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CANONICAL BASES AND QUIVER VARIETIES

MICHELA VARAGNOLO AND ERIC VASSEROT

ABSTRACT. We prove the existence of canonical bases in the K-theory of quiver
varieties. This existence was conjectured by Lusztig.

1. INTRODUCTION

Lusztig proposed in [16] to construct a signed basis of the equivariant K-theory
of a quiver variety. As in [14], this signed basis should be characterized by an
involution and a metric. He suggested a formula for the involution and the metric
and he conjectured the existence of the signed basis. This signed basis should
also satisfy some positivity property, related, hopefully, to the positivity of the
structural constants of the product and the coproduct of the modified quantum
algebra in the canonical basis, for all simply laced types. The main purpose of this
paper is to give a precise definition of this signed basis and to prove its existence.
It was conjectured in [24] that the K-theory of the quiver variety, with the action
of the quantized enveloping algebra of affine type defined in [20] (see also [23] for
the type A case), is isomorphic to the “maximal integrable module” introduced by
Kashiwara in [8]. This module has a canonical basis; see loc. cit. The conjectures in
[9, §13] suggest that Kashiwara’s canonical basis and the geometric one are related;
see Remark 7.2.2.

Acknowledgment. We thank the referee for useful suggestions.

2. THE ALGEBRA U

2.1. Let g be a simple, simply laced, complex Lie algebra. Let (a;j)ijer be the
Cartan matrix. The quantum loop algebra associated to g is the Q(g)-algebra U’
generated by x, ki kiil = kiiO (1t € I,r € Z, s € £N*) modulo the following

ir) This)
defining relations:

kk; ' =1=k; 'k, [kfﬂ,kjes] =0,
koch kg =
(w — ¢ 2) K5 () X7 (2) = (¢5'w — 2) xi7(2) kS (w),

J i i
+a;; + + _ (AEaij + +
(z = ¢ " w)xy (2)x7 (w) = (¢ 2 — w)x5 (w)x; (2),
+ —_
+ _] o ”ki,r-i-s - ki,r+s
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and
m
e m| + + + o+ + _
ZZ( 2 [P} Koty Xirwe " Kirup XX wpin T Kirwm = O
w p=0
where i # j, m = 1 — ai;, T1,....,"m € Z, and w € S,,. We have set [n] =

T+ @ET+ L+ ¢ ifn >0, [0]! = [n][n — 1]...[2], and

)= B

We have also set € = 4+ or —, and

kf(z) = Zkfﬂzw, xf(z) = in 2T,
>0 re€Z

2.2. Put A = Z[q,q"!]. Consider the A-subalgebra U C U’ generated by the
quantum divided powers (x:)™) = (x£)"/[n]!, the Cartan elements k', and the
coefficients of the series

h; ..
Sopas st oL 50,
820 s>1
where the elements h;, are such that
k() =k exp(j:(q -q ) Z hi,isszS).
s>1

We see that U coincides with the A-subalgebra generated by the elements (e;)™/[n]!,
(f:)™/[n]!, and k?ﬂ, 1 € 1 U {0}, where ei,fi,kfl are the Kac-Moody generators;
see [B, Proposition 2.2 and 2.6].

2.3. Let A be the coproduct of U’ defined in terms of the Kac-Moody generators
as follows:

A(ez):ez®1+kz®ez, A(fz):f;@k;l—f—l@fz, A(kz):kz(@kz
Let 7,1, S be the anti-automorphisms of U’ such that

T(e))=fi, (f)=e; 7(ki)=k; ', 7(qg)=q",

V(e;) = gkifi, P(f) =qk; 'e;, v(ki)=ki, (q) =gq,

S(e;) = —ek; ', S(f)=-kifi, Ski)=k;', S(q)=q

The map S is the antipode. Let x +— T be the algebra automorphism of U’ such

that
e=e, L=f k=k' q¢=q¢q

]

2.4. Let I:J’ be the modified algebra of U’, and let U be the corresponding A-form.
Let n» € U be the idempotent denoted by 1, in [I3] §23.1].
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3. THE BRAID GROUP

3.1. Let P,Q, be the integral weight lattice, and the root lattice of g. Let w;, o,
i € I, be the fundamental weights and the simple roots. Let QT C Q, PT™ C P
be the subsemigroups generated by the simple roots and the fundamental weights.
We set p = >, wi. Let a;, i € I, be the positive integers such that the element
0=>,crcioy € Q™ is the highest root. The integer ¢ =1+ ), ¢; is the Coxeter
number of g.

Let § be the smallest positive imaginary root of the corresponding affine root
system. Recall that the affine root ag is § — 0. We set P=PaoZs.

Let W be the Weyl group of g. Let wy € W be the longest element. The extended
affine Weyl group is the semi-direct product W =W x P. For any element w € W
let {(w) be the length of w. Let s; € W, i€ TU {0}, be the affine simple reflexions.
The affine Weyl group is the normal subgroup Wcw generated by the elements
siy, © € TU{0}. Let T be the quotient group W/W It is identified with a group
of diagram automorphisms of the extended Dynkin diagram of g. In particular, T’
acts on U, W in the obvious way.

Let Bw, By be the braid groups of W, W. The group By;, is generated by
elements T, w € W, with the relation Ty T, = Tye whenever l(ww') = l(w) +
[(w"). The group By is the subgroup generated by the elements T, w € W. For
simplicity we set T; = T, for any ¢ € I U {0}, and 6; = T,,, for any i € I. The
group BW acts on U by algebra automorphisms. Let T; be the operator denoted
by T} in [T3} §37.1.3]. If i # j, we have

—aij;

Tie;) = > (—1)°q el " "esel, Ti(e;) = —fiki,

Ti(f) = D (D' CEVEE TV TiE) = ki e
s=0

We also have T;(k;) = k;k; “ for all 4, j.

For a future use, we introduce the following notation:

— let o be the automorphism of By, such that o(T,) = Tq;_ll for all w € W,

—for any a € @, let U, C U be the subset of the elements x such that k; k;l =
¢ @)y for all 4

—for any ¢ € I let i € I be the unique element such that wo(a;) = —ay;

—let (,) : P x P — Q be the pairing such that (w;, a;) = i5;

— for any o € Q we set |a]? = > (w;, ).

3.2. Let s, 54, - - - 5i, be a reduced expression for the element w; € W. Set

k
Y=Y ysi, - si,, (o) € P.
=1
Lemma. We have (y;, ;) = —c.

Proof. Let Ay C @iel Za; be the sets of positive and negative roots. Let Ai C
A + 7 be the sets of positive and negative affine roots. We put A = AL LUA_,
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230 MICHELA VARAGNOLO AND ERIC VASSEROT

A=A, UA_ and A(w;) = A, Nwi(A_). Then,

vi= > B

BEA(w;)
Recall that
Apy=A,0Jmd+4), A =A_U|J(-ni+A),

n>1 n>1

and that w;(a) = a — (w;, a)d for all affine root . Thus,

Aw;))={a—(n—a;)d|a€A_, a;>n >0},

where we set a; = —(w;, ). Thus,
1+a;
Vi = Z ai(a+ 5 5).

aEA_

Let x be the Killing form. We get
(P)/ivai) = _ZaeA+(wiaa) ' (Oéi,Oé)

= —k(wi, ;) /2

= —C;
see [6, Exercise 6.2]. O

We fix the Drinfeld generators of U in such a way that
(3.2.1) x;, = o[0r(f;), x;j =o0l0;"(e;),

(3 T
where 0; = £1 and o, + 0; = 0 if a;; < 0; see [2| Definition 4.6]. Note that there
is exactly two choices for the map i — 0;. A case-by-case computation shows that

the integer 0,0; does not depend on i: it is equal to (—1)°.

Proposition.
(1) There are unique A-algebra automorphisms A, B : U — U such that
A(x) = —qT'x;,  B(x)) = —xjki, B(x,) = —k; 'x.
(2) We have T(X;‘;) = xff_r, T(k,ﬁ) = kff_r.

(3) We have w(xi) = q_“TwoA(xiir)7 x_ﬁ = q’"cTwOB(x;).

Proof. Claim 2 is known; see [2]. Claim 1 is a consequence of the identities 3.
Let us prove 3. Let T_i, YT; be the automorphisms of the algebra U_such that
Y(Ti(x)) = YTi(¢(x)), Ti(x) = T;(Z) for all z € U. By [13] §37] we have T; = T}"_,.
A case-by-case computation also gives YT = Til,l—l' If x € Uy, a € Q, we have

T (@) = (—0) T (@)
for all ¢; see [13), §37]. Thus,

Y8, (x)

= 0;(z)

= (—=q)" o (6;) ()

= (=)™ a(6;) (),

where §; = «;, + s, (i) + -+ + 8ip, -+ Sip(iy ). Note that (o, ;) = —(a, ;)
since 7; = —w;(B;). Since the weight w; is dominant, we have Ty Ty, = Ty, T,
Le., Tw 0Ty = o(6;)~'. Recall that

Two (ez) = _fiki7 T’wo (fz) = —kzlei, Two (kz) = kﬂ_l, Vi 7é 0.

z
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CANONICAL BASES AND QUIVER VARIETIES 231
Note that 6;(k;) = k;; see [2]. Using (3.2.1) we get
(xi) = 0f (=q)" 0 (6:) " (e:)
= —0} ()" Tw, 07 (ki 'f;)
= _quwo(kz X;,)

Similarly, we have

U(xi) = 0f(—q) "0 (0:) " (gkifi)
= —0}(=a) " Tw,0; (a""e;)
= ¢, (XZ—T)'
The case of x;, is identical. O

4. REMINDER ON QUIVER VARIETIES

4.1. Let the couple (J, H) denote the quiver such that .J is the set of vertices, H is
the set of arrows. If h € H, let h',h” € J be the incoming and the outgoing vertex
of h. Let h denote the arrow opposite to h. We will consider the following cases:

-II = (I,H) where I is as in 2.1 and H is such that there are 26;; — a;; arrows
from i to j for all i,j. Then, let Q C H be any set such that H = QU Q. Let n;;
(resp. 7i;;) be the number of arrows in 2 (resp. ) from i to j. Note that n;; = ;.

- Fix a set I' with a bijection I = I, i + i'. The quiver II¢ = (I¢, H®) is such
that I =TUI', H* = HU {i —i*,i' —i|ieI}.

4.2. Fix V =@,.,;C%, W =@, C“.

iel
Conventions. Fix (m;) € Z!. Hereafter, let u, A, a denote elements in P, P, Q+
respectively such that p =Y, mjw;, A = >, liw;, o = Y, a;a;. The dimension of
the graded vector space V is identified with the root o while the dimension of W
is identified with the weight A.

