by an element of k(Y?®)e, we may assume ¢’ € Aj.

Then
1
d"= Z a;Y",
i=0

where a; € kF'e for i = 0,...,1. Thus X9¢" = Zé:o X9a;Y?, and since X cen-
tralizes X9¢” and each a;, this means X centralizes Y’e whenever a; # 0, i.e.,
s|i whenever a; # 0. It follows that Y centralizes X9%a; for each ¢, and we may

take ¢ = a; for any nonzero a;. Of course, different nonzero a; differ only by
multiplication by elements of (kF'e)* N Z(A) = k*. O

From now on we will assume ¢’ € kF’e has been fixed.
Lemma 3.4. Z = Z(A) is generated as a k-algebra by X9¢' and Y5.

Proof. Let z € Z. Then, since z is centralized by X, and (Y') is right independent
over k(X,c), z = Zé:o a;Y'* where each a; € k(X,c). Since z is centralized by Y,
each a; is centralized by Y and belongs to Z. Now suppose a € k(X,¢) N Z, and

l/
a=Y diX' di€kFe.
=0

Each d; is centralized by Y, hence d; can be nonzero only if X is centralized by
Y? i.e., only if gli. Suppose dj, # 0 for some j. Then

djg X9 € Z = () 7djy € Z(A1) NK(X, F') = ke.
Thus a € k(X9 )e, and 2z € k(X9 ,Y*)e. O
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It is clear that Y* and X9¢’ are algebraically independent over k; Z is isomorphic
to a ring of Laurent polynomials in two commuting variables over k.

Let x be the character of F’ associated to the primitive central idempotent e of
kF'. Then y has degree b; it need not be absolutely irreducible, but its absolutely
irreducible constituents are all conjugate under F. Let T” be a k-representation of
F’ affording y, whose linear extension to kF’ we also call T”. Let Fy = (X9,Y* ¢) C
F. Then Fj is a subgroup of F' isomorphic to Z x Z x C,,, and we can extend T’
to an irreducible representation Ty of kFy by choosing elements P and Q of k* and
defining

To(X%¢ ™) = PI, To(Y") = QI,
where I denotes the identity matrix in GL(b, k). Then the image of kFj under Ty
is isomorphic to k(£,,), and Ty has degree b and maps R into k* by Lemma B4l

The induced representation IndII::0 T, is completely reducible over k: let T be one
of its irreducible constituents. We let B denote the image of kF under T so B is
a finite-dimensional simple k-subalgebra of M, (k).

The field kF'e = k(£,,) is embedded by T in B; we identify ¢ and ¢/ with their
images under 7', and we let X7 and Yy denote respectively the images of X and
Y.

Lemma 3.5. The commutative subalgebra By of B generated by ¢ and X has
dimension g over k(c).

Proof. If g =1, then Xp € k(c) and there is nothing to prove.
If ¢ > 1, then certainly By is spanned over k(c) by {1, Xr,... ,X%_l}, since
X4 = P € k(c)*. Let h be minimal with {1, Xr,..., X2} linearly dependent
over k(c), so h < g.
Assume h < g, and suppose
a0+a1XT+~'—|—ahX§5 :0,
where a; € k(c) for i = 0,...,h and ag # 0, a, # 0. Conjugating by Y2 (which
centralizes ¢ and hence each a;) gives
ao + arc®OXp + -+ ahchfy(b)th, =
- a1(1 — Ca(b))XT —+ -4 ah(l — Cha(b))Xélﬂ
= a;(1— ca(b)) + o dap(l - cha(b))Xéﬁ—l =

=

All of the coefficients in this expression must be zero; otherwise, we have a contra-
diction to the choice of h. In particular, then 1 — c"*®) =0, so m|ha(b) and g|h.
Thus h=g,and a; =0fori=1,...,h — 1. O

By Clifford’s theorem T restricts to a completely reducible representation of
(X, ¢) whose irreducible constituents are all conjugate under F. Thus, since By is
commutative, it is a direct sum of fields, each isomorphic to an extension of kF”e
obtained by adjoining a gth root of the element Pc¢'~!. (Of course, kF’e contains
primitive gth roots of unity.) If this extension has degree ¢’ over kF’e, then ¢”|g

and the number of simple components of By is ¢’ := g/¢”. We let e, ..., e, denote
the primitive central idempotents of By, and define By = e; Be;.
Then
B = M_‘]” (B1)7
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by Lemma 1.6 in Chapter 6 of [4].
Lemma 3.6. By = k(c, X7, Y9 Ye;.

Proof. Every element of B can be written in the form

ma

> @,

i:ml
where my and mo are integers and for ¢ = mq,...,mo a; belongs to k(c, Xr)
and commutes with e;. Since (Y7) acts transitively on {e1,...,eg}, the kernel

of this action is <Yj‘5“). Thus e1Y}: = Yie; if and only if ¢” divides i; otherwise,
e Y = YTiej where eje; = 0. Hence e;Bey C k{c, X7, Y7 )ey.

