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RATIONAL SMOOTHNESS OF VARIETIES OF
REPRESENTATIONS FOR QUIVERS OF TYPE A

ROBERT BEDARD AND RALF SCHIFFLER

ABSTRACT. In this paper, the authors study when the closure (in the Zariski
topology) of orbits of representations of quivers of type A are rationally smooth.
This is done by considering the corresponding quantized enveloping algebra U
and studying the action of the bar involution on PBW bases. Using Ringel’s
Hall algebra approach to quantized enveloping algebras and also Auslander-
Reiten quivers, we can describe the commutation relations between root vec-
tors. This way we get explicit formulae for the multiplication of an element
of PBW bases adapted to a quiver with a root vector and also recursive for-
mulae to study the bar involution on PBW bases. One of the consequences of
our characterization is that if the orbit closure is rationally smooth, then it is
smooth.

0. INTRODUCTION

Let d = (di,da,...,d,) € N", F be an algebraic closure of a finite field
F, with ¢ elements and Gq = [[;_, GL4,(F). Let Q be a fixed quiver whose
underlying graph is the Dynkin graph of type A,. Gq acts by conjugation on
Eq = Gai—UEQ HOIIIF(Fdi, Fdj).

Fix a Gg-orbit O, we will characterize which orbit closures O (in the Zariski
topology) are rationally smooth. Rational smoothness is a topological property of
varieties defined using the local intersection cohomology groups of O.

Rational smoothness has been extensively studied for Schubert varieties. For a
survey of some of these results, see [B]. The initial motivation was to find a criteria
for rational smoothness in our situation similar to the Carrell-Peterson criteria for
rational smoothness of Schubert varieties (see [6]).

If UT is the positive part of the quantized enveloping algebra U over Q(v)
associated by Drinfeld and Jimbo to the root system of type A,. Kashiwara and
Lusztig have constructed independently of each other a unique canonical basis B
of UT in [8] and [10]. Their construction is not restricted only to type A,, but to
a more general setting including, for example, all the simply laced semisimple Lie
algebras. For each reduced expression i of the longest element wy of the Weyl group
W of type A, there is also a PBW basis B;. Some of these reduced expressions are
adapted to the quiver Q. In this case, Lusztig has shown in [I0] that the entries of
the transition matrix between the bases B and Bj have a description using the local
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482 R. BEDARD AND R. SCHIFFLER

intersection cohomology groups of orbit closures. This is how we have studied the
rational smoothness by using the approach of Lusztig. One important ingredient
in the definition of B and in our approach is the action of the bar involution of U
on the elements of B;.

This article is divided into six sections. In the first section, we fix the notation
and we recall the results of Lusztig on the geometrical aspects of canonical bases of
quantized enveloping algebras presented in [10]. In the second section, we describe
the action of the bar involution on root vectors. In the third and fourth sections,
we use Ringel’s Hall algebra approach to quantized enveloping algebras and also
Auslander-Reiten quivers to study commutation relations between root vectors and
also the multiplication of a PBW basis element by a root vector on the left. In the
fifth section, we study the components of the bar of a PBW basis element of B
when expressed in the basis Bj. In fact, we study a multiple of these components
by an appropriate power of v. These components and their derivatives relative to
v are evaluated at 1 in proposition 5.2 and theorem 5.4. In fact, this last theorem
is the key to our study of rational smoothness. The order of the root v = 1 for
these components seems to be related to the minimal length of finite sequences of
modules M = My, M, ...,M, = N where M, is the middle term of a short exact
sequence whose end terms add up to M,;;; for all i, used by Bongartz to study
orbit closure in [4]. In the last section, we characterize the orbit closures O which
are rationally smooth. As a consequence of this characterization, if O is rationally
smooth, then it is smooth.

The second author with P. Caldero has recently been able to generalize theorems
5.4 and 6.8 to quivers of type A, D and E in [5]. This is possible by using the
theory of dual canonical bases. The advantage of the approach of this article over
the one in [f] is that it is very explicit and recursive. It could be used for computer
programming. But it cannot easily be generalized to type D and F.

Acknowledgements. The authors thank George Lusztig for several conversations
on the subjects in this article and also the referee.

1. NOTATION AND RECOLLECTIONS

In this section, we will fix the notation later used and recall results of Lusztig
on canonical bases arising from quantized enveloping algebras. We will restrict
ourselves to the type A,.

1.1. Let v be an indeterminate and U the Drinfeld-Jimbo quantized enveloping
algebra over Q(v) corresponding to the simple complex Lie algebra sl,,+1(C). This
is a Q(v)-algebra with generators E;, F;, K;, K{l for (1 <i < n) and relations

(r.1) KiK' = KUK =1, KK = KK

’UQEjK,L', lf’L:]7
(r.2) KiE; = v 'E;K;, if |i—j| =1,
E;K;, if |1 —j] > 1;
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VAR K,, ifi =,

(1'3) KZF] = v FjK'L'7 lf |Z —]| = 1,
FjKi, if |Z —]| > 1;
K; — K1 1, ifti=j
(1".4) ElFJ — FjEi = 5UM where (sij = ’ 1 Z ].7
(v—v7h) 0, ifi#j;

(r.5) {EEEj — (v YEEE + E;E; =0, ifl|i—j|=1,

EzE]—E]EILZO, if |’L—]| > 1;
(6) F!F; — (v+v YWEFF,+ F;F? =0, ifli—jl=1,
I.
FZFJ—Fsz:O, if |Z—]|>1
U™ will denote the Q(v)-subalgebra of U generated by the elements E; (1 < i <
n). Let (7) : U — U be the Q-algebra involution defined by

E,—E;, Fi—F, Kw~K7' forall 1 <i<mnandv— vl
This maps UT into itself.