The space
M)\Ot = @ Mah/ahu (C) @ @(Maﬂ, ((C) @ MZLG,L (C))
heH i€l

is identified with the set of representations of the quiver II° on V & W. For any
(B,p,q) € My, let By, be the component of the element B € Hom (Vj,, Vj,/) and
set

mra(B,p,q) = > _ e(h)ByBy + pq € @) Hom (V;, V5),
heH i

where ¢ is a function € : H — C* such that e(h) + e(h) = 0. Put G = [[, GLy,,
Go =[], GLq,. The group C* x G\ x G4 acts on My, by

(2,90 9a) - (B,1,q) = (290 Bgy ", 290095 ", 29009, 1)

Following [19] , we consider the varieties

QE\‘Q = Proj (@nzo Agﬂ)) and Ny, = m;of(O)//Ga,
where // is the categorical quotient,

AP = {f € Clmya(0)] | f(ga - (B,p.q@)) = xulga) " f(B,p.q)},
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232 MICHELA VARAGNOLO AND ERIC VASSEROT

and x.(9o) = [I;Det (ga;)™. The obvious projection mro : Qg\“a) — Ny is a
projective map. If u, u' are such that m;, m; > 0 for all ¢, or m;,m} < 0 for all 1,
then the varieties QE\’Q , E\’jy) are canonically isomorphic. There is an open subset
m; L (0)*) < mj ! (0) whose points are called p-semistable, such that there is a good
quotient of m;(i (0)® by the group G, and we have

(4.2.1) my (0™ )Gy = QY;
see [I8] §1.7] for instance. Moreover, if p is a regular weight, then (4.2.1) is a
geometric quotient and the variety QE\‘:X) is smooth, see [2I], Proposition 2.6]. If yu is

regular dominant, i.e., if m; > 0 for all i, we set Qo = g\‘;)

Conventions. Hereafter, we assume that (u, ) # 0 for any root a.

4.3. Put dyg, = dim Q.. It is known that dy, = (,2A — «a). If @ > G, the
extension by zero of representations of the quiver gives a closed embedding Nyg —
Nye. For any a, o', we consider the fiber product

Zraa! = Q)\a X QAa“

If o/ = a+na;, n>0,let Xaqor C Zraar be the set of pairs (z, ") which are the
G y-orbits of IT¢-modules ¥,y in M., Myo with y a subrepresentation of y'. If
o = a—noy, put Xage = ¢(XM/Q) C Zxaa’, Where ¢ is the automorphism of
Q) x Q) taking an element (z,y) to (y,z). The variety X qq is smooth; see [20]
§5.3]. Consider the following varieties:

Na=UN» Qv =[]@n 2 =] Zraa
« «

a,a’

X= | Xraa, Fr=|]Fra

where a, o’ take all the possible values in Q* and F\, = W;l(O).

4.4. For any complex algebraic linear group G, and any quasi-projective G-variety
X let K&(X) be the Grothendieck group of G-equivariant coherent sheaves on X.
We put R¢ = K% (point). Let X C RY be the set of the simple modules. If the
G-equivariant sheaf £ is locally free, let A’E be its i-th wedge power, and Ag its
maximal wedge power. Note that A is still defined, in the obvious way, whenever
£ is a G-equivariant complex on X.

Conventions. Hereafter, let f,, f*,®, denote the derived functors Rf,, Lf* @&
when they exist. Here ® is the tensor product of coherent sheaves. We use the
same notation for a sheaf and its class in the Grothendieck group.

4.5. Set Gy = G\ x C*. Let g denote also the character of the group C* such that
z +— z. The canonical bundle of the variety Q. is

(4.5.1) Qg,. = q D

see [24], §6.4] for instance. Let V;, W; be the vector{al representations of the groups
GL,,, GLy,. Consider the following elements in RE* e

Ff=q¢'Wi—q®Vi+q ' Y Vi F=-Vi FE=F +F .

K3
aij=—1
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CANONICAL BASES AND QUIVER VARIETIES 233

The group é,\ acts on the variety Qg\’;) If Fisa é,\ X G4-module, let EW =
my1(0)# x ¢, E be the induced Gy-bundle on Qg\’g There is a unique ring homo-
morphism

RGAXGQ N KGA(Q&/L))
such that E +— E® for all E. If ;1 is dominant, we set V; = V;(” ) and similarly for
Wi, fii, Fi. We alsoset V =@, Vi, W= P, Wi.

Conventions. The restriction to Qg\’;) of a sheaf £ on Q&”) is denoted by &,. For
simplicity we set Fi.o = (Fi)a, €tc.

4.6. Consider the map
T . M)\Ot i MXOM (Bapv q) = (va7q)T = (_EtBa _tQ7tp)7

where the upperscript ¢ stands for the transpose map. Note that T does not commute
to the action of the group G X G,. Let { be the group automorphism of G x G,
such that

T : (27‘9)\7‘90’) = (ng)wg(y)T = (Z7tg;1)tg(;1)'

Then (g-z)t = g -2t for all g € G\ x G, € My,. The induced map 1 : ngg —

g\;” ) is an isomorphism of algebraic varieties. Let

,i_ . Ré,\XGu _)RGAXGQ’E,_)Ei—

be the ring automorphism induced by the group automorphism 1. For any element
E € RExCa et (EW)T € KE(Q(") be the pull-back of ECH e K& (Q{ M)
by the automorphism . We have

(4.6.1) (E(u))f — (E]L)(H).

For any w € W we set w* @ = A — w(A) + w(a). The element w * o depends
on the weight A\. However, since A is fixed in the whole paper the notation w x «
should not cause any confusion. There is a GG -equivariant isomorphism of algebraic

varieties S, : E\‘;) — Qg\wqf}’:)oz for each w, such that

S? =1 and  Supw = SuSw if (ww') = 1(w) + l(w');

see [15], [18], [21] (for simplicity we set S; = Ss,, where s; is the simple reflexion
with respect to the root «;). The precise definition of Sy, is given in the proof of
Lemma 4.6. Consider the composed map w = Sy, . This choice is motivated by
[16] and [21] Theorem 11.7]. The map w is an isomorphism of algebraic varieties

Q)\a :) Q/\,wo*oz-

Lemma.
(1) We have w*(F;) = —qcfz, w*W;) = Wj and
Y lagl(@ (V) +¢°Vi) = Wl + oW
J
(2) We have w? = Id.
(3) We have w(Fra) = Fxwora-
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234 MICHELA VARAGNOLO AND ERIC VASSEROT

Proof. We use the construction of the operator S,, given in [I8]; see also [I5]. We
recall it briefly. Set o' = s; % «, ' = s;(p), p/ = Y, mjw;. First, we assume that
m; < 0. Then m) > 0. Following [15], §3.2], let
Z" < mH0)™ x mi L (0)*)

be the set of pairs (x, '), where © = (B,p,q), ' = (B’,p’,q¢’) are such that

— the sequence of Gy x Go-modules

0—¢ V" g Wegt @ V;I2Vi—0
a;;j=—1
such that a(z’) = (¢}, By,), b(x) = p; + €5, B, is exact,
— we have a(z)b(z) — a(z")b(z") = 0,
— we have By, = By if W', h" # i, and p; = p}, ¢; = ¢; if j #i.
Note that a(z’) is injective and b(x) is surjective; see [18, Lemma 38]. Thus

Z" is a closed subset of m;1(0)# x m;L(0)#). Consider the group Gaor =
GLa; X GLqy X [[;4; GLa,- The categorical quotient

QN ZH//GOL(X I
is a smooth variety. Moreover, the obvious projections are isomorphisms of algebraic
varieties

P, pl) s Qr S Qi);

)

see [I8, Proposition 40]. The group G, acts in the obvious way on Q", making the

maps pg ()y, p;“ a), equivariant. By construction, for any i # j we have

) (B + a2V ") = i) a2V ),
(4.6.2)
() (V) = @)y (V).
We set (recall that m; < 0)
S péa)(pla ) Q(M) - Q;jy’)
If m; > 0, we set
S~ - 0l — o)
Using (4.6.2) we get, if m; < 0 and i # j,
S:(V;(u’)) _ q2Fi(u) + Vi(u)7 S:(ij(u’)) _ V}(H).
Note that the map .S; commutes to the action of the group G». Thus,
S;«(Wj(u)) — W(H/)

J
for all j. Set ¢, = +1if m; > 0, &; = —1 if m; < 0. A case-by-case analysis gives
the following equalities in K&» (QE\” )):

—g= F) it i=j,
*p(w)y — (1) : _
Si (F] )— FJH if aiij,

Fj(p/) —+ quFi(M/) if A5 = —1.
The general formula is

(4.6.3) SE(FMY = F) — g% [ag ) F,
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CANONICAL BASES AND QUIVER VARIETIES 235

We now assume that the weight p is dominant. Thus, F j(“ ) = F;. Fix an element
w in the Weyl group. Let us prove that

(4.6.4) w(ay) = a; = S5 (F;) = ¢ @D F )
where )
N 2
awi)=5 Y (ana)
a€ALNw—TA_
We may assume that [(w) > 0 and that (4.6.4) holds for any x with I(z) < I(w). Fix
k € I such that w(ay) € —QT. Let (s;, sg) be the subgroup generated by s;, si. Let
x be the element of minimal length in the set w(s;, sx). Then, z(a;),z(ax) € Q.
One of the following two cases holds; see [12] Proof of Proposition 1.8].
— Either a;; = 0, w = sy, l(w) = l(z) + 1. Then, z(a;) = «;. Using (4.6.4) for
x, and (4.6.3), we get
S:U(F]) _ qa(z,i)sz (Fz(:cfl(u))) _ qa(x,i)F\i(H).
Using the identity
ArNnw'A- =sp(Ay Nz ALY U {ag}
we get also a(w, i) = a(x,i). Thus (4.6.4) holds.
— Either a;; = —1, w = xs;5g, [(w) = I(z) + 2. Then, z(ax) = «;. Using (4.6.4)
for x we get
S:L(Fj) _ qa(x’k)S;:S: (Féxfl(u))).
We are reduced to the Ay case. Set v = z7 (). We have w™(u) = spsi(v) <
si(v) < v. A direct computation using (4.6.3) gives

SzS:(FIEV)) _ qu(SkSi(V)).
Using the identity
Ay Nw PAL = spsi (AL Nz PAL) U {ag, i + ag}

we get also a(w,?) = a(x, k) + 1. Thus (4.6.4) holds.
Setting w, 4, — wosi, 1,7 in (4.6.4) and using the formula for S}, we get Sy, (F;)
_ _qa(wos£,1)+2Fi(w0(l’«)). Thus

(4.6.5) w*(F;) = —q woss D2 E]
see (4.6.1). Moreover, we have (see 3.2)
a(wosi, 1) = %EQGA+\{%}(O@ a)?
= grlag, o) =2
=c—2.