. . . . . " "
The reverse inclusion is obvious since Y9 e; = e1Y9 e1 € Bj. O

Now k{c, Xt)e; is a cyclic field extension of k of degree ¢'b, on which <Yj‘5“)
acts by conjugation as the full Galois group. If o denotes the automorphism of

k{c, Xr)e; defined as conjugation by Yj?“, then Bj; is isomorphic to the cyclic k-
algebra

(kF’e(W /k, o, Q)

which has degree bg’ over k. Here Q = (YTg”)bgl =Y. Since B = My (By), the
degree of B over k is g"’bg’ = bg = s.

Lemma 3.7. The Schur index of B divides bg'.

Proof. Since B = My (By1), the Schur index of B is the same as that of By. This
index is the order of @ modulo the norm group Ng,,(E*) (see [2], for example).
This order certainly divides [E : k] = bg'. O

Lemma 3.8. G possesses a faithful absolutely irreducible projective representation
of degree s over k.

Proof. We are free to choose P and @Q arbitrarily in k*; by choosing Q € (k*)%,
for example, we guarantee that Q € Ng/(E*) and By = Mg (k).

In this case B 2 M,(k) and the restriction of T to any transversal for R in F is
a faithful absolutely irreducible projective representation of G of degree s. O

By counting dimensions over k it is apparent that B is isomorphic to a twisted
group ring of G over k if and only if s> = |G/, i.e., if and only if m = s. We
summarize these results as follows.

Theorem 3.9. Let G be the finite metacyclic group of Bl and let E be a subfield
of C. Then G possesses central simple twisted group rings over E if and only if
E Dk and

1. G = (z) » (y);

2. ()| = )| =

m;
3. mla(m) and m fa(i) fori < m.
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4. METACYCLIC GROUPS HAVING CENTRAL SIMPLE TWISTED GROUP RINGS

The remainder of this paper is devoted to a description and enumeration of the
finite metacyclic groups described in Theorem B9 Of course, these include all
groups of the form C,, x C,,, but there are also nonabelian examples.

Let G be a metacyclic group of order m? with presentation

(4.1) G=(x,y|la™=1,y" =1,y ‘ay =2").

For a particular value of m we will determine those values of r for which G has
central simple twisted group rings. In general, for a positive integer r, we define
the function «, : N — N by

ar(i)=14r+r2 4+ it
We begin with some observations about ;.. First we remark that a,(ny) divides

ar(ng) if ny divides no.

Lemma 4.1. Let p be an odd prime dividing r — 1. Then for positive integers i
and j we have A A
p'lon(j) <= p'lJ.
Proof. Since r =1 mod p, a,(j) =j mod p and p|a.(j) if and only if p|j.
Thus p|a,-(p) and p fa,.(1) for I < p. Suppose r = ap + 1, a € Z. Then

ar(p) = T+r+--- 4Pt
= 1+ (ap+1)+-+(ap+ 17"
pp—1
= a,(p) = p+ap¥ mod p?
= a,(p) = p mod p* since 2[p — 1.

Thus plav(p) but p* Jou(p).
The result now follows easily by induction, since, in general,

ar(p') = () (17 12 o000
and 1+ 72" 42" 4 ... 4 @' =D ig divisible by p only if plj’ and by p? only if
p2lj". O
Lemma 4.2. Suppose r is odd. Then:

(i) Ifr =1 mod 4, then 2'|a,(j) <= 2'|. |
(11) If r=3 mod 4 and i > 2, then 2"|ar(j) — 2171|J~.

Lemma can be proved in exactly the same way as Lemma ET]. O
Now suppose that m and r are relatively prime positive integers for which r» < m
and m|a,(m) but m fa,(¢) for any ¢ < m. This leads to the following conclusions.

Lemma 4.3. Every prime divisor of m divides r — 1.

Proof. Suppose not, and let m = p{* ... p{'q, where p1, ..., p; are the distinct prime
divisors of m which do not divide » — 1, and q is relatively prime to p1ps ... ps. For
i=1,...,t, let s; denote the order of r modulo p;*. Then

I N

p(ili 0&7-(81'),
since p; fr — 1. It now follows from Lemmas Bl and E2 that ¢|a,(q), hence
m|ay.(s1...8:q). This is a contradiction since s; ... s;q¢ < m. O
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Lemma 4.4. Let b = ord,,(r). Then bjm and b = ged(m, o, (b)).