1.2. Let @ be the free abelian group with basis {a1q, @s,...,ay,}. Define an inner
product ( , ) on @ by
2, ifi=j,
(ai,oy) = ¢ =1, if li—j| =1,
0, ifli—j|>1
Let R={a € Q| (o, ) = 2}. This is a root system of type A,, whose set of simple
roots is {ar,az,...,an}. Let RY = {a € R | a = 3, cja; with ¢; € N} be the
subset of positive roots. In our case, we have that R = {£(aq + agr1 + ...+ ap) |
1<a<b<n}and R" = {(ag + @gy1 + ...+ ) | 1 <a < b<n}. The support
of the root a = 37, ¢;jav; is defined to be {1 < j < n | ¢; # 0} and we will denote it
by Supp(«). It is known that the support of a root is a connected subset of [1, n];
i.e., Supp(a) = [a,b] = {a,a+1,...,b} for some 1 <a <b<n.
Any a € R defines a reflection s4 : Q@ — Q, z — z — (2,0) a. We will write
s; instead of so,. W will denote the Weyl group of R. This is the subgroup of
Aut(Q) generated by the reflections s; for 1 < ¢ < n and it is isomorphic to the
symmetric group on (n + 1) elements. Let ¢(w) be the length of w with respect

to the generators {s1, s2,...,s,}. Let wy be the unique element of W of maximal
length. It is known that if v = #(R™"), then {(wg) =v =n(n+1)/2.

1.3. Lusztig has defined an action of the braid group on U in [9] and used it to
give bases of type PBW of U™. We now recall these definitions.
For i € [1,n], let T; : U — U be the Q(v)-algebra automorphism defined by

E; — —K;'F;, Fy— —EK;, Ki— K,
Ej— Ej, Fy e Kj— K;,  iffi—j|>1,
Ej = (EjEi — UﬁlEiEj), Fj = (Fsz — ’UFjFZL'), Kj — Kin, if |Z —]| =1.
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We have T;T;T; = T;T;T; if |i — j| = 1 and T;T; = T;T; if |i — j| > 1. This
gives us a braid group action. Note that it is easy to check that T;(E;) = ijl(Ei)
whenever |i — j| = 1.

1.4. Given integers M, N > 0, we define

N
(vh —v=h) 1, |[M+N [M + N]! ~1
Nl = ——=€cZ =———=¢cZ
[ ] hgl (U—U_l) € [v’v ]’ N [M]'[N]' € [v’v ]
and Ei(N) = EN/[N)' for 1 < i < n. U (resp. U*") will denote the Z[v,v™1]-
subalgebra of U (resp. UT) generated by the elements Ei(N), Fi(N), K; and K;l
(resp. Ei(N)) for1<i<mn,N>0.

1.5. We will denote the set of sequences i = (i1,42,...,%,) in [1,n] such that
Siy Sig - - - S, 18 a reduced expression of wy by Z.

To i € Z, we can associate the sequence a(i, 1), a(i,2), ...,a(i,v) defined by
a(i, k) = 84,8y .- Si,_, () for k=1,2,... v. It is well known that this sequence
contains each positive root once and exactly once.

An element ¢ = (¢1,¢2,...,¢,) € N” is said to have i-homogeneity d € N™ if
and only if

ch oz(i,k):Zdi a;  where d=(di,da,...,dp).
k=1 i=1

1.6. For i = (i1,42,...,4%,) € Z and ¢ = (c1,¢2,...,¢,) € NY, we set

e = ESOT, (BS) T, T, (BSY) . TuT T,y (BE)).
Proposition 1.7. Leti € Z. Then B; = {Ef | c € N} is a Q(v)-basis of Ut. B;
is said to be a basis of PBW type.

Proof. This is a consequence of the proof of proposition 1.13 in [9]. (]
We will now recall Lusztig’s construction of the canonical basis of U™T.

Theorem 1.8 (Lusztig). Leti € Z and L; be the Z[v~]-submodule of U generated
by B;i. Then
(a) L; is independent of i. We denote L; by L.
(b) 7(Bs) is a Z-basis of L/v™1L independent of i where w: L — L/v™1L is
the canonical projection. We denote w(B;) by B.
(c) The restriction of m: L — L/v"L defines an isomorphism of Z-modules
7' LNL — L/v™ L where L is the image of £ under (7). In particular,
B = 771(B) is a Z-basis of LN L.
(d) B is a Z[v~]-basis of L and a Q(v)-basis of UT. B is said to be the
canonical basis of Ut .
(e) FEach element of B is fized by (7) : UT — UT.