By definition we have ¢F; = W; — 3 ;[ai;]V;. Using (4.6.1), (4.6.5) and the
equality a;; = a;; we get the identity
> laile (V) = Wi+ aoW] = ¢° 3 ag V]
J J
Claim 1 is proved.

From the definition of the operator S; we get 1.5; = S;T for all i. Claim 2 follows
immediately.
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236 MICHELA VARAGNOLO AND ERIC VASSEROT

We now prove Claim 3. Using Claim 2 it is sufficient to prove that w(F\) C
F) wosa- Assume that o/ = s;*a, p/ = s;(u) as above. It is sufficient to prove that
Sz(F/{g)) C F/ggl,) By [10, §1.3] the ring of G4-invariant polynomials on mj ! (0) is
generated by the following two types of functions:

(i) try; (B, Bh, - - - Bn,) for any sequence hi, ha, ..., h, € H such that j = hy,
A N T YAy )

(ii) ¢(gjBn,Bhn, - - - Bh, pr) for any sequence hq, ha, ..., h, € H such that j = hf,
h{ =hb,..., hl!_y = h},, h!! = k, and any linear form ¢ on Hom (Wj, Wj).

We may assume that m; < 0. Fix an element (z,2’) in Z¥. Set = (Bh,pj,¢;),

x" = (By,,p}, q;). In particular, we have
By =B, it K'.h" #i; By, Bu, = B} B}, if W = h} = 1.
Thus any function of type (i) coincides on x and a’. We have also
4 = dq; pj =05 if 5 #4 api = 4ipi;
¢iBn = q;By, if h' =1i;  Bppi = Byp; if ' =i.
Thus, any function of type (ii) coincide on x and 2’. In particular, x € F )(\Z) iff
x' € F/EZ/,) We are done. O

Remark. The dual of the Gy-bundle E® on Qg\“) is (E*)W, where E* is the
dual module, obtained by composing the Gx-action by the group automorphism
(2,97, 9a) — (274, %95 ", tgxt). Note that, in the particular case where E = V;, W;
we have VI = v, Wi = wr.

Conventions. Put 1y, = Op,, 1}, = Oq,. - It is convenient to also set 1y = 1o,
14 = 1%,. To simplify the notation we put v = wq * 0.

5. THE INVOLUTION ON THE CONVOLUTION ALGEBRA

5.1. Given smooth quasi-projective G-varieties X7, Xo, X3, consider the projection
Dab : X1 X Xo X X3 — Xy x X forall 1 <a,b<3,a#b. Fix closed subvarieties
Zap C Xq X Xp such that the restriction of pi3 to pf21212 ﬂpg?,lZgg is proper and
maps to Z13. The convolution product is the map

x i K9(Z19) x K9(Z23) = K (Z13), (€, F) = p13«((p126) @ (p35F))-

If Z19 = Zss = Zi13 = Z, the map * endows KG(Z) with the structure of an
RC-algebra. See [4] for more details.

5.2. Let Dy, be the Serre-Grothendieck duality operator on K%(X,). Assume
that X, is connected. Let Q2x, be the canonical bundle of X,, and let Ox, be the
structural sheaf. We have

DXH(E) = (—1)dimX“€* ® Qxa

for any G-equivariant locally free sheaf £ on X,. Assume that there is a character
q of the group G such that Qx, = ¢~ 4™Xa for all a. Consider the operator
Dz, = q%@Dy,,, where dyp = (dim X, +dim X})/2. Recall that the automorphism
¢ Xo x Xp — Xp x X, is the flip.

Lemma. Fiz x € K%(Z13), y € K%(Za3).

(1) (b* (J?*y) = (b* (y)*(b* (Z‘), DZ12 (x)*DZ% (y) = DZ13 (x*y), (b*DZub = DZba¢*'
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(2) If Zha = Zaz = Zy, then (w x w)*(z) * (w X w)*(y) = (w X w)*(x *y).
(3) If Zha = Zx, Zag = Qx or F, then (w X w)*(z) *w*(y) = w*(x x y).

See [14] for more details.

5.3. We consider the maps vy, 74, I'x, (x on KGA(FA)7 Ké*(Qk), KGA(ZA) such
that

™=@, ¢ 2w Dy, Y =@, e 2w Dy, .,
Iy = @aa,(u} Xxw)*Dz, ., = (wxw)o"
(see Lemma 4.6.3 for 7). Let
- RO —>Ré*, ViV
be the ring automorphism induced by the group automorphism Gy — Gy, (z,9x) —

(z’1,~g)\). By Lemma 4.6.1 the operators w*, {\ are t-semilinear automorphisms

of R -modules, and vy, 7, I\ are -semilinear. Let k : F) — @y be the closed
embedding.

Lemma. The following identities hold:

(1) w*Dp, =Dprw*, w*Dg, =Dg,w*, (wxw)*Dz, =Dz, (wx w)*,

(2) Kaw™ = Wka, (WX W) Q" = ¢ (W X W)™, (Kx X K )™ = P (K X Ks),

(3) m(urx) =Ta(u) *a(z), for any x € K (Fy), u € KO (Zy),

(4) A (urx) = gre=he' Ty (u)*4 (), for any x € K9 (Qrar), u€ K (Zraar)-
5.4. Let Ajqor be the quotient of the R -module KGA(ZMQ/) by its torsion
submodule. We set Ay = @aﬂ, Ao, Setting Z1o = Zog = Z), in 5.1, we get

an associative product on the space A). The rings RC” , A are identified as in 4.5.
An A-algebra homomorphism @) : U — A, is given in [20]. In this subsection
we fix a particular normalization for ®,. Let § : @) — Qx x Q) be the diagonal
embedding, and let p,p’ : Qx x Q@ — Q. be the first and the second projection.
Let fi.a, ffa, Vi;q be the ranks of Fi.q, Ft Vi.o. We have

s
fisa = (s A=), fi, = —Via=—(wi,).
Set t, = (a 2) — )/2 + |al?, and
Tie = (A ai) = (wi — > nijwj, @), T, =—(wi— > Mijw;, ).
Let 1aaar € A be the class of the structural sheaf of X,o. For any r € Z we put

+ * A 7
B=d0T T (F) (A BAY) e @ p AL @ AT © L,

o' =a+ta;
_ _ - -1 +, - tor—ta
Lip = q(l o Z (=1)"5" (g 1/\1; X Ay )TJFf"*" ®Pl*/\}—— @ Ay ® laaa-
o' =a—o;

Also, let kf(2) be the expansion at z = oo or 0 of

8o quw q/2)" N Fia) ® (X,50(—4>/2)" A" Fiia)

—1

The map @, takes Xi to z, and kﬁ to kf; For future use, we mention the

following.

ir’
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Lemma. For any n > 0 we have

n —n A —1 T ol W tor—la
@)W == > @A BA) @ A O AT ® Laar,

a’'=a+na;

and similarly for (z;,)™.

Proof. By the same argument as in [20] §11.1-3] it is enough to check this relation for
type A;. In this case, using the faithful representation introduced in [22] the formula
follows from a direct computation: the formula for the action of the operator (z)™
may be found in [20), Lemma 12.1.1], its relation with the identity above is proved
as in [22]. O
Conventions. Hereafter, we may omit the maps d,, p*,p’", ®, hoping that it causes
no confusion.

5.5. Let Hy C G, be any closed subgroup. Set Hy, = H, x C*. For simplicity
we set Wp, o = KH*(F)\Q), W}{/\’a = KH*(Q)\Q), Wy, = @a Wi, .o VV}{A =
D, W}{Ma. Taking Z10 = Zy, X3 = {point}, and Z13 = Za3 = Q) or F in 5.1 we
get a left U-action on the RF*-modules Wiy, , Wy, such that
(uyz) = u- -z =Dy(u) *x.

Taking Zas = Zy, X1 = {point}, and Z12 = Z13 = Q) or F) we get a right U-action
on Wg,, Wi such that x - u =z x ®y(u) = ¢*®x(u) » ; see Lemma 5.2. We fix
a maximal torus T C Gj.

Lemma.

(1) The R¥>-modules W, , W'y are free of finite type, and we have W g, =
We, ®r, RN, W, = Wi, @r, RP>. Moreover, there is a canonical
action of the Weyl group of Gy on Wr,, W’TA such that the forgetful map
identifies Wq,, W’GA with the subspaces of invariant elements in Wr,,
Wi, .

(2) We have Wy, =U - (R @ 1,).

(3) We have Wg, =U - 1,.

Proof. Claim 1 is proved in [20, Theorem 7.3.5]. See also [4] Chapter 5]. Claim
2 is proved as in [20, Proposition 12.3.2]. Let us prove that, if Hy = G, then
R% ® 1, € U-1,. By construction kf(z) -1, is the expansion of

qfi"’o (ZTEO(—l/qz)T A" Wz) ® (Erzo(_Q/Z)r A" Wz)

in Ré*[[z_l]]. Thus, the elements p; s € REM: are the elementary symmetric
polynomials or zero. Claim 3 follows. (]

-1

Conventions. Although most of our constructions are meaningful for any closed
subgroup Hy C G, hereafter Hy will be either G\ or T. For simplicity, if H\ =
Gy, we put Wy = Wg,, Wl)\ = W,GM R, = RG*, Xy = XGx,

5.6. The same construction as in 5.5 yields also a left and a right action of A on
Wiy, Wi, . Since Wy, , WY are integrable left U-modules, they admit a left
R linear action of the group By,. We normalize this action in such a way that

the element T; € By acts as the operator T}", in [13, §5.2.1]. Similarly, let T, be
the left action of the element T,, € By associated to the right U-action.
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Proposition.

1) There is a unique action of the grou, BVV on A)\ by R ~’\—(ll ebra automor-
phisms such that

To(zxy) =Ty(x)*Tw(y), YreAx,ycWgy, or Wy , weW.

(2) We have Ty ®y = ®2\Ty, and Ty(y « ) = Ty (y) % 0(Tw)(x) for any x,y as
above. }

(3) There is an invertible element ry € RHX such that Ty, (14,) = 7\ ® 14,
Twy(Ia) =7 ® 1. i

(4) There is an invertible element sy € RHX such that Ty, (1)) = sy ® 14,
Two(]-)\) =35\ ® 1.

