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ABSTRACT. The category of finite dimensional (type 1) representations of a
quantum affine algebra Ug(g) is not semisimple. However, as any abelian
category with finite-length objects, it admits a unique decomposition in a
direct sum of indecomposable subcategories (blocks). We define the elliptic
central character of a finite dimensional (type 1) representation of Uy(g) and
show that the block decomposition of this category is parametrized by these
elliptic central characters.

INTRODUCTION

In this paper we describe the block decomposition of the category of finite dimen-
sional representations of a quantum affine algebra U,(g), where |q| < 1. Namely,
we find that the blocks are parametrized by elliptic central characters, which are
certain elliptic functions attached to irreducible representations.

The plan of the paper is as follows.

In Section 1, we recall the basics about blocks in abelian categories.

In Section 2, we recall the definition of U,(g) and the basic facts about its finite
dimensional representations.

In Section 3, we define the elliptic central character of finite dimensional rep-
resentations of U,(g). Namely, we show that if X,Y are such representations and
X is irreducible, then the operator R?}}X(Z_l)RX,y(Z) : X®Y - X®Y (where
R is the R-matrix) is of the form 1 ® {x(z)|y, where £x(z) is an endomorphism
of the identity functor with coefficients in the field of elliptic functions. If Y is
also irreducible, then £x(z)|y is a scalar. The collection of these scalars for all
irreducible X is called the elliptic central character of Y. (Thus, the elliptic central
character plays the role of non-existent nontrivial central elements of U,(g).) Our
main result is

Theorem 1. Blocks in the category of finite dimensional representations of U,(g)
consist of representations whose simple constituents have a given elliptic central
character.

The rest of the paper is devoted to the proof of Theorem[Il This proofis based on
a result of Chari and Kashiwara on the cyclicity of tensor products of fundamental
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representations, and a lengthy case-by-case analysis. It would be interesting to
obtain a uniform proof.

In Section 4, we prove Theorem [ for type A.

In Section 5, we recall the Drinfeld realization of U,(g), and explain how to
compute elliptic central characters of fundamental representations.

In Section 6, we prove Theorem [I] for types B-G. This is much more technically
challenging than type A (for types F and F we relied on a computer to perform
some calculations). The proof for type Es is discussed in Appendix A.

In Appendix B, we list the formulas used in Section 6 to compute the elliptic
central characters; some of them were obtained using a computer.

We note that although elliptic central characters were used in this paper for a
particular purpose (to classify blocks of finite dimensional representations), they
may be used in other problems about U,(g). For example, as is shown below, they
can sometimes be used to decide when an irreducible finite dimensional represen-
tation occurs in the tensor product of two others. Therefore, we feel that elliptic
central characters are worthy of further study. In particular, it would be interest-
ing to study their connections with other objects in representation theory of U,(g),
such as minimal affinizations and g-characters.
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1. BLOCK DECOMPOSITION OF AN ABELIAN CATEGORY

Let us recall the basics about blocks in abelian categories. This material is
standard, and we give it for the reader’s convenience.

Let C be an abelian category, in which every object has finite length. In this
case, it is well known that any object is uniquely representable as a direct sum of
indecomposable objects.

Definition 1.1. Two indecomposable objects X1, X5 of C are linked if there is no
splitting of C in a direct sum of two abelian categories, C = C; & Cs, such that
X, €C; and X5 € Co.

It is easy to see that linking is an equivalence relation.

Proposition 1.1. The category C admits a unique decomposition into a direct sum
of indecomposable abelain categories: C = P, c;Ca-
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Proof. Let I be the set of equivalence classes of linked indecomposable objects,
and for « € I let C, be the subcategory of C, consisting of direct sums of objects
from «. By the uniqueness of the decomposition into indecomposables, we have
C = @,c;Ca- Furthermore, the categories C, are indecomposable. Indeed, if
Co = CL @ C2 is a nontrivial decomposition, then any indecomposables X; € C},
X5 € C2 are not linked, a contradiction.

The uniqueness of the decomposition is obvious. O

Definition 1.2. The subcategories C, are called the blocks of C, and the decom-
position of Proposition [Tl is called the block decomposition of C.

Recall that for any X € C, one can uniquely specify the simple objects (with
multiplicities) which occur as constituents in X (the Jordan-Holder Theorem).
The following trivial lemma will be used below.

Lemma 1.2.

(a) Two simple objects are linked if they occur as constituents of the same in-
decomposable object.

(b) Two indecomposable objects are linked if they have some linked simple con-
stituents.

Proof. Clear. O

2. QUANTUM AFFINE ALGEBRAS AND THE CATEGORY C

Let g be a finite-dimensional complex simple Lie algebra with Cartan subalgebra
h. The simple roots will be denoted aq, ..., a,, the fundamental weights w1, ..., wy,
and the invariant bilinear form (, ) is normalized so that (6,0) = 2 for the maximal
root § = > 6;c;. The Cartan matrix is C' = (¢;5), i,5 € I = {1,...,n}. Set r¥ to
be the maximal number of edges connecting two vertices in the Dynkin diagram of
g and define a renormalized form

('a ) = 7’\/<', >
Then let
(aia ai)

2
and set D = diag(d;), so that B = DC is symmetric.

We consider g, the loop (or affine) algebra associated to g (we do not consider
central extension). The matrices B, C, D can be extended to their affine counter-
parts B, C’, ﬁ, of size n 4+ 1. Their entries will be denoted by b;;, c;;,d; as before,
but with 4, j running from 0 to n. For ¢ € C* (not a root of 1), the Hopf algebra
U,(g) is the algebra generated by k', z,i = 0,...,n, with relations

7

(2.1) d; =

kit =k k=1 kikj =k, ko [JE =1,
i=1

_ ey
kiw k=g g

7 7o
(2.2) ki — k71
[z, 2] = 0 —7,
qi — q;
1 Cij 1
c e
{ m”] (@)™ @y (277)! 79T =0, i
m=0 qi
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1 m —m

Here ¢; = ¢% and [;LL = m where [m], = L =L and [m],! = [m]q[m —
1]4 ... [1]q- The coalgebra structure and the antipode are given by

AEEY = kM o kL Az ) =2 9k + 1],
Ale;)=z; @1+k ' 0z,
e(ki) =1, e(zf) =0,

S(ki) = k; b, S(zl) = —ai k", S(x;) = —kxy .

(2

(2.3)

U,(g) has (in an appropriate sense [12]) a universal R-matrix that we denote by R.
Given a representation Y of U,(g) and A € h*, we set

Y[}\] = {’U (= Y, ]fﬂ) — q(k,o{,;)v}.

We will consider the category C of finite dimensional (type 1) representations of
U,(g). It consists of finite dimensional representations with weight decomposition

Y =Y
A

for A in the weight lattice of g.
Let Gr(C) be the Grothendiek ring of C. We will need the following theorem
[16].

Theorem 2.1. Gr(C) is a commutative ring.

3. THE ELLIPTIC CENTRAL CHARACTER

Recall that if A is a finite dimensional algebra, then blocks in the category A-mod
are parametrized by characters of the center, x : Z(A) — C.

Of course, the algebra U,(g) is not finite dimensional, and has a trivial center.
Nevertheless, we will define a nontrivial analog of the notion of a central character
(the elliptic central character) for U,(g), which will allow us to compute the block
decomposition of the category of its finite dimensional representations.

For z € C*, let D, be the automorphism of U,(g) given by D.(z{) = zx{,
D,(xy) = 2 'zg and the identity on the other generators. Given X € C we can
consider the family of shifted representations X (z) obtained from X by composing
with D,.

Let X,Y € C and R|x(z)gy be denoted by Rx y(z). Rx y(z) is a meromorphic
function of z regular at 0 [21), [I3]. Define

(3.1) 77X7y(2:) = R%}?X(z_l)RX,y(Z) S Enqu@ (X(Z) ®Y)

where R%{X(zfl) = (PRP)|y(.-1)gx and P is the flip map. Then nxy is an
elliptic function of z with period q2rvhv

elliptic curve

[21], i.e., a meromorphic function on the

C*
b= =<z
q

where 1V is the dual Coxeter number of g.
Let Idg denote the identity functor of the category Cg := C ®¢ C(E), where
C(F) is the field of meromorphic functions on E.

Proposition 3.1. If X is irreducible, there exists an element {x € Endy, g) (Idg),
such that nxy (z) = 1@ Ex(2)]y for almost all z € C*.
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Proposition [31] follows from the following lemma.

Lemma 3.2. LetY € C. Given a simple object X € C, the map £ — 1®&, defines
an isomorphism Endy, 5)(Y) = Endy, 5)(X(2) ® Y) for almost all z € C*.

Proof. We have

Endy, ) (X(2) ® Y) = Homy, g)(Y, "X (2) ® X(2)®@Y)
= Homy, (Y @ Y, ("X @ X)(2)).