Proof. (a) and (b) are proved in proposition 2.3 in [10]. (c), (d) and (e) are proved
in theorem 3.2 also in [10)]. O

For some elements i € 7, Lusztig gave a geometric description of the entries of
the transition matrix between bases B and Bj. In the following paragraphs, we will
describe these elements of 7 and the geometric interpretation of these entries.
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1.9. Recall that the Dynkin graph A of the root system R is the graph whose set
of vertices is {1,2,...,n} and {i,j} form an edge if and only if |i — j| = 1. A is
thus the graph:

In the following, @ will denote a quiver whose underlying graph is the Dynkin
graph A of R, i.e. each edge {i,7} in A is given an orientation. A vertex i is a sink
(resp. source) of Q if there is no arrow i — j (resp. i < j) in Q.

An element i = (i1,42,...,4,) € Z is said to be adapted to the quiver Q if i1 a
sink of Q1 = Q, ia a sink of the quiver Qs = s;,(Q) obtained from Q by reversing
the orientation of all the arrows ending with 41, i3 a sink of the quiver Q3 = s;,(Q2)
obtained from Qs by reversing the orientation of all the arrows ending with i5 and
so on; i.e., ik is a sink of the quiver Q) = s;, ,(Qr_1) obtained from Q_1 by
reversing the orientation of all the arrows ending with ig_1, where 2 < k < v.

Proposition 1.10. (a) There is an element i of T adapted to the quiver Q.

(b) An element i of T can be adapted to atmost one quiver.

(¢) Ifi= (i1,i2,...,1,) is an element of T adapted to the quiver Q and j € [1,n]
is defined by wo(a;,) = —ay, then i’ = (i, i3,...,1,,7) is an element of T
and is adapted to the quiver s;, (Q).

Proof. (a) is proposition 4.12 (b) of [10]. (b) and (c) are proved in 4.14 of [10]. O

1.11. Let F be a fixed field. A module (or representation) V = (V;, fi;) of Q
is a collection of finite dimensional F-vector spaces V;, i € [1,n] and of F-linear
maps fi; : Vi — Vj defined for all arrows i — j in Q. A morphism from the
module V = (V, fi;) to the module V' = (V/, f/;) is a collection of F-linear maps
gi : Vi — V/ for i € [1,n] such that i’j gi = g; fij for all arrows ¢ — j in Q. These
modules and morphisms form an abelian category Mod(Q). If V is a module of Q,
then [V] will denote the isomorphism class of V in Mod(Q).

The dimension of the module V = (V;, f;;) is the n-tuple
dim(V) = (dimp(V1),dimp(V2),...,dimgp(V,,)) € N™.

If i is a source (resp. a sink) of Q, then Mod™ (Q, ) (resp. Mod*(Q, 1)) denote
the full subcategory of Mod(Q) whose objects are the modules V = (V},, fapn/) such
that @, fi; : Vi — @, V; is injective (resp. D, fji : B;V; — Vi is surjective)
and we define the reflection functor ®; : Mod(Q) — Mod ™ (s;(Q),4) (resp. ®; :
Mod(Q) — Mod™ (s;(Q), %)) by associating to an object V. = (V4, frn’) the object
V' = (V/, f},,) of Mod™ (s;(Q),7) (resp. Mod ™ (s;(Q),4)) defined by

v 4V if h # 1,
b coker(EP; fij : Vi = B, V;), ifth=i.
Vi ih£i
V=3 ).
(reSp g {ker(@j Fii i@,V - Vi), ifh=i )

The maps f},,, are the obvious one. ®; and ‘IJ;." are defined in the obvious way on
morphisms.
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It is known that the restriction of ®; to the subcategory Mod ™ (Q, ) defines an
equivalence of

Mod™(Q,4) = Mod™ (s;(Q), )

whose inverse is given by the restriction of ®; to Mod™ (s;(Q),7). Moreover, if a
module V in Mod*(Q,4) corresponds under @ to V' in Mod™ (s;(Q),4) , then
dim(V) = (d1,da,...,d,) and dim(V') = (d},d}, ..., d),) are related by

d/10q+d,20é2+"-+d%04n:Si(dlal—l-dgag—l-...—f—dnozn).

A module of @ is said to be indecomposable if it cannot be written as the direct
sum of proper submodules.

For k € {1,2,...,n}, denote by P(k) the following module of Q: P(k); is the
vector space over I’ with basis the set of paths k = kg — k1 = ko — -+ = kyy =1
from k to ¢ in Q and for any arrow ¢ — j in Q, let f;;: P(k); — P(k); be defined
by sending the basis element £k = kg — k1 — ks — -+ =k, =i to k = ky —
ki — ke — -+ — kp, =1 — j. It is easy to prove that P(k) = (P(k);, (fij)i—;)) is
an indecomposable projective module of @ and that all indecomposable projective
modules are isomorphic to some P(k) for k € {1,2,...,n}.

Theorem 1.12. Let Q be a quiver and i € T adapted to Q.

