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MULTIPLICITY-FREE PRODUCTS AND RESTRICTIONS
OF WEYL CHARACTERS

JOHN R. STEMBRIDGE

ABSTRACT. We classify all multiplicity-free products of Weyl characters, or
equivalently, all multiplicity-free tensor products of irreducible representations
of complex semisimple Lie algebras. As a corollary, we also obtain the clas-
sification of all multiplicity-free restrictions of irreducible representations to
reductive subalgebras of parabolic type.

INTRODUCTION

A module V is multiplicity-free if every irreducible submodule of V' occurs with
multiplicity one. Assuming complete reducibility, this means that the irreducible
decomposition of V' is canonical and that the centralizer of the action on V is
commutative.

In this paper, we classify all multiplicity-free tensor products of finite dimen-
sional irreducible representations of every complex semisimple Lie algebra g (or
equivalently, all connected semisimple complex Lie groups G)[1 This completes the
work started in [St2], where the case g = sl(n) is treated. As a byproduct of the
classification, we are also able to classify all irreducible representations of g that
are multiplicity-free when restricted to a reductive subalgebra of g of “parabolic
type.”

Thanks to the Weyl character formula, the task of identifying multiplicity-free
representations may be viewed as a combinatorial problem, and indeed, we use a
wide variety of exclusively combinatorial and computational tools to carry out the
classification.

One interesting feature of the classification is that if g is simple, a tensor product
of irreducible g-modules, say U ® V', cannot be multiplicity-free unless the highest
weight of U or V is a multiple of a fundamental weight. For restrictions to a
reductive subalgebra g’ of parabolic type, this implies that if the highest weight of
V' is not a multiple of a fundamental weight, then V' cannot be multiplicity-free as
a g’-module unless g’ is maximal. We know of no short or conceptual explanation
for either of these facts, although the Adjoint Rule (see Proposition 2.14) easily
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n the exceptional cases, King and Wybourne have recently obtained the same classifica-
tion [KW].

2By this we mean any proper subalgebra spanned by a Cartan subalgebra of g and the root
spaces of g corresponding to some parabolic root subsystem.
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shows that V ® V* cannot be multiplicity-free unless the highest weight of V is a
multiple of a fundamental weight.

A. Related Classifications. Littelmann [L2] has classified all pairs of maximal
parabolic subgroups P, Q C G such that G/P x G/Q is spherical (i.e., has a dense
orbit relative to the action of a Borel subgroup B). This in turn is equivalent to
a classification of all pairs of fundamental weights w,w’ such that Vi, ® Vi is
multiplicity-free for all m,m’ > 0, where V) denotes the irreducible g-module of
highest weight .

In a few cases, we could have shortened the proof of our classification theorem
by quoting some of the entries in [L2]; however, in many other cases, these tensor
products are subsumed inside larger families of multiplicity-free products. In fact,
the classification of multiplicity-free tensor products enables us conversely to classify
all (not necessarily maximal) parabolic subgroups P, @ C G such that G/PxG/Q is
spherical. In addition to the maximal pairs, there are several non-maximal examples
in G = SL(n) and G = Spin(2n), and two in Es. In all cases (assuming G is
simple), one of the two parabolic subgroups is necessarily maximal; this reflects the
previously mentioned fact that V,, ® V,, cannot be multiplicity-free unless p or v is
a multiple of a fundamental weight.

More recently, for the groups G = SL(n) (see [MWZI]) and G = Sp(2n)
(see [MWZ2)]), Magyar, Weyman and Zelevinsky have classified all parabolic sub-
groups Pi, ..., P, C G such that the variety G/P; x --- x G/ Py has finitely many
G-orbits. In the special case P, = B, this is equivalent to G/Pz x - - - X G/ Py, being
spherical, so their results include (for G = SL(n) and G = Sp(2n)) the classification
of all spherical varieties of the form G/P x G/Q.

We remark that since a Cartan subalgebra of g is of parabolic type, another
special case of our main result is the classification of irreducible g-modules with
multiplicity-free weight spaces, a result previously obtained by Howe (see Theo-
rem 4.6.3 of [Ho|). Indeed, one obtains that if g is simple, then an irreducible
g-module V) has one-dimensional weight spaces if and only if

(1) A is minuscule,

(2) A is quasi-minuscule and g has only one short simple root,

(3) g =sp(6) and A = w; (following the numbering of Section 1), or
(4) g=sl(n+1) and A = mw; or A = mw,.

It is possible to give a relatively short proof of this result that bypasses our classifi-
cation but uses the same methods. Another approach is to use the classification of
one-dimensional weight spaces of g-modules due to Berenstein and Zelevinsky [BZ].

B. Notation. Let n be a positive integer, and set [n] := {1,2,...,n}.

Throughout this paper, ® shall denote a finite crystallographic root system span-
ning some real Euclidean space E with orthonormal basis €1,...,&, and inner
product {-,-). We let aq,...,a, € ® denote a choice of simple roots and ®* the
corresponding positive roots. For J C [n], the parabolic root subsystem generated
by {a; : i € J} is denoted @ ;.

The co-root corresponding to 3 € ® is 3¥ = 283/(8, 3).

We let wy,...,w, € E denote the fundamental weights (i.e., (w;, a]V> = 0;;), and

A={NcE:Bed= (\B)€EZ =Zuw1 & & Zw,
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406 JOHN R. STEMBRIDGE

the lattice of (integral) weights. A weight \ is dominant if (\, o) > 0 for 1 < i < n,
and AT denotes the semigroup of dominant weights. We partially order A by the
rule

p<v ifv—peAt.
This is not the usual partial ordering of the weight lattice; however, tensor product
multiplicities are monotone relative to this order (see Proposition 2.9), so it is the
correct ordering for our purposes.

The Weyl group W is the (finite) group of isometries of E generated by reflec-
tions $1,...,s, through the hyperplanes orthogonal to aq,...,a,. For J C [n],
the subgroup generated by {s; : i € J} is denoted W;. The length of w € W,
denoted ¢(w), is the minimum number of terms needed to express w as a product
of the generators s;, and the sign of w, denoted sgn(w), is det(w) = (—1)“®). There
is a unique element wy of maximum length.

Let p:= ) ce+ @/2. One knows that p = w; + -+ + wy.

We now introduce a set of formal exponentials {e* : A\ € A} satisfying ete” =
el so that Z[e* : A € A] may be identified with the group ring Z[A]. Since W
permutes ® (and hence A), this extends naturally to a W-action on Z[A]. The
alternating sums

AN =D sgn(w)e™ (A€ AY)
weW
form a free Z-basis for the skew-invariant part of Z[A], and the Weyl characters
associated with ® may be defined by setting

XN == AN+ p)/A() (A A™).

These form a free Z-basis for the W-invariant subring Z[A]".
The Weyl character x()) is the (formal) character of the irreducible g-module
V. In particular, the coefficient K ,, in the expansion

X(\) = Z K e

HEA

is the dimension of the p-weight space of V), and the coefficient ¢(A; i, ) in the
expansion
X(x () = D e p,v)x(V)
AEAT

is the multiplicity of V) in V,, @ V.

It is important to note that the definition of x(A\) makes sense even if A is not
dominant. In this case, x(\) = sgn(w)x(u) if w(p + p) = A+ p. In particular,
x(A) =0 if XA + p has a nontrivial W-stabilizer.

C. Organization. The general classification problem easily reduces to the simple
case, so we restrict our attention to the irreducible root systems. In Section 1, we
list the results—all pairs of Weyl characters with a multiplicity-free product, as well
as all multiplicity-free restrictions of Weyl characters to reductive subalgebras of
parabolic type. The fact that the latter is a corollary of the former is explained in
Section 2B (see Corollary 2.5). We also list all pairs I, J C [n] indexing parabolic
subgroups Pr and Py of G such that G/P; x G/P; is spherical; this amounts to
identifying all sums of fundamental weights w and w’ such that x(mw)x(mw’) is
multiplicity-free for all sufficiently large m.
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In Section 2, we assemble a large collection of tools for analyzing tensor product
multiplicities. These tools are uniformly valid for all root systems, and are applied
on a case-by-case basis in the subsequent sections to B,,, C,,, Dy, and the exceptional
root systems. (For A,, there is a separate proof in [St2].)

The overall structure of the proof for each root system @ is the same. The pairs
of dominant weights that index multiplicity-free products form an order ideal of
AT AT relative to < (Corollary 2.10), so once the proposed list of products has been
proved multiplicity-free, we provide a list that includes all minimal elements in the
complementary subset of ATx AT, and show that the corresponding products are not
multiplicity-free. Since every order filter of (Z=%)?" is finitely generated, it follows
that only a finite number of products needs to be shown not to be multiplicity-free.

In nearly every case, each proof that a product is (or is not) multiplicity-free is
an application of one of the tools from Section 2, although this is not to say that
the applications are uniformly easy. In some instances involving the exceptional
root systems, we rely on machine computations. In the classical cases, in addition
to the tools from Section 2, we also use some special rules for multiplication by the
characters of the fundamental representations (see Propositions 4.1, 5.1 and 6.1).

1. STATEMENT OF RESULTS

For each irreducible root system ®, we list below all multiplicity-free products
x(1)x(v), followed by lists of all pairs J, i such that the & j-restrictionf] of x(w) is
multiplicity-free, and all pairs I,J such that G/P; x G/P; is spherical. In each
case, a labeled Dynkin diagram is provided that indicates how the fundamental
weights have been numbered.

The case & = A,,. Diagram labeling: 1—-2—--- —n.

Theorem 1.1.A [St2]. For ® = A,, the product x(u)x(v) is multiplicity-free if
and only if for some integers m >0 and 1 < i, 5,k < n, we have

(i) p=0 or pp = w;,

(il) p = mwr or = muwy,

(ili) p = 2w; and v < mwj + mw,

(iv) p < mws or g < mwp—1 and v < mw; + mwy,

V) p -< mw; and v < w; + mwy,
(vi) p < mw;, v < mw; +mwg, and k€ {1,j+1,n},
or the same with p and v interchanged.

Corollary 1.2.A. For ® = A,, a proper ® j-restriction of x(u) is multiplicity-free
if and only if for some integers m >0 and 1 < 4,5 < n, we have

(i
(it .]C = {1} or J¢ ={n},

iti) |[J¢] =2 and pp = 2w;, p = mwsa, or L = Mwp_1,

) H=0, p=w;, = mwi or [ = Mwn,
)
i)
v) Jo={2} or J® ={n—1} and p < mw; + mwj,
)
i)

(ii
(i

V) |J° =1 and p < w; + mwj,

(vi) |J°] =1, p < mw; + mw;, and i € {1,5+ 1,n}, or

(vil) J¢ = {13}, J° = {j,j + 1}, or J° = {j,n} and o = mus;.

Corollary 1.3.A [MWZI]. For G = SL(n + 1) and all I,J C [n], the variety
G/Pr x G/ Py is spherical if and only if up to interchanging I and J, we have

3See Section 2B for an explanation of this terminology
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) I¢ =2, {1} or {n},

(ii) I¢ = {2} or {n—1} and |J°¢| =2,

i) [I¢]=|J¢| =1, or

(iv) [I¢]=1and J® ={1,7},{j.j+ 1} or {j,n} (1 <j <n).

The case ® = B,,. Diagram labeling: 1<=2—3—---—n.

Theorem 1.1.B. For ® = B,,, the product x(u)x(v) is multiplicity-free if and only
if for some integers m >0 and 1 < i,j < n, we have
(i) =0, p=wi, or it = wy,
i) pu=w; and v =mwj,
iii) p= 2w and v = mw;,
iv) u < mwy and v < mws,
(V) p < mwy, and Vv < wy + mw;,

or the same with pu and v interchanged.

Corollary 1.2.B. For ® = B,,, a proper ® j-restriction x(u) is multiplicity-free if
and only if for some integers m >0 and 1 < i < n, we have
(1) MZO’ U= W1, OT b = Wn,
(i) |J¢| =1 and p = wi, g = 2wy, or g = Mwy,,
(iii) J¢={1} and p = mw1, or
(iv) J®={n} and p < w1 + mw;.

Corollary 1.3.B. For G = Spin(2n + 1) and all proper I,J C [n], the variety
G/P; x G/ Py is spherical if and only if up to interchanging I and J, we have

(i) I¢ ={n} and |J¢| =1, or

(i) I¢=J°={1}.

The case ® = C,. Diagram labeling: 1=2—3—---—n.

Theorem 1.1.C. For ® = C,,, the product x(u)x(v) is multiplicity-free if and only
if for some integers m >0 and 1 < 4,5 < n, we have
(1) p=0 or p=wp,
(i) p < mw, and v < mw;,
(ili) p=w; and v < mwi + mwj,
(iv) p=2wi and v = mwy,
(V) p=w; +w; and v = mw,
(vi) p=3w; and v = muws,
(vil) g =w1 and v < mwi + mw; + mwj,
(vill) p < mwi and v < mw + wj,

or the same with pu and v interchanged.

Corollary 1.2.C. For ® = C,,, a proper ® j-restriction x () is multiplicity-free if
and only if for some integers m >0 and 1 < i,j < n, we have
(1) p=0 or p=wp,
(ii |JC| =1 and p = w;, p = 2w, or [t = MWy,
(iti) J¢={1} and p = w; + wj, p = 3w;, or p < mw1 + wj,

)
)
) c
)
)

(iv) J¢={n} and p = mw;,
(v) Je={1,7} and p = w;, or
(vi) J¢C{1,4,5} and p = wy.
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Corollary 1.3.C [MWZ2]. For G = Sp(2n) and all proper I,J C [n], the variety
G/Pr x G/ Py is spherical if and only if up to interchanging I and J, we have
(i) I¢ ={n} and |J¢| =1, or
(i) I¢=J°={1}.
2

|
The case & = D,,. Diagram labeling: 1-3—4—--- —n.