Let Z1,...,Z, be the nontrivial constituents of a composition series of *X ® X.
Then, for almost all z, none of the Z;(z) occurs as a constituent in ¥ ® *Y (as
Z;(z) are pairwise non-isomorphic for fixed 7 and z € C*) and, consequently, the
image of any morphism f:Y ® *Y — (*X ® X)(z) has only trivial constituents.
It is easy to show that Ext}]q@ (C,C) = 0. Thus, the image of f is trivial, i.e.,
either zero or 1-dimensional (since X is simple). The lemma is proved. ]

Corollary 3.3. For almost all z,u,w € C* we have:

(a) If Y is trreducible, then &x(2)ly is a scalar operator, and &{x(2)ly =
&v (= lx.

() {x(2)lviey, = Ex(2)|lvy @ Ex(2)|y,- In particular, if Y are irreducible,
and Y is a subquotient in Y1 ® Ya, then £x(2)|ly = €x(2)|viéx (?)]y, € C.
Similarly, if an irreducible X is a subquotient of the tensor product of two
wrreducibles X1, Xa, then Ex = Ex,8x, = Ex,6x, -

(©) Ex(2)ly- = (Ex(B)y) ).

(d) &x(2)lv@w) =Ex(£)ly and Exu)(2) = Ex (zw).

Proof. The first statement immediately follows from Lemma B2 The second fol-
lows from the fusion laws for the R-matrix. In particular, £x(2)|y ® Ex(2)]y- =
¢x(2)lygy+ = 1. The last equality follows since the trivial representation occurs in
Y ® Y*. This proves the third statement. The fourth statement is a consequence
of the fact that the same is true for Rx y (2). O

Definition 3.1. Let Z C Ob(C) be the set of isomorphism classes of simple objects.
An elliptic central character in C is a map x : Z — C(E) such that the following
holds for almost all z,w € C*:

(2) X () (2) = xx (20).
(b) If X is a subquotient of Xy ® X, for X, X; € Z, then xx = Xxx, XX,-
(¢) xc = 1.

Here x x is the evaluation of x at the simple object X.

Given an elliptic central character y, set
Cy ={Y €C;éx(2)|z = xx(z) for all Z € T, Z is a constituent of Y}

(it is possible that C,, = 0). If Y € C,, we will say that the elliptic central character
of Yis x.

It immediately follows that C is the direct sum of all C,.

We are ready to state our main result.

Theorem 3.4. The categories Cy, are indecomposable. In other words, they are the
blocks of C.
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The set of x for which C, is nonzero can be explicitly described. This description
will be clear from the proof. It will also be clear from the proof that if elliptic central
characters of two representations coincide up to scaling, then they coincide; so an
elliptic central character of a representation is completely determined by its divisor
of zeros and poles on the elliptic curve F.

4. THE sl,41 CASE

To prove Theorem B.4] for all g we will need to use another realization of U,(g)
using Drinfeld “loop-like” generators. However, due to the existence of Jimbo’s
algebra homomorphism U,(g) — U,(g) when g is sl,1; [19] 12], we can already
proceed with the proof in this case.

We have r¥ =1, h¥Y =n + 1 (but we will keep the notation A to maintain sim-
ilarities with types B-G). Let V = C""! be the vector representation of U, (;[nﬂ).
The following proposition is well known (see [5l [§] for example).

Proposition 4.1. Any irreducible object of C is a subquotient of a tensor product
of the form V(z1) ® -+~ @ V(zpm,).

Corollary 4.2. Any elliptic central character x is determined by xv .
The following is a consequence of the results in [20, [3].

Proposition 4.3. For a tensor product V(z1) @ --- @ V(zm) to be cyclic on the
highest weight vector (hence, indecomposable) it suffices that z;/z, # q* for j < k.

Proposition 4.4. Let z1,...,zy be a sequence satisfying the condition in Propo-
sition [{.3 and s € Sy,. Then there exists a map of U,(g)-modules V(z1) ® -+ @
Vi(zm) = V(zs)) @ -+ @ V(zgmy). Furthermore, if zyqy, ..., 25m) also satisfies
the condition, then the corresponding tensor products are isomorphic.

Proof. Tt is enough to prove it for transpositions. In this case, the map is given by
the action of PRy v (2;/zj11), where R is the normalized R-matrix of Proposition
below, and P is the flip map. The R-matrix Ry, (2) has singularities at z =
g*2. Therefore, if Zg(1)s - - - » Zs(m) satisfies the condition in Proposition A3l the

transposed factors satisty z;/z, # ¢*2, and the map becomes an isomorphism. [

Definition 4.1. We say that a sequence z1, ..., 2, is non-resonant if it satisfies
the condition of Proposition [4.3]

Since any sequence can be arranged in a non-resonant order, we shall denote by
Y (z1,...,2m) any of the corresponding isomorphic indecomposable tensor products
obtained from z1, ..., Zp.

It follows from Lemma [[2]and Propositions[Z.1] and L4, that to prove Theo-
rem [34] for Uq(s/;\[nﬂ), it is enough to show that if (21, ..., 2m) and Y (w1, ..., wg)
have the same elliptic central character, then they are linked.

Lemma 4.5. The trivial representation is contained in Y (w, ¢*w, . .. ,qQ(hV_l)w),
for any w € C*.

Proof. Tt is contained in Y (w, ¢*w, .. .,qQ(hv’l)w) as “the top quantum exterior
power” of V' (w). O
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Lemma 4.6. For any w € C*, Y(z1,...,2m) 18 linked to Y(z1,...,2m,w,
Fw, ... ,qz(hvfl)w). In particular, Y (z1,...,2m) is linked to Y(z1,...,%_1,
A

74 7Zj+17"-azm)-

Proof. Tt follows immediately from Lemma and Proposition [£4] since we have
a map

Y (21, . Zm, w, ¢*w, . .. ,qQ(hV_l)w) —Y(21,...,2m) @Y (w, ¢*w,. .. ,qQ(hV_l)w).

For the second statement, let Y7, Y5 be simple constituents in each of the considered
tensor products respectively. Then both Y; are subquotients of Y (z1,..., zj, ¢*zj,
2nY . . 0

e @ 2 2, s Zm)-

In light of Lemma [LGlit remains to show that if Y'(z1,..., 2,,) and Y (w1, ..., wg)
have the same elliptic central character, then the sequence (z1, ..., z,) can be ob-
tained from (wi,...,wy) by permutations and by adding and removing sequences
(z,¢%2, ..., q2(hv’1)z) (which includes the transformations z; — zijhv).

To do this, we will write down the formula for £y (z)|y and analyze its singularity
structure. Drinfeld realization will be used to do this in the other cases, but for
sl,41 one can compute it in a more “naive” way, as was (essentially) done in [23].

We have
2(hY —1) e
(4.1) &v(@)lv=a 7 [[e@" 2)e(@" ="
=0
where

(1-2)(1- quhv)
T—2)(1 = 207D}

Then, the structure of zeros and poles of &y (2)|y on E is given by the following

(4.2) o(z) = (

pictures
1 ¢ gt qz(h\/fz) qz(hv—l)
[} [} [ ] e [ [} fOI' n Z 2
2 -1 0 ... 0 -1
and
1 q2
; _.2 forn=1
where positive numbers stand for zeros (of that order) and negative for poles.
The fact that the trivial representation is contained in Y (w, ¢*w, .. ., q2(hv’1)w)
is reflected in the relation
hY -1
(4.3) I &vGwte™) =1
s=0

To prove our claim, we need to show that any multiplicative relation between
¢v(zu), u € C* is a combination of relations of the form [3). For this, it suffices
to show that the functions fv(z),fv(zq’z),...,fv(zq*2(hv’2)) are multiplicatively
independent (for sly this is clear).

To do this, we will rephrase the problem in a linear algebra setting. Consider

the group 7" =1 To the function Ev(2q )|y, 0 < s < hY — 2 assign a vector v
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inzZ" 1 given by
v = (2,-1,0,0,...,0),
vpv_2 = (0,0,...,0,—1,2),
vs = (0,...,0,-1,2,-1,0,...,0) for 0 < s <h¥Y —2

where the 2 is the sth entry, if we label them from 0 to AV — 2. The entries
of these vectors are the orders of the singularities of &y (2¢~2%) on the sequence
1,42, ..., q2(hv*2). Then we are left to show that the vectors vy are linearly inde-
pendent. This is equivalent to showing that the matrix T;,, whose rows are the
vectors vs, has a nonvanishing determinant. But one easily sees that detT,, =
2detT,,—1 — detT},—o and use induction to get detT,, = n + 1 (in fact, T,, is the
Cartan matrix of type A,,).
This proves Theorem 4] for sl,, ;1.

5. DRINFELD REALIZATION

To compute the elliptic central characters for the other g we will need to use a
suitable formula for R. This formula is found in [22] and we will use the version
in [16] involving the Drinfeld realization [11] of U,(g) in terms of “loop-like” gener-
ators. In fact, we will use the following (slightly different) realization proposed in

2.