(a) For any o € RY, there is a unique indecomposable module (up to iso-
morphism) denoted e, € Mod(Q) such that dim(ey) = (d1,ds, ..., d,) and
o= Z?:l d;a;; any indecomposable module is isomorphic to e, for a unique
a. If a = a(ik) = si;si, ... 85, (i), then eq = &, @, ... 0, (e;,),
where e;, is the simple module (V, fi;) in Mod(Qx) defined by Vi, = F,
V; =0 for j #ir and fi; =0 for all arrows ¢ — j in Q. This is Gabriel’s
theorem. In particular, the classification of indecomposable modules is in-
dependent of the ground field.

(b) There is a bijection ¢ = (c1,¢2,...,¢,) — V¢ between NY and the set
of isomorphism classes of modules of Q, where V¢ is the direct sum of c
copies of €qi k) fork =1,2,...,v. In this case, dim(V.) = (di, da, ..., dy),
where Y, _; i ai k) =30, di oy, i.e. ¢ has i-homogeneity d.

(¢) If o = g+ g1+ -+ ap for 1 < a<b<n, then e, is isomorphic to
the module (V;, fij) where

F, ifa<i<b,
Vi= :
0, otherwise

and

whenever i — j in Q.

o= Idp, fa<i,j<b,
Yo, otherwise,

Proof. (a) is proved for example in proposition 4.12 in [10]. (b) is proved for
example in 4.15 in [10]. (c) is easily obtained. O

1.13. We will abbreviate dimp Homg(V, V') by (V,V’)g and dimp Exts(V, V')
by <V,V’>1Q. Note that here Homg(V, V') is the F-vector space of morphisms
g:V — V' in Mod(Q) and Extlg(V,V’) is the F-vector space of extensions
0—-V —E—V —0inMod(Q)
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Lemma 1.14. Let i = (iy,i9,...,%,) € I adapted to the quiver Q and i’ =
(i2,43,...,%,J) € I adapted to the quiver s;,(Q) = Q' where j is defined by
wo(ay,) = —aj. Let eg (resp. €)) be an indecomposable module of Q (resp. Q') of
dimension 3 € RT.

(a) If (ea(i,n) €atiky)o # 0 for 1 < h, k <wv, then h <k.

(b) For1 <h<k<wv, then

(€ai,h)€afi, k) 70  if and only if  (eaqr, h—1)>€a(i, k—1)) 0’ 7 0.
(¢) For1 <h<k<v, then

(€ai, k)>€ali,h)) o 7# 0 if and only if  (€a(ir, k—1)> €a(i’, h—1)) & # 0.

Proof. (a) is proved in proposition 4.12 of [10].

(b) Since h,k > 1, then «a(i, h) and «a(i, k) are both distinct from «;, and con-
sequently the indecomposable modules e,; ») and e, k) are both in Mod+(Q, i1).
Since h,k < v, then «a(i’,h — 1) and a(i’,k — 1) are both distinct from «;, and
consequently the indecomposable modules e/, (i h—1) and e/, (i",k—1) Bre both in
Mod™(Q',i1). In [I0], it is proved that ®; (e, z)) is isomorphic to €, p_1) and
sz (ea(i’k)) is isomorphic to e;(i,’kfl) when h,k > 1. Since ‘IJZ is an equivalence
of Mod™*(Q,i1) & Mod ™ (s;,(Q),41), we get that Homg(€a(i,n): €a(ir)) # 0 if and
only if Homor (€], 1y, €, 1)) # 0- This proves (b).

(c) First note that if the modules V and V’ of Q are in Mod™(Q,i;) and
0— V' — E — V — 0is a short exact sequence in Mod(Q), then E is also in
Mod*(Q, ;). This can be proved either from the definition of Mod™(Q,4;) or by
noting that a module M belongs to Mod™(Q,4;) if and only if Homg (M, €n;,) =0
and by applying the functor Homg( - ,e,, ) to the exact sequence 0 — V' — E —
V — 0 to show that Homg(E, e,,, ) = 0.

Similarly if the modules V, V' of Q' are in Mod™ (Q’,i;) and 0 - V' - E —
V — 0 is a short exact sequence in Mod(Q'), then E’ is also in Mod™ (9, 1).
This is proved by noting that a module M belongs to Mod™ (Q’,41) if and only
if Homor(eq,, , M) = 0 and by applying the functor Homg(eq,, , - ) to the exact
sequence 0 — V' — E' — V — 0 to show that Homg (e, ,E’) = 0.

For 1 < h < k < v, then, as we have noted in the proof of (b), the inde-
composable modules e ) and e, ) are in Mod+(Q,i1) and consequently, if
0 — eqi,n) — E — eqqr) — 0 is a short exact sequence in Mod(Q), then E is
in Mod*(Q,41). By applying the reflection functor <I>:E to such an exact sequence
and because ‘Iﬁg (€a(i,ny) and ‘IJZ (€a(i,k)) are respectively isomorphic to the mod-
ules e;(iuhil) and e;(i,’kfl) of @', we get a short exact sequence 0 — e;(i,’hfl) -
o} (E) — e’a(i,7k_1) — 0 in Mod(Q’). This follows easily from the snake lemma.
Moreover, it is easy to check that if the sequence 0 — e, — E — eqqr) — 0
splits, then the sequence 0 — e;(ixhil) — ‘IJZ (E) — e;(i,’kfl) — 0 also splits.