Theorem 1.1.D. For ® =D,, (n > 4), the product x(u)x(v) is multiplicity-free if
and only if for some integers m >0 and 1 < i, 5,k < n, we have

() ne {O w17w2;wn};
(i) p=w;, v=mwj;, andi+j>=>n+2,
(ili) p=2wi or p= 2wy and v = mw;,
(iv) p=w; and v = mwy or v = muws,
(V) p < mw, and v < mwy + mw; or v < mws + mw;,
(vi) p < mwi or it <X mwy and V < Mwp_2 0T V < MWy_1 + Mwny,
(vil) p < mw; and v < mw; + mwy, or v < mw +mws (i, =1,2),
(viii) (n =4 only) p < mw; and v < mws_; + mws (i = 1,2),

or the same with p and v interchanged.

Corollary 1.2.D. For ® = D,, (n > 4), a proper ®j-restriction x(u) is multi-
plicity-free if and only if for some integers m > 0 and 1 < 4,5,k < n, we have
(1) we {Oaw17w2;wn};
i) Jo={i}, p=wj, andi+j>n+2,
i) |[J¢] =1 and pp = 2wy, p = 2wa, Or fi = Mwy,
iv) J¢={i}, p < mw; +mwy, and i, j, k € {1,2,n},
V) Je = {Za]}’ H = Mmwg, and i7j7k € {1,2,71},
(vi) Je={1,i} or J®={2,i} and p = mwn,
i)
)
)
)

ii

—_

(i
(

(vil) J¢={1} or J¢ ={2} and p = w;, p = Mwp_2, Or ft X MWp_1 + Mwp,
(viii) J¢={n} and p < mwi + mw; or p < Mmws + Mmw;,
(ix) J*C{n—1,n} or J° ={n—2} and p = mwy or u = mws,
(x) (n=4 only) J° = {i} and p < mws_; + mws (i =1,2), or
(xi) (n=4 only) J®={i,3} and p=mws_; (i =1,2).

Corollary 1.3.D. For G = Spin(2n) (n > 4) and all proper I, J C [n], the variety
G/Pr x G/ Py is spherical if and only if up to interchanging I and J, we have

() I° = {n} and J° = {i},{1,i}, or {2,i} (1 <i<n),
(ii) I¢°={1} or I° ={2} and J* C {1,2,n}, J* C {n—1,n}, or J¢ = {n —2},

—-
=

or
(ili) (n =4 only) I¢ = {1} and J°* ={2,3} or I° = {2} and J¢ = {1, 3}.
i
The case ® =&, (n = 6,7,8). Diagram labeling: 1-3—4—5—---—n.

Theorem 1.1.E6. For ® = &, the product x(pu)x(v) is multiplicity-free if and
only if for some integers m > 0 and 1 < i < 6, we have
(i) p=0, p=w1, or p = ws,
(il) p = wy and v = mw;,
(i) 4 =ws3 or p=ws and v = mwa,
(iv) p < mwy or u < mws and v < mw; (i #4),
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(V) p < mwy or u < mws and v < mwy + mws,

or the same with p and v interchanged.

Corollary 1.2.E6. For ® = &g, a proper ® j-restriction of x(u) is multiplicity-free
if and only if for some integer m > 0, we have

(i

1

) K
(ii)
iii)
iv)
(v) J

=0, p=wi, or p = ws,
|J | =1 and p = wo,
(iii) J¢ = {2} and p € {ws,ws, mw1, mws},
(iv J = {3} or J¢ = {5} and p = mwy or pu = mwe,
v {1} or J¢ = {6} and p € {mws, mws, mws} or u < mwi + mwsg, or
(vi) J¢={1,6} and p = mwy or p = mwe.

o

Corollary 1.3.E6. For G = Eg and all proper I, J C [6], the variety G/P; x G/P;
is spherical if and only if I¢ = {1} or {6} and J° = {i} (i #4) or {1,6} (or vice-
versa,).

Theorem 1.1.E7. For ® = &7, the product x(pu)x(v) is multiplicity-free if and
only if for some integers m > 0 and 1 < i < 7, we have
1) u=0 orpu=uwr,

) p=wi and v = mw;,
) p=ws and v =1mwy or Vv = mws,
V) p=ws and v =1mwy or v = mwz,
) < 2wy and v = muwg,

vi) p < mwr and v < mw; (i =1,2,7),

or the same with p and v interchanged.

Corollary 1.2.E7. For ® = &, a proper ® j-restriction of x(u) is multiplicity-free
if and only if for some integer m > 0, we have
(i) p=0 or p = wr,
(i) |JC| =1and p=wy,
(iii) J¢={1} and p = ws, pt = we, or p = Mmuwy,
(iv) J¢={2} and p=wq or p = mwr,
(v) Je={6} and p = wr or p = 2wy, or
(vi) J¢= {7} and p € {ws, mwy, mwa, mwr}.

Corollary 1.3.E7. For G = E; and all proper I, J C [7], the variety G/Pr x G/ Py
is spherical if and only if I¢ = {7} and J° = {1},{2} or {7} (or vice-versa).

Theorem 1.1.E8. For ® = &, the product x(pu)x(v) is multiplicity-free if and
only if for some integer m > 0, we have p =0, or

(i) p=ws and v =mw; (1 <i<8),

(il) p=wy and v = mwy or v = muws,
or the same with p and v interchanged.
Corollary 1.2.E8. For ® = &g, a proper ® j-restriction of x(u) is multiplicity-free
if and only if u =0, or

(i) |J°| =1 and p = ws, or

(ii) J¢={1} or J¢ = {8} and p = w1.

The case ¢ = F4. Diagram labeling: 1—2<=3—4.
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Theorem 1.1.F4. For ® = F4, the product x(u)x(v) is multiplicity-free if and
only if for some integer m > 0, we have pn =0, or

(i) p=w1 and v < mwi + mws + mwy or v X mwa + mws + muwy,
(il) p=wq and v =muw; (1 <i<4),
(i) p = 2wy or p=wy and v = muwy,

or the same with pu and v interchanged.
Corollary 1.2.F4. For ® = Fy, a proper ® j-restriction of x(u) is multiplicity-free
if and only if p =0, or

(i) 1eJor2eJ and p = wy,
(ii) |[J°| =1 and p = wa, or
(iii) J¢= {4} and p = 2wy or p = wa.

The case & = G,. Diagram labeling: 1& 2.
Theorem 1.1.G2. For ® = Gy, the product x(u)x(v) is multiplicity-free if and
only if for some integer m > 0, we have

(i) p=0orp=uw,
(il) p =wz and v = mwy or v = muwo,
(iii) p=2w; and v = mw,,

or the same with pu and v interchanged.
Corollary 1.2.G2. For ® = Gs, a proper ® j-restriction of x(u) is multiplicity-free
if and only if

(i) p=0orp=uw,
(ii) J =12} and pp = wa, or
(iii) J={1} and p = 2wy or i = wa.

Corollary 1.3.{E8,F4,G2} |[L2]. For G = Eg, Fy and G4, there are no nontrivial
spherical varieties of the form G/P; x G/Py.

2. BASIC TOOLS

In this section, we collect together several important properties of tensor product
multiplicity that will be needed for our classification of multiplicity-free products.

A. The Brauer-Klimyk Rule. The following rule for multiplication of Weyl
characters may be traced to papers of Brauer [B] and Klimyk [KI].

Proposition 2.1. For all p,v € A*, we have x(pu)x(v) = Z Kuex(v+9).

£eA
Proof. Since K, ¢ = K,, ¢ for all w € W, it follows that
XA@+p) = D san(w)Ke et
EEA, weW
= Z sgn(w) K, ¢ e? e = Z K, eA(v +&+p).
EeN, weW I
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We remark that the above decomposition is not sign-free, since v + £ need not
be dominant. In order to rewrite the sum in terms of Weyl characters x(\) with A
dominant, one needs to determine, for each weight £, the unique dominant weight in
the orbit of v+ &+ p, say A+p = w(v+£+p), and replace x(v+§) with sgn(w)x(N).
(If A + p is dominant, but A is not, then x(A) = 0.) For further discussion of using
the Brauer-Klimyk Rule as the basis of a tensor product multiplicity algorithm,
see [St1].

B. Branching. Let ® be any (not necessarily parabolic) root subsystem of @,
with W’ denoting the corresponding Weyl group. For each weight A € A, let

X' (A) = A" (A +p)/A(p) = A (X +p') /A (p"),

where A’ and p’ denote the ®’-analogues of A and p. These are essentially Weyl
characters relative to ®’, aside from the fact that A has been chosen from the weight
lattice for @, rather than @’.

Letting A* denote the set of weights in A that are dominant relative to @', it is
easy to show that {x'(1) : p € A*} forms a Z-basis for the W'-invariant part of
Z[A]. In particular, for each p € AT, there exist integers M’ (u, A) such that

X(u) =D M (1, )X (V).
AEA*

We call this decomposition the &'-restriction of x(u).

If a+ 3 € ® implies a+ 3 € ¥ for all o, 5 € 9’ (e.g., if &’ is parabolic), then
a Cartan subalgebra of g and the root subspaces of g corresponding to ®’ span a
reductive (but not necessarily semisimple) Lie subalgebra g’ C g, and the integers
M’(u, \) are nonnegative, being the multiplicities of the irreducible g’-submodules
of the g-module V.

The branching multiplicities M’(u, A) may be computed from knowledge of the
weight multiplicities K, ¢ by means of the following analogue of the Brauer-Klimyk
Rule.

Proposition 2.2. For all p € AT and ® C ®, we have x(n) = Z K,exX'().
EeEA

This is not a sign-free decomposition, since £ need not be ®’-dominant.

Proof. Using the fact that K, ,.c = K, ¢ for all w € W', we find
XA ()= > sgn(w)Kye et ="K, A€+ ).
ceN, weW! EcA
O

Specializing to the parabolic case, suppose ® = ®; and W’ = W for some
J C [n], and let M;(p, A) denote the coefficient of x'()) in the ® j-restriction of

X(1)-
Proposition 2.3. If u,v € AT and J C {j : (v,a)) = 0}, then

X(x(w) = 3" My(p,8)x(v +0).
SEN*
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Proof. For each & € A, there is an element w € W such that w(€ + p') = § + p/
is @ j-dominant. In that case, x'(0) = sgn(w)yx’(§) is nonzero only if § is also ® ;-
dominant. Similarly, since W fixes v and (p, o) = (p', a) for all j € J, it follows
that w(v+£+p) = v+0+p, and x(v+9) = sgn(w)x (1/—1—5) is nonzero only if § is ® ;-
dominant. Restricting our attention to those £ for which 6 is ® j-dominant, we see
that the corresponding term in Proposition 2.2 contributes sgn(w) K, ¢ to the coeffi-
cient of x’(4) in x(u), whereas in Proposition 2.1, it contributes sgn(w) K, ¢x(v+9)
to the decomposition of x(u)x(v). O

Remark 2.4. (a) The Brauer-Klimyk Rule is the special case J = @.

(b) The above decomposition is not sign-free, since v + ¢ need not be dominant.
However, there are only finitely many § € A* such that M;(u,d) # 0, so if v is
sufficiently deep in the wall of the dominant chamber indexed by J, then v + § will
be dominant for all such . In that case, M;(u,d) = ¢(v + J; u, v); this shows in
particular that branching multiplicities are also tensor product multiplicities.

Corollary 2.5. If p,v € At and J = {j : (v,) = 0}, then the ®;-restriction of
x () is multiplicity-free if and only if x(u)x(mv) is multiplicity-free for all suffi-
ciently large m.

Since tensor product multiplicities are monotone (see Proposition 2.9 below),
one may replace “all sufficiently large m” with “all m > 0” in the above result.

C. Stability. Fix a parabolic subsystem ®; C ®. The inclusion ® ; — ® induces a
natural homomorphism A — A ; between the corresponding weight lattices, denoted
A +— X. Under this map, the fundamental weights for ®; are {@, : j € J}, and we
have w; = 0 for j ¢ J. We remark that A and A; both include copies of the root
lattice Z® 7, and X — A restricts to the identity map between these two copies.

Given that the choice of @ is understood, we let y(u) denote the Weyl character
(relative to @ ;) corresponding to u € A , and let ¢(A; p, v) denote the multiplicity
of ¥(A\) in x(u)x(v) (given that A\, u,v € A+)

Proposition 2.6. If \,yu,v € At and u+v—\ € Zd;, then c(\; p,v) = e(\; i, D).

Proof. For v € Z®, let P(v) denote the number of (unordered) partitions of v into
a sum of positive roots—the coefficient of €7 in the formal series [, (1 —e*)~".
By Steinberg’s Formula (e.g., [H| §24]), one knows that

(2.1) e\ pyv) = Z sgn(w) sgn(w’ )P((p+v —A) — o, (w) — o, (w')),
w,w’ €W

where o, (w) := (£ + p) — w(p + p). Now consider that

ou(siw) — ou(w) = (w(p + p), oo = (u+ p,w™ oy ).
Furthermore, £(s;w) > ¢(w) implies that w~'q; is a positive root (e.g., [ §10]),
so in this case, o, (s;w) — 0, (w) is a positive (integer) multiple of ;. Proceeding
by induction with respect to length, we deduce that o, (w) is a positive Z-linear
combination of the simple roots «; such that s; occurs in some (equivalently, every)
reduced expression for w.

It follows that if u+v—\ € Z® ;, then the term in (2.1) corresponding to the pair
w,w’ € W is nonzero only if w,w’ € W;. Furthermore, since ®; = ® N ZP;, the
partition function for ®; is the restriction of P(-) to Z® ;. Hence, the expression
for &(\; i, 7) analogous to (2.1) has exactly the same nonzero terms. O
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Corollary 2.7. If p,v € AT and x()x(¥) is not multiplicity-free relative to @,
then x(u)x(v) is not multiplicity-free relative to ®.