Theorem 5.1. U,(g) is isomorphic to the algebra with generators kiil, hi, xfw
where i € I, 1 € Z\{0} and r € Z with defining relations

Rkt =k k=1,

kik; = kjk;, kihjr = hjrk,

—1 +b;; 4+ + 1
kixjn"iki =4q; ij,ra [hi,ra xj,s] = i;[rcz‘j]qi Tjr+s,

+ + ‘e 4+ o+ ey o+ 4+ + )
(5.1) Lir41Ths =& 55T pp1 = 4 "L 3T 5401 = Ty s1%i,m)
5is
+ =1 ij + -
[xi,r’ xj,s] - —1 ( i,r+s ¢i,r+s)
qi — 4q;

m

k[T + + +  + + _ Iy .
( 1) [k:| xiﬂ“s(m e 'xi,rs(k)xj,S xi,rs(k+1) e .mixrs(m,) =0 ZfZ 7& J

SES, k=0 qi

where 11, ...,7m € Z, m = 1 — ¢;5, Sm s the symmetric group on m symbols and
d)fr are given by the identity of the power series

oo

(5.2) Z q%ruir = kflexp ( +(g—q") Z hi,isuis).
s=1

r=0

Remark. In fact this version follows the notation in [I6]. But observe that the
comultiplication in [I6] differs from ours. They are connected by the automorphism
of Uy(g) sending k; to k; 1 ¢ to ¢~ and keeping fixed the other generators. This
will give rise to some differences in the signs. We use the original definitions of
[10, 18] which also coincide with [6] [7] and [23, [I3] (these last two are the reasons
for our choice). But we remark that the definition in [I6] has been used also in
[3, 4] and many other most recent works.
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Using the “loop-like” generators, to each fundamental weight w;, one may as-
sociate a family of (shifted) fundamental representations V;(z). In general, the
fundamental representations are not irreducible as U, (g)-modules, but we still have
the following theorem [6), [7].

Theorem 5.2. Any irreducible representation of U,(g) is isomorphic to a subquo-
tient of a tensor product of shifted fundamental representations.

Remark. Using the Drinfeld realization, Chari and Pressley (see, e.g., [7]) defined
the concept of an affinization of V) for any finite dimensional U,(g)-module Vy
with highest weight A\. By definition, an irreducible affinization of V) is a U,(g)-
representation V isomorphic to one of the form V) &P u<x Vi as arepresentation of
Uq(g). We refer to [[7] for more details. We also mention one fact that will be used
later. Namely, if A = . M\w;, then all irreducible affinizations of V) are obtained
as subquotients of tensor products of the form ®?(®j‘=1 Vi(zij))-

The following proposition [I7, [12] is our first tool to compute {x (2)]y .
Proposition 5.3. Let X,Y be irreducible representations of U,(g). Then
(5.3) Rxy(2) = fxy(2)Rx,y(2)
where fx y is a scalar meromorphic function in C, regular at 0 with fx y(0) # 0,
and the matriz elements of Rx y(z) are rational functions of z regular at 0 and
such that Rx y (2)(xo @ yo) = o @ yo. Here xg,yo are the highest weight vectors of
X andY as Uy(g)-modules. If |q| < 1, fx,y can be represented as

e}

fxx(z) = g™ H QX,Y(QQjTVhVZ)
§=0

where A and p are the highest weights of X and Y and oxy is a rational function
such that ox v (0) = 1. Furthermore, R is unitary:

(5.4) R (= Y Rxy (2) = 1.

Corollary 5.4. If X,Y are irreducible, {x(z)|y is the scalar operator given by
fxy (@) fxy(z™).

It was proved in [I4] that if Ry, v, (2) is not regular at zo, then zo must belong
to the set P = {¢*;2 < k < rYhY,k € Z} and, if Ry, v,(20) is not invertible, then
2wE€P t={¢*2<k<rhY ke Z}.

Corollary 5.5. Let gy, v;(2) be the function of Proposition[i3 and Pi; the subset
of P where oy, v,(z) has a pole. Then Ry, v, (z) is not invertible ezactly on Pfjl,
Proof. The function gx,y(z) is characterized by the following equation [12]:

(5.5) (Rxy ()7 = oxy ()((Rxcy (@ "))

where (30 a; ® bj)" = Y aj ® bj. Recall that Vj(z)* = V- (g""") where Vj-
is the fundamental representation of U,(g) dual to V;. Then, if zy € Pfjﬂ and
Ry, v, (20) is invertible, both ((Ry, v, (2))"!)" and ((Rv,,v, (g2 2))1)*! are reg-
ular at zo. Hence, so is v, v, (z). Conversely, if Ry, v,(z0) is not invertible, then
((Rv,,v,(2))~ )" has a pole at zo, but ((Rv,,v, (g7 2))1) =1 is still regular. Thus,
px,y must have a pole at zg. O
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The following corollary will be useful later. Let S;; = P;; U ’Pi_jl.

Corollary 5.6. Suppose that V,.(qP) is a subrepresentation of V; @ V;(q'). Then,
foranym=1,...,n, we have Sprq? C Simi U Squl.

Proof. Given m and z € C, consider the inclusion
Vin(2) ® Vi (¢") = Vin(2) @ Vi @ V;(q).

By the fusion laws for the universal R-matrix, the singularities of Ry, VeV, @) (2)

ms

(poles and points where it is not invertible), must be contained in S,,; USqul. On
the other hand, let R}, ;.(2) denote the restriction of Ry, v,ev,(q)(2) to Vin(2) ®
Vi(g?). Then g(2)Ry, ,:(2) = Ry,, v, (gr)(2), for some rational function g(z). Sup-
pose that, at zo, Ry, v, (qr)(2) is not invertible, but Ry, ;:(z0) is defined and invert-
ible. We conclude that g(zp) = 0. But this would imply that Ry, v, (4»)(20) = 0,

which is impossible by the normalization of Rvm,vr(qp)(z)~ Since is z — 271 is
a bijection Py, — P,L, we conclude that R:n,ij

Ry,, v.(q»)(2) has a pole. 0

(z0) has a singularity whenever

Now we need a tool to calculate fx y for fundamental X and Y. It is the formula
for R found in [22]. The method we will describe now was developed for general
irreducibles X,Y in [16]. So our computation is a specialization of those in [I6].
First we define the matrices B(g), D(g) and M (q) to be b;;(q) = [bijlq, dij(q) =
ijldilg, for i,j =1,...,n and M(q) = D(q)B(q)D(q) where B(q) = B(q)™".

Theorem 5.7 ([22]). The universal R-matriz R of U,(g) can be represented in the
form

(5.6) R=R"RR™R°
where R* € U, (1) @ U,(05), R%(z ®y) = ¢ Mz @y if z,y have weight X and p
respectively, and the “imaginary” R-matriz R is given by

(5.7) R = exp ((q -q " Z igij(qk)hi,k ® hj,fk)-

Then we can compute fx y by calculating the action of R on the tensor product
of the corresponding highest weight vectors. R* will act as the identity while R®
will contribute a constant. Hence, the essential information is contained in R. Let
v; be the highest weight vector of V;(z). The action of h;  on v; is given by [16],

(qf —q;*)2"

(5.8) hjkvi = 5Um vj.
Consequently,
k
(5.9) R(v;©v;) = exp (Z mij(qk)(qk—q_k)%)vimj = ¢ @) fy v (2)vi®u;.
k>0

The singularity structure for fy, v;(z) can then be read from the matrix M(q)
m(q*) 2*
1—qPk Kk
VhY.

z

in the following way. The term m;;(¢")(¢" — q_k)% will be of the form

where 7(q) is a Laurent polynomial in ¢ (symmetric under ¢ — ¢~!) and p = 2r
Then, each monomial +¢™ in 7(q) will contribute with a factor [[;s(1—¢™zg?")F!
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to fvi,v;(2) (recalling that exp(—>_, %) = exp(log(l —y)) = 1 — y and that
ﬁ =)
Remark. The matrices M (q) are listed in Appendix B. For the classical algebras

they were listed in [15] (with a few misprints). For types E and F' we used the
software Mathematica to compute M (q).

6. PROOF OF THEOREM [3.4 THE REMAINING CASES

In this section we will use the notation &;;(z) = &v; (2)|v;.
We state the following version of Proposition [£.1]

Theorem 6.1. Every irreducible object of C is a subquotient of a tensor product of
the form Vi, (z1) ®---®@V;, (zm) where i; run through the indices of the black nodes
of the Dynkin diagram of g in Table 1.

In light of Theorem [5.2, it is enough to prove it for fundamental representations.
It follows from [§]. In fact, it is proved only for classical g there, but the remaining
cases follow from these considering diagram subalgebras, as was pointed out to us by
the referee (see [4] for explanations on how to use diagram subalgebras arguments).
However, elliptic central characters can be used to prove it directly. For es the
same kind of computations was done in [4]. We will prove it in the remaining cases
together with the proof of Theorem B4l (We note that as far as we know, in the
cases f4 and go, these computations were also done by Chari and Pressley in 1991
when preparing the paper [4]; however, they were not written in the paper, since
the result was not of interest at that time.)

TABLE 1.
OAn:l 2“.n—1n °E6112345
6
102 n-1 n
e B, :
ef;:1 23 456
1 2 n-1 n 7
o Chn 0. O0=0
1 2 3 45 6 7
OESZ
1 2 n-2 n-1 8
eD,,nodd: 900 -
n
e, :1 2 3 4
1 2 n-2 n-1
oDn,neven:O_o"'T_' 1 9
n o Gy &

Corollary 6.2. If g is not of type D,, for n even, then any elliptic central character
X @s determined by xyv, where V.=V, and b is the index of the black node in Table
1. For D,, when n is even, x is determined by its value on the two half spin
representations V,_1 and V.