Similarly when 1 < h < k < v, then the indecomposable modules e/, (i/,h—1)

and e’ | j—1) are in Mod™ (Q’,i1) and consequently, if 0 — e;(i,’hfl) — E —

a(i
€, 1) — 0 is a short exact sequence in Mod(Q'), then E’ is in Mod™ (Q',1).
By applying the reflection functor ®; to such an exact sequence and because

;. (e;(i, h—l)) and ®; (e;(i,_k_l)) are respectively isomorphic to the modules e, ; »)
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and e k) of Q, we get a short exact sequence 0 — eq i) — @5 (E') — eqx) — 0
in Mod(Q). This also follows from the snake lemma. Moreover, it is easy to check
that if the sequence 0 — eﬁy(i,ﬁ_l) —E — eﬁy(i,7k_1) — 0 splits, then the sequence
0 — eqqn) — @, (E') — eqqr) — 0 also splits.

If (e, k)» €adi, h)>1g 2 0, then there exists a nonsplit short exact sequence 0 —
€s(i,n) — E — ey k) — 0 of modules of Q. By applying the reflection functor QJZ,
we get a nonsplit short exact sequence 0 — e;(i,ﬁfl) — @Z (E) — e;(i,’kfl) — 0.
It is nonsplit, for otherwise, by applying ®; , we would get that 0 — eyi,n) — E —
€q(i,k) — 0 is split, contradicting our hypothesis. So <e;(i,7k_l),eg(i/7h_1))lg/ # 0.
Similarly if <e;(i',k71)’e;(i',h71)>1Q' # 0, then there exists a nonsplit short exact
sequence 0 — e;(i,’hfl) — E — e;(i,’kfl) — 0 of modules of @'. By applying

the reflection functor ®; , we get a nonsplit short exact sequence 0 — ey n) —

7217?
®; (E') — eqi,k) — 0. It is nonsplit, for otherwise by applying @Z, we would get
that 0 — e;(i,7h71) - E — e;(i/’kfl) — 0 is split, contradicting our hypothesis.

So (ea(, k)» €ali, h)>1Q # 0. This concludes our proof. O
In the following, i will be an element of 7 adapted to the quiver Q.
1.15. Let d = (d1,da, ...,d,) € N™. Let
E4q = @HomF(Fd"',Fdj)

i—J

sum over all arrows ¢ — j in Q and let Gq = [[_; GL4,(F). The group Gq acts
naturally on Eq by
(9)i = (fig)img = (95 fig 97 )iy

An element of Fq can be seen as a module in Mod(Q) of dimension d. Two
elements of Eq define isomorphic modules if and only if they are in the same Gg-
orbit. Using theorem 1.12 (b), we get that there exists a bijection between the
set of v-tuples ¢ = (c1,¢2,...,¢,) of i-homogeneity d and the set of Gg-orbits
on Eq where ¢ = (c1,¢a,...,¢,) corresponds to the orbit O, whose elements are
isomorphic to Ve.

For the rest of this section, F' will denote an algebraic closure of a finite field F,
with ¢ = p© elements, p being a prime number, and d = (d1,ds, ..., d,) € N™.

1.16. For ¢/, c € N¥, we will write ¢’ < c if ¢/, ¢ have the same i-homogeneity and
the orbit O is contained in the Zariski closure O, of O.. This gives us a partial
order on N¥. We will write the dimension dim(O.) of the orbit O, by d(c).

Proposition 1.17. Let ¢ be an element of NV of i-homogeneity d.

(a) Bf = > ., wS Eicl where ¢’ runs over the set of elements of N” of i-
B 1 . .
homogeneity d, ws € Zv,v~ '] and w$ = 1. Moreover, wS # 0 implies
that ¢’ < c.

(b) If we set QF, = v )=, for ¢/ < ¢, then QF, € Z[v?,v72].
Proof. (a) is proved in theorem 9.13 of [I0]]. (b) is proposition 7.14 of [10]. O

Theorem 1.18. Let ¢ be an element in N” of i-homogeneity d and let £ be the
unique element of B such that 7(£°) = w(EY).
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(a) €° = > . CS Ef/ where ¢’ runs over the set of elements of NV of i-
homogeneity d, (¢ =1 and (& € v Zv™!] for ¢’ # c.
(b) If ¢’ £c, then (5 =
(c) If (7) is the Z-linear involution of Z[v,v~!] sending v to v=1, then
g/ = Z W(C:/” E
c/'=<c’" <c

(d) If ¢ < ¢, f is an Fy-rational point of the orbit Oc in Eq and H?((’)c)
is the stalk at f of the a'™ cohomology sheaf of the intersection complex
of the Zariski closure O of O with coefficients in Q, extended by zero
on the complement of that closure, where ¢ is a prime number # p, and
with the Fg-structure such that the Frobenius map acts as identity on the

stalks of its Oth cohomology sheaf at the rational points of the orbit O, then
'Hfﬂ“((’)c) =0 for all a and

Ud(c)—d(C’)Cg, = Zdim(cha(O_c)) v

In particular, vd(c)_d(cl)cg, is a polynomial in v? with coefficients in N.