Proof. If x(1)x(#) is not multiplicity-free, then ¢(d; iz, 7) > 2 for some weight § €
A}r. Setting v = p+v—9 € Z>O<I>j, it makes sense to define \ := u+v—+ € A, since
A includes @ (and therefore Z®;). Furthermore, \ is dominant, since (\, o)) =
(6,a)) = 0 for j € J and (y,a)) <0 for j ¢ J. Hence c(\; u,v) = ¢(6; 1, 7) > 2 by
Proposition 2.6. (]

D. Triple Symmetry. For each dominant weight A, let A* = —wgA denote the
unique dominant weight in the W-orbit of —\, so that x(A*) is the character of the
dual module V. It is easy to check that the map A — A* is induced by a diagram
automorphism (the Weyl involution); it is trivial if and only if wy = —1.

The following 3-fold symmetry of tensor product multiplicities is well known.

Proposition 2.8. The multiplicity of x(0) in x(u)x(¥)x(A*) is ¢(A; p,v). In par-
ticular, ¢(A; p,v) is a symmetric function of \*, u and v.

Proof. By Schur’s Lemma, one knows that V, @ V7 includes a copy of the trivial
g-module if and only if ;4 = v; in that case, there is exactly one such copy. Hence,
the multiplicity of x(A) in any character ¢ is the multiplicity of x(0) in x(A*)¢. O

For a proof based solely on manipulations of the Weyl Character Formula,
see [St1l §7C].

E. Combinatorial Models, Monotonicity, and the PRV Theorem. We de-
fine a combinatorial model for the Weyl character corresponding to € AT to be a
triple (X, w, ), where X = X (u) is a set and w (the weight) and § (the depth) are
functions X — A with the property that for all \,v € AT, we have

(2.2) cXsp,v)={z e X(p):w@)=A—v, v+x) e AT}

It is not immediately clear from this definition, but true (we claim), that (1) com-
binatorial models exist for all € AT, and (2) the Weyl character x(p) may in fact
be viewed as a generating function for X (u) with respect to the weight w.

Postponing the proofs of these claims temporarily, note that the condition v +
§(x) € AT in (2.2) becomes progressively weaker as v moves deeper in the domi-
nant chamber. This yields the following monotonicity property of tensor product
multiplicities.

Proposition 2.9. For all \, u,v,8 € AT, we have ¢c(A + §; p, v +68) = c(A;jp, v).
Recall that p < v means v — p € AT,

Corollary 2.10. If x(u)x(v) is multiplicity-free, then the same is true for all
products x (' )x (V') such that ¢/ < p and v’ < v, and if x(pu)x(v) is not multiplicity-
free, then the same is true for all products x(u')x (V') such that p < p’ andv L V.

We remark that if v € AT and x € X satisfy v + w(z) ¢ AT, then there is
no A € AT such that x contributes to the multiplicity in (2.2). Furthermore, if
(§(x), ) = 0, then the condition (v + (), ;") > 0 is vacuous. Thus the validity
of (2.2) is preserved if we replace ¢ with a new depth function ¢’ satisfying

(0'(2), ) = min(0, (w(z),a), (3(x),0))) (1<i<n).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



MULTIPLICITY-FREE PRODUCTS AND RESTRICTIONS OF WEYL CHARACTERS 415

Equivalently, we may add the requirement that combinatorial models satisfy 6(z) <
w(z) and —§(x) € AT for all x € X; we say that such a model is standard.

Turning now to the question of existence, let us first note that Kashiwara’s
Crystal Bases or Littelmann’s Path Model may be used to explicitly construct
combinatorial models for every Weyl character (see [K|, [L1], [L3], or [St3]); we
will discuss one particular construction in the next subsection. To give a non-
constructive existence proof, let us extend the notation c¢(\; u,v) to all \, u,v € A
by setting c(A; u,v) = 0 if any of A, u, v fail to be dominant. Now define

(23) NM(E;”): Z (_1)|J|C(V+£_WJ;Ma V_WJ)a
JC[n]
where wy = ZjeJWj~ Note that N, (&,v) = 0 unless p,v,v+§ € AT,
A simple inclusion-exclusion argument shows that for all \, 4, v € A, we have

(2.4) cAipv) =Y NuA—v,v—0).
JeEAT

Furthermore, if © € AT and X is a standard combinatorial model for x(u), then
it follows from (2.3) that N,(§,v) = {z € X : w(z) = ¢, d(x) = —v} for all
&, v € A Conversely, if N,(&,v) > 0 for all £,v € A, then any set consisting of
N, (&, v) elements of weight ¢ and depth —v for all {,v € A constitutes a standard
combinatorial model for ().

The inequalities N,(&§,v) > 0 (§,v € A) are thus equivalent to the existence of
combinatorial models for x(u). Furthermore, the non-trivial inequalities (i.e., the
cases with v,v + ¢ € AT) are consequences of the PRV Theorem (see Theorem 2.1
of [PRV]); viz.,

c(Ap,v) =dimV,(A —v,v),

where V,,(€) denotes the {-weight space of V,,

V(& v) = {v eV, (&) : ey/’awﬂ(v) =0,1<:< n},
and eq,...,e, denote standard generators for the nilpotent part of a Borel subal-
gebra of g. Indeed, it follows from (2.3) or (2.4) that

N,U«(gvl/) = dimVp«(gvV)/VlJ«(gvV) 2 Oa

where V (£, v) denotes the sum of all spaces V,,(,d) such that § < v.

Finally, to explain the connection between combinatorial models and generating
functions, note that there are only finitely many nonzero terms K, ¢ x(v + &) in
the Brauer-Klimyk Rule (Proposition 2.1), and hence v + ¢ is dominant in all such
cases if v is sufficiently deep in the dominant chamber. On the other hand, if X (u)
is a standard combinatorial model for x(u), then for all x € X (u), we have that
v+ w(z) is dominant whenever v + d(x) is dominant, and

x(w)x(v) = > x(v + w(x)).
zeX (p): v+do(z)eAt

Comparing this with the Brauer-Klimyk Rule (for v sufficiently deep), we conclude
that

Kue=[{z e X(n):wz) =&},
or equivalently, x(u) = erX(u) e“®) In particular, X () is necessarily finite.
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F. Lakshmibai-Seshadri Chains. One particular way to realize combinatorial
models for Weyl characters involves chains in the Bruhat order. This model was
conjectured by Lakshmibai and Seshadri and proved by Littelmann [L1]. Here, we
(mostly) follow the notation in Section 8 of [St3].

Given A € AT, let ‘<’ denote the Bruhat ordering of the W-orbit of X; i.e., the
transitive closure of the relations

tal <& if (£,0) >0 (€W acdh),

where t,, denotes the reflection corresponding to . We use the notation ¢ < £ to
indicate that £ covers (; for this, it is not sufficient (but obviously necessary) that
¢ = t,& for some a € &1 such that (£,a) > 0.

Given any rational b > 0, we define the b-Bruhat ordering of WA to be the
transitive closure of the relations

tal <p & if toé <& and b(E,aY)EZ (E€WA acdh).

Thus ¢ < € is a covering relation of the b-Bruhat order if and only if £ covers ¢ in
(WA, <) and b(§ — ¢) is a positive integer multiple of a positive root. Notice also
that if b is an integer, then the b-Bruhat order coincides with the original Bruhat
order.

A Lakshmibai-Seshadri chain (or LS chain) x of type X is a pair consisting of a
chain in (WA, <) of any length | > 0, say §o < & < -+ < &, and an increasing
sequence of rationals 0 = by < b1 < --- < b; < bj41 = 1 such that

§o <by §1 <by <, &1
The weight of x is defined to be

(2.5) w)= Y (i1 =g = &= > bi(§—&1)

0<;<! 1<5<!
and the depth of x is defined to be the unique weight é(x) € A such that
(2.6) (0(x),0) = oJpin Z (bj+1 —b;)(&;, ).
0<y<k

It is not obvious from the definition that (6(z), o)) is Z-valued; however, this fact

may be deduced from properties of the Bruhat order (e.g., see Section 8 of [St3]).

Theorem 2.11 (Littelmann [LI]). For each A € AT, the set C(\) consisting of all
LS chains of type X is a (standard) combinatorial model for x(X).

G. The Minuscule, Quasi-Minuscule, and Adjoint Rules. A weight p is
minuscule if (p, ") <1 for all @ € ®.

Proposition 2.12. If u,v € AT and u is minuscule, then
Xwxw) = Y. xw+9).
ceWp:v+€eAt
In particular, x(u)x(v) is multiplicity-free.

Proof. Given that p is minuscule, it follows that the b-Bruhat ordering of the orbit
of y is trivial unless b is an integer. Hence, the only LS chains of type u are
singletons £ € Wu. Furthermore, we have w(§) = £ and

0 otherwise.

(5(6), ) = min(0, (€, a'}) = {‘1 if (€, a7) <0
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Now apply Theorem 2.11 and (2.2). O

In an irreducible root system, there are at most two W-orbits of roots. If two
orbits occur, the lengths of roots in these orbits differ (“long” and “short”); in cases
where there is only one orbit, we adopt the convention that the roots are said to
be short. In this way, every irreducible root system has exactly one orbit of short
roots, denoted P.

We let Iy denote the set of indices of the short simple roots.

A weight p is quasi-minuscule if {(u, o) < 2 for all @ € ® and equality occurs
for a unique root «. If ® is irreducible, then there is a unique dominant quasi-
minuscule weight; namely, the short dominant root & (e.g., see the discussion in
Section 4C of [St3]).

Proposition 2.13. If ® is irreducible and v € AT, then

X@xw) =kx(v) + > xw+p),

BED: v+PEAT

where k = k(v) = |{i € I : (v,a)) > 0}|. In particular, x(a@)x(v) is multiplicity-
free if and only if k(v) < 1.

Proof. Given 3 € ®,, we have (3,a") < 2 for all @ € @, and equality occurs if
and only if « = 3. Hence, for 0 < b < 1, there are no nontrivial relations in the
b-Bruhat ordering of ®, except for those of the form —f <} § with b = 1/2 and
—0 < B. It is easy to check that § € ®4 covers —( in the normal Bruhat ordering
if and only if 5 is simple, so the LS chains of type & consist of the singleton chains,
one for each 3 € ®,, and the doubleton chains —a; <y/2 o (j € I5). Furthermore,
from (2.5) and (2.6), we have

w(B) = B, w(—a; <12 ;) =0,
(0(8), o) = min(0, (B, &), d(—a; <172 ;) = ~wj.
Now apply Theorem 2.11 and (2.2). O

We remark that Propositions 2.12 and 2.13 are easy to deduce directly from the
Brauer-Klimyk Rule (see Corollaries 7.2 and 7.3 of [St]).

Continuing the hypothesis that ® is irreducible, let a denote the highest root;
i.e., the highest weight of the adjoint representation. If ® has only one W-orbit,
then & = @; otherwise, a is the long dominant root. We claim that x(a) has a
(standard) combinatorial model X (&) whose objects are the roots o € ®, together
with n objects 0; (1 < 4 < n), the latter having weight 0 and depth —w;. The weight
and depth of the root « are defined to be o and §(«), where (§(a), ) = —k if k
is the largest integer such that « + ka; € ®.

Proposition 2.14. If & is irreducible with highest root &, then X (&) is a standard
combinatorial model for x(a). Hence,

X@xw) =kx) + > x(v+p),
Bed:v+5(B)EAT

for allv € AT, where k' = k' (v) = |{i : (v,a;) > 0}|. In particular, the product
x(@)x(v) is multiplicity-free if and only if k'(v) < 1.
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Proof. For each simple root «;, the members of X (&) may by partitioned into
strings; i.e., maximal sequences of roots of the form 3,0 + «y, ..., + ka;, along
with the “degenerate” strings —a;,0;, a; and singleton strings 0; for each j # 4.
Any string with more than two elements is said to be long. No string has more
than four elements, and long non-degenerate strings occur only if ® has both long
and short roots. Indeed, the first and last roots in such a string must be long, and
the interior roots and «; must be short.

A key observation to make is that for every object © € X (&), there is at most one
index i such that (6(z),a)) < 0 and the «;-string through z is long. This is easy
to see for each of the objects 0; and —a; (in both cases, (d(z), o) = 0 for j # i),
so we may restrict our attention to (long) non-degenerate strings. In particular, a
counterexample could occur only if ® has both long and short roots, including at
least two short simple roots; i.e., only if ® = C,, (n > 3) or & = F4. We leave to the
reader the easy task of checking that there are no counterexamples in these cases.
(It is also possible to give a longer, classification-free proof.)

Now consider the generating function

¢ = Z e”(m):neo—i—Zeﬁ.

zeX (&) ped

It is clear that ¢ is W-invariant, so reasoning similar to the proof of Proposition 2.1
shows that for all v € AT, we have

(2.7) )= 3wl +w@).
zeX (&)
Let Y;(v) denote the set of objects € X (&) such that the «;-string through z is
long and (v + §(x), ) < 0. The above discussion shows that Y3 (v),...,Y, (v) are
disjoint. We also claim that for each z € Y;(v), there is a unique 2’ € Y;(v) such
that
si(v+w(x) +p) =v+w@)+p,

whence x(v+w(z)) = —x(v+w(z’)) and the net contribution of ¥;(v) to (2.7) is 0.

To prove the claim, note that the last member of the «a;-string through x has
weight w(z) — (§(x), ) )a; (by definition). Furthermore, the a;-strings are stable
under the action of s; (in fact, s; reverses the string), so the first member of the
string has weight w(z) — (w(z) — §(x), @) )v;. Hence, there is a (unique) member of
the q;-string through x of weight w(z) — ka; if and only if

(2.8) (0(2), 0)) <k < {w(@) = 8(2), o).

(2

Since z is a member of this string (the case k = 0), it follows that d(z) < 0 and
§(z) < w(z). In other words, ¢ is a standard depth function.