(5) There is an invertible element 9 € A such that ry ® 1y, = U ® /\% ®
(e /\;UV" Moreover, rysy = (—q)"") and ¥ = :I:q'”‘z/Q"‘c(A’)‘)/Q.

Proof. Let us prove Claim 1. We fix elements i € I, A € P*. Let U, C U’ be the
subalgebra generated by e;, f;, kfl. The proof uses an element 7/ introduced in
[17). The element 7/ belongs to a ring completion of U, is invertible, and satisfies
the identity

Tz Tfl =T, (z), YreU.
We recall the construction of 7/, following [5].

For any Q(q)-vector space V we set V* = Hom gy (V,Q(g)). Let R, c U
be the Q(g)-space spanned by the matrix elements of the finite dimensional U}-
modules. It is a Hopf algebra. Let > zo®x1 denote the image of the element = € R,
by the coproduct. The space R." is a ring such that (f - g)(z) = f(x0) g(x1) for
all z € R}. The canonical map U, — R}" is a ring homomorphism. An integrable
U’-module V restricts to an integrable Uj-module via the canonical embedding
U} C U'. It is also an R}-comodule for the co-action V- R, @V, v Y v1 @ vg
such that z - v = Y vi(z) v for all z € UL, Therefore, the ring R," acts on V
by f-v =) f(v1)ve. This action restricts to the original Uj-action via the map
U, — R,". Let 7; € R" be the element denoted by ¢ in [5, §1.6]. It is invertible.
Let t; be the operator on V' taking v to 7; - v. It is invertible and the inverse takes
vto 7, ' -v. We have

ti(v) =T) 1 (v),  tat;'(v) =T} 1 (z) - v,
for all z € U" and v € V, by [5, §2]. Therefore,
Ticxer =T (x), Yeel,
where we take the product in the ring R." in the left-hand side.
For any n € N let A;(n) be the simple Uj-module with highest weight nw;. Let
R}, C R; be the subspace spanned by matrix elements of the module ,,, ., Ai(n').
It is a subcoalgebra. Let I}, C U; be the annihilator of B, ., Ai(n’). It is a two-

sided ideal. The canonical map U, — R}" factorizes through an isomorphism
U /T, = (R),)*. Since R} = lim R}, we get a Q(g)-algebra isomorphism
—n

lim (U,/T,) =R

—

For each n we choose 7;,, € U’ such that

Tin — T; € lim (I;,n/]:'lm’)

“—n'>n
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Since U/, embeds in U’, the space A, ®4 Q(q) is a U, @4 R**-bimodule of finite
type over R* ®, Q(g). In particular, there is an integer n such that the ideal I},
acts trivially on Ay ®4 Q(g). Fix such an integer n. Then the operator 7}'_; acts
on A ®aQ(g) via the conjugation by the element @y (7;,) € Ax®4Q(q). Moreover,
the formulas in [5, §2] imply that the left and right product by @y (), ®x(7in 1)
preserves the subspace Ay C Ay ®a Q(q).

Recall that T; acts as Lusztig’s operator T ,’1. The element 7/ yielding the action
of T}'; on A can be constructed as 7;, using the identity

i (z) = (=)' (T7_1) "} (2)

for any x € Uy; see [13] §37.2.4].

Recall that Ny is a cone over the point 0 equal to the class of the trivial rep-
resentation, and that the fixed points subset (Ny)C is reduced to {0}. Hence
Ax ®a Q(g) coincides with the tensor product (Wg, ®gpa, Wa,) ®@a Q(g) by the
Kunneth isomorphism; see [] 5.6] and [20] §7]. Since Aj is torsion free over A, it
embeds in Ay ®4 Q(¢g). Then, a standard argument implies that W, is a faithful
A y-module; see [4] §5] for more details. For the same reason W}IA is also a faithful
A y-module. The unicity in Claim 1 follows.

Claim 2 is obvious from the previous construction. Claims 3 and 4 are obvious
since T, is an invertible R**-linear homomorphism from Wi, o to Wy, and
both R¥>-modules are free of rank one, generated by 14,1}, respectively.

Let us prove Claim 5. Part two of the claim follows from [1I, 5.4(a) and
Corollary 5.9] (note that the formula for s’ in [I1}, 5.4(a)] should be replaced by
s = Ei}j aijtitj/2 — 3, ti(1 +d;)). Let us prove Part one. Consider an element
w € W such that I(w) > 0. Fix ¢ € I such that I(s,w) = [(w) — 1. Put v’ = s;w.
Set o/ = w *xv, a = wx*v, n = (wwy(N), ;). Thus n > 0 and a = &/ — ne;. We
have

Ti(1h0) = €™ (1o );

see [IT, Lemma 5.6]. Let 7, € RZ* be the unique element such that T,(1,,) =
rwll,. The varieties Qxa, Qo are reduced to a point. Thus, using Lemma 5.4 we
get

E— Fiar A— tor—ta
T’w(ll)\u) = i(q n/\Vu/\VQI) v /\]:z , /\W (Twl 1/)\a)'

The classes of the H a-equivariant sheaves V;.q, Vi.or, F, + , are identified with ele-

(e

ments of RA* in the obvious way. First, assume that we have
(5.6.1) Ars, =Ny, € R,
Then
Tw = iqg/\;vj'/\zu f,‘{,'ih Ty, where s = (o' — a,w;)(a/,w;).
By induction on [(w) we get

(5.6.2) ro € 2" A TT AT AV
J

Jiv
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Setting w = wo in (5.6.2) we get ry = ﬁA%Hl/\;vu, with 9 € +¢%. A direct
computation gives ¥ € £q*, where
t=P/2+ Y (ha)?/2
ac€Ay
= /2 + e\ N)/2;
see [0, Exercise 6.2].

Finally, we prove (5.6.1). We have an isomorphism of G-varieties Qg\” ) E\l:y, ;

see the proof of Lemma 4.6 and the notation therein. This isomorphism takes
Vi(“) to (Ff)(”/). Assume that g is regular dominant, so that Qg\’g = Qxa and
V(“ ) = Viia- Since the G a-variety Qnos is reduced to a point, it is canonically
isomorphic to QM, , and the isomorphism takes -7'7;_@/ to (Ff)(“'). O

5.7. For each i, we consider the elements

Gisa = =1+ (c— 1)f7,w0*a + fi—!_a - fz woxa Z,

Rivo = ri;wom + dxwora—az,wera T T € 7/27.
Conventions. The elements r ., depend on the choice of the orientation 2. Here-
after we assume that n;; = ny; for all 7,7 if ¢ is even, and n;; = n;; for all 4,7 if

c is odd (i.e., if g is of type As,). The existence of such an orientation is checked
case-by-case.

Using the convention above, a direct computation gives
Jisatay + 950 = Gjiatay + Gisas hi;a—i—aj + hj;a = hj;oz-i—oz,; + hi;oz

for all 4, j. Thus there are unique quadratic maps = : Q — Z, y : Q — Z/27Z such
that

LE(Z/) = (C - 1)|I/|2 - C(A’ >‘)7 x(a + al) (a) = CV4;v — Gisa
y(V) = 07 y(a + ai) - y(a) = hi;aa

for all a, i. Put &(a) = ¢*@; o(a) = (=), taa = twpsar — tar — twgsa + ta-
Consider the element

—cC « QUL v
era = 0(@)€(@)g AR © @, (AL @ As_guev
Put ¢\ = Za Cha-

Lemma.

(5.7.1)

) Xry € W}{A’a.

d;wpka

(1) If o/ = a — aj, then the restriction of c;\l Xy to Xaaar 18

D g0 < AL = g ear Ataas o o1* 1
(=)o g9’ (A, KAL) - Ay ®@p /\_7-‘;+q°w*.7—';* ® Ixaar-
(2) We have w*(cra) = Crworar Crv = r;l ® 15,

Proof. Fix a, o such that o/ = a—a;. For any i we consider the following elements
in Wi,
Ui = ¢ (V]) + Vi, =, /\qcv;@;w*v;'
The rank of U;,q is Vi + Vijwesa = Vi;. From Lemma 4.6.1 we have
> a0 = ¢Wia + Wia.

J
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The quantum Cartan matrix (i.e., the I x I-matrix whose (7, j)-th entry is [a;;]) is
invertible over Q(q). Thus, for any a, o/, i we get

(5.7.2) (Ixa &ui;a’ﬂxma/ = Usa W 1>\a’)|Xma/ € KHX (Xxaar)-
We have ¢\ = @), /\v,;@m and 7, = —V;. Thus, using (5.7.2) we get
~1 —1 o,

(5 B, = Ay, BASL)

Note that

/%
Xnaa OP /\]-'j_Jrch*}'{*

Cxa = E(0)(@)rr @ o © @; N200ay, ® N

Thus Claim 1 follows, using (5.7.1) and the identity v;,, = j;a, + f rworars We

prove Claim 2. By definition of ¢}, we have w*(c,) and c,, = 1}. Thus,

using Proposition 5.6.4 we get
C)\V:ﬁ 7')\®/\ 2t ®® /\QUHI_ ;1®1&V

Since @), is a point, we identify the equivariant sheaf /\vm with an element in

o
- c)\,wo*a

R in the obvious way. Using (5.7.2) we get
2040 20430
® /\ —e/2* (V1 a)"l‘qc/z‘}*wo*u <® /\ c/2W*(vi‘0)+qc/2vz;u) ® 1,)\’w0*a
=072 @ AW @15 e
Thus, w*(ry) = 192q*|”‘2°r71 and
2V4;0 — — 2V4;0
w* (7“,\ ®/\W ®® /\ EC/QV:';Q) 192 |l/\ Cp 1 ®/\W ®® /\ ZC/Q
20450
:7"A®/\ ®® /\ vc/QVi;’on*a.

A direct computation (see the Appendix) shows that (o) = &(wp * a), o)
o(wo * @) for all a. We are done.

Ol

Let C) be the Ry-linear automorphism of A such that
C)\({E) =r® (C)\ X 0;1).