Proof. (a) is 9.11 of [10]. (b) is theorem 9.13 of [10]. (c) is 9.12 of [I0]. (d) is
corollary 10.7 of [10]. O

2. BAR INVOLUTION OF ROOT VECTORS

2.1. In this section, we will express the action of the bar involution on an ele-
ment ﬂlf’i2 Tik—l(Eik) of UT with respect to the PBW basis B;. Here i =
(i1,12,...,1,) € T is adapted to a quiver.

An element of U* of the form T}, T}, ... T;,_, (E;, ) is said to be a root vector

relative to i.

Proposition 2.2. Let Q be a quiver of A and i = (i1,12,...,1,) € T adapted
to Q. For 1 < a < b < n, denote by Ala,b]: the full subgraph of A whose set
of vertices is [a,b] and by Qla,b]: the subquiver of Q whose graph is Ala,b]. If
a(i, k) = 84, 8iy -+ - Sip_y (i) = Qg + Qgy1 + -+ + ap, then

T’h Tiz s Tik-l (E’L ) = Z(_v)ia(g[a’b]’gl)EQ’v
Q/
where the sum is over all quivers Q' whose graph is Ala,b], §(Qla,b],Q’) is the
number of edges of Ala, b] with opposite orientation in Qla,b] and Q" and Eg: = E,
ifa="> and

{EbEQ’[a.b—l]v Zf (b - 1) —bin Q/a
EQ’ — ’

if a < b.
Egijap—11Ep, if (b—1) = b in Q' ifa

Proof. We prove this by induction on k. If £k = 1, then «(i, 1) = «;, and the result
is obvious. Assume now that the result is true whenever k < m for all sequences
j=U1,J2,---,Jv) € T adapted to a quiver. We consider now the case where k = m.

Let j € [1,n] be defined by wo(ay,) = —a;. Then we know by proposition 1.10
(c) that j = (42,143,...,1,7) € T and is adapted to the quiver s;, (Q) = Q1. We get
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that

S ap,  ifa<ip<b,
Zf:aﬂ oy, ifi; = a,
S ay,  ifiy = b,

S s ifi = (a—1),
S, ifi = (b+ 1),
Zl.) a;, otherwise.

a(jvm - 1) = SiySig + -+ Sim_1 (aim) = Siy (a(i,m)) =

By induction hypothesis, we have

ToTiy oo Ty (i) = D (—0) QY20 B,
(21

where a’ < V' are defined by a(j,m — 1) = ZZ,, «; and the sum is over all quivers
Q) of the graph Ala’,V’]. We want to compute
T, T3, T, .. T,y (i) = D (—0) (@010 T, (Bg,) .

13 Tm—1
!
1531

Note that i1 is a sink of Q and a source of Q; = s;,(Q). There are six cases to
consider:

(1) a<ip<b;, (2) i1 =uga (3) i1=10;
4) i1=(a—-1); (5) i1=(b+1); (6) i1<(a—1)oriz > (b+1).

In what follows, 4; will be denoted by c.

We first consider the case (1): a < i1 < b. In this case, a’ = a and b’ =b. If P,
is a quiver whose graph is Ala, c—1], P~ is a quiver whose graph is A[c+1, b] and we
consider all the quivers @} whose graph is A[a, b] such that Q}[a,c— 1] = P, and
Qi[c+ 1,b] = Ps, then there are four such quivers corresponding to the possible
orientation of the edges {c¢ — 1,c} and {c,c+ 1}. Using the definition of Eg,, we
can easily prove that there exists two disjoint subsets {41, jo, . - -, ju s {515 J25 - - 5 Jy }
with J1 > g2 > 0 > Ja .71 > jé > > .7';) {jl;]Qv)Jx}U{Jivjévajé} =
[a,b] \ {¢ —1,¢,c+ 1} such that for all four quivers Q) whose graph is Ala,b] with
Qila,c — 1] = P<. and Q)[c+ 1,b] = P, we have

Ej Ej, ... Ej Ec 1\Ecp\E.Eyy ... Ey By, if (c—1) = c— (c+1)in Qf,

Eoy — Elej2 PN Eijc-l—lEcEc—lEj; ce E EJi’ (C - 1) — C < (C—|— 1) in Q/h
Q Ei‘]l_Ej2 . ijchlEcEchlEj{J PN E E]i’ (C — ]_) — C — (C + ].) in Qll,
Elej2 PN EijcEc—lEc—i-lEj; ce E E]ia (C - 1) — C— (C + 1) in Q/l

and

2, if(c—1)—ce(c+1)in Qf,
1, if(c—1)«—c+(c+1)in Q)
5 ,b 7 A ) )
(Cife, b, @) 1, if(c—1)—c—(c+1)in Qf,
0 if (c—=1)«—c—(c+1)in Q]
where 0 = 6(Q1]a,c — 1], Qj[a,c — 1)) + §(Q1[c+ 1,b], Q)[c + 1,b]).
Consequently,
1) Y (~v) N @eNT (Bgy) = (—v) 7B, Ej, ... Ej, T(X) Ejy ... Ey
24
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where the sum is over all four quivers Q) whose graph is Afa,b] such that
Qila,c — 1] = P<. and Q}[c+ 1,b] = P~ and
X=(—v)"?Eec1Eep1 Be+(—v) ' Ecy1 EcEe 14+ (—v) ' Eco1 EcEcp1+EcEe—1 Eeyr.
But