Combining the results in [20} [3] with Corollary b5, we get the following stronger
version of Proposition[£3], which is crucial in our proof of Theorem 341
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Theorem 6.3. For a tensor product of fundamental representations Vi, (21) @&
Vi, (z1) to be cyclic on the highest weight vector (hence indecomposable), it suffices
that

?#q%ks*p for r<s, p>0 and 2<2k,+p<r'n".
S

In other words, it suffices that Ry, v, (%%) be regular for r <s.

s

Then we can prove the corresponding version of Proposition[44lin a similar way

and define Y (21, ..., 2, ) analogously to Definition [£1l For D,,, when n is even,
we let the half spin representations be denoted by Vi and define Y, (21, ..., zm) to
be any of the isomorphic indecomposable tensor products obtained from z1, ..., 2z,
using only shifts of V;. Similarly, we define Y_(w,...,w;) using V_. Then we
can define Y (z1,...,2m|wi,...,w;) to be any non-resonant (i.e., satisfying the
cyclicity condition on the highest weight vector) reordering of Y, (21,...,2m) ®
Y_(w1,...,w).

Therefore, once we have computed the singularity structure of &;;, the proof goes,
case by case, in a similar way as it did for type A,. Namely, the proof consists of
two steps.

Step 1. We prove a version of Lemma stating the basic linking relations.

Step 2. To conclude that, if Y (z1,...,2y,) and Y(wy,...,w;) have the same
elliptic central character, then they are linked, we find all multiplicative relations
between the considered &;; (2q=2%) (by computing the kernel of a certain integer
matrix over Z) and check that they correspond to the linking relations of the lemma.

6.1. Type B,. For B, we have ¥ = 2, hY = 2n — 1. The black node corresponds
to the spin representation V,,. The singularity arrangement for &,,(2) is

ol .qz .q4 o .qzhv—2 .q2hv .qzh\/+2 o .q4hv—4 .q4hV72
2 -1 1 R | -2 1 o1 -1
where the dots mean that the sequence goes on like
.qz(kfz) .qz(k—l) .qzk .qz(k+1)
1 -1 1 -1

except at 1 and q2hv.
The corresponding version of Lemma is

Lemma 6.4. For anyw € C*, Y (21, ..., 2m) is linked to Y (21, ..., zm, w,q" " w).

. . . ViV
In particular, Y (21, ..., 2m) is linked to Y (z1,...,2j-1,2;4*" ", zj11, -+, Zm)-

Proof. 1t is proved analogously to Lemma and follows from the fact that C
occurs as a constituent of Y (w,q" " w) = V(w) @ V(¢g" " w). O

For the last part of the proof (i.e., the proof that there is no relations between
&nn(zu) other than given by Lemma [6.4), we consider the assignment

Enn(2q7 %) > v o= ((=1)%, (=1)°H, ..., =1,2,—1,..., (-1)*) e 2
for s =0,...,hY — 1. The entries of these vectors are the orders of the singularities
of &un(2¢72) on the sequence 1,¢2, ..., ¢2"" 2.

Remark. Observe that these vectors contain information only about the “first half”
of the singularity structure. Since V,, is “self dual”, the “second half” is obtained
from the first one by a change of signs.
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The corresponding matrix T}, is the hY x hV-matrix of the form

b a —-a ... a —a
a b a . —a a
—a

T, =
a —a a b a
—-a a —a b

where a = —1 and b = 2. Then detT,, = (a + b)" ~1(b— (hY —1)a) = h¥ +1 =
2n. Thus, the rows of this matrix are linearly independent, and hence there is no
additional relations, as desired.

6.2. Type C,. Here vV =2,hY =n+1 and, for 1 <14 < j < n, the zeros and poles
arrangement of §;;(z) is then given by

J+i 2hY —(j+i) 2nY —|j—i| 2nY +|j—i| 2hY +j+i ahY — (j+1i) 4hY —|j—i|

o4 o4 o4 o4 o4 o4 o4

1 -1 1 -1 -1 1 -1 1

[5—il
Py

The black node in Table 1 corresponds to the natural vector representation
V = V1. Therefore, we can restrict ourselves to analysing the singularities of &1,

2 2nY —2 2nY 2nY 42 4anY —2
ol ot o4 o4 o4 o4

2 -1 1 -2 1 -1

Lemma [6.4] remains valid as in the B,, case. To perform the second step of the
proof, we assign

&11(2) — vy :=(2,-1,0,0,...,0,0,1)
&1(2q7?) — vy = (—1,2,-1,0,0,...,0,0)
E1(2q 2" 7Dy 4pv_y:=(0,0,...,0,0,—1,2,—1)

E(zq 27Dy s vy = (1,0,0,...,0,0,—1,2)

in Z"". Again, the entries of these vectors are the orders of the singularities of
€11(2¢%%) on the sequence 1,¢?, ..., ¢®"' =2, Here detT,, = 4 (use the first column
to compute it from the type A, case). So again we have no additional relations,
and Theorem B4 is proved.

6.3. Type D,. For D, we have r¥ =1,hY = 2(n — 1). We begin with the case of
even n. We have to consider the two half spin representations that we denote V..
The singularity structure for &;;(z) is given by

¢ —¢ ol o7’ od R .th_Q .qhv .qhv+2 . .QO\/_4 .q2h'v_2
+- =65+

0 1 -1 ..-1 0 -1 -1 1
£ _f . o! .q2 .q4 .qhv_2 oqhv e .q%v_4 ° 2nY =2
A S B 1 2 1 1 ~1
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The dots here mean the same thing as in the B,, case.

Recall we have defined indecomposable representations Y (z1, .. ., zm|w1, . . ., wy).
The elliptic central character of Y = Y'(z1,..., z;m|w1, ..., w;) is determined by the
pair

et @) = (T (D () TL e+ ()6 (1)

ij=1 Tig=1

€ C(E) x C(E).

(6.1)

Lemma 6.5.

(a) For any u € C*, Y(21,...,2m|wi,...,w;) is linked to Y (z1,...,2m,u,
qhvu|w1,...,wl) and to Y(zl,...,zm|w1,...,wl,u,qhvu). In particular,
we conclude that Y (z1,. .., zm|wi, ..., w;) is linked to Y (z1, .. Lagth
Zm|Wi, ..., wy) and to Y(zl,...,zm|w1,...,quth,...,wl),

(b) Y(zl,...,zm,u,uq2|w1,...,wl,uqhv,quJrhv) is linked to Y (z1,..., zm|w1,
..,wl),

Proof. The first is proved exactly as in the B, case since Vj = Vi (qhv). The
second follows from the fact that V. ® V4 (¢?) and V_ ® V_(¢?) have V,,_2(q) as a
subrepresentation ] and because V,* 5 2 Vi, _o(q""). O

Remark. Adding or removing sequences of the form (u, uq? |uqhv , quHLv ), it is easy

to show that Y (21, ..., zm, u, ug® 2 Dwy, ... w, ugh ug? @D+ s linked to
Vv

Y(z1,. ., zmlw, ..., wp), for k=1,...,(n—2)/2 = (& —1)/2.

Now we have to show that the multiplicative relations between &, (zg~2)
¢ _(2¢7%) and &p5(2q72%), for s = 0, ..., % — 1, are expressed via the trans-
formations of Lemma [65 Since &1 (2) = {-_(2) and i (2) = Ex4(2), we are
left to check the relations between &4 (2g=2°) and &4 (2¢~2*). Consider the group

Z% and set
(62) £++(q72sz) = Vs 1= ((_1)57 (_1)S+1a sy _]-a 27 _17 RS (_1)8)7
(6.3) v (q7%2) = ws = (1) (=1)%,...,1,0,1,...,(=1)%t1).