Proposition.
(1) The map CxT'y is an algebra involution of Ay such that O\I'x(q) = ¢!,
CATa () = ea
(2) The map CxCy is an algebra anti-involution of Ay such that C\(x(q) = g,
OxG (@) = g7,

Proof. The variety Xjqq is smooth of dimension dynas := (drxa + daar)/2. Let
Qraar be its canonical bundle. If o/ = a + a4, using (4.5.1), Lemma 4.6.1 and
Remark 4.6 we get

(573) QMoo = qfi;a/_dAM (q_l/\\:j X /\Vu,)fi"u/ ®pl*/\;‘iu,7
(574) d)\ao/ - d/\a’ + fi;a’ = -1,

* —1
(5.7.5) (wxw) (/\ /\V ) =q°Ay, e Vst
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Using (5.7.3) and (5.7.4) we get
T+ / / Cc— ’ — — —r—f_,
Dz, (z}) = Z (—1)iar Fraar gre=rtdaaar (g 1/\v1 X Ay) fica
o’ =a+ta;
D0 Ar+ @ Ny ® Draar
TF ’ d /. _rc—r— - - - + ’
— Z (=1)"se +draa q 1(q 1/\v1 K Ay) £,
o' =a+ta;
2P A O Ny © Laaar
Thus, using (5.7.5) we get
o —1l=rtc + ’ - - + ’
Ta(z}) = Z (—1)csa’ g g a (A BASYD fiwgra

a'=a—ay

two*a/ _two * o

®pl*w*/\;11_ ® /\W ® 1k0¢0¢’
+

_ o, ore—ld(e=2)fF -, N AR A
=1, ® Z(_l)hw qc (€=2)f g na (q 1/\va %4 Avj,) S = firwgra
a,a’

t
® /\V‘C’ul ®p/*/\7:£+w*7:1‘,_*

_ g, N AR AN
— ¢ ® Z(_l)hw gl (A, W /\va’) s’ " Tiwgra

a,af

tL!L!
&N @D Nrrsgewrrs

where e, = r:wo*a, + dx woxa,wora’, AN Gizo, Ni:o are as at the beginning of 5.7.
Using Lemma 5.7.1 we get
C)\I‘)\(x;;) = q“’xl}.
Using Lemmas 5.2.1, 5.3.1 and 5.3.2 we get
O=T\¢"Dyz, =¢"Dz ', Crx¢p*"Dz, = ¢"Dy,Ch.
Thus, (CxI'))? = (Cx())?. Using Lemma 5.7.2 we get

(5.7.6) (CAT2)? = (Cx()? =1d.
Thus, Ca\I'x(z;,) = q”x; either. Recall that ¢*Dz, &) = ®57; see [24, Lemma
6.5]. Then Claim 2 follows from Proposition 3.2.2 and (5.7.6). O

5.8. Let Ay, By : Ay — A, be the Rj-algebra automorphisms such that
A)\(J?) _ (_q)(p,ozfo/).237 B,\(J?) _ (_q)(p,ozfo/)q(o/70(,2)\70/7&)/23:7

for any element x € A)qo- Then

(5.8.1) P \A = A,D,, O,B=DB)D,.

We consider the automorphisms 8z, , ¥z, of the ring Ay such that
(5.8.2) Bz, = TwoBACAT'x, 1z, = Tw,ArCr(h.
Corollary.

(1) The map Bz, is ~-semilinear and the map ¥z, is t-semilinear. Moreover,
we have B%X = w%A =1d.
(2) For any u € U we have ®x(a) = Bz, Pr(u), Prvp(u) = 1z, Pa(u).
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Proof. From Proposition 5.7.2 the map C)() is an antihomomorphism of Ay such

that ¢ — ¢, a:?([) — a:j([) for all i. Thus, using [I3] §37] we get

(583) A)\C)\C)\ = C)\C)\A)\, TwoA;1 = A)\Twm TwoC)\C)\ = C)\C)\TJOI.
Thus 9z, is an idempotent. From Proposition 5.7.1 and [13, §37] we get also
(584) B)\C)\F)\TWO = C)\F)\TMOB/\_l, TwOC)\P)\ = C)\F)\Tujol.

Thus 8z, is an idempotent. Claim 2 is immediate. O

6. THE METRIC AND THE INVOLUTION ON STANDARD MODULES

6.1. Set arxo, = (—q)(p’a), bra = (—q)(p’a’”‘)q*dmp. Let ay, by be the auto-

morphisms of the R¥*-module Wy, (resp. of W/, ) such that ax(z) = axaz,
ba(z) = baqx for any element z € W, (resp. z € WY ). Using (5.8.1) we get
ba(u-x) = B(u) - ba(x), ax(u-z)=Au)-ar(x).
Let 8, () be the automorphisms of Wy, , W}h respectively such that
Bx = Tuwobrcxa, B\ = Tuwgbrcas-
Proposition.
(1) We have Bx(uxx) = Bz, (u) x Bx(z) for anyu € Ay, v € Wpg, .
(2) We have By (uxx) = P~ By (u) x B (2), for any u € KIN(Zyaar),
€Wy
(3) The maps Bx, B4 are —-semilinear. Moreover, we have 33 = Id, 63\2 =1d.
(4) We have Bx(1x) = 1y, B3 (15) =14.

Proof. Claim 1 follows from Lemma 5.3.3. Claim 2 follows from Lemma 5.3.4.
Claim 3 follows from Corollary 5.8.1 and the equality F\o = Zxao- Using Lemma
5.7.2 we get

Ya(1a) =1a, @Y =14, buw=1 cuw= 7“;11&,,
Thus Claim 4 follows from Proposition 5.6.3. (I

Remark. For any closed subgroup Hy C H), the forgetful maps Wg, — Wy,
Wy — W}ﬂ commute with the involutions S, 4.

1

6.2. For any A-module M, let M be the set of formal series in ¢~ with coefficients

in M. We get (see 5.5)

A _ . DHH, r_ /  HH,
WHA_WHA®RH)\R , HA—WHA®RHAR .

Recall that if A = A+ X2 in PT, then the direct sum of representations of the quiver
I1¢ gives an embedding @ : @i, X @, — Q. Fix a pair of ring isomorphisms

R™ ~ Z[mfl, ...,:c}tll], R™2 ~ Z[yfl, ...,yZl].
We have RT» ~ R @ RT»2. Set
Ry, ne = ZIa Y yi/2530, 5] @201 42 jyii5) R
where 1 < i< /¢y and 1 < j < /5. Recall that « is the closed embedding F) — Q.

Lemma.

(1) The direct image map k. is an isomorphism W g, :>VAV}IA.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CANONICAL BASES AND QUIVER VARIETIES 245

(2) Assume that X = A\; + X2 in PT. Then, there is a unique isomorphism of
R, /x, ® U-modules

WA /A - R>\1//\2 QRTA (WTM XA WTxQ) :>R>\1/k2 QRT Wr,
such that 15, ® 1, — 1.

Proof. Let first prove Claim 1. Assume that Hy = T). We set £ = . ;. There
is an isomorphism of rings R™ =~ Z[2F!, ..., 2F!]. Fix R™-bases in Wy, W}. By
Thomason’s concentration theorem in equivariant K-theory and by [20} Proposition
4.2.2], the determinant of the map k. in those bases belongs to the set

R™) [0 = a0 /20
k
for some i, ji € [1,£], ny € Z\{0}. We can assume that nj, < 0 for all k. Thus this
determinant is invertible in the ring RT>. The case of a general group H) follows

from Lemma 5.5. Let us prove Claim 2. In [24, Proposition 7.10.(v)] we define an
embedding of R™ ® U-modules

Aw WT/\ — VVT/\1 XA WTM'
By [24, Theorem 7.12] the map Ay is an isomorphism whenever ¢, z;,y; are spe-

cialized to nonzero complex numbers such that y;/z; ¢ ¢** for all 4,5. Hence it
yields an isomorphism of Ry, /5, ® U-modules

R)\l/)\z ®fo (WTAI ®a WTAQ) = R)q/)\z ®RT,\ WTA :

The unicity follows from Lemma 5.5. ]

6.3. Let a be the map from @), to the point. We consider the pairing of R
modules }

(:): WHAXW}{AHRH*
given by (z : y) = a.(z ® y), where ® is the tor-product relative to the smooth
variety Qx. The pairing ( : ) is perfect; see [20]. Note that, since W is a free

A-module, there is an embedding Wi‘h C VAVQLIA Let us consider the pairings
(1) : War, x Wiy, —R™,
(1) : Wa, x W, = RO (]) 0 Wiy x Wiy, — R
such that
(@lly) = (3 ara s W T (W), (xly) = (2llwa(y)),  (zly) = (57 (@)|ly);

see Lemma 6.2.1. Let & : R™» — A be the group homomorphism such that
d(q) = ¢, and (V) = 0 if V is a nontrivial simple Hy-module.

Proposition.
(1) We have (sly) = (4]2)".
We have (z15|yly) = xy', for all x,y € R,
We have (u- 2ly) = (zt(u) - y).
The pairing (|) is uniquely determined by conditions 2 and 3.

(2)

(3)

(4)

(5) We have (Bx(2)lly) = (@15,(1)).
(6) The pairing of A-modules O(||) is perfect.
(7) Claims 1 and 2 hold for the pairing (|) also.
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Proof. First, note that ayg = 1. By Lemma 5.7.2 we have cyg = (r;)_ll’)\. By
Proposition 5.6.3 we have w*T;; (1)) = (r;)_lb\. Thus
(xlr]yly) = (c;()la)\oxl)\ :w*TJOI(ylA)),
= ((E].)\ : yT].)\),

=ayl.

Claim 2 is proved. Fix v € U, x € Wg, o, y € W}Iha. For all w € W let
Iauwo Xz € K (Z w+0,a) be the obvious element. We have
(Inweo M) %y = (2 : y) 1 weo-
Thus, the associativity of x gives
(z-u:y)ly =1\ Rz)xPr(u)xy = (z:u-y)l,.

Thus we get
(6.3.0) (u-z:y)=(z:0"Pr(u)*xy).
Assume now that x € Wy, o, y € Wh, o. Using (6.3.0), Lemma 5.2.3, Proposi-
tion 5.6.1, (5.7.6) and (5.8.3) we get

(u-aly) = (e ara®a(u) * : w0 Tk (1)
Crmr@rar @ : § Oy ANPA(u) x w Ty ri ()
2| Ty GO P AP (u) * )
2] Ty ANCAOPA (1) x y)
x|z, Pa(u) *y).

Then, apply Corollary 5.8.2. Claim 3 is proved. Claim 4 follows from Lemma 5.5.2.
Assume now that x € Wy, o, y € W}{A’a as above. For all w we have

~—~ o~~~

1)\,111*0 * (1)\,111*0 X J)) = .
Fix u) such that Two(lkl/) = ux1. Using Proposition 5.6 we get
uxly *TJOI(I)\,, X z) = Ty, (2), TJOI(l)\l, X x) *Tgol(y) = sy (v y)l,
ie.,

leol(].)\,, X LE) = U;\ll)\ X Two (LL'),
(6.3.1) §
(Ia B Ty (2)) * T () = uasy (@ )1

This yields

(6.3.2) (T (&) : To () = ursy ' (z : ).