X =T.1(B.)Ee1 — v ' Ee1Tec1(Be) = T, (Bemt) Besr — v " Eet T, (Be)
and
Te(X) = Beer Te(Ber1) = v Te(Beg1) Eemn
=FE. 1Ee1E. —v 'Ec 1EcBey1 — v "B 1 EcEe 1 + v ?EcEe1Eey1,

because T, Y (Ee—1) = Te—1(E,).
Thus the right-hand side of equation (1) is equal to
(—’U)*O’E'j1 Ejz . Eh EC,1E0+1ECEj;J PN E]éE]i
+ (—v)"“*VE, E),...Ej,Ec 1E.Ec1 By - By Ey,
+ (—v)"“*VE, B}, ... B, Ec1E.Ee 1By, ... Ej, Ey,
+ (—v)"“*VE, B}, .. .Ej,EcEc1Ee 1By, ... Ej, By,
and this is equal to
Z(—'U)_(S(Q[a’b]’gll)EQ/
1
Q1
where the sum is over all four quivers Q) whose graph is Afa,b] such that

Qila,c — 1] = P, and Qj[c + 1,b] = Ps.. Note that we have used the fact
that ¢ is a sink of Q.

So
Ty Tip (B = Y (—0) @ 1OT, (Bg,)
7)>C,,P<C Q/l
= Z Z(_U)—é(Q[mbLQl)(EQ,I)
P>, P<c Qf

= D () Q) (Bg)
Q/

where (P>c, P<c) runs in the sum > 5 5 _ over all pairs of quivers with P>, a
quiver of the graph Afc+1,b] and P, a quiver of the graph Ala,c—1], @} runs in
the sum } S, over all four quivers whose graph is Ala, b] such that Qf[a, c—1] = P,
and Qj[c+ 1,0] = Ps. and Q' runs in the sum o, over all quivers whose graph
is Ala, b]. This ends the proof in case (1).

Consider now the case (2): i1 = a. In this case, ¢’ =a+ 1 and ' =b. So

TizTi3 R Tim71 (Eim) = Z(—’l})_é(gl [a+1,b],Q’1)EQ/1
oA
and
T\ Thy .. Ty (B ) = Y (—0) (@t LEOOT, (F,)
o4
where the sum is over all quivers Q) of Afa + 1,b].
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Using the definition of Fg,, we get that

Eg = {Egll[a+2,b]Ea+17 if (a+1) — (a+2) in O,
1

Eor1Eg[av2y), if (a+1) — (a+2)in Q)
and

(g ) = 4 Peilas20] (Bati Ba =0 EoBayy), if (a+1) — (a+2) in Qy,
o) (Boi1Eq — v 'EyEyy1) Egiat2), if (a+1) — (a+2)in Q).

Note that if @’ is a quiver of the graph Ala,b] with Q'[a + 1,b] = Qf, then

Egiat2) Fat1 Ea, ifa—(a+1)— (a+2)in Q)
Eg = EQ’[(H-Q,b] Ea Eat1, ifa— (a’ + 1) — (a + 2) in Q/a
Eor1 Eg Egijayay, fa—(a+1)—(a+2)in Q,
Eo Eat1 Egiay2), fa—(a+1)— (a+2)in Q.

Using the definition of the function 4, it is now easy to check that

Ti1Ti2 R j;im71 (E:,) = Z(—U)ié(g[a’b]’g )EQ/.
Q/

This ends the proof in case (2).

The case (3): 41 = b is proved in the same manner as in case (2).

We now consider the case (4): i1 = (e —1). In this case a’ = (a — 1) and &’ = b.
So

T, T, ... Ty (i) =Y (—v) @l g,

3 Tm—1
’
O3

where the sum is over all quivers Q) of Ala — 1,b]. If P is a quiver whose graph
is Ala,b] and we consider all the quivers Q] of A[a — 1,b] such that Q[a,b] = P,
then there are two such quivers corresponding to the possible orientation of the
edge {a —1,a} and, for these, using the definition of Eg;, we get that

Eotjat1pFaFa-1, if (a—1)«a« (a+1)in Qf,
B — Eotjat1,p)Fa-1Ea, if (a—1) = a« (a+1)in Ql,
) BaBa1Bgyasiy, if (a—1) —a— (a+1) in
By 1EiEg[ag1), if(a—1)—a—(a+1)in Q).
Thus
Z(_U)_é(gl [a_lvb]vg/l)EQ,l
Q)