—23)

)

Proceeding as in the B,, case, we can show that the £, 4 (zq , are multiplicatively
independent (the corresponding matrix 7}, is of the same form). The same is true
for the &, (2¢~2%) (using the same arguments). Then, keeping (EI) in mind, we
are left to find coefficients as, a), such that

Y Y Y nY
-1 -1 -1 T

(6.4) E Vs = E alwg and E alvg = E GsWs.
s=0 s=0 s=0 s=0

But it is easy to see that we must have a, = a/, and, consequently, that ) _(—1)*

0. We have the following basis of solutions

(6.5) (ao,al,...,al_l,al,al_‘_l,...,a%il):(1,0,...,O,(—l)Hl,O,...,O).

s =

But these are exactly the transformations in the remark after Lemma
In the odd case the elliptic central character is determined by its value on one
of the half spin representations, V,,. The singularity structure for &,,(2) is given
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by the picture

ol .qz .q4 . .qhv—z .th .qhv+2 o .qzhv—4 .q2hv—2

2 -1 1 oo —1 0 -1 o1 -1
Lemma 6.6. Y(21,...,2Zm,u, uq?, uqhv,uqhv“) is linked to Y (z1,...,2m). Hence
Y(21,...,2m) is linked to Y (z1,...,2j_1, zijhv,sz, ey Zm)-
Proof. Exactly as the proof of part (b) of Lemmal[6.5 O

Now we have to check that the relations between &,,(2¢**), for 0 < s < hY, are

expressed by the transformations of Lemma [6:6] We consider the group A and
the vectors

(66) Vg = ((_1)k7 (_1)k+1) R _17 2) _15 ) (_1)k+1)5

(6.7) wp=((=1)*, (=D ... =1,0,—1,...,(=1)*1h)

in Zhv/2, fork=0,..., %—1 = n—2, and assign to &, (2q~2*) the vector u € zh

given by ug 1= (vs,ws), if s < %, or by us = (w, nv,v, av),if s > % The
2 2

corresponding matrix T}, is the hY x hY-matrix of the form
7, - (b T
T, T,
where the rows of T}, are the vectors vy, and the rows of T, are the wy. By the
discussion of the even case we know that the sets {vx} and {ws} are linearly in-
dependent. In fact, one can show that the rank of T), is % + 1 = n. The linear

relations between the two sets of vectors are similar to that of the even case and
have the form

(6.8) uo—i—u%+(—1)k+1(uk+u%+k):0, k=1,...,— — L

Similarly, to the remark after Lemma [65] one shows that these relations are all
obtained from the one in Lemma [6.6] (here we use V.* = V,,_1(¢"")).

6.4. Type E,. o Fg:
The dual Coxeter number is h¥ = 12 and r¥ = 1. The black node corresponds to
one of the 27-dimensional fundamental representations. The singularity structure

for &11(2) is

.1 .q2 .q4 .q6 .q8 .qlo .q12 .q14 .qlﬁ .q18 .q20 .q22
2 -1 0 1 -1 0 0 0 -1 1 0 —1
Lemma 6.7.
(@) Y (21, 2Zm, w,wq®, wq'®) is linked to Y(z1,...,2m). In particular,
Y (21, 2m) is linked to Y (21,. .., 2j—1,2;0%*, Zjt1,s - -+ s Zm)-
(b) Y (21, .., 2m, w,wg?, wq'®, wq'?) is linked to Y (21, ..., 2m, wq®).

Proof. Ttem (a) follows since V5(q*) is a subrepresentation of V; ® V;(¢®) [4] and
because Vi* = V;(¢'?). For item (b) we will use a sequence of subrepresentations,
all of them computed in [4]. By part (a), V1(¢?) ® V1(¢'°) has V5(q°) as a subrepre-
sentation and, consequently, Vi ®V1(¢?) @ Vi(¢'?) @ Vi (¢'?) has Vi®@Vs(¢®) @ Vi(¢"?)
as a subrepresentation. Now, V5(q?) is a subrepresentation of Vi ® V5(¢%) and we
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get that V1 ® Vs(¢?) is a subrepresentation of Vi @ V5(¢%) ® Vi(¢'?). Finally, we get
V1(q®) as a subrepresentation of Vi ® Vs(q?). O

Remark. All these subrepresentation relations can be obtained studying tensor
product decompositions and the singularity structure of the elliptic central charac-
ter. This will be the procedure to prove Theorem for the remaining g.

The combinatorics part is in the group Z'?. We consider the vectors v, ..., v11
obtained from

vo = (2,-1,0,1,-1,0,0,0,—1,1,0,—1)

by cyclic permutation of the coordinates, corresponding to &11(zqg~2%), where the

entries of vy have the usual meaning. The rank of the (12 x 12)-matrix T,, thus
obtained is 6. We first eliminate the linear relations related to item (a) of Lemma
B0 They are

(6.9) Vi + Vgya + V4 =0

for kK = 0,1,2,3. Removing vsg, ..., v11 from our set of vectors, we check that the
remaining vectors vy, . . ., v7 satisfy the linear relations

(6.10) Ug43 = Uk + Uk41 + V45 + Ve

for k = 0,1. This is exactly part (b) of LemmalG1l Since the vectors v, ..., vs are
linearly independent, the proof is complete.

Remark. The rank and the kernel of the corresponding matrix T}, for e,, and {4 were
computed using the computer software Mathematica.

e [7: Here hV = 18. The black node corresponds to the affinization of the 56-
dimensional fundamental representation. We list the singularities of £1; and &i6.
These are the two we need to prove Theorem B4 To prove Theorem [G.1] we will
need to analyse other &;;(2), but they can be read from the matrices M(q) in the

appendix.
€ . .1 .q2 .q8 .qlo .q16 .qls .q20 .q26 .q28 .q34
Hog g 1 -1 1 -2 1 -1 1 ~1
E . .qS .q7 .qll .q13 .q23 .q25 .q29 .q31
R T | 1 -1 -1 1 -1 1

We begin by proving Theorem B We denote the finite dimensional representa-
tion of Uy(e7) with highest weight A by V)\f. It is known that Vlf is affinizable, i.e.,

the U, (¢7) fundamental representation V; is isomorphic to Vi as a U, (er)-module.
Now

(6.11) Wevi=2vi evieviec

Using Corollary we see that the normalized R-matrix is not invertible at
g 2,¢719 and ¢ '8. The associated elliptic central characters for these cases are,
respectively, the same as the elliptic central characters as Va(q), Vs(¢®) and C, re-
spectively. In fact, these are subrepresentations: by (GIT]) and the associated ellip-
tic central character, the kernel of PRy, v, (¢~2) must be of the form V5 (q'*3%%) for
some k € Z. To conclude that & = 0, one uses Corollary Bl with i = j = 1,r = 2
and m = 1. The story for V5(¢?) is exactly the same. The affinization of V' (which
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corresponds to the adjoint representation of e7) is isomorphic to Vﬁf @ C and thus
we have

Vs @ Vs(w) 2V, oVl eV a3V e2c.

The R-matrix is non-invertible when w = ¢2,4%,¢'2,¢'®. We proceed as before
to check that Vs(q) is a subrepresentation of Vg ® Vs(¢?). This is the only new
fundamental representation we get here. Then we go to

VieVsw) =V,  oviow

w1twe

and the R-matrix is non-invertible at w = ¢7, ¢*>. The new fundamental represen-
tation we get is V7 (¢*) as a subrepresentation of Vi ® Vs(q").

Remark. For the next tensor product we will need the following important observa-
tions. All the possible affinizations of le 4w (denoted by Vi, yuq[w](u)) occur as

(shifts) of subquotients of Vi (u) ® Vs (wu). Therefore, all possible &v; (2)[v,,, |, [w](u)
are of the form &11(z/u)&16(2/wu).

We now study the tensor product V; ®Va(w). The affinization of V2f is isomorphic
to Vi @V & C. We have
Vi @ Va(w) =V,

w1tws2

oVie2v! ., e2v/ o3y

1+we

The values of w where V1 ® Va(w) has a subrepresentation not containing the highest
weight component are ¢3, ¢'' and ¢'7 and, at these points, the corresponding elliptic
central characters are those of V3(¢?),V7(¢®) and V1(¢'®). By the last remark
we know that all possible elliptic central characters of V,,, 1., [w](u) at V4 are of
the form &11(z/u)é16(z/wu). One checks now that this will never produce the
elliptic central character of V3(x) for any = and, therefore, we do get V3(q?) as a
subrepresentation. To complete the proof of Theorem [6.1] we need to get V4. This
is done as before using

f f e~y f f f f f f
‘/1 ®‘/3 = Vw1+w3 @V4 @VW2+W6 EBVw1+w7 EB‘/5 @‘/2 :
Thus V4(¢*) occurs as subrepresentation of V3 ® V3(q*).

Remark. The tensor product decompositions for ¢z and eg were computed using the
computer package LiF (http://wwwmathlabo.univ-poitiers.fr/ maavl/LiE).

Now we proceed with the proof of Theorem [3.4]

Lemma 6.8.