For the claim, we seek an object ' of weight w(z) — ka;, where k = (v +w(z) +
p, ). The fact that this value of k satisfies (2.8) follows easily from the fact that v
is dominant, 6(z) < w(z), and (v +4d(x), o)) <0, so 2’ exists. Also, the calculation

(v+6(z),a))y = v +68x),a)) —k={0(x) —w(x), o)) —1<0

shows that 2’ € Y;(v), proving the claim.

The only remaining terms in (2.7) are those for which v+4d(x) is dominant, or else
(v+d(x), ) <0 for some ¢ for which the a;-string through z is short. However,
the latter case occurs only if z is the first element of a two-element string (whence
(5(x), ) = (w(z),a)) = —1) and (v,a)) = 0. Hence s; fixes v + w(x) + p and

3 3
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X(v + w(x)) = 0. The corresponding terms may therefore be omitted from (2.7),
yielding
ox(v) = > X(v + w(z)).
rzeX(a): v+d(x)eAT
This shows simultaneously that ¢ = x(a) (take v = 0) and that X (&) is a combi-
natorial model for x(c). O

H. The Chain Rule and the Multi-Minuscule Rule. Following [St4], let «—
denote the binary relation on C'(u) obtained by setting

(Co <ty 1 <ty ++ <ty k) — (€0 <er &1 <ep -+ < &) i G < o

This is a transitive, asymmetric (z «— y and y < 2z implies x = y), but not
necessarily reflexive relation—a “proset” in the terminology of [St4].

Proposition 2.15. For all u,v € AT and m > 0, we have
X(mu)x() => x(v+w(@) + -+ w(@m)),

where the sum ranges over the set of all m-chains ©1 «— --- «— x,, such that
xp € Cp) and v+ w(zy) + -+ w(@p—1) + 6(zx) € AT for 1 <k <m.

Proof. As noted in Section 3 of [St4], there is a bijection between C(mpu) and the
set of all m-tuples (z1,..., %) such that z; € C(p) and &1 < -+ — z,,. In this
bijection, the LS chain x of type my corresponding to (x1, ..., 2, ) is obtained by
(1) replacing each relation ¢ <p £ in x; with m¢ <p mé&, where b/ = (b+ i —
1)/m,
(2) inserting the relation m¢ <;/», m& between the maximum element ¢ of x;
and the minimum & of ;11 (or identify the pair, if ¢ = ¢), and
(3) concatenating the resulting chains together.
It follows that the weight and depth of x satisfy
w(z) =w(z) + -+ wlzm),
(3(x),0}) = min () + -+ wlrg-) + 5z, af).

Now apply Theorem 2.11. O

Recall that in case p is minuscule, C'(11) may be identified with the W-orbit of
u, and the relation <« is simply the Bruhat ordering <. Hence,

Corollary 2.16. If u,v € AT and u is minuscule, then
X(mp)x(v) = > X+ &+ + &),

1< <Em: € €W

where the sum is restricted to m-chains such that v + & + -+ + & € AV for
1<k<m.

Continuing the hypothesis that p,v € AT and p is minuscule, we say that a
chain & < --- < &, in Wy is v-dominant if it contributes a term in the above
decomposition of x(mu)x(v); ie, v+& + - +& € AT for 1 <k < m. In
addition, we say that a strict chain (; < --- < (; in Wy is generically v-dominant
if for every pair i,k such that (Cx, ;) < 0, there is some 0 < j < k such that
(¢j, ') > 0 (taking (o := v). If a chain is v-dominant, then the strict chain formed
by the set of distinct weights that appear in the multichain must be generically
v-dominant. Hence,
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Corollary 2.17. If yu,v € AT and p is minuscule, then x(mp)x(v) is multiplicity-
free for all m > 0, except possibly if there are generically v-dominant chains & <
S <& and G < -+ - < and integers a;,b; > 0 (not all zero) such that

& = ¢; implies a; =0 or b; =0,
a1+ 4ar=b1+---+ b,
ari + -+ aplp =01Gi + -+ biG.

Remark 2.18. (a) Relaxing the nonnegativity constraint on a; and b;, the above
condition reduces to linear independence in an affine hyperplane; i.e., linear in-
dependence of the distinct vectors among (£1,1),..., (&, 1),(¢1,1),...,(¢,1). If
every pair of generically v-dominant chains is “affinely independent” in this sense,
then Corollary 2.17 implies that x(mu)x(v) is multiplicity-free for all m > 0.

(b) The Bruhat ordering of a minuscule orbit W is particularly simple. Indeed,
by a theorem of Proctor [P], one knows that ¢ < £ if and only if £ — ¢ is in the
nonnegative span of the simple roots (assuming ¢,& € Wpu), and £ covers ¢ if and
only if ( = ;£ =& — «; for some 7 (1 < i < n).

I. The Twice-Quasi-Minuscule Rule. Recall that & denotes the short dominant
root, assuming & is irreducible.

Proposition 2.19. Let v € A" and J = {j : (v,af) = 0}. If ® is irreducible,
then the multiplicity of x(v) in x(2a)x(v) is the number of W-orbits consisting
entirely of short positive roots, except for those that contain a short simple root o;
such that (v,a)) = 1.

Proof. By Proposition 2.15, the multiplicity of x(v) in x(2&)x(v) is the number of
2-chains ¢ «— y in C(@) with v+J(z) and v+w(x)+0(y) dominant and w(z)+w(y) =
0. Now recall from the proof of Proposition 2.13 that the LS chains of type & are
singletons (one for each 8 € ®,) and doubletons —a; <y,2 «a; (i € I;). The
latter have weight 0 and are incompatible with each other relative to «, so the
2-chains of weight 0 all have the form —3 <« § (8 € ®!). Furthermore, since
(6(8), ) = min(0, (8, ))), the dominance of v + 6(—3) and v — 3 + §(3) is
equivalent to v — 3 € AT, so

{Be®l: v—BeAT}
is the multiplicity of x(v) in x(2&)x(v).

Given 3 € @, we have (3,a)) < 1 unless § = a;. Since (v,a) > 1 for j ¢ J,
it follows that if § is not simple, then v — 3 is dominant if and only if (3, a]V) <0
for all j € J. In other words, # must be anti-dominant relative to ®;, and there
is exactly one such root in every W -orbit. However, some W -orbits in &5 may
contain both positive and negative roots—these are precisely the orbits in @ ;; their
anti-dominant members are negative. The remaining W -orbits in @4 are either all
positive or all negative. Now among the orbits of positive roots in ®, are those
whose anti-dominant member is a simple root § = «; (one for each j € I, — J). In

these cases, we have (8, ozjv> = 2, so v— (3 is dominant if and only if (v, a]V> >2. O

Let c; denote the coefficient of «; in .

Corollary 2.20. The product x(2a)x(v) is not multiplicity-free if
(i) v=w; and ¢; = 3, or o is long and ¢; > 2,
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(ii) v =2w; and ¢; > 2,
(i) v =w; +wj and ¢; +¢; = 3 or o, and a; are long (i # j), or
(iv) v =2w; +w; (i # j) and o, is short.

Proof. Let f1,..., fn denote the basis of E* dual to the simple roots (i.e., f;j(a;) =
di;). Foreach j ¢ J, f; vanishes on ®; and is constant on W -orbits. It follows that
a lower bound for the number of W j-orbits of short positive roots is the number of
nonzero tuples (f;(3) : j ¢ J) that occur as 3 varies over ®/.

If 3 € ®f is not simple, we must have (3,a)) = 1 and 8 — o; = 5,8 € ®F
for some 4. It follows that there are W-orbits of short positive roots such that f;
(j ¢ J) achieves every integer value from 1 to ¢; = f;(8). Furthermore, if o is
long, then there is at least one orbit containing short roots 3 such that f;(8) =1,
and this orbit contains no simple roots. Thus by Proposition 2.19, x(2&)x(w;)
cannot be multiplicity-free if ¢; > 3, or if ¢; = 2 and «; is long, whence (i) follows.
Analogous reasoning applies to (ii), except that in this case, we are also allowed to
count the orbit of «;, even if it is short.

Similarly, if f = Ejg 5 [j, then f must achieve every integer value from 1 to
ngj ¢;j. Since f =1 on orbits that contain simple roots, Proposition 2.19 implies
that x(2a)x(v) cannot be multiplicity-free if 3 .. ; ¢; > 3, yielding the part of (iii)
with ¢; + ¢; > 3. For the last of (iii), note that if @; and «; are both long and
¢i = ¢j = 1, then there must be orbits of short positive roots such that f =1 and
f = 2; neither of these orbits contains a simple root. Similar reasoning applies
to (iv), except that in this case, we are also allowed to count the orbit containing
the short root a;. O

3. THE CASE ® = A,
Theorem 1.1.A is proved in [St2].

4. THE cASE ® = B3,

Realization: B, = {£e; : 1 <i<n}U{fe; +e;:1<i<j<n}

Simple roots: a3 =¢€1, a; =¢&; —eg;—1 (1 <i < n).

Fundamental weights: wy = (1/2)(e1 +---+e&pn), wi =i+ -+, (1 <i<n).
Minuscule weights: w;. Quasi-minuscule weight: w,,.

A. The Exterior Powers Rule. The quasi-minuscule weight w, = ¢, is the
highest weight of the defining representation of g = so(2n + 1), and the exterior
algebra of this representation has the (graded) character

2n+1 n

ot) = > it = (1+0) JJ(1 +teT)(1 +te ).

k=0 i=1
In the following, we will derive a rule for the Weyl character expansion of ¢(t)x(v)
for each v € A™; in turn this will yield a “Pieri Rule” for multiplication by x(w;)
(1 < 7 < n). Previous Pieri-type rules for the classical cases have been given by
Weyman [W].

To describe the rule, let B¥(v) denote the set consisting of all dominant weights
of the form v +¢&;, +---+¢;,, where 1 < iy < --- < i < n. For each u € BT (v),
define
ph, () =tF A4 2ot T+ 82 + -+ £2m),
r>1
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where n, = |{i : (u,e;) = (v,e;) = r/2} and k = n — (ng + n1 +---) (i.e., the
number of coordinates where p and v differ). Note that the coefficients of pZ ,(t)
are multiplicity-free if and only if there is at most one r > 0 such that n, > 0.

Proposition 4.1. For all v € AT, we have

dtxw) = > pl(Hx(w).

neEBt(v)
In particular (taking v =0), x(w;) = ¢n—it+1 (1 <i < n) and x(2w1) = ¢y,.

Proof. Since ¢(t) is W-invariant, an argument similar to the proof of Proposition 2.1
may be used to show that

(4.1) ot)x(v) = Y ¥+ o(K)),
KCE
where E = {0, +e1,...,+e,}, and o(K) denotes the sum of the members of K.
Given K C E, consider the largest j > 1 (if any) such that

(1) —gj,e5j-1 € K, ¢j,—¢j—1 ¢ K and (v,¢;) = (v,ej_1), or

(2) gj,—e; € K, gj_1,—¢€j—1 ¢ K and (v,¢;) = (v,ej_1).
If (1) holds, then we have (v +0(K),af) = =2 and s;(v+0(K) +p) = v+ o(K)+
a; + p, whence x(v + o(K)) = —x(v + o(K’)), where K’ = K U {¢;} — {e;_1}.
Furthermore, K’ satisfies (2), and there is no larger j such that K’ satisfies (1)
or (2). Hence, the pairing K < K’ is bijective (and preserves cardinality), so we
may delete all terms from (4.1) satisfying (1) or (2) for any j > 1.

Among the remaining choices for K, suppose there exists j > 1 such that

(3) 0,—e1 € K, g1 ¢ K and (v,e1) =0,

(4) e1,—€1 € K, 0 ¢ K and <V751> =0,

(5) —e1,€5,—6;, € K (1 <1 Sj), 0,e1 ¢ K and <Z/,Ei> =0 (1 <1 S]), or

(6) 0,6, —ei € K (1<i<j), g5,—¢; ¢ K and (v,&;) =0 (1 <i < j).
If there is a choice for j in (5), we insist on the largest possible. If (3) holds, then
we have x(v+0(K)) = —x(v+0(K’)), where K’ = KU{e1} —{0}. In this case, K’
satisfies (4) and does not satisfy (1) or (2) (and conversely), so the pairing K < K’
is bijective. Similarly, if K satisfies (5), then t/%lx(v 4o (K)) may be canceled with
tE (v + 0(K")), where K’ = K U{0,e,} — {ej, —¢;}; here, K’ satisfies (6) and
not (1) or (2) (and conversely).

In all remaining cases, we have (v+0(K),a)) > —1 for all j, thanks to (the lack
of) (1), (3) and (5). Moreover, if equality occurs for some j, then x(v+o(K)) =0,
so we may insist that p := v 4+ ¢(K) is dominant. Now consider the sets N, = {i :
(v,e:) = (1,e;) =r/2} for each integer r > 0. The dominance of p and v forces N,
to consist of (say) n, consecutive integers. Furthermore, we must have ¢;, —¢; € K
or g, —¢; ¢ K for all i € N, so in order to avoid (2), it must be the case that for
some [,

KnN {:l:&i 11 € Nr} = {:l:Ej, .. .,:l:EjJrl,l} (0 <I< n,,),
where j denotes the smallest member of N,.. Note that the generating function for
these possibilities is 1 +#2+ - - - +¢2"". Furthermore, in the case r = 0, to avoid (4)
and (6), we must have either 0 ¢ K and [ = 0, or else 0 € K and [ = ng, a pair
of choices with generating function 1 + #2701 Conversely, it is easy to see that
every K of this form satisfies none of (1)—(6), so the coefficient of x(p) in (4.1) is
indeed pf ,(t). O
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B. Proof of Theorem 1.1.B. The products listed in Theorem 1.1.B can be shown
to be multiplicity-free as follows.
(i) Apply the Minuscule and Quasi-Minuscule Rules (Propositions 2.12 and 2.13).
(ii),(iii) The Exterior Powers Rule (Proposition 4.1) shows that the multiplicity
of x(p) in ¢(t)x(mw;) has the form (1 + t2+1)(1 + 2 + .- + 2¢) for various
integers a, b, c. These polynomials are clearly multiplicity-free.
(iv) Apply the Multi-Minuscule Rule (Corollary 2.16) and the criterion of Corol-
lary 2.17. The W-orbit of g = w; consists of all vectors of the form +(1/2)e; £
+ (1/2)ey,, and if we take v = m/wy (m’ > 0), then the weights

Ce=(-1/2)(e1 4+ +ex)+ (1/2)(eps1+ - +en) (0<k<n)

are the unique weights £ € Wy such that v 4+ £ is dominant, and it is not hard
to see that every generically v-dominant chain in Wy is a subset of the chain

En < - < & < & = wi. This chain is affinely independent in the sense of
Remark 2.18, so by Corollary 2.17, the product x(mw1)x(m'w;) is multiplicity-
free.