Claim 5 is analoguous to [I4] Lemma 12.15]. First, using (4.5.1) one gets
e |

(6.3.3) (¢ :Dg,.(y) = 4¢P (Dr. (2) : y).

Note that

(6.3.4) b)\,wo*aa,\a = qid’\a/z.
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Using (6.3.0), Lemma 5.7.2, (6.3.4) and (6.3.3) we get
(x||ﬁf\(y)) = q_3d>\a/2(c;\ia)\ax : C/\ab)\,wo*aDQAa (y))
=q (2 : Dq,.(y))
= (Dp,. (2) : y)T-
Using Lemma 5.7.2 and (6.3.1) we get
T;;C)\Q(x X1, = TujOlC)\(l)\,, Kw*z) = u;lrgll)\ X vaocglw*x.
The same argument as for (6.3.1) gives

Too (xR 1) = 55 Ty () K 1y,

Recall that w is t-linear, (rysy)t = rasy, and cyg = (rf\)’ll’/\. Thus we get
CrO Ty (2@ 1y) = ry sy (1 Key ' Ty ).
Thus, (5.8.3) gives T,y 'w* () = upsy ‘e ' w* T, (2), ie.,
(6.3.5) Tweerw™ (z) = erxw* Ty (uy 's27)
for all x € Wy, . Using (6.3.4), (6.3.5), (6.3.2) we get
(Br@)1y) = 42 (e axaTuybaugearugeas Dy, (1) : w0 T (1)
= (TwyCrworaw Dy, () 1 a0 Ty (1))
= (uy 52T Dry., (2) : T (1))
= Dy, (@) )T
Claim 5 is proved. Claim 1 follows from (6.3.2), (6.3.5) and Lemma 5.7.2. Indeed
(aly) = (e larz - W T, ka(y))

= (u)\sngujolw*c)_\la)\n*(x) )

= (w*c;\th;OIa)\n*(x) sy

= (yla)".
Cl:imim 6 follows from the Schur Lemma and the fact that (:) is a perfect pairing of
R -modules. O

Remarks.

(1) The pairings (|), (|) are obviously compatible with the forgetful maps;
see Remark 6.1.

(2) The U-module W, has the following algebraic interpretation : let W7,
be W}h with the new action of U, denoted by ¢, such that v ¢ x =
¢*®,S(u) x z, where S is the antipode. Then, the U-module Wi is
the right dual of Wy, .

7. CONSTRUCTION OF THE SIGNED BASIS
7.1. Following Lusztig we consider the sets
By, = {b € WY, |5\(b) =b, d(blb)" € 1+ ¢ 'Z[[¢" ]I},

Bu, ={b € Wg, [B\(b) =b, d(blb) € 1+ qilz[qil]}'
We also set By = B, , Bx = Ba,.
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Proposition.

(1) If the subset B C Bu, satisfies
- B is a basis of the A-module W,
- for any elements b,b’ € B we have d(b|b’) € v b + ¢ 'Z[g7}],
then By, = £B. A similar statement holds for By, .
(2) We have z1y, 271y, € By, and x1y,2r\1}, € By , for any x € XHx,

Proof. Claim 1 is standard; see [14] §12.20] for instance. We reproduce a proof here
for the convenience of the reader. Fix an element b € By, . Set b = )" p;b; where
b; € B and p; € A. Fix n € Z such that p; € ¢"Z[q™!] for all i and p; ¢ ¢" 1 Z[qg™!]
for some 4. For all i let p;, € Z be such that p; € ping™ + ¢" Z[g~!]. Then,
>, p2, > 0. Thus,
a(blb) € ¢*" 3=, P, + ¢ Zlg ).

On the other hand, we have d(blb) € 1 + ¢ 1Z[g~!]. It follows that n = 0 and
Zipfn = 1. Since fx(b) = b and Sx(b;) = b; for all i, we must have p; = p; for
all i. Hence p; € Z for all 4. Then ), p? = 1. Thus b € +B. Let us prove Claim
2. By Proposition 6.1.4 and 6.3.2 we have z1) € Bp,, x1} € By, . Hence, using
] we get T, '(z1x) € Bu,, T, (z1}) € By, . Finally, Proposition 5.6.3 gives
Tujol(xl)\) = xraly,. We are done. O

Remark. In general, 1xo ¢ B, .

7.2. For any A € PT let V(\) be Kashiwara’s maximal integrable module. By
definition, V(A) is the free A-module with the action of the algebra U such that
there is a weight vector vy of weight A which generates V(A) and satisfies the
following defining relations:

Uq(va) =0 for any a € Q \ {0} s.t. (a,A) >0,
(7.2.1)
£ 0n) = 0if i 20, ey "V (wy) =05

see [0] §5.1]. It is proved in [8] that the module V' (\) admits a global basis. Let B(\)
be this basis. The element vy belongs to B(A). Let™: V/(A) — V(\) be the unique
A-antilinear map such that b = b for all elements b € B(\). It is conjectured in
[24, Remark 7.19] that there is an isomorphism of U-modules V(A) — W such
that vy — 1. First, we consider the case A = w;. Let W{(w;)" be the fundamental
simple finite dimensional U’-module associated to the weight w;; see [0 (5.7)], [T}
§1.3]. Let W(w;) C W(w;)" be the corresponding A-form For any U-module M and
any formal variable z, let M, be the representation of U on the space M[2*!] such
that (xﬁ)(") — (xﬁ)(”) ® 2", kﬁ — kﬁ ® 2". Fix a weight vector w,, € W(w;) of
weight w;. By [9, Theorem 5.15.(vii4)] there is a unique isomorphism of U-modules

(7.2.2) V(wi) = W(wi)e

such that v,, — w,,. The product by z is an automorphism of U-modules. It
preserves the basis B(w;). There is a unique basis B%(w;) of W(w;) such that the
map (7.2.2) takes B(w;) to | ],z 2"B°(wy); see [9, Theorem 5.15.(iii)].

Since the group G, is isomorphic to C*, we identify R~ with Z[ziﬂ] in the
usual way.
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Theorem A.

(1) There is a unique element a; € Q(q)* and a unique isomorphism of U-
modules ¢ : V(w;) = Wy, such that v, — 1, and the multiplication by z
is mapped to the multiplication by a;z;. Moreover, a; = +1f

(2) Assume that (|) : V(w;) X V(w;) — A is a symmetric perfect pairing of
A-modules such that (2" vy, |2™Vw,;) = Op,m and (u-z|y) = (z|t(u)-y). Then

+B(wi) = {b € V(w;)|b=Db, (bb) € 1+ ¢ 'Z[g"']}.

Moreover, (blb') € ¢~'Z[q~] if b,b’ € B(w;) and b # b/.
(3) Bg,, = ¢(B(wi)). It is a signed basis of W,

Proof. Let us prove Claim 1. We identify K&* (F,,) with the specialization of the
U-module W, at the maximal ideal of R~ associated to 1 € G,,. There is
a unique element a; € Q(¢)* and a unique isomorphism of U’-modules Q(q) ®a
KC" (F,,) > W (w;),,, such that 1, ~— w,,, since both U’-modules are simple; see
[20]. Since the U-modules K€ (F,,.), W (w;)a, are cyclicly generated by 1., w,, , we
get an isomorphism K€ (F,,,) = W (w;)a, such that 1., — w,,. The identification
of the group G, with C* is such that for any (B, p,q) € M, and any g., € G,
we have
(1, 9w, 1) - (B, p,q) = (B, 9, P gus0)-

Since p; =0, ¢; = 0 if j # ¢ we have

(179(.4)1'7 1) ’ (va7Q) = (1a 179(1) : (va7Q)
for go = (ga,); With gq, = g;}Id ce; - Then the group G, acts trivially on F,,, and
the natural isomorphism of A[z;*']-modules

W, = KO () S K (R[]
takes V; to V; ® z;, and W; to W; ® z;. In particular, we have

, fia Fiia
A AN Zi(p ), /\f;a = /\f;a ® 2", /\fjju = /\fjju ® 2"

and xfr — xfr ® 27, kjir — kfr ® 2], because tota; — la = f;ra — f,o- Hence
W, ~ (W(wl)m)zz = W(wi)aizi'

The map ¢ takes the involution v — o on V(w;) to the involution (3, on W,
since both U-modules are cyclic and the involutions are compatible with u — @ on
U. The map f,, is z; linear by Corollary 5.8.1, the map v — @ on V(w;) is z linear
since product by z preserves B(w;). Hence a; = a;. The j-th Drinfeld polynomial
of KE*(F,,,) is Pj(t) = (t—q~°)%:. Hence the j-th Drinfeld polynomial of W (w;) is
P;(t) = (t—a; '¢~°)%. An easy computation shows that the elements h; +1 act on
the vector w,, € W(w;) as follows: h; +1(w,,) = a'q™®w,,. Since h; +; belongs
to U, the element a;q~¢ belongs to A and is invertible. Thus a; = £1 because
a; € +¢% and a; = @;.

Let us prove Claim 2. We first recall some well-known fact. Let B be the
canonical basis of Us see [13, §25.2]. By [8, §8] there is a subset I(\) C B such that

the space I(A) = @ypern)Ab C U, is a left U-submodule, and such that there is

1y, Nakajima remarked that Theorem A.1 was not stated correctly in a previous version of the
paper. He also mentioned to us that the isomorphism of U-modules V (w;) = W, was known to
him.
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a unique isomorphism of U-modules Uny /I(\) — V(\) which takes 7 to vy. Since
the U-module V() is integrable, Kashiwara’s modified operators é;, fj, j € Tu{0},
act on V()). Let L(A\) C V()) be the Z[g~!]-lattice linearly spanned by B(\). It
is stable by the operators €;, f}; see [8] Proposition 9.1], and contains the element
vx. The induced operators on the quotient L(\)/q~'L()) are still denoted by é;,
fi- Let m : L(\) — L(\)/¢~'L()\) be the projection. We set B(\) = m(B(N)). It
is known that &;, f; take B(\) to B(\) U {0}.