(a) For any w € C*, Y (z1,...,2m) is linked to Y (21, .., zm,w,wq'®). In par-

ticular, Y (z1,..., 2m) is linked to Y (21, ..., 2j—1,24°%, 2j41, - -+, 2m)-
(b) Y (21, .., 2m, w,wg?, wg'?, wq'*, wg**, wq®®) is linked to
Y(z1,. ., 2m)-

Proof. Part (a) is clear from Vi* = V4 (¢'®). Let us prove (b). Using that Vg(¢°)
is a subrepresentation of V3 ® V;(¢'°) we find that V4 ® V5(q7) ® Vs(¢*?) is a sub-
representation of Vi ® Vi (¢?) ® V1(¢*?) ® Vi (¢'*) ® V1(¢**). Now use that V5(q%) is
a subrepresentation of Vg ® V5(q'?) to get that V3 ® Vi(q'?) is a subrepresentation
of V1 ® V5(q") ® Vs(q'?). Since Vi(q®) is a subrepresentation of Vi ® Vg(¢*?) and
Vi1(¢*%) 2 Vi(¢®)*, we have C C V1 @ Vi(¢?) @ Vi(q"?) @ Vi(q**) @ Vi(g**) @ Vi (¢*%),
so we are done. d
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We now consider the group Z° and the vectors vy, ...,uvs corresponding to
&11(2q7%%) as usual (the entries are the orders of the singularities of &11(zq=2%)
on the sequence 1,42, ...,¢'%). The matrix T}, has rank 7 and the nontrivial linear
relations are

(6.12) Vg + Vky1 + V46 + Vg7 — Vky3 — Vgya = 0

for k = 0, 1. These relations are implemented by part (b) of LemmalG.8, so Theorem

B4 is proved.
e Fg: For egs hY = 30 and r¥ = 1. The black node corresponds to the affiniza-
tion of the adjoint representation. The singularity structures for &7 and &7 are

respectively
.1 .q2 .qlo .q12 .q18 .qQO .q28 .q30 .q32 .q40 .q42 .q48 .qSO .q58
2 -1 1 -1 1 -1 1 —2 1 -1 1 -1 1 -1

.qﬁ .q8 .q12 .q14 .q16 .q18 .q22 .q24 .q36 .q38 .q42 .q44 .q46 .q48 .q52 .q54
1 11 -1 1 -1 1 -1 -1 1 -1 1 -1 1 -1 1
Theorem B.11 is proved as in the e; case using the following relations:

Va(g) cVi®eVi(¢®),  Va(¢®) c Vi@ Vi(¢"),
Vi(¢") cVvieVi(@®),  Vas(¢®) Vi@ Va(d®),
Vo(g) Ve @ Vi(g®),  Val(g®) € Vi @ Va(g?),
Vilg®) c Vi@ Va(gh),  Vilg') Cc Vi@ Va(g®).

(6.13)

The tensor product decomposition for fundamental representations of eg involves
much longer expressions than those we had to deal in the e; case, so we will not
write them down completely. We will just write two steps, since we will need them
to prove Theorem B4l We sketch the remaining steps in the appendix. The first
step is the tensor product Vi ® Vi (w). Since V; = Vlf ® C, we have

VieoVi(w) 2V, eVl evl a3/ eoc.

From this we prove the first line of (G-I3]) and check that the elliptic central char-

acter (at V1) of the affinizations Va,, [w](u) coincides with that of a fundamental

representation only when w € {¢2, ¢*12, ¢*2°} (modulo ¢°°), when it has the ellip-

tic central character of Va(q*1), Vz(¢9) or Vi(¢t1?), respectively. The proof that

these are really subrepresentations when w € {¢?, ¢'2, ¢*°}, is analogous to the one

we did for er.

In the second step we consider V4 ® Vz(w). Since V; = V7f @ Vlf @ C, we have

Vi ® Vi(w) = 1%

w1 twr

oVi o), o2vf o3/ @4V @2C.

The normalized R-matrix is not invertible at w = ¢%, ¢'4, ¢'®,¢?>* and the corre-
sponding elliptic central characters coincide with the ones of Vz(¢°), Va(q?), V7 (q*?)
and V1 (¢'®), respectively. Since all other components do not have the elliptic central
character of Vg, we conclude that we really get an affinization of st as a subrepre-
sentation, and it must be Vz(¢%). We will come back to this tensor product in the
proof of Lemma below.
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Lemma 6.9.
(a) For any w € C*, Y (21,...,2m) is linked to Y (21, ..., 2m, w,wq>®). In par-

ticular, Y (z1,.. ., 2m) is linked to Y (21,...,2j-1,2;4%, 2j41, . .-, 2m)-
(b) Y (21, .., z2m, w,wg®®, wqg*) is linked to Y (21,..., 2m).
(€) Y(21,. .., 2m, w,wq'?, wg**, wg®, wg*®) is linked to Y (21,...,2m).

Proof. Part (a) is clear from V;* 22 V;(¢®°). Part (b) follows since Vi (¢'%) is a sub-
representation of Vi ® V4 (¢?°). Part (c) is more delicate. First Vz(¢%) C V4 ®V1(q'?)
and, consequently, V1 ® V7(q'®) ® V7(¢*?) is a subrepresentation of V; ® V;(¢'?) ®
Vi(¢**) ® V1(¢®%) @ V1 (¢*®). Let us introduce the notation Y (21, ..., zm|u1,. .., u)
meaning a non-resonant reordering of V4 (21) ® -+ - @ Vi (zm) @ Vz(u1) ® - - @ Vo (wy).
Then we have shown that Y(z1,...2m, w|wg'® wg??) is a subrepresentation of
Y (21, 2m, w, wg'? wg?t, wet wet®).

Go back to the tensor product Vi @ Vz(w). We cannot conclude whether we
have V7(q'?) as a subrepresentation of Vi ® Vz(¢'®). If it was true, the proof
would be completed, as Vi = Vz(¢30). If it is not true, then we must have, as
a subrepresentation, an irreducible affinization of VQJ;l with the elliptic central
character of V7(¢'?). From the analysis of V4 ® V1 (w) we know that this affinization
must be a quotient of the form

Vi(q®) @ Vi(q"*1%%) — Vau, [¢"*7%%7](¢°).

Let Y (7, (w|lwg'®), wq*?), where 2’ = (21, ..., zn), denote the corresponding sub-
representation of the original Y (2", w, wq'?, wg**, wg?®, wq*®). We have shown
Y (7, wg®, wg"* T wg*?) - Y (7, (w|wg'®), wg"?)
= Y(Z,w,wg"?, wg®, wg®, wg*®).

We complete the proof with the following diagram:
Y(Z) = Y(Z|wg", wg*) — Y (7, wq’, wg"|wg*?) ~ Y (Z,wq’, wg'* % jwg*?).

The first inclusion follows from VZ 22 Vz(¢3°) and the second since Vz(q'?) —
Vi(¢%) ® V1(g*®). The symbol ~ denotes a linking relation and is immediate from
part (a). O

As usual, now we define vectors v, ...,v14 in Z'°, encoding the orders of the
singularities of &11(2q~2%) on the sequence 1,¢?, ..., ¢*®. The corresponding matrix
T, has rank 8. We find the following (linearly independent) relations
(614) Vj + Vj+10 — Vj45 = 0 for j = 07 1, 2, 3,4,

(6.15) Vi + V46 + Vk412 — Vk43 — Vk49 = 0 for k=0,1.
Relation (B14)) is part (b) of Lemma B9, while (@13 is part (c).

6.5. Fy. For f4 we have ¥ = 2 and hY = 9. The black node corresponds to V1,
the affinization of the 26-dimensional representation of f4. We list the singularity
structure only for &11(2).

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34
ol 07 @7 @7 @7 @7 o7 @7 o7 @7 @7 @7 o7 o7 @7 o7 o7 of

2-10 1 -11 -10 1-2 1 0 -1 1 -1 1 0 -1
Vlf is affinizable and we have

Vieiw) 2V, evieviev/ec.
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By Corollary B3, Ry, v, (2) is not invertible at z = ¢=2,¢78,¢71%,¢7 8. Arguing
as in the e; case we prove that the subrepresentations of V4 ® Vi (w), for w =
a2, q%, q'%, ¢*® are, respectively, Va(q), Va(¢*),V1(¢°) and C. The affinization of the

adjoint representation Vj is isomorphic to V4f @ C and we have
VieViw) =V, ovieovl o3v/ec.

As before we get that V3(g?) is a subrepresentation of V4 ® V4(¢*) and Theorem
is proved.
To prove Theorem [3.4] we state the following:

Lemma 6.10.
(a) For any w € C*, Y(z21,...,2m) is linked to Y (21, ..., Zm,w,wq*®). In par-
ticular, Y (z1,..., 2m) is linked to Y (21, ..., 2j—1,24°%, 2j41, - -+, 2m)-

(b) Y (21, -+, 2m, w,wq'?, wq?*) is linked to Y (21,. .., 2m)-

Proof. Part (a) follows from V;* 2 V;(¢'®). Since V1(¢°) is a subrepresentation of
Vi @ Vi(g*?), part (b) is proved. O

We define vy, . .., vs € Z° corresponding to &1, (2q=2%). The rank of T}, is 6. The
linear relations give exactly part (b) of Lemma 610,

(6.16) Vi + V46 — Vk+3 =0 for k=0,1,2.

6.6. G2. In this case 7¥ = 3 and hY = 4. The zeros and poles are given by

2 4 8 10 12 14 16 20 22
¢ (Z) ol ot o4 o4 o4 o4 o4 o4 o4 o4
11 .
2 -1 1 —1 1 -2 1 -1 1 -1
.q .q5 .q7 .qll .q13 .q17 .q19 .q23
12(2)

1 1 -1 -1 -1 -1 1 1

The black node corresponds to V7, the affinization of the 7-dimensional representa-
tion of go. V4 is affinizable and

VieVitw) 2Vl evieviec.

Subrepresentations are obtained at w = ¢?,¢%, ¢! and they are V2(q), V1 (¢*) and
C, respectively. This proves Theorem

The usual lemma is immediate.
Lemma 6.11.

(a) For any w € C*, Y (21,...,2m) is linked to Y (21, ..., 2m,w,wq'?). In par-
ticular, Y (z1,.. ., 2m) is linked to Y (21, ..., 21, 2;@*%, 2j41, - - -, Zm)-
(b) Y (21, .., 2m, w,wq®, wq'®) is linked to Y (21,...,2m).