(v) Apply the Chain Rule (Proposition 2.15). The LS chains of the quasi-
minuscule type i = wy, consist of the singletons +¢;, together with one doubleton
chain ‘0’ of weight 0 (see the proof of Proposition 2.13), and we have

_En(_...(__51<_0(_€1<_...<_5n.

In order for an m-chain of these elements, say & « --- «— &, to contribute to
the expansion of x(mu)x(v) in Proposition 2.15, a necessary condition is that the
chain must be v-dominant (i.e., v +& + -+ +& € AT for 1 <k < n), and 0 may
appear at most once (since 0 £ 0). Setting & = & + -+ - + &, note that the sum
of the coordinates in £ has parity equal to the number of nonzero terms, so there
must be either no 0 or one 0 in the chain, according to whether this parity agrees
with m or m — 1. In other words, the number of 0’s in a chain that contributes
to the multiplicity of x(v + &) in x(mp)x(v) depends only on m and £. If we now
take v = wy + m'w; for some i (1 < i < n), then the remainder of a v-dominant
chain must consist of some number of copies of —¢;, g;-1 (if i > 1), &;, and &,
(if ¢ < m), in that order. Since {*e;,e,-1,€,} is an affinely independent set (see
Remark 2.18), it follows that x(mu)x(v) is multiplicity-free.

To prove that there are no other multiplicity-free products, it suffices via mono-
tonicity (Corollary 2.10) to show that x(p)x(v) is not multiplicity-free for all (u,v)
such that

(N1) p € {2wi,wo,...,wp—1} and v =w; +w; (1 <i<j < n),

(N2) (p,v) = (2wi, 2w5) (1 <i,j <n),

(N3) (1, v) = (w1 + wn, w1 +wy),

(N4) (p,v) = Qun,w; +wj) (1 <i<j<n),
(N5) (V) = (2wn, 2w1 +w;) (1 < i< n), or
(N6) (p,v) = (Bwi,2w;) (1 <i<n).

These products can be shown not to be multiplicity-free as follows.

(ND)Ifv=w+wjand A=¢ep+---+e_1+v, where 1 <k <i<j<n (with
A = v when k = i), then by the Exterior Powers Rule (Proposition 4.1), x(A) has
multiplicity

tifk(1+t2k71)(1+t2+“.+t2j72i)(1+t2+”_+t2n72j+2)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



424 JOHN R. STEMBRIDGE

in ¢(t)x(v). The coefficient of #*" in this polynomial is > 2 for [ = i — k or
l=4i+k—1andall r =2,4,...,2n — 2i. As k varies from 1 to ¢, the values for
[ range from 0 to 2¢ — 1, so the coefficient of t" in ¢(¢)x(v) is not multiplicity-free
for2<r<2n—-1.

(N2) Proceeding by induction with respect to n, it suffices by stability (Corol-
lary 2.7) to restrict our attention to the case (u, v) = (2wp—1,2w;), where 1 < j < n.
Applying the Chain Rule (Proposition 2.15), it is easy to see that C(w,—1) includes
two singleton chains, 8 = ¢; + ;41 and f = a; = ¢; —€;_1, such that v — § € At.
In both cases, 8 is a positive root, so it is clear that —3 « (. Therefore, the
multiplicity of x(2w;) in x(2wn—1)x(2w;) is at least 2.

(N3) The Adjoint Rule (Proposition 2.14) implies that ¢(w1 4wy, ; &, wi+wy,) = 2,
and hence ¢(@; w1 + wp,w1 + wy) = 2 by triple symmetry (Proposition 2.8).

(N4),(N5) The simple root coordinates of w, = & are (1,...,1) and «; is the
only short simple root, so this follows from the Twice-Quasi-Minuscule Rule (Corol-
lary 2.20).

(N6) Proceeding by induction with respect to n, it suffices by stability (Corol-
lary 2.7) to restrict our attention to the case (u,v) = (3wi,2w,—1). Applying
the Multi-Minuscule Rule (Corollary 2.16), note that the Bruhat ordering of the
W-orbit of the minuscule weight w; includes the r-dominant chains

W] —Wp—1 < —W1 + Wy —Wp-1+wp < Wi,

W1 —Wwn-1 <Wi1 —Wnp-1+w, < —w1 + ws,

so the multiplicity of x(w1 + w2 +wy) in x(Bwi)x(2wn—1) is at least 2.

5. THE CASE ® =C,

Realization: C, = {£2¢;: 1 <i<n}U{xe; £¢;:1<i<j<n}
Simple roots: ay =21, a; =¢&; —€;-1 (1 <i < n).

Fundamental weights: w; = ¢; + -+, (1 < i< n).

Minuscule weights: w,,. Quasi-minuscule weight: w,_1.

A. The Rule for Fundamental Weights. In order to derive a rule for decom-
posing the products x(w;)x(v), let us introduce

2n+2

n
Z dith = (1= ) [J (1 + te=) (1 + te™=).
=1

Aside from the factor of 1 — 2, this is the graded character of the exterior algebra
of the defining representation of g = sp(2n).

Since the weight lattice of C,, is a sublattice of the weight lattice of B,,, it makes
sense to re-use the notation from Section 4A. In particular, BT () shall continue
to denote the set of dominant weights of the form v +¢;, £---+¢;, . Given that v
is in the weight lattice of Cy,, then the same is true for every member of B*(v), so
this notation is unambiguous. For each p € Bt (v), we define

Pl () =t* A=) [T+ 82+ +2m),
r>0

where n, = [{i: (u,e;) = (v,e;) =7} and k= |{i: (u, &) # (v,e)}]-
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Proposition 5.1. For all v € AT, we have

bxw) = > pL0x(w).

neEBT(v)
In particular (taking v =0), x(w;) = Yn—it1 = —Unyir1 (1 <i < n).

Proof. Let x'(v) and p’ denote the B,-analogues of x(v) and p, and set § =
A(p)/A(p"). Since B, and C,, share the same Weyl group, we have

X()0 = x(W)A(p)/A(p") = Alv + p)/Alp) = Alv + w + p) JA(p)) = X' (v + w),
where w = p— p' = (e1 + -+ 4+ €,)/2. By Proposition 4.1, it follows that

d)(t)X(V)@ = d’(t)X/(V"‘W) = Z pE,Ver (t)Xl(:u’) = Z prrw,Ver (t)X(‘LL)e,

HEBT (vtw) neEB*(v)

so the coefficient of x(u) in ¥ (t)x(v) = (1-t)o(t)x(v) is pf;u(t) = (1=t)pF vy 0 ().
O

For each integer m > 0, the Laurent polynomial (m) :=¢=™(1 + 2 + - .. + 2™)
may be identified with the Weyl character for A; whose highest weight is m times
the fundamental weight. In this way, the coefficients of the polynomials pf;u(t) may
be recognized as tensor product multiplicities for Aj;.

Corollary 5.2. If v € A", u € BY(v), and ng,n1,... are defined as above, then
the multiplicity of x(u) in x(w;)x(v) is the same as the multiplicity of (i — 1) in

(no)(na)---.

Proof. By Proposition 5.1, the multiplicity of x(u) in x(w;)x(v) is the same as the
coefficient of t"~**1 in p$  (t) = t"(1 — t*){ng)(n1)---. On the other hand, the
coefficient of #*~+1 in ¢"(1 — ¢2)(m) is 1 or 0 according to whether m =i —1. O

B. A Semi-Minuscule Chain Rule. The weight w; is not minuscule; however,
(1/2)w; is a minuscule weight for B,,. Since B,, and C,, share the same Weyl group
W, it follows that the Bruhat ordering of the W-orbit of w; is the standard order;
ie, ¢ < £ if and only if £ — ¢ is in the nonnegative span of the simple roots
(cf. Remark 2.18(b)).

Let W’ C W denote the Weyl group of the root subsystem of ® isomorphic to
A, 1 generated by aw, ..., a,, and define an equivalence relation on the W-orbit of
(1/2)w; by declaring ¢ ~ £ if ¢ and £ belong to the same W'-orbit, or equivalently,
<Ca w1> = <£7 w1>'

Proposition 5.3. For all v € AT and m > 0, we have

X(mw)x(v) = > xw+&+-+ o),
1< <bam

where the sum is restricted to 2m-chains in the W -orbit of (1/2)w; such that €2;_1 ~
s (I1<i<m)andv+& + -+ & is dominant (1 <1i < 2m).

Proof. Since (w1, ") < 2 for all roots «, it follows that every LS chain of type w;
is either a singleton, or a doubleton of the form (1 <;/5 (2. Moreover, a singleton
¢ may be viewed as a “weak” doubleton in which (; = (o = (; in this way, all
LS chains are pairs (1,¢2) such that {1 <i/5 (2. If we set & = (1/2)¢1 and
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& = (1/2)(a, then the weight of the pair (¢1,(2) is &1 + &2, and the depth vector §
(see (2.6)) is given by

(d, O‘;/> =min(0, (&, O‘;/>a (& + & az/»
Thus for v € AT, v+ is dominant if and only if v+&; and v+&; + & are dominant.
Now since (1/2)w; is minuscule relative to B, it follows that the covering re-
lations of the Bruhat orderings of the W-orbits of wy or (1/2)w; are generated by
simple reflections (see Remark 2.18(b)). Furthermore, for all { € Wwy, we have
that (¢, ;') is even if and only if 7 # 1, so (1 <y/2 (2 if and only if & < & and
&1 ~ &. Now apply the Chain Rule (Proposition 2.15). O

Remark 5.4. (a) Note that £ is in the nonnegative span of the simple roots if and
only if (§,w;) > 0 for 1 < ¢ < n. Thus for &, & in the W-orbit of (1/2)wy, we have
&1 < & if and only if N; (&) < N;(&2) for 1 < i < n, where N;(§) denotes the sum
of the last i coordinates of £ relative to €1,...,&,. Moreover, £; ~ & if and only if
Nn(fl) = Nn(£2)

(b) For a chain & < -+ < &2, as in Proposition 5.3, the sequence formed by the
coefficients of €,, must be non-decreasing, and hence consists of (say) k copies of
—1/2, followed by 2m — k copies of 1/2. If this chain contributes to the multiplicity
of x(A) in x(mwi)x(v), then the coefficient of €, in A — v must be m — k. Thus
for fixed m, v and A, the last coordinate of each term in every contributing chain
is completely determined.

(c) Let ¢ — & denote orthogonal projection onto the span of e1,...,&, 1, a
mapping that projects the weight lattice of C, onto the weight lattice of C,,_1. If
(in the notation of (b)) we have (A — v,e,,) = m, then (&, e,) = 1/2 for all ¢, and
& < --- < &9y is a chain that contributes to the decomposition of x(mw;)x(7), a
product of C,_i-characters. If this product is known to be multiplicity-free (e.g.,
by induction), then we may prove the same for x(mwi)x(v) by considering only
those A for which (A —v,e,) < m. In these cases, we have (£1,¢,) = —1/2 in every
contributing chain.

C. Proof of Theorem 1.1.C. The products listed in Theorem 1.1.C can be shown
to be multiplicity-free as follows.

(i) Apply the Minuscule Rule (Proposition 2.13).

(ii) Apply the Multi-Minuscule Rule (Corollary 2.16) and the criterion of Corol-
lary 2.17. The W-orbit of w,, consists of the vectors £¢;, and their Bruhat ordering
is the chain

—Ep << g1 <ep << égp.
If we take v = m/w; (m’ > 0), then —¢; and ¢,, are the unique weights £ € Ww,, such
that v + ¢ is dominant, and it is not hard to see that every generically v-dominant
chain is a subset of the chain —e; < ¢j_1 < ¢; < &, (omitting ¢;_; if j =1 and
¢j if j = n). This chain is affinely independent in the sense of Remark 2.18; so by
Corollary 2.17, the product x(mwy)x(m'w;) is multiplicity-free.

(iii) The Rule for Fundamental Weights (Proposition 5.1) shows that the multi-
plicity of x(A) in ¥(t)x(mwy + mwj;) has the form ¢*(1 —t2°)(1 +¢2 + - - - +¢2¢) for
various sets of integers a, b, c. The coefficients of these polynomials are clearly < 1.

(iv) Applying the Semi-Minuscule Rule, let & < & < &3 < & be a chain
contributing to the multiplicity of x(A) in x(2w1)x(mw;), as in Proposition 5.3.
We claim that the chain is uniquely determined by m, j and A\. By Remark 5.4(c),
we may assume (£1,&,) = —1/2, in which case the condition that mw; + & is
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dominant forces £&; = (1/2)w1 — wj, and hence the conditions & < &2, {1 ~ &2 and
mw; + & + & € AT force

§2 = (=1/2)w1 + wry1 — Wj + Wp—k+1,
mw; + &1+ 52 = Wkt1 + (m — 2)(4)]' + Wp—k+1

for some k < min(j—1,n—j41) (including possibly k£ = 0, in which case wy, 41 =
0). Since the coefficients of €,_g41,...,6, in & are all 1/2, the same is true for
every £ > &, and in particular, for &3 and &;. Furthermore, & is the smallest index
such that the coefficient of €, in mw; +& +&2 is < m—1, so k is also the smallest
index such that the coefficient of £, in A is < m. Thus k and & are uniquely
determined. Also, reasoning similar to Remark 5.4(c) shows that if we project &3
and &4 onto the span of €1, ...,€,_k, We obtain a doubleton that contributes a term
in the decomposition of a product of two C,,_g-characters; namely, x(w1)x(wr+1 +
(m — 2)wj;). This product is multiplicity-free by (vii), so the projections of &5 and
&4, and hence &3 and &4 themselves, are unique.