Proof. That blm is obvious since m|a(m) = m|r"™ — 1. Also, b|a.,(b) since every
prime divisor of b divides m and hence r — 1. Let & = ged(m, (b)) and let
d=m/b. Then b’ and d|r — 1 since m|a,.(b)(r — 1). Now

ar(bd) = ap(b)(1 4P + - 4 r(d=Db),

and m|a,.(bd) since b'|a,.(b) and d|1 +7° + --- + (@D a5 » = 1 mod d. Thus
bd =m, so b’ =b and d = m/b. O

Lemma 4.5. d = ged(m,r — 1).
Proof. Let d' = ged(m,r — 1) and let b = m/d’. Then d|d’, b”|b and
V(") = b"d'[r?" —1 = m|r?" — 1.
So b|b” and b=10", d' = d. (]

It follows from Lemmas and that every prime divisor of m must divide d.

We now show that the necessary conditions established in Lemmas and
for the metacyclic group of (41]) to have central simple twisted group rings are
generally sufficient, except when 4|m in which case an additional stipulation is
needed.

Lemma 4.6. Suppose d|lm and that every prime divisor of m divides d. Let b =
m/d and let r = ad + 1, where 1 < a < b and ged(a,b) = 1. Then m|a,(m) and,
provided that 4|d if 4m, m fo,. (i) for i < m.

Proof. That m|a,(m) is immediate from Lemmas and Tl Let m = 2™1mag,
where my is odd, and suppose that m|a,.(i). If p is an odd prime with p’|m, then
p?|i by Lemma Il hence ma|i. Also, if m; = 0 or my = 1, then 2™1|i by Lemma
B2, and m|i.

Suppose my > 2. Then by Lemma B2, 2™ |«,(i) implies 2™t|i only if r =
1 mod 4, i.e., only if 4|d. If 4m and r = 3 mod 4, then 2|, (2™~1) and
m|a,.(m/2). O

Lemma B.6 shows that given m, we may construct a finite metacyclic group of
order m? having central simple twisted group rings. We first choose a divisor d
of m which is divisible by every prime dividing m, and by 4 if 4|m, then choose
a€{l,...,m/d} with ged(a,m/d) =1 and set r = ad+ 1 in (LI). In the resulting
metacyclic group G we have |Z(G)| = d?, so that different choices of d certainly
determine nonisomorphic groups.

We now show that having chosen d as described above, there is no loss of gener-
ality in setting r = d+1. For a given d, different choices of r correspond to different
choices of the generator of (y) in (@T)).

Lemma 4.7. Given m, the metacyclic group of [@I) is fully determined by the
choice of d = ged(m,r —1).

Proof. Having chosen d, and defined b = m/d, we may set r = ad + 1 where
1 <a <band ged(a,b) = 1. So the number of possible choices for r is ¢(b).

On the other hand, suppose G has been determined by choosing a = 1 and
setting » = d + 1. Changing the presentation of G in (@Il by substituting for y
another generator y' of (y) amounts to replacing r in (@II) by the residue modulo
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m of r!, where ged(l,m) = 1. For any such [, ged(r! — 1,m) = d; so r!
modulo m to one of the ad 4+ 1 described above.
The number of generators of (y) is ¢(m). We now show that amongst the ¢(m)
possible r! are ¢(b) having distinct residues modulo m.
Let a1,...,ag@p) be the elements of {1,...,b} which are relatively prime to b.
Fori=1,...,¢(b) define d; as follows:

- dz =0if gcd(ai,m) =1.
- If ged(az, m) # 1, d; is defined as the greatest divisor of d which is relatively
prime to a;. So d; is divisible by any prime which divides m but not a;.

is congruent

Now define
a;:ai—i—bdi, izl,...,¢(b).
Then ged(m,a}) =1 for i = 1,...,¢(b), since for each i every prime dividing m
divides either a; or bd;, but not both. Now suppose for some 1 < j; < jo < ¢(b)
that
r% =% mod m.
Then
r% % =1 mod m — bla}, — aj,.

This is impossible since af,a), ..., a;(b) all have different residues modulo b.

We conclude that every admissible choice of » = ad 4 1 is congruent modulo m
to some (d + 1)* with 1 <i < m and ged(i,m) = 1, proving the lemma. O

It follows from Lemma [£77 and the comments preceding it that the number of
isomorphism types of metacyclic groups of order m? having central simple twisted
group rings is the number of factors d of m having the properties described in
Lemma[£G} every prime dividing m divides d and 4|d if 4]m. We have proved the
following result.

Theorem 4.8. Let m be a positive integer with

a,.a Q¢
m=2°p]*...p",

where p1,...,p¢ are distinct odd primes, a > 0 and a; > 1 fori=1,...,t. Then
the number of isomorphism types of metacyclic groups of order m? having central
simple twisted group rings is

O

In particular, if m is a product of distinct primes, or if m is even and m/2 is
a product of distinct primes, then the only metacyclic group of order m? having
central simple twisted group rings over fields is the abelian group C,, x C,,.
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