Then we consider the vectors encoding the singularity structures of &11(zq~2°)
in the sequence 1,¢?,...,q":

Vo = (27_17 ]-aOv_]-v 1); U1 = (_]—a27_17 ]-aOv_]-)v V2 = (17_172a _]-a 170)a
U3:(0,1,—1,2,—1,1), Vg = (_1’071’_1)27_1)7 U5 = (17_170a17_172)a

and observe that vayr = vk + vaqk, for kK = 0,1, which is part (b) of the lemma.
One easily checks that vy, ...,vs are linearly independent to complete the proof.
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APPENDIX A. SKETCH OF THE PROOF OF THEOREM [6.1] FOR Fg

The idea of the proof is the following (recall the definition of the set P;; in
Corollary B.3).
1. Compute the Uy(g)-tensor product decomposition of V; ® V;(w), for already
obtained V;, V;, and check that a new ka occurs.
2. Compute all possible elliptic central characters (ECC) of V; ® V;(w) at Vi and
check that it will coincide with the ECC of the new V}, for some w € Pj;.
3. Check that all affinizations of the remaining components never have the ECC of
Vi to conclude that Vi (wq®) is indeed a subrepresentation of V; ® V;(w), for some
s €.

It becomes clear that we need the list of the singularity structures for §;;. They
can be obtained directly from the matrix M(q) given in the section below. The
following lemma is helpful.

Lemma A.1. V; ®V;(w) has ECC of some Vi (u) if and only if w belongs (modulo
q%9) to 77?;1,

Proof. First observe that the singularities of §;; have order 1 or 2, and that if or-
der £2 occurs, it occurs only once and, in that case, i = j. Hence, for &;(2)&;;(z/w),
coincide with some & (zu), the zero of order 2 in &;;(z) must be combined with a
pole of &;;(z/w). O

Using the periodicity properties of &;;, we see that to find all possible “funda-
mental” ECC of V; ® V;(w), we just need to take w € P;;. In Table 2 we give this
list for the pairs (¢, 5) that we will need:

TABLE 2.
Pair | Py, ECC of
Ly [ {5 a2 ¢, ¢} Vo, V7, V1,C
1,2 [ {*, a7, ¢, ¢} Vs, Vs, V2, Vi
13) [ {d", a2, ™} Vi, Ve, Vs, Va
19 [ {°, ¢, ¢""} Vs, Ve, Vs
16) [ {d”, 4", ¢} Vi, Vs, Vs
W) [ {d®,d7,d"%, ¢} Vs, Vo, V7, Vi
(178) {QZ7Q1;7qizaqz;aqzz} - V67V37V87V27V7
272 q,9 ,9 ,9 ,q9 ,q V47V67V37V27V77(C
E2,7§ }qg,q“’,q%} : Vo, Vo, Vi
28 [ {d"°. ¢} V3, V1
3,7 g Vi, Ve, Vs, Vo
( ) {q2 g }14 20 24 30
(777) {q 4,9 .49 ,4 ,4 } V67V87V27V77V17(C
(7.8) | {°. . ¢""} Vi, Vo, Vi

Recall that we began studying V7 ® V4 (w) and obtained V; and V7 as subrepre-
sentations. Then we considered V3 ® V7 (w) and obtained Vg as a subrepresentation.
It is clear that multiplicities do not affect our arguments, so we will list the compo-
nents and will add a sign “@mult” at the end to indicate that the remaining factors
have already been listed. We continue with

ViaVr(w) 2V, o Vi eV, eV eVl eV ew eV oComu,

w

VieVw) 2V, eviev . evievl eviev/ev/ecemuu.

1t+w2 w1
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Looking at Table 2 we see that affinizations of V,,, 1., and Va,, never have ECC of
Vg nor of V3 (up to shift). Therefore, the kernel of Ry, v; (q?) must be an affinization
of V{, while the kernel of Ry, v, (¢®) must be an affinization of V5. We will not use
the knowledge of the “Uy(g)-tail” of V5 (i.e., the representations of U,(g) added to
V3f to obtain V3). So, for the next tensor product, we will assume that V3 has the
longest possible “tail”. Then we would have

iew =2V,  evievl  evl  evievi  eviev/,
oVieviovi evieviev) ., oV ovi oComul.
From Table 2 we see that, at w = ¢*, this tensor product has the ECC of V and
that none of the other components with height-2 highest weight can have this ECC
(we use the definition height(X) = Y A, for a dominant weight A = Y \jw;). We
still need to check that this is also true for the height-3 highest weight components.
The ECC at V; for these components are of the form &1, (z/w1)&1;(z/w2)&1k(2/ws).
We used the computer software Mathematica to check that such products (for the
1, J, k we need) will never coincide with &14(u). Therefore, we must have an affiniza-

tion of V4 as a subrepresentation of Vi ® V3(q*). Again assume that V; has the
longest possible “tail”. Then

VieViw) =WV evhHe eV JeWev )ew v
e(WWev eWevhev/ev . oW/ eV
oV eVHe W eVl eV eW)e W eV)
oV oV, oW eVl )o W evl)e v oviemul

Using Table 2 and the computer one checks that all terms after Vlf ® V4f never have
ECC of V5. Now

Vlf ® V;lf = wa1+w4 ® V:’)f & VLI-st,+w7 & wa2+ws ® Vofl-l-we ® V0f7+‘~'8 o thl-i'ws
oviev/, ovli, . oviev

Use Table 2 again to conclude that we obtain an affinization of V5f as a subrepre-
sentation of V1 @ Vi(¢%).

APPENDIX B. THE MATRICES M (q)
o A,:

mij(q) = (¢ —g™)(g" I —g~ ") _ i g )" =g )
? (@—a " —q ) (g—qH(1 —¢*"")

for1<i<j<n.
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e B,: Fori <j < n,

i _9; Vo 1NV o _
misq) = =" P " g tq7)
(@ —a2) (" +q ")
\% _pV i —92; V_o9s _(pV_os
A U S0 [C i i [C i 2 )
(¢—q )1 —g™") ’
i —2i - v —hY i —24
mn(q) = =4 N ata) (@ )@ - a7
(@ —a (" +q ") (=g )(L—g™")
v _(nV v Y Y v
o (q) = (qh qu (h +1)) :,q%v (qh —q h ) Zzo(il)kqh zk)
(@ —a (" +q ") (@—a 1)1 —q")

e ()
(@ —q )" 7 +q ")
mii\q) = Y v
(@) (g—q )" +q ")
_ @ )@ —a ) T g )
(q—q 1) (1 —q*")

for1<i<j<n.
oD, Fori,j<n-—1,

(¢ — ¢ ) (q" 1T 4 g~ (n7179))

mij(Q) = (g—q ("' + q_(n_l))
_ —qhv (qhv/Q _ q—hV/Q)(qi _ q—i)(qhv/g_j + q—(hv/Q—j))
(¢ —q 1) (1 —¢*) ’
(¢ —q7)

T I T g ) (g g )
_ P—q " PN a7
(¢—qH(—q"")
(qn72 _ qf(n72))
(¢—gH@+ag (gt +q~7Y)
y (qhv/Q _ q—hV/Q)(th/2—1 _ q—(hV/Q—l))
(¢—q H(g+qg 1)1 —g¢*")
Mp—1n—1 = Mnpn = 1 (q _: a _)1 —(n—1)
(¢—a¢ Da+a Mg +q 1)
B (qhv/Q _ q—hV/Q)(th/Q-i-l _ q—(hv/2+1))

(a—aH(g+a (1 —¢g*)

Y

Mp—1n =

h

Y

OEGZ
detB(q) =¢®+¢* —1+q *+¢°°
1 B _q5+2q7_2q9+q11+q13_2q15+2q17_q19
det B(q) (g—g¢H(1—¢*) '

The entries of M(q) are of the form
ni;(q)

o) where  p(q) = (¢—q¢ ") (1 —¢*").

mi;(q) =
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We now list the numerators n;;:

ni(g) =mnss(q) = —14+q¢" —¢° +¢° +¢'° = ¢"* + ¢ — ¢**,
n12(g) = n21(q) = nas(q) = nsalq) = —q¢+¢° — "+ ¢" +¢° — ¢ + "' — ¢%,
n13(q) = na1(q) = n3s(q) = ns3(q) = n26(q) = ne2(q) = n4s(q)
=nea(q) = —¢* + ¢ + " — ¢*,
n14(g) = na1(q) = nas(q) = ns2(q) = —¢* +q¢" —¢* + ¢ +¢** = ¢"° + ¢'" — ¢*,
ms(q) =ns1(q) = —q" +¢° — ¢"° +2¢"2 — ¢"* + ¢ — ¢*,
n16(q) = n61(q) = ns6(q) = nes(q) = —¢* +¢° — ¢’ +¢° +¢"° —¢'" + ¢ — ¢*',
naa(q) =naa(q) = —1—¢* +¢* +¢* + ¢ +¢'° — ¢'* — ¢*,
n23(q) = nsa(q) = nsa(q) =nas(q) = —q¢—q¢° +q¢° +q¢" +¢° +q° —¢* —¢*,
n2a(q) = na2(q) = —¢> — ¢" + ¢® +2¢"° + ¢"* — ¢*° — ¢,
nSS(q) — 71 _ q2 _ q4 Jr q8 Jr qu + 2q12 Jr q14 Jr qlﬁ _ q20 _ q22 _ q24’
nss(q) =nes(q) = —qa— ¢ +q +q¢"' +¢° + ' — ¢ — ¢*°,
n66(q) — 71 + q2 _ q4 JF qS _ qu + 2q12 _ q14 JF q16 _ q20 + q22 _ q24.
o By
detB(q)=q¢"+¢" —q—q ' +q °+q 7,
1 B _q6+2q8_2q10+q12+q24_2q26+2q28+q34_q36
det B(q) (q—q 1)1 = ¢3) .