We now assume that A\ = w;. Then the operators é;, f; are z-linear. Let L°(w;)
be the Z[g~!]-module spanned by B(w;). Let B°(w;) be the projection of B®(w;)
in L%(w;)/q ' L°(w;). There is an isomorphism of crystals

(Bo(wi)aLO(wi)) = (B(wi),L(wi))/(Z —1).
Any element in BY(w;) can be reached at w,, after applying a monomial in the
operators €, j € I U {0}; see [Il Lemma 1.5.(1) and (2)] and [9 Proposition
5.4.(¢)]. Thus any element in B(w;) can be reached at {z"v,,; m € Z} after

applying a monomial to the operators é;, j € I U{0}.
Set L(w;)*™® = Upso L(wi)*, where

L(wi)k = Z Z Z[qilv'zil] f~j1 o .f.jé(vwi)'

<k j1,..-Je
We claim that
(7.2.3) L(w;) = L(w;)>® + ¢ ' L(w;),
(124) (L) L@) S 2l (Fly) € @léw) + 72,

Vi e ITU{0}, Va,y € L(w;). Claim (7.2.3) is obvious. To prove (7.2.4) we use the
following lemma, whose proof is given after the proof of the proposition.

Lemma. Fiz j € IU{0}. For any x € V(w;) fix elements x, € V(w;), 7 € [0,1],
such that © = Zi:o f]@(m,«) and e;j(z,) = 0.
(1) If v € L(w;), then x, € L(w;).
(2) If x € B(w;), then there is ro € [0,t] such that x,, € B(w;) + ¢ 'L(w;) and
2 € g L(w;) if T # 70
(3) Fiz A\, € P. Assume that x € L(w;)x, and {(z|L(w;)) C Z[g~']. Fiz
Yy € L(ws)y, with p = X — o and fix elements ys € V(w;), s € [0,u], such

that y =>4, f;s) (ys) and e;(ys) = 0. Then (x,|ys) € Zlg~'] for all r,s.

The U-module V(w;) is endowed with its P-gradation; see [9]. For any fi € P
let V(wi)ﬂ C V(wi), L(wi)ﬂ = L(wz) N V(wi)ﬂ and L(wz)ﬁ = L(wi)k N V(wi)ﬂ be
the corresponding weight subspaces. Then

(V(wi)p | V(wi)ps) #0 = i1 — iz € Z6,
(7.2.5) L(wi)k =32, fi (Lw)i7h,)s

& (L(wi)p) € L(wi)ptay-
We first prove by induction on k that
(7.2.6) (L(wi)" | L(wi)) € Zlg ™",
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(7.2.7) (fi@)y) € (zle;(y) +a 'Zlg™ ),

Vj € TU{0}, Vo € L(w)¥, Yy € L(w;). We have L(w;)°? = Z[¢g~ ', 2% v,,, and
L(w:)w,+ns = Z]lg~t]2"v,,. Thus, (7.2.6) for k = 0 reduces to

(Zlg =" v, | Zla )2 00, ) € Zlg ™',
2™y, ) = Omp. Similarly, (7.2.7) for k = 0 reduces to
(7.2.8) {fi(z"v,) &) +q ' Zlg ).

This is obvious if j = 0 because (fj(2"v,,)|y) # 0 or (2"v,,|&;(y)) # 0 implies
that y € @,, V(wi)w,+6+ns, and V(w;)w,+04+ns = {0} for all n; see [9) Proposition
5.14.(7)] for instance. If j # 0, (7.2.8) is proved as follows. Since e;(z"v,,) = 0, we
have f;(2"v,,) = £j(2"v,,). Fix elements y, € V(w;), s € [0,4], as in Lemma 7.2.3.
Then, ys; € L(w;) by Lemma 7.2.1. We must show that

(62" 00,) | Dm0 B () € (20, | ot £°7 V() + a7 Zlg ™).

The computation in [13, Proposition 19.1.3] gives the result, since (z"v,, |ys) €
Z[q™!] for all s, by (7.2.6) for k = 0. We may therefore assume that (7.2.6), (7.2.7)
are already known for & — 1 with & > 0. Using (7.2.5) we see that (7.2.6) for k
follows from (7.2.6), (7.2.7) for k — 1. Finally, (7.2.7) for k is proved as in [13|
Proposition 19.1.3] using (7.2.6) for k, and Lemma 7.2.3.

From (7.2.6) we get

which follows from (z™v,,

Y) € (2"v,

(L(wi)™ | L(w) € Z[g™"]-
On the other hand, there is a positive integer a such that

(L(wi) | L(wi)) € ¢*Z[g"]
because B(w;) is finite. Using (7.2.3) yields

(L(wi) | L(ws)) € Z[g7"].

Similarly, given z,y € L(w;) we fix 2°° € L(w;)™ such that z — 2> € ¢! L(w;); see
(7.2.3). Then (7.2.7) yields

(fi(@®)]y) € @& W) +q "Zlg ™).
Thus
(fi@)y) € (f;(@)|y) + ¢ Zlg™'] = (&®[é;(y)) + ¢ *Z[g7"]
= (2|&;(y)) + ¢ 'Zlg ).

We have proved (7.2.4).

Then, Claim 2 is proved as in [I3, Lemma 19.1.4], using (7.2.3), (7.2.4) and
Proposition 7.1.1. More precisely, for any element b € B(w;), let ¢(b) be the
smallest k > 0 such that b € L(w;)*¥ 4+ ¢ 'L(w;); see (7.2.3). For any b, b’ € B(w;)
we prove by induction on ¢(b) that

(7.2.9) (b|byeqZg it b#Db,

(7.2.10) (b|byel+q 'Zlg "]

If £(b) = 0, then b = z"v,,, for some n € Z. Thus, if (b|b’) # 0, then b’ = z™u,,
for some m and both statements are obvious. Fix k& > 0. Assume that (7.2.9),
(7.2.10) hold for any b,b’ such that ¢(b) < k. Fix b,b’ such that {(b) = k.
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By (7.2.3) there is an integer j € I U {0} and an element by € B(w;) such that
fi(b1) € b+ ¢ 'L(w;) and £(by) = k — 1. Using (7.2.4) we get

(b|b) € (f;(b1) |b) +¢ ' Z[g™"] = (b1 | &) +¢ ' Z[g"].
We have €;(b) € by + ¢ ' L(w;). Thus,
(b|b) € (b |b1) +q¢ 'Zlg"].

Hence (7.2.10) for k follows from (7.2.10) for k — 1. If b # b’, either é;(b’) €
¢ 'L(w;). Then

(b|b') € ¢ 'Zlg"]
by (7.2.4), or there is an element b} € B(w;) such that é;(b’) € b} + ¢ ' L(w;). In
the last case by # b (or by applying f; we would get b € b’ + ¢~ ' L(w;), and thus
b =b’). Hence (7.2.9) for k follows from (7.2.9) for k — 1. Finally, Claim 2 follows

from (7.2.9), (7.2.10) and Proposition 7.1.1.
Claim 3 is obvious from Claim 1 and Claim 2. O

Proof of Lemma 7.2. Claims 1 and 2 generalize [13, Lemma 18.2.2] to the nonhigh-
est weight module case. The proof follows [I3] Lemma 18.2.2]. Note that we only
use Claim 1; Claim 2 is given for the sake of completness.

We prove Claim 1 by induction on t. It is obvious if ¢ = 0. Since

t—1
&) =3 £ (@r41), &(L(w)) C L(wy),
r=0

we get Zf;o f]m(xrﬂ) € L(w;). The induction hypothesis for ¢ — 1 gives z,41 €

L(w;) for all r € [0,t — 1]. Since e;(z,4+1) = 0, we have f;rﬂ)(m,«ﬂ) = ]Zr+1(xr+1).

Since fj(L(w;)) C L(w;), we get f;”l)(xrﬂ) € L(w;). Using x € L(w;), f]@(xr) €
L(w;) for all r € [1,t] we get xo € L(w;).

We prove Claim 2 by induction on ¢. It is obvious if ¢ = 0. Since z € B(w;),
we have é;(z) € B(w;) + ¢ ' L(w;) or €;(z) € ¢~'L(w;). In the second case we get,
using Claim 1, z,, € ¢! L(w;) for all r € [1,#]. Thus z¢ € * + ¢ 'L(w;) and we are
done. Consider now the first case. Using the induction hypothesis for t — 1 we get
an integer o € [0, — 1] such that 2,41 € B(w;) + ¢ 'L(w;) and 2,11 € ¢ 1 L(w;)
for all 7 € [0, — 1]\ {ro}. Thus é;(z) € fj?“o (Tro+1) + ¢ *L(w;). Hence

x e fjéj(x) +q ' L(w;) = ﬁ0+1($ro+1) +q " L(w;).

Hence, necessarily 29 € ¢ ' L(w;). We are done.
We prove Claim 3. To simplify we set z, =y, = 0 if r > ¢, s > u. For any
a,b > 0 we have (see [13] Proposition 19.1.3])

<fj§a)(‘x7") |f;b) (ys)) = 5a,b57“+1,sca,8<xr | Ys),

where
C .= qa27a(p,+saj,a]) (,LL+ Sajvaj)
a,s a .
From Claim 1 we have ys € L(wi)utsa, for all s. Since e;(ys) = 0 we have

f;sfl)(ys) = fjsfl(ys). In particular, f;sfl)(ys) € L(wi)uta,- Thus (x| f;sil)(ys» €
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Z[g~']. On the other hand,
t

(@£ o) =37 @) £V (0:)) = Comrslws1 ] ys).
r=0

Now

Csfl s

)

O R CE AP RE) [(M +85f‘i1’ O‘J‘)] €l+q'Zig".

Thus (zs_1|ys) € Z[g™] for all s > 1. If s # r + 1, then (z, | ys) = 0 since x,., ys
have different weights. O

Here is the main result of the paper.

Theorem B.

(1) The sets Br,, By, are signed bases of Wr,, W7, . Moreover, for any
b,b" € Br, (resp. b,b’ € By, ) we have

I(b|b’) € dp 1 + q71Z[q71] (resp. O(b|b") € bbb + qilz[[qfl]]).

(2) The signed bases Br,, By, are dual with respect to the pairing 9(||) in the
following sense: for all b € By, there is a unique element b’ € B’TA such
that d(b||b’) = 1, and we have d(b||b") = 0 whenever b” # £b'.