(v) Applying the Semi-Minuscule Rule, set v = w; +w; (1 < j) andlet & < -+ <
&am be a chain that contributes to the multiplicity of x(A) in x(mwi)x(v), as in
Proposition 5.3. We claim that the chain is uniquely determined by m, v and A. By
Remark 5.4(c), we may assume that ({1,e,) = —1/2. Setting v, =v+& +---+ &,
the condition that v; is dominant forces

&G =1/2uw1 —witwp —wj, v1=(1/2)wi+wp (I<k<])
for some k. Furthermore, the condition that v is dominant forces
o =(-1/2) w1 +ws —wk+wp, Va=wst+w, (I1<a<k<bs<n+1)

for some a, b, with the convention that w,1 = 0. By adding the condition & ~ &3,
we also obtain that k& (and hence &) is a function of a and b. We now claim
that a and b are uniquely determined. Since the coefficients of ¢y, ..., &, in & are
all 1/2, the same must be true for &s, ..., &a,,. Along with the condition that v is
dominant, this forces

& =(1/2)w1 —wg +we, v3=(1/2)w1 +we+wp, (a<ec<Dh)
for some ¢, and in turn, &3 < &4, &3 ~ &4 and vy € AT force
54 = (_]—/2)‘*‘]1 + We—a+t1y, V4 =We—qtl + We+ Wp-

The coefficients of e1,...,&, are either 0 in vy or 1/2 in &, so every subsequent
term in the chain must be (1/2)w;. Therefore, A = (m — 2)w1 + We—at1 + We + W,
so a,b and ¢ (and hence the entire chain) are uniquely determined.

(vi) Applying the Semi-Minuscule Rule, set ¥ = 3w; and let & < -+ < &ap, be
a chain that contributes to the multiplicity of x(A) in x(mwi)x(v), as in Propo-
sition 5.3. We claim that the chain is uniquely determined by m, i and A\. We
may assume that (£1,e,) = —1/2 (Remark 5.4(c)), in which case the condition that
v+ & is dominant forces & = (1/2)w; —w; and v + & = (1/2)w; + 2w;. In turn,
the conditions & < &, & ~ & and v + &1 + & € AT force

& =(-1/2)wi + wpy1 —wi + Wn—kt1, V+HE& +E& = w1 +wi + Wiokpt

for some k < min(i — 1,n — i + 1). Now since the coefficients of &,,_g41,...,€n
in & are all 1/2, the same must be true for &3,...,&,,. Also, k is the smallest
index such that the coefficient of €,_f in v + & + & is < 2, so k is also the
smallest index such that the coefficient of €, in A is < m + 1. Thus k£ and &
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are uniquely determined. In addition, reasoning similar to Remark 5.4(c) shows
that if we project &s,...,&2, onto the span of €1,...,6,_k, we obtain a chain
that contributes a term in the decomposition of a product of two C,,_x-characters;
namely, x((m — 1)w1)x(wk+1 + w;i). This product is multiplicity-free by (v), so the
projected chain, and hence the original chain, is unique.

(vii) The Rule for Fundamental Weights (Corollary 5.2) shows that the multi-
plicity of x(u) in x(w1)x(mwi + mw; + mw;) is the same as the multiplicity of (0)
in (a)(b)(c), or equivalently (Proposition 2.8) the multiplicity of (¢) in (a)(b), for
various integers a, b, c. However, (a)(b) = {(a+b) +{(a+b—2) +---+ (Ja — b|) is
multiplicity-free.

(viii) Applying the Semi-Minuscule Rule, set v = m'wy +w; and let & < -+ <
&am be a chain that contributes to the multiplicity of x(A) in x(mwi)x(v), as in
Proposition 5.3. We claim that the chain is uniquely determined by m, v and A.
By Remark 5.4(c), we may assume ({1, €,) = —1/2. Since v+&; must be dominant,
we have

& =(-12wi +w; —wj, v+&=(m —1/2ws +w;
for some ¢ < j. In that case, the conditions & < &, & ~ & and v+ & + & € AT
force
&= (-1/2Qwi+wit1, v+&+&=(m —1Dw +wi +wpgt,

where k = n — j + i > i, following the convention that w,; = 0. Now since the
coefficients of €x41,...,&y, in & are all 1/2, the same must be true for &, ..., Eam.
Furthermore, k is the largest index such that the coefficient of e in v + & + & is
< m/, so k is also the largest index such that the coefficient of e in A is < m/+m—1.
Thus k, i, & and & are uniquely determined. In addition, reasoning similar to
Remark 5.4(c) shows that if we orthogonally project &s,...,&a, onto the span
of €1,...,ex, we obtain a chain that contributes a term in the decomposition of a
product of two Ci-characters; namely, x((m—1)w1)x((m’—1)w1+w;). By induction,
it follows that this projected chain, and hence the original chain, is unique.

To prove that there are no other multiplicity-free products, it suffices via mono-
tonicity (Corollary 2.10) to show that x(p)x(v) is not multiplicity-free for all (u,v)

such that
(N1) (1, ) = (W, wi +wj) 1 <k <n,1<i<j<n),
(N2) (1, v) = (w1 +wn,w; +wj) (1 <i<j<n),
(N3) (u, V) = (w1 +wi, 2w;) (1 <i,5 < n),
(N4) (p,v) = (w1 + wj, w1 +wj) (1 <i,j < n),
(N5) (p,v) = (2wi, 2w;) (1 < 14,5 < n),
(N6) (p,v) = 2wy, w; +w;) (1 <i < j<n),
(NT) (1, ) = (Wi, wi +wj +wi) (1<i<j<k<n),
(NS) (May) (2W1;W1 +wi+wj) (1<i<j<n),
(N9) (p,v) = (2w, w; 4+ 2w;) (1 <i,j < m,i#j), or

(N10) (u,v) = (Bwr,4w;) (1 < i< n).

These products can be shown not to be multiplicity-free as follows.

(N1) Applying the Rule for Fundamental Weights (Corollary 5.2), the multiplic-
ity of x (1) in x(wk)x(w; +wj) is the same as the multiplicity of (k — 1) in (a)(b){c)
for certain integers a,b,c > 0 such that a < i—1,b< j—iand c < n—j+ 1.
Moreover, as p varies over BT (w; + w;), the corresponding a,b and ¢ assume all
possible values in these ranges. Now if a, b, ¢ are positive, then (a + b — 2) occurs
in {(a)(b) and (a4 b+ ¢ — 2) occurs in both (a + b){c) and (a + b — 2){c) and hence
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twice in (a)(b)(c). However, as a,b,c vary over the positive parts of their ranges,
a + b+ ¢ — 2 assumes every value from 1 to n — 2.
(N2) It suffices to show that for 1 < i < j < n, we have

(5.1) (w1 + wWn—jti; w1 +wn, wi +wj) = 2.

By the Minuscule Rule (Proposition 2.12), we have x(wn)x(w1) = x(w1 + wn) +
X(w2), and we know that x(w2)x (w1 +w;) is multiplicity-free for all j (see item (iii)
above), so it suffices by triple symmetry (Proposition 2.8) to show that x(wi +
Wn—j+:) has multiplicity at least 3 in x(wn)x(w1)x(w; + wj). For this, one can
check that

W1+ Wnejti + Wny W2+ Wnejtiy W14 Wnojpit1 € BT (w; +wj),

and for each weight 4 in this list, the Rule for Fundamental Weights (Corollary 5.2)
shows that the multiplicity of x(u) in x(w1)x(w; + w;) is the multiplicity of (0)
in (m)(m), (1){(m)(m + 1) and (m’){(m’) in these three respective cases, where
m =min(j —i,n — j) and m' = min(j — i,n — j + 1). Each of these multiplicities
is positive (in fact, 1), and the Minuscule Rule shows that x(w1 + wy,—j4i) occurs
in each of the products x(wn)x(p), so the claim follows.

(N3) Proceeding by induction with respect to n, one may use stability (Corol-
lary 2.7) to reduce this to the cases (p,v) = (w1 + w;,2wy) and (p,v) = (w1 +
W, 2w;), where 1 < ¢ < n. The former is part of (N6), whereas for the latter, it
suffices to show that

(5.2) c(wi +wn 3 2w; , w1 4 wy) = 2.

Applying the Chain Rule (Proposition 2.15), note that C'(w;) includes the singleton
chains { =e; +---+ep—ir1 and E =e1 + - - - + i + €,. In both cases, it is easy
to check that wy + w, — & is dominant and that —¢ « &; hence (5.2) follows.

(N4) Proceeding by induction with respect to n, one may use stability (Corol-
lary 2.7) to reduce this to the case (y,v) = (w1 + wp, w1 + wg), where 1 < k < n.
For this, apply either (5.1) (if & < n) or (5.2) (if ¥ = n) and use triple symmetry
(Proposition 2.8).

(N5) Proceeding by induction with respect to n, one may use stability (Corol-
lary 2.7) to reduce this to the case (,v) = (2wy—1,2w;), where 1 < j < n. For
this, apply the Twice-Quasi-Minuscule Rule (Corollary 2.20), bearing in mind that
the quasi-minuscule weight w,,_1 = @ has simple root coordinates (1,2,...,2,1).

(N6) Apply the Adjoint Rule (Proposition 2.14).

(N Ifv =witwj4wr (1 <i<j<k<n)and A = wo+tw;—1+w;_1+wk—_1, then
by the Rule for Fundamental Weights (Proposition 5.1), the multiplicity of x(A) in
X(w1)x(v) is the coefficient of ™ in pf’y(t) =1""4(1 — ¢2)(1 4+ t?)* (namely, 2).

(N8) Applying the Semi-Minuscule Rule (Proposition 5.3) with v = wi +w; +wj,
it is easy to verify that for all j > ¢ > 1, the chains

(—1/2)1 < (—1/2)1 < (1/2)1 — s + w5 < (—1/2)n + i1,
(—1/2)w1 +wim1 —w; < (—1/2)w1 +wj1 —wj
< (1/2)wr —wi—1 +wj < (=1/2)w1 + wj—it1 —wj-1 +w;
show that the multiplicity of x(wj_i+1 + 2w;) in x(2w1)x(v) is at least 2.

(N9) Setting v = w; + 2w; or v = 2w; + w; (1 <1 < j < n), the first case follows
from triple symmetry (Proposition 2.8) and the calculation in (N8). For the second,
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apply the Semi-Minuscule Rule (Proposition 5.3), noting that the chains
(1/2)w1 —w; € (1/2)w1 — w; < (—1/2)w1 + we < (=1/2)w1 + wo,
(1/2)wi —w; < (—1/2)w1 +ws —w; +wj—1 —w;j
< (1/2)(4)1 —wj_1tw; < (—1/2)(4)1 + wo
show that the multiplicity of x(2ws + w;) in x(2w1)x(v) is at least 2.

(N10) Proceeding by induction with respect to n, one may use stability (Corol-
lary 2.7) to reduce this to the case (u,v) = (dw,—1,3w1). Applying the Chain Rule
(Proposition 2.15), there is a pair of chains of singletons from C'(w,—1); namely,

—E€2 — €1 ¢ —E€2 — €1 ¢+ Ep tE2 < Ep T E2,
—€2 —E1 ¢ €2 —€E1 ¢ Ep —E1 ¢ EptET,

showing that the multiplicity of x (w1 + 2wz + 2wy,) in x(dwn—1)x(3w1) is at least 2.

6. THE CASE & =D,
Realization: D,, = {£e; £¢;:1 <i<j<n}.
Simple roots: a1 =1 +¢e2, a; =¢; —g;—1 (1 <i< n).
Fundamental weights: w12 = (1/2)(te1 +e2+ -+ €pn), wi =&+ - +&p
(2<i<n).
Minuscule weights: w1, ws, w,. Quasi-minuscule weight: w,_1.

A. The Exterior Powers Rule. The defining representation of g = so(2n) is mi-
nuscule with highest weight w,, = €,,, and the exterior algebra of this representation
has the (graded) character

n

o(t) = i@ktk = [+ te™) (1 + te=).
k=0

i=1
For each v € AT, let D*(v) denote the set of all 4 € AT of the form v+e;, +---+¢;,,
and for all such p, define

P8 =t TJ(1+ 82+ £20r) -
r>1

where n, = [{i : (u,e;) = (v,e;) = £r/2} and k = n = > n, = |[{i : (u, &) #
(v,e;)}|. Note that (u,e;) = (v,e;) = —r/2 < 0 may occur only if ¢ = 1.