The numerators of m;;(q) are:

7111((]) _ _1 + q2 _ qS + qu _ qlﬁ + 2q18 _ q20 + q26 _ q28 + q34 _ q367
n12 (q) — n21(q) =—q + q3 _ q7 JF qll _ q15 JF q17 JF q19 _ q21 + q25 _ q29 + q33 _ q35’
nlS(q) — n31(q) — 7q2 Jr q4 _ qﬁ Jr q12 _ q14 Jr q16 Jr qQO _ q22 JF q24 _ q30 JF q32 _ q34’
n14(q) = na1(q) = nar(q) = n72(q) = nse(q) = nes(q) = —¢° +¢'° + ¢** — ¢*°,
n1s5(q) = ns1(q) = nas(q) = na6(q) = —¢' +¢* — ¢'* + " + ¢* — ° + ¢ — ¢*,
ni6(q) =ne1(q) = —¢" +¢" — ¢ +¢° + ¢ - ¢® + ¢ — ¢*,
n17(q) =nn (q) — _q4 + qﬁ _ qS + qu _ q12 + q14 + q22 _ q24 + q26 _ q28 + q30 _ q327
n22(q) — 71 JF q4 _ q6 _ q8 JF qu JF q12 _ q14 JF 2q18 _ q22

+ q24 + q26 _ q28 _ q30 + q32 _ q367
nas(q) =na2(q) = —q—q +¢" +¢'" + ¢ + ¢ — ¢ — 4%,
n24(q) = naz(q) = nss(q) = nss(q) = —¢" —q¢' + ¢ +¢° + ¢ + ¢ — > — ¢**,
N5 (q) _ n52(q) _ _q3 _ q5 + q7 _ qll + q13 + q15 + q21 + q23 _ q25 + q29 _ q31 _ q337
n33(q) — _1 _ q4 _ qS + qu + q14 + 2q18 + q22 + q26 _ q28 _ q32 _ q367
n34(q) — n43(q) =—q— q3 _ q5 JF q13 JF q15 JF q17 JF q19 + q21 + q23 _ q31 _ q33 _ q35’
n37(q) — n73(q) — _q2 _ qﬁ + qS _ qu + q12 + q16 + qQO + q24 _ q26 + q28 _ q30 _ q347
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nu(@) =-1-¢"—¢" ="+ + ¢ +¢"° +2¢"° + ¢ + ¢*

B . )
Nas (q) — n54(q) =—q— q3 _ q7 JF qll JF q15 JF ql7 JF q19 + q21 + q25 _ q29 _ q33 _ q35’
nas(q) = nea(q) = ns7(q) =n7s(q) = —¢° =" +¢'° +¢'° + ¢ + ¢*° — ¢ — ¢*,
naz(q) =nma(q) = —q¢— ¢ +¢° + ¢+ ¢ + ¢ — > — ¢*,

n55(q) — 71 _ q6 + q12 + 2q18 JF q24 _ q30 _ q36’

’I’Lsa(q) _ nﬁS(q) =—q + q3 _ q5 + q13 _ q15 + q17 + qlg _ q21 + q23 _ q31 + q33 _ q357
nes(@) = 1+ — ¢® +¢° — ¢° + g% — q'° + 24" — ¢

R Jp P g e

7167((]) _ n76(q) _ _q3 + q5 _ q7 + qll _ q13 + q15 + q21 _ q23 + q25 _ q29 + q31 _ q33,
nor(q) = —1+ g g™ — 1248 — P+ ¢ — 2 P
[ ] ESZ
1 p(q)

det B(q) =¢®*+¢°—¢*—1—q¢ > +q¢ +¢°%, =
@ W B g ¢

where

p(q) = — q7 +2¢° — 2¢"1 + ¢*3 — ¢V + 2¢'° — 242 + ¢
F 3T — 2470 + 24" — 2™ + ¢ — 2¢% + 245 — .

The numerators of m;;(q) are

N1t :71+q27q10+q127q18+q207q28+2q307q32+q40

L P QP gL a3

n12:*quq?’*q9+q137q17+q217q27+q29+q317q33
4 B g — P T — ¢,
e LRIpe e
+ g% — g™ g — 24—
mu=nm=—¢+¢ ¢ +¢3 P+ +¢B P+ — ¢ 4¢P — ¢,

nis = nas = nar = —q* — ¢ + ¢ + % + ¢* + g* — ¢* — &5,
mie =n2r = - +¢© — g +¢'° — ¢ + ¢ + 6% — ¢ + ¢* — ¢®° + ¢° — ¢*°,
Mt = -+ — g g — g B P g+ —
gt M g% g g7
me=—-+q¢ —¢+q" —q®+q'7" —¢° +¢** — ¢* + ¢
55

T T P M 1 g® T 1 g — P P —
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e 4 P g0 g2 gt g — B g g — ¢ 424
— P B g0 g M g1 g1 — 50— 2 4 g —
e g4+ - -+ — T+ P+ ¢ — P 4 P
e P T 4P P T P B 4¢P —
—nsr=nes = -2 — @ + 2 + @ + 2 + ¢ — ¢ — ¢,
—nas = - - - @ T+ P+ T+ B+ g% — g — P — ¢,
e PP P P P 4
— B g — g P Pt S,

e 1P g g g L g 20 4 B 4 g® — M 4 g% — P — 2 ¢,

—nss == -+ T+ P+ 1P+ — P — 5 — P,
SR S B G QgL Jpe_Irpe g gL
TIPE. I pE p p e
e P+ - P+ P T+ B+
P O P - -,
1 P — g0 P+ g+ ¢ 1+ 26 4 P 4 P
P e e
- -+ P+ + T + P
P B P T g — g B — T — ¢,
SR S B B L gL Qg Qg P Jp. e s
g% g™ — g% — P 55— B
PPt P g T — g+ P+ ¢ 4+ ¢ 4 T
Mt g T g P
- - - P P P+ +
4 gt Mg g B
el = — O+ g+ g2+ 4¢P 4 ¢ 420
F a2 P 4B g0 — 50 — 5% — P — g — B
EERRPPE S S SR TP S G I g
4 4+ q® - P -
= 1—g®— g g + ¢+ ¢ + ¢ + 26%° + ¢ + g
gt gt 50t S,
g+ g g — g+ 0+ ¢ — ¢ + P
P PP — P g — g — B+ — ¢,

e 4 PP g gt — g — g2 — B 20
— g B g — M g™ — 0 g% — P4 g —
— 14—t — g0+ % — g+ " — g+ g2 + ¢ — ¢+ 24
g g0 g g™ g L g* 0 — P 4 g — .

I
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o Fy:
2, -1 0 0
12, -2 0
so=|4 1 bl
0 0 -2y [4
detB(q) =q® +2¢°+¢* — > —2—q 2 +q 4 +2¢ 5+ ¢78,
1 B g5 4208 — 210 4 12 4 24 — 2426 4 2428 — 430
det B(q) (g+a a—q )1 —¢%) ’

and the entries of M (gq) are for m;;(q) = %, where the numerators are

nll(q):71+q27q6+q87q10+q127q16+2q187q20+q24
P P g e

naa(q :ngl(q):fq+q3fq5+q137q15+q17+q19fq21+q237q31+q337q35,

n1s(q) = n31(q) = —¢° — ¢ + ¢ + ¢*¢ + ¢ + ¢*° B g

nia(q) = n41(q) _ _q4 4 qS _ qu + q14 + q22 _ q26 + q28 _ q327

29 31 33

B

No4 q :n42(q):_q3_q5+q7_q11+q13+q15+q21+q23_q

:717(127q47q6+q12+q14+q16+2q18+q20+q22
B . )

nsa(q) = nas(q) = —¢* —¢* + ¢ +¢'° + ¢* + ¢* — ¥ — ¢*,

naa(@) = —14q —¢® —® + 0 + ¢ — ¢ +2¢"° — ¢ 4 ¢*

+q% —g® — g 4 52—
OGQZ
[2]q _[3]q> (1 0 )
B(q) = . D(q) = ,
@ (—[31q 6], @=0 @,
det B(q) =¢®+¢" —1+q " +¢°F,
1 - (q _ qfl)(q7 + qll + q13 + q17) _ q6 _ q8 + qIO _ q14 + q16 _ q18
det B(q) - (1-¢*%) o (1—-4¢*%) ’
L[l BP L (6, PP
M(q) = ———= =——
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