Proof. Fix a decomposition A = Zizl Wi, Weset v, i, = Uy, @+ ®Vy,. By
[9, §8] the U-submodule

N:=U- (R‘TA & vi1,~~~,iz) - ®k V(wlk)
admits a unique involution ¢"°" such that

CDOI‘(

I]OI‘(

Uil,...,i[) = Ui1,...,’ie7 & U - ’Uil,...,’ie) =u- ’Uil,...,’ie7 \Vlu S U

Set R™“i = Z[zE) for all k. Also, set
Ri /i = Zla " 21/ 26 k] @afg—1 pss forih] R,
where k takes all possible values in [1,¢]. The tensor product
®kWTu
is endowed with the unique pairing of Ril J.../i;-modules such that
(O 2| QpYr)irs.sic = Qrlan [yr), Vo, yr € Wr,

and the pairing (|) on each factor is as in 6.3. As in 7.1 let d(|);,,.../i, be the
corresponding pairing

= Ri1/m/ie ORTs ®k Wr,

i i

R Wr, x @ Wz, —Z((q "))

We have an isomorphism of U-modules Wr,, =~ V(w;) such that 1y, — vy,; see
Theorem 7.2.A.1. By Theorem 7.2.A.2 we have

+ @y B(wi,) + @47 L(wi) = (b € @ W, [0(blb)i,..si, = 1+q7 Zllg™ ']}
Thus, by [9, Theorem 8.5 and Proposition 8.6] the set
{beN|[c"(b)=b,d(blb),,. s, =1+q¢ 'Zg ']}

ik
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is a signed basis of N. Tterating (¢ — 1)-times the map in Lemma 6.2.2 we get an
isomorphism of U-modules

Wiy /...[ie ®kWka SRil/m/ie ORTx Wiy, vu, @ rvy, = 1

The U-module W, is generated by R ®1, by Lemma 5.5.2. Thus @i, /...)i(N) =
Wr, . By [7] the pairing (|);,,.../;, still satisfies Proposition 6.3.3 with 1, instead of
Vi, ,....i- 1t is easy to see that Proposition 6.3.2 also holds in this setting. Thus, by
Proposition 6.3.4 the pairings (| );,,.../;, and (| ) on N and Wr, coincide. Moreover,
Proposition 6.1 and Corollary 5.8.2 give w;, /.. /;,¢"" = Brw;, /... /i,- Thus,

wil/.../u({b €N|c"(b) =b, d(blb);, /. s, =1+ qflz[qfl]})
={b e Wr, [5x(b) =b, d(blb) € 1 +¢ 'Z[g']}.

In particular, Br, is a signed basis of W, such that
(7.2.11) I(b|b) € b1 +q 'Z[g 1]

for all b,b" € Br,. By Proposition 6.3.6 there is a signed basis By, C W7, dual
to Br, with respect to the pairing J(|[). Let b* € B, be the element dual to
b € Br,. Let E : Wr, — W/, be the unique A-modules isomorphism such that
E(b) =b* for all b € Br,. Using (7.2.11) we get

(ke — E) (@besn Z[q_l]b) - @besn q_lz[q_l]b*-

Thus, the map k. : Wp, — VAV’TA is invertible (see also Lemma 6.2.1) and we have

(k) ' =D (-1)"E" (k. — E)ET)".

n>0
In particular, we get
(k)1 (b7)[D") € Gbr + ¢~ Z[g ),
ie.,
A(b*b"™) € S + ¢ 'Z[lg ],

for all b, b" € By, . Using Proposition 6.3.5 we get also 3 (b*) = b* for all b € By, .
Thus B}, C Bf, . Then, apply Proposition 7.1.1. We are done. O

Remarks.

(1) Tt is easy to see that X is a subgroup of the multiplicative group of R
such that X™» Br, = Br,. Thus there is a subset BOTA C Br, which is an
R -basis of Wr,. In particular, for~ any maximal ideal I ¢ R™ the set
BY, ®1is a Z-basis of W, @gz, (R™/T). If 1(I) =1, then the involution
fBr, and the metric 9(|) descend to Wr, @pz, (R™/I). It is not clear if
iB% ® 1 admits a similar characterization as Br, in 7.1.

(2) Probably the sets By, B are signed bases of Wy, W/. The conjectures in

[9, §13] and the previous theorem suggest that Kashiwara’s canonical basis
of V(\) coincide with By, Bj, up to signs.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CANONICAL BASES AND QUIVER VARIETIES 255

7.3. We do not assume any more that g is simply laced. Fix ¢ € I. The funda-
mental module W (w;) is as in [9]. Let W (w;)[zT!] be the affinized module; see [9]
§4.2]. Set d; = max(1, (a;,«;)/2). Then V(w;) is isomorphic to the U-submodule
W (w;)[zF%] € W (w;)[zF1]; see [, Theorem 5.15.(vidi)]. Set z; = 2%1d : V(w;) —
V(w;). Let us mention the following fact, which is not used in the paper.

Proposition. For any g (not necessarily simply laced) and any i € I there is a
unique pairing of A-modules (|) : V(w;) X V(w;) — A such that

2" Vw;) = Onms (U zly) = (2lip(u) - y).

This pairing is perfect and symmetric.

{2V,

Proof. The proof is similar to the proof of [13, Proposition 19.1.2]. By [9, Propo-
sition 5.14.(447)] the space V(w;); is finite-dimensional for any i € P. Set

V(wi)* = @ Hom (V(w;), A).
pep
Since 1) is an anti-automorphism, there is a unique U-module structure on V (w;)*
such that

(7.3.1) (u-f)z)=f@Wu) x), YueU, Ve V().
The U-module V(w;)* is endowed with the P-grading such that
V(Wi),*wrn& = Hom (V(w;) ytns, A).
Recall that V(w;)e; = A-vy,. Let fo, € V(w;)* be the unique linear form such that
Jui;(vw;) =1, and f,,(v) = 0 for all v € V(w;), with i # w;. Hence, f,, € V(w;),.
We must prove that there is a unique morphism of U-modules V(w;) — V(w;)*
which takes vy, to f.,, and that it is invertible. The spaces V' (w;) s, V(wi):g have the
same dimension for all . Thus the set of the weights u € P such that V(wi);JrM #
{0} for some n € Z is contained in w; — >~ ., Nay, since this is true for V(w;).
Hence f,, is an extremal vector of weight w;; see [9, Theorem 5.3]. By the universal
property of V(w;), there is a unique morphism of U-modules ¢ : V(w;) — U- f,, C

V(w;i)* which takes v,, to fo,. Moreover, we have ¢(V (w;)z) € V(w;);, forall i € P.
Since V' (w;) is finite dimensional it is sufficient to prove that the map ¢ is injective.
Let the operator z; acts on V(w;)* by

(zi - fH(x) = f(z;l cx), VYo e V(w),VfeV(iw).

Then ¢ commutes to z;. Since W(w;) ~ V(w;)/(z; — 1)V (w;), the map ¢ induces
a nonzero morphism of U-modules W (w;) — W (w;). It is injective since W (w;) is
simple. Thus ¢ is injective.

The pairing is symmetric because it is unique and ¥? = Id . ([l

8. EXAMPLE

We assume that IT = ({1},0). We set A = fw1, o = aaz. To simplify, we omit
the subscripts 1 and we set Qry = Qe dea = dra, €tc. Set

(E;!_ _ Z (_1)5—(1’(1—27“—(1’(/\;7“*44“1 g/\TVJera) ®/\17\}1 ® ]-Eaa’;

a’'=a+1

I, = Z (_1)alq_2r+al(/\rv7a X /\lerra) ® Legar-
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We have Qq, # 0 if and only if 0 < a < £. More precisely, Fy, is smooth and
isomorphic the Grassmanian of a-dimensional subspaces in C¢, and Qg = T*Fyq.
An element in Q, may be viewed as a couple (V,u), where V' C C’ is an a-
dimensional subspace, and u € End (C¥) is a nilpotent map such that Imu C V C
Keru. The element z € C* acts on T*Fy, by multiplication by the scalar 22 along
the fibers. The automorphism w : Quu — Qrr—a takes the pair (V,u) to (VL4,u),
where V+ C C is the subspace orthogonal to V', with respect to the canonical scalar
product on C¥¢. Let E! be the tautological rank a vector bundle on T*Fy,. Let &,
be the restriction of & to Fyq. Set Q) = W, /&), Qo = Wa/E4. Set € = P, Ea,
&=, ¢, etc. We have

- —¢ N - —0 pl AL

V=q&, xff = Ae xj/\w New T = Ngrz, /\w/\g'-
Hereafter, we omit the operators k, and ®. The following lemma is immediate; see,
for instance, [22].

Lemma.
(1) We have & (1) = [0 — a + 1lpa_1, Ty (1ea) = [@ + 1lg a1
(2) We have 110 = X200 (=1)'g7 AT (Qa)-

A direct computation gives

Proposition.
(1) We have B} = By = i{xllo,x/\;\}ln;x € X1}
(2) We have By = +{zlh9, 2\ 11,0 0 AR Qo1 2AW 1ha5 7 € A7y @ Xo},
By = i{xlgo,J)/\;\?lgl,q_ll‘/\;\?ggl,x/\;\?lgg;x € /\‘252 ® Xa}.

APPENDIX

We check that z(wp * o) = z(a) and y(wo * a) = y(a), for all a € Q, where
x: Q — Zandy : Q — Z/27 are the quadratic maps that satisfy (5.7.1). We
give the proof for the map x; the case of the map y is left to the reader. Set

o= Zajaj, A= ijwj, v=A—w(A\) = ijaj'
J J J

Write z(a) = Q(a) + L(«) + a, where @ is a quadratic form, L is a linear form and
a € Z. Put
Q(Oé) = Zqijaiaj, L(Oé) = Z bjaj.
4,3 J

A direct computation gives g;.o = ¢; + Zj cija; with
ci=—14+ (2 - C)fi + (20 - 1)/%, Cij = (C — 2)aij + 51‘]’ (2 - 20).
Using the relation z(a + «;) — z(a) = ck; — gi;a, We get

1
b =ck; —c¢; + —c;; = (C - 2)& =+ (]. - C)ki,
(1) 2

1 c
Gij = —5¢ij = (1= 5)aij +di(c — 1);

that is,
(2) Qla) = (¢ = Dlaf* + (1= D)(aa). L(a) = (e~ D(\a) + (1 - ) Y yay.
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The identity Q(v) + L(v) + a = x(v) = (c — 1)|v|?> — ¢(\, ), gives
a=—c(AN) + (5 = D) = = 2)(Av) + (= Dy = (e = lrf* = c(A M),
since 2(\,v) = (v,v). In particular,

a=xz(0) = z(v).
Now we want to check that x(wp * o) = z(«). Since z(v) = x(0), we have Q(v) +
L(v) = 0. Moreover, (2) gives Q(a) = Q(wp()). Thus it is enough to prove that

L(wo(a)) —L Oé) = QZ k;iqijal-.

By (2), the left-hand side is equal to

2=0)va) +(c= 1) I k(e +ay).

j
By (1), the right-hand side is equal to

2-c)(r,a)+2c—1))  kja;.

J

Since wo(v) = —v, we have k; = k;. We are done.
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