14+t2m0  if ng > 0,
1 ian:O,

Proposition 6.1. For all v € AT, we have

0t)x(w) = > PR, XK.

neDH(v)
In particular (taking v = 0), we have 6; = x(wn—i+1) (1 < i < n—2), 0,1 =
X(w1 +wa), and 6, = x(2w1) + x(2w2).
Proof. Proceeding as in the proof of Proposition 4.1, we have
(6.1) 0(t)x(w) = Y t¥x(v +o(K)),
KCE

where E = {£e1,...,+e,} and o(K) denotes the sum of the members of K.
Given K C FE, consider the largest j > 1 (if any) such that

(1) —€j,Ej—1 € K, €5, —€j—-1 % K and <l/, Ej> = <V,Ej_1>, or
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(2) €j,—€j € K, €j—1, —€j—-1 % K and <l/, €j> = <V,Ej_1>.
If (1) holds, then we have (v +o(K),a)) = =2 and s;(v+0(K)+p) = v+ 0(K) +
a; + p, whence x(v + o(K)) = —x(v + o(K’)), where K’ = K U {¢;} — {e;_1}.
Furthermore, K’ satisfies (2), and there is no larger j such that K’ satisfies (1)
or (2). Hence, the pairing K « K’ is bijective (and preserves cardinality), so we
may delete all terms from (6.1) satisfying (1) or (2) for any j > 1.
Among the remaining choices for K, consider the largest j > 1 (if any) such that

(3) —e9,—e1 € K, 9,61 ¢ K and (v,e2) = —(v,e1) > 0,

(4) e9,—e2 € K, e1,—¢1 ¢ K and (v,e2) = —(v,e1) > 0,

(5) —e1,—¢€2,6i,—€i € K (3< i< ), e1,e2¢ K and (v,g;) =0 (1 <i<j),or
(6) €i,—c € K (1 <1 <j)7 €j, —E&j §é K and <Z/,Ei> =0 (1 <1 Sj)

If (3) holds, then we have (v+0(K),a)) = —2 and x(v+0(K)) = —x(v+0o(K")),
where K/ = K U{ea} — {—¢1}. Furthermore, K’ satisfies (4) and neither K nor K’
satisfy (1) or (2), so the pairing of K and K" is bijective. Similarly, if (5) holds, then
X(v+0(K)) may be canceled with x(v+o(K')), where K’ = KU{e1,e2}—{¢;, —¢;}
(a term that satisfies (6)).

In all remaining cases, we have (v + o(K),ay) > —1 for all j, whence p :=
v+ o(K) is dominant, or x(v + o(K)) = 0. The latter terms may also be omitted
from (6.1), so we assume that p is dominant. This given, consider the sets N, =
{i : (v,ei) = (u,e;) = £r/2} for each integer » > 0. The dominance of p and v
forces N, to consist of (say) n, consecutive integers. Furthermore, we must have
g, —€; € K or g;,—¢; ¢ K for all i € N, so in order to avoid (2) and (4), it must
be the case that for some I,

KnN {:l:&i 11 € Nr} = {:l:Ej, .. .,:l:EjJrl,l} (0 <1< n,,),

where j denotes the smallest member of N,.. Note that the generating function for
these possibilities is 1 +2 +---+t2". In the case r = 0, to avoid (6), we must also
have [ = 0 or [ = ng, a pair of choices with generating function 1 + 20 (if ng > 0)
or 1 (if ng = 0), so the coefficient of x(u) in (6.1) is indeed pf;,(t). O

Let A — A* denote reflection through the hyperplane orthogonal to ;. Thus
W] = wa, wi = w1, and w; = w; for ¢ > 3. This involution is a diagram automor-
phism of @, so it lifts to an automorphism of Z[A] in which x(X) — x(A*) for all
AeAt.

Corollary 6.2. If v =v* € AT and the multiplicity of x(\) in 0,x(v) is

(a) at least 3 for some A, then x(2w1)x(v) and x(2w2)x(v) are not multiplicity-
free.

(b) at most 1 (respectively, at most 2) for all X such that A\ # X* (respectively,
A=), then x(2w1)x(v) and x(2w2)x(v) are multiplicity-free.

Proof. (a) By Proposition 6.1, one knows 6,, = x(2w1) + x(2w2). In particular,
0, x(v) is *-invariant, so if the multiplicity of x(\) in 8,x(v) is > 3, then the
multiplicity of x(A) in x(2w1)x(v) or x(2w2)x(v) is > 2, and a similar statement
holds for x(A\*) with w; and ws interchanged.

(b) If the stated conditions hold, then x(A) could have multiplicity > 2 in
X(2w1)x(v) only if A = X*, in which case the multiplicity of x(A) would also be
> 2 in x(2w2)x(v) and hence > 4 in 0, x(v). O
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B. Proof of Theorem 1.1.D. The products listed in Theorem 1.1.D can be shown
to be multiplicity-free as follows.

(i) Apply the Minuscule Rule (Proposition 2.12).

(ii) The Exterior Powers Rule (Proposition 6.1) shows that the multiplicity of
X(A) in 0(t)x(mw;) has the form t"~%(1 + % 4 - +27) or " 401 + > + - +
t29)(1 + %), where 0 < a < n—j+1and 1 < b < j (assuming j > 3). The
coefficients of the former are multiplicity-free, whereas the coefficients of t* in the
latter are multiplicity-free for £ < n —a 4+ b. Since the minimum value of n —a+0
is g, it follows that 6;x(mw;) is multiplicity-free for ¢ < j. (The cases with j < 3
are part of (iv).)

(iii) A calculation similar to the previous one shows that the multiplicity of x()\)
in ,x(mw;) is < 2, and equality occurs only if A = A*, so x(2w1)x(mw;) and
X (2w2)x(mwj) are multiplicity-free by Corollary 6.2.

(iv) By the Exterior Powers Rule (Proposition 6.1), the multiplicity of x(\) in
either 0(t)x(mw1) or O(¢)x(mws) has the form t"~%(1 4>+ - - +2) for various a,
50 x(w;)x(mw1) and x(w;)x(mws) are multiplicity-free for ¢ > 3. (The cases with
i < 3 are part of (i).)

(v) Apply the Multi-Minuscule Rule (Corollary 2.16) and the criterion of Corol-
lary 2.17. The Bruhat ordering of the minuscule orbit Ww, is the union of two
chains; namely,

—&
g << —Ey < €1<52<~-~<sn.
1

By means of diagram automorphisms, we may assume v = mijwi+m;w; (2 < i < n).
If © > 2, every generically v-dominant chain is a subset of —g; < —g1 < g;1 <
g; < &, (omitting &, if i = n), and this chain is affinely independent in the sense
of Remark 2.18. If ¢ = 2, there are two maximal generically v-dominant chains;
namely,

—Eo < —g1<ega<égy, —€a3<e<er<ey.

The union of these two chains has a unique affine dependence relation, but it does
not satisfy the nonnegativity constraints of Corollary 2.17.

(vi) Via diagram automorphisms, we may assume g = mw;. Further automor-
phisms reduce the case n = 4 to (v), so we also assume n > 5. Applying the
Multi-Minuscule Rule (Corollary 2.16) with v = myw,—1 + maow,, there is a unique
generically v-dominant chain in Ww; that is maximal with respect to inclusion;
namely,

W] —Wp—1 < W2 —Wp <Wg —Wp—1+wy, < —w +wg <wi.

This chain is affinely independent, so x(mwi)x(v) is multiplicity-free by Corol-
lary 2.17. In the case v = m/w,_2, there are two maximal generically v-dominant
chains in Wwy when n > 6; namely,

2
W —Wwp2 <Wl —Wp2+wy, <& < 23 <& < —wp F w3 <wi,
where we set §; = —wa 4+ w3 —wWp—2F+wn_1, & = —watws, §3 =was —Wp_2+Wp_1,
and &4 = ws — w3 + w4. The union of these chains has a unique affine dependence

relation,

&—&—&+86=0.
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Since & and &3 occur with the same sign, Corollary 2.17 implies that x(mwq)x(v)
is multiplicity-free. When n = 5, the above pair of chains degenerates into a single
chain

wr —w3 <w) —w3t+ws < —wat+wg <wg—w3+ws<—wi+wg<wi,

and this chain is affinely independent.

(vii) Applying the Multi-Minuscule Rule (Corollary 2.16) with v = mjw; +mawa,
there is a unique maximal generically v-dominant chain in Wwj; namely, &, < --- <
&2 < wi, where & = —w1 + w41 (k even) and & = —wa + wiy1 (k odd), following
the convention that w,1 = 0. This chain is affinely independent, so x(mw1)x(v)
is multiplicity-free by Corollary 2.17. For the remaining possibilities, it suffices by
diagram symmetry to take v = miw; + mow, and g = mw; or u = mws. In these
cases, a simple inductive argument shows that every term of a v-dominant chain in
Wwy or Wwy is of the form &(k,1), where

£(k, 1) = —w1 twg —wtwr f3<k<
e WE — Wi + w1 f1<k<

£(2,2) = —w1 +ws, £(1,2) = —wao + w3, £(1,1) = we, and £(0,0) = w;y. Note that
E(k,1) € Wwy if k is even and &(k,1) € Wws if k is odd, so the parity of k in every
term £(k, 1) that occurs is always even or always odd. Furthermore, given that
&(k,1) and &(K', ') are in the same W-orbit, we have &(k,1) < &(K',l’) if and only
if k> Kk and I >1'. We also claim that if £(k,l) appears, then [ may have parity
opposite to k only if [ = n. Indeed, if k£ and | have opposite parity, then [ > 2 and
—w; appears in ¢(k, 1), and hence w; must appear in some previous term (if [ < n);
this is possible only if there is an I’ > [ such that £(I,1’) appears, contradicting the
hypothesis that £ and [ have opposite parity. Thus, every v-dominant chain has
the form &(k1,01) < -+ < &(km,lm), where k1 = -+ 2 kyp, 20,11 > -+ 2 1, 2 0,
and kq,lq,... all have the same parity, except possibly the occurrences of n among
li,...,lm. To prove that x(mwi)x(v) and x(mws)x(v) are multiplicity-free, it
therefore suffices to show that for fixed m, all such chains are uniquely determined
by their total weight, say A. To see this, note that the coefficient of &, in &(k,1) is
—1/2 for I = n and 1/2 for | < n, so the number of indices i such that I; = n is
m/2 — (A en). The remaining [;’s and k;’s are either all even or all odd. In these
respective cases, the number of indices i such that [; = 2,4,... (resp.,l; = 1,3,...)
are the coefficients of ws,ws,... (resp., wo,ws,...) in A. Since the length of the
sequence is m, this also determines the number of indices with [; = 0, so the entire
l-sequence is determined. In particular, the number of occurrences of £(0,0) and
&(1,1) is also determined, and it is easy to see, given the l-sequence, that the
number of indices j such that k; = 4,6,... (resp., k; = 3,5,...) may be inferred
from the coeflicients of w4, we, ... (resp., ws,ws,...) in A. Since the sequence has
length m, this also determines the respective number of indices j such that k; = 2
and k; = 1, and hence the entire chain.

(viii) follows from (v) by diagram automorphisms.

To prove that there are no other multiplicity-free products, it suffices via mono-
tonicity (Corollary 2.10) to show that x(u)x(v) is not multiplicity-free for all (u,v)
such that

(N1) (p,v) = (wirwj) (1,5 = 3,0+ <n+1),

(N2) (p,v) = (Wi, wi +wj) B<k<n,1<i<j<n),
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(N3) (i, v) = (2wi, 2w;) (3 < 4,j < n),

(N4) p,v € {wr + wa, w1 + wp,wa + wn },

(N5) p=2wpandv=w;+w; B<i<j<n)orv=w +wr+w; (3<j<n),
(N6) p€ {2wi,2wo} and v = w; +wj (1 =1,2, 3< j < n),

(N7) p€{2w,2wo} and v =w; +w; B3<i<j<n, (4,5) # (n—1,n)),

(N8) p € {2w1,2ws} and v = w1 + wa + wy, or

(N9) p € {3w1,3wa} and v =2w; B3 < i< n—3).

When n = 4, (N6) should be replaced with
(N6") (u,v) = (2wi,w; +ws) or (u,v) = (2w, w3—; + w3 +wy) (1 =1,2).

These products can be shown not to be multiplicity-free as follows.

(N1) Applying the Exterior Powers Rule (Proposition 6.1), set v = w; (3 < j <
n), and note that x(ws) and (w1 +w2) have multiplicity #/=3(1 +t)(1 +¢2+--- +
2=ty and 772 (14+2) (142 +- - - +t2=3+D) in §(t)x(v). For each i such that
j <i < n, the coefficient of ¢ in one of these expressions is 2, s0 x(wp—i+1)x(w;)
(for 7 <i<n—1) and x(w1 +w2)x(w;) are not multiplicity-free.

(N2) The case v = wy + wa is covered by the argument for (N1), so by applying
diagram automorphisms if necessary, we may assume v = w; +w; (3 < j < n)
or v = w; +wj (3 < i< j < n) In the former case, the Exterior Powers Rule
(Proposition 6.1) shows that y(w; 4+ w;) and x (w2 +w;) have multiplicity (1 +¢? +
. .+t2(j—1))(1+t2+. . ._|_t2("—j+1)) and t(1+t2+- - .+t2(j—2))(1+t2+. R AR
in O(t)x(v). For each k such that 2 < k < 2n — 2, the coefficient of ¢* in one of these
expressions is at least 2, and hence x(wy)x(v) is not multiplicity-free for 3 < k < n.
These calculations also show

(6.2) c(wr +wjswn—1,w1 +wj) =2, c(wz +wjiwp—2,w1 +wj) =2,
and depending on the parity of n, either
2.

=
In the case v = w; +wj, set Ay = 1+ -+ + €, +wj, and note that for 1 <1 <4, the
multiplicity of x(A;) in 8(¢)x(v) is

A+ 2N A+ 2 42U (1 442 - 2T D),

The coefficients of t2,t*, ..., t2"~2" in the product of the last two of the these factors
are all > 2. At the same time, as [ runs from 1 to i, every power of ¢t from t° to
t20=1) occurs in t1(1 + t20=D), so for each k such that 2 < k < n, there is an
I < k such that the multiplicity of x(\;) in O x(v) is > 2.

(N3) Proceeding by induction with respect to n, it suffices by stability (Corol-
lary 2.7) to consider the case (p,v) = (2w;, 2w, —1). Since the simple root coordi-
nates of w,—1 = aare (1,1,2,...,2, 1), this follows from the Twice-Quasi-Minuscule
Rule (Corollary 2.20).

(N4) Up to diagram automorphisms, it suffices to show that x (w1 +wy)x (w1 +wn),
X(w1 4 wn)x (w2 + wn), x(w1 + w2)x(w1 + wn), and x (w1 + wa)x (w1 + wa) are not
multiplicity-free. The first two of these follow from (6.2) and triple symmetry
(Proposition 2.8), the third from (6.3), and the fourth from triple symmetry and
the fact that c(w; + we; &, wi + we) = 2 (Proposition 2.13).

(N5) Applying the Multi-Minuscule Rule (Corollary 2.16), set v = w;+w; (where
3 < i< j < n),and note that the Bruhat ordering of the W-orbit of the minuscule
weight w, = €, includes the chains —&; < ¢; and —e; < ¢;. These chains are
v-dominant, so the multiplicity of x(v) in x(2w,)x(v) is at least 2. Similarly, if

(6.3) (w1 +wjswi +wa w1 +wj) =2 or clws + wjiw + wa, w1 + wj)
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v =uw +ws+w; (3 <j < n), then the chains —ey < €2 and —¢; < ¢; are
v-dominant.

(N6’) follows from (N5) by diagram automorphisms.

(N6) Applying the Multi-Minuscule Rule (Corollary 2.16) and diagram auto-
morphisms, we may assume n > 5, 4 = 2wy and v = w; +w; or v = wy + w;
(3 < j < n). In these cases, the Bruhat ordering of the minuscule orbit Ww;
includes the relations

w1 —WwWj +wijre < —w1 tws, —wWitws—wj+wjite <wi,

w1 —wj +wjpe < —w2 +wy, —w2tws—w;t+wjite <wi (lfj > 4),

following the convention that w,y; = 0. The first two chains are v-dominant for
v = w; +w; and prove that x(wi +ws +w;42) has multiplicity > 2 in x(2w1)x(v),
whereas the last two are v-dominant for ¥ = wy + w; (assuming j > 4) and prove
that x (w1 +ws +wjt2) has multiplicity > 2 in x(2w1)x(v). In the case v = wy +ws,
we may reduce to n = 5 by stability (Corollary 2.7), in which case the chains
Wy — w3 < —wy +wy and —we < we — w3 + w4 may be used to prove that y(wa + w4)
has multiplicity > 2 in x(2w1)x(v).

(N7) By induction with respect to n, it suffices by stability (Corollary 2.7) to
assume v = w; +w, 3 <t < n—2)orv =w,_2+ w,—1. In the first case,
set A = w1 + w2 + w;t2 and note that the Exterior Powers Rule (Proposition 6.1)
shows that the multiplicity of x(\) in 8(t)x(v) is t"~4(1 + t2)%(1 + 2 + %), so the
multiplicity of x(A) in 8, x(v) is 4, whence Corollary 6.2 is applicable. In the second
case, set A\ = w1 + ws + wy_1 and follow the same reasoning.

(N8) Applying the Exterior Powers Rule (Proposition 6.1), set A = w1 +wa + wa,
and note that the multiplicity of x(A) in 6(t)x(v) is t"~4(1 + t2)2(1 + t? + %), so
the multiplicity of x(XA) in 0, x(v) is 4. Now apply Corollary 6.2.

(N9) Applying the Multi-Minuscule Rule (Corollary 2.16) and diagram automor-
phisms, we may assume p = 3wy and v = 2w; (3 < ¢ < n — 3). In this case, the
Bruhat ordering of the minuscule orbit Ww; includes the chains

w1 — Wi +Wits < —wW1 + w3 — w; + WwWits < wi,

W1 — Wi +Wwita < wip —w; +wigs < —wi + ws,

following the convention that w,4+1 = 0. Both of these chains are v-dominant, so
the multiplicity of x(w1 4+ w3 + wita + witq) in x(Bwr)x(v) is at least 2.

7. THE EXCEPTIONAL CASES

A. The case ® = &. Minuscule weights: w1, ws. Quasi-minuscule weight: ws.

Verification that the products listed in Theorem 1.1.E6 are multiplicity-free:

(i) The Minuscule Rule (Proposition 2.12).

(ii) The Quasi-Minuscule Rule (Proposition 2.13).

(iii) A branching calculation based on Proposition 2.2 and Corollary 2.5.

(iv),(v) Apply the Multi-Minuscule Rule (Corollary 2.16) and the criterion of
Corollary 2.17. Taking p = w; (the case u = wg is equivalent by a diagram auto-
morphism), one may check that for each of v = m/wq, v = M'ws and v = M/ws,
there is exactly one generically v-dominant chain in Wy that is maximal with
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respect to inclusion; viz.,
w1 —wy <ws —wy < wg —wy < wq (v = m'wy),
W —w3<w)tws—w3<ws—wy<wy—w3z<ws—w <w (v=mws),
W —ws <wg —ws <wy—we <wytwg—ws <wy—ws <w (v=mws).

Furthermore, each of these chains is an affinely independent set, so by Corol-
lary 2.17, each product x(mwi)x(v) is multiplicity-free (see Remark 2.18). In the
case ¥ = miwy + mewg, there are two generically v-dominant chains that are max-
imal; namely,

We — W1
—w6<w5—w1—w6<w w <wytwg—ws <wg—wy <wi.
2 — We

The union of these two chains has a unique affine dependence relation,
(w5 — W1 —WG) — (wg —wl) — (u)g —wg)—f— (w2+w6 —(U5) =0.

Since the coefficients of wg — wy and wy — wg have the same sign, there is no
dependence relation that meets the nonnegativity constraints in Corollary 2.17.

To prove that there are no other multiplicity-free products, it suffices via mono-
tonicity (Corollary 2.10) to show that x(p)x(v) is not multiplicity-free for all (u,v)
such that

(N1) p € {ws,ws,ws} and v € {ws, ws,ws, w1 + wa, w1 + we, w2 + we },

These products can be shown not to be multiplicity-free as follows.
(N1) A machine calculation based on the Brauer-Klimyk Rule (Proposition 2.1).
(N2) The Quasi-Minuscule Rule (Proposition 2.13).
(N3) Use stability (Corollary 2.7) and Theorem 1.1.A in the case n = 5.
(N4),(N5) A machine calculation based on the Brauer-Klimyk Rule (Proposi-
tion 2.1) or the Multi-Minuscule Rule (Corollary 2.16).
(N6) The simple root coordinates of wy = @ are (1,2,2,3,2,1), so this follows
from the Twice-Quasi-Minuscule Rule (Corollary 2.20).

B. The case ¢ = &;. Minuscule weights: w;. Quasi-minuscule weight: wy.
Verification that the products listed in Theorem 1.1.E7 are multiplicity-free:
(i) The Minuscule Rule (Proposition 2.12).
(ii) The Quasi-Minuscule Rule (Proposition 2.13).
(iii)—(v) A branching calculation based on Proposition 2.2 and Corollary 2.5.
(vi) Apply the Multi-Minuscule Rule (Corollary 2.16) and the criterion of Corol-
lary 2.17. Taking u = wr, one may check that for each of v = m’w; and v = m/wr,
there is exactly one generically v-dominant chain in Wy that is maximal; viz.,

wr —wp <wy —w <wg —wr <wy (v=mwy),
—wr < w1—wr < wg — wr < Wy (v =m'wry).

Furthermore, each of these chains is an affinely independent set, so by Corol-
lary 2.17, each product x(mw1)x(v) is multiplicity-free (see Remark 2.18). In the
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case v = m'wsy, there are two generically v-dominant chains that are maximal;
namely,
Wy — W1
W) —wWo <wg —wp < Wy —wp —wp < <wy tws —wy <ws— wg < Wry.
w3 — W2
The union of these two chains has a unique affine dependence relation,
(Wi —wi —w2) — (w2 —w1) — (w3 —w2) + (w2 + w3 —wy) = 0.
Since the coefficients of wy — wy and w3z — wo have the same sign, there is no
dependence relation that meets the nonnegativity constraints in Corollary 2.17.
To prove that there are no other multiplicity-free products, it suffices via mono-
tonicity (Corollary 2.10) to show that x(p)x(v) is not multiplicity-free for all (u, v)

such that
(N1) (p,v) = (wiswj) (2< 14,5 <6, (4, ) # (2,2)),
(N2) (,v) = (w1, wi —l—w]) (1<i<j<T),
(N3) (u,v) = (w1 + wr,w;) (2<i<6),
(N4) (Ma V) (20)7,0]1) (Z - 374a 5) or (,LL,I/) = (3w772wﬁ)a
(N5) (p,v) = Qur,wi+w;) (1<i<j<T),
(N6) p=2ws, v € {2w1, 2ws, w3, ws,ws, 2we }, Or
(N?) ( ) S {(wQ,WQ +W7) (wg,wl —I—LUQ) (2&)2,2{4}2)}.

These products can be shown not to be multiplicity-free as follows.

(N1),(N3) A machine calculation based on the Brauer-Klimyk Rule (Proposi-
tion 2.1).

(N2) The Quasi-Minuscule Rule (Proposition 2.13).

(N4),(N5) A machine calculation based on the Brauer-Klimyk Rule (Proposi-
tion 2.1) or the Multi-Minuscule Rule (Corollary 2.16).

(N6) The simple root coordinates of wq = & are (2,2,3,4,3,2,1), so this follows
from the Twice-Quasi-Minuscule Rule (Corollary 2.20).

(N7) A machine calculation based on the Brauer-Klimyk Rule (Proposition 2.1);
the last two of these also follow via Theorem 1.1.E6 and stability (Corollary 2.7).

C. The case & = &. Minuscule weights: none. Quasi-minuscule weight: ws.

Verification that the products listed in Theorem 1.1.E8 are multiplicity-free:

(i) The Quasi-Minuscule Rule (Proposition 2.13).

(ii) A branching calculation based on Proposition 2.2 and Corollary 2.5.

To prove that there are no other multiplicity-free products, it suffices via mono-
tonicity (Corollary 2.10) to show that x(p)x(v) is not multiplicity-free for all (u,v)
such that

(Nl) (Ma ) (Wiawj) (1 <4,J<T, (17]) 7& (la 1))7

(N2) (p,v) = (ws,wi +wj) (1 <i<j<8),

(N3) (u,v) = (w1,w1 + ws) or (2wy,2w1), or
(N4) p=2ws and v € {2w1,ws,...,wr, 2ws}.
These products can be shown not to be multiplicity-free as follows.

(N1) A machine calculation based on the Brauer-Klimyk Rule (Proposition 2.1).
Note that the cases with 2 < 4,5 < 6 except (¢,7) = (2,2) are also covered by
Theorem 1.1.E7 and stability (Corollary 2.7).

(N2) The Quasi-Minuscule Rule (Proposition 2.13).

(N3) A machine calculation based on the Brauer-Klimyk Rule (Proposition 2.1).
The second case is also covered by Theorem 1.1.E7 and stability (Corollary 2.7).
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(N4) The simple root coordinates of wg = @& are (2, 3,4, 6, 5,4, 3, 2), so this follows
from the Twice-Quasi-Minuscule Rule (Corollary 2.20).

D. The case ® = F,;. Quasi-minuscule weight: w;. Adjoint weight: wy.

Verification that the products listed in Theorem 1.1.F4 are multiplicity-free:

(i) The Quasi-Minuscule Rule (Proposition 2.13).

(ii) The Adjoint Rule (Proposition 2.14).

(iii) A branching calculation based on Proposition 2.2 and Corollary 2.5.

To prove that there are no other multiplicity-free products, it suffices via mono-
tonicity (Corollary 2.10) to show that x(u)x(v) is not multiplicity-free for all (u,v)
such that

(Nl) (Na V) = (w4awi +wj) (1 i< ] < 4);

(N2) (p,v) = (w2, w2) or (w3, ws),

(N3) (V) = (w2, w3), (w2, w1 +wa), or (w3,w1 + wa),
(N4) (,v) = (w1, w1 + w2),

(N5) p=2w; and v € {2w1,wa,ws, w1 + w4}, Or

(N6) p=2wy and v € {3w1, 2wa, w3, 2ws }.

These products can be shown not to be multiplicity-free as follows.

(N1) The Adjoint Rule (Proposition 2.14).

(N2) Since v = wq and v = w3 both satisfy the hypothesis of Corollary 2.20 (see
the argument for (N5) below), it follows from Proposition 2.19 and triple symmetry
(Proposition 2.8) that c¢(2a;v,v) = c(v;2a,v) > 2.

(N3) Use a machine calculation to check that x(w; + ws) has multiplicity 2 in
X(w2)x(ws3) and use triple symmetry (Proposition 2.8).

(N4) The Quasi-Minuscule Rule (Proposition 2.13).

(N5) The simple root coordinates of wy = & are (2,3,2,1) and a3 is long, so this
follows from the Twice-Quasi-Minuscule Rule (Corollary 2.20).

(N6) A machine calculation based on the Brauer-Klimyk Rule (Proposition 2.1).

E. The case ® = G,. Quasi-minuscule weight: w;. Adjoint weight: wo.

Verification that the products listed in Theorem 1.1.G2 are multiplicity-free:

(i) The Quasi-Minuscule Rule (Proposition 2.13).

(ii) The Adjoint Rule (Proposition 2.14).

(iii) A branching calculation based on Proposition 2.2 and Corollary 2.5.

To prove that there are no other multiplicity-free products, it suffices via mono-
tonicity (Corollary 2.10) to show that x(u)x(v) is not multiplicity-free for all (u,v)
such that

(N1) (p,v) = (w2, w1 + w2),
(N2) (p,v) = (2w1,2w1) or (u,v) = (2w, w1 + wa), or
(N3) (p,v) = (2wa,3w1) or (, V) = (2wa, 2ws).

These products can be shown not to be multiplicity-free as follows.

(N1) The Adjoint Rule (Proposition 2.14).

(N2) The simple root coordinates of w; = @ are (2,1), so this follows from the
Twice-Quasi-Minuscule Rule (Corollary 2.20).

(N3) A machine calculation based on the Brauer-Klimyk Rule (Proposition 2.1).
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