_J(=v)” UEQ’[a+1 b (v v ' EqEq1+ Eq1E,) ifa (a+1)inP,
( ’U) 7 (—w 'E,E,_ 1+ E,_ 1E)EQ/1[a+1,b] ifa—>(a—|—1) in P
_{( V)~ "EQ/[Q_H;,]T( w1) ifa— (a+1)inP,
(o)

V)" To(Ea-1) Egja+1 ifa— (a+1)inP.
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where the sum is over the two quivers Q} of Ala —1,b] such that Q}[a,b] =P and
o = 6(Qi1la,b), Q)la,b)). Note that T,(E,_) = Ta__ll( .). So we get that

S (o) SR, (e,
4]
_ (—v)"Eg)jat1,p) Ba ifae(a+1)inP _ (—p)-3(QLadlP)
(—v)"7Eq Egijay1y ifa— (a+1)inP
where the sum is over the two quivers Q) of Ala — 1,b] such that Q[a,b] =P and
o is as above. We get that

Ti1Ti2 T 1 lm Z Z 6(Q1[a71’b]’QI)Ti1 (EQ’l)

P Q;
_Z ~3(Qlab.P)

where P runs in the sum ), over all quivers of the graph Ala,b] and Q] runs in
the sum } o, over all quivers Qj of Ala —1,b] such that Qja,b] = P. This ends
the proof in case (4).

The case (5): iy = (b+ 1) is proved in the same manner as in case (4). The case
(6) is obvious. O

Proposition 2.3 (With the same notation as in 2.2). Let Q be a quiver of A and
i=(i1,i2,...,4,) € T adapted to Q. For 1 < a < b < n, denote by Ala,b] the full
subgraph of A whose set of vertices is [a,b] and by Qla,b] the subquiver of Q whose
graph is Ala,b]. If a(i, k) = 8i,8iy - - - Sip_, (i) = @g + Qa1 + -+ - + ap, then

T Ty To (Br) = > (07t =) B,

J
where the sum is over all subsets J of the set of edges of Ala,b], c(J) € N" is
defined by c(J) = (c1(J), c2(J),...,c(J)) with ¢cpn(J) € {0,1} and ¢ (J) = 1 if
and only if Supp(a(i,m)) is one of the connected components of Ala,b] minus the
edges in J.

Proof. EiC(J) is a product of root vectors relative to i. Using proposition 2.2, we
can express each of these factors as a sum of monomials in the F; and consequently,
Eic(‘]) is a sum of monomials Fg, where Q' is a quiver of Ala,b]. Write c(J) =
(c1,¢2,...,¢,) and let a < i < j < b be such that {i,5} is an edge in J. Then
there exist 1 < k # k' < v such that ¢y = ¢ = 1, i € Supp(a(i, k) and j €
Supp(a(i, &')). In this case, (a(i,k),a(i,k’)) = —1 and a(i, k) + a(i,k’) € RT.
If i — j in Qla,b], then we easily get that there exists a short exact sequence
0 — eq(ik) — €a(ik)+alik’) — €a(ik) — 0 of modules in Mod(Q). By applying
lemma 1.14 (a), we get that k' < k. Consquently, when we express E ) as a
sum of monomials Fg/ using proposition 2.2, we see that F; will appear on the
left of F; in Eg:,. If i «— j in Q[a,b], then we easily get that there exists a short
exact sequence 0 — €,(i k) — €a(i,k)+alik’) — €a(ik) — 0 of modules in Mod(Q).
By applying lemma 1.14 (a), we get that k& < k’. Consequently, when we express

Elc () as a sum of monomials Eg' using proposition 2.2 we see that F; will appear

on the right of F; in Eg/. Consequently, the monomial Fg/ appears in this sum
for Ef ) Wwith a nonzero coefficient if and only if the edges in J have opposite
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orientation in Qla,b] and Q' and, in this case, it is easy to see that this coefficient
is (—v)"s(g[a’b]’g) + 171 by applying proposition 2.2. Thus

(2) z:(ff1 — o)V ES) = Z )l Z ~0(Qlab), Q") + 1V,

J J

where J runs in the sum ), over all subsets of the set of edges of Ala,b] and
Q' runs in the sum } 5, over all quivers of Ala,b] for which the edges in J have
opposite orientation in Q[a,b] and in Q.

Clearly the right-hand side of equation (2) is equal to

D120 - v)'“(—v)'K'] (—v) 02D By,

Qo K

where Q" runs in the sum ), over all quivers of the graph Ala,b] and K runs in
the sum ) - over all the subsets of the set of edges of A[a, b] that have an opposite
orientation in Qla,b] and in Q”.

Note that

2(071 — )l () Kl = Z(vz—l)‘K‘ _ i (T) (02 —1)F = 2™ = 28(Clabl.e")

K K =0

where K runs in the sum ), over all the subsets of the set of edges of Ala,b]
that have an opposite orientation in Qla, b] and in Q" and m is the number of such
edges.

Consequently, equation (2) becomes

Z(Uq _ U)\J\Eic(J) _ sz S(Q[a,b],Q”)(_,U)fé(Q[a,b],Q”)EQ”
J QII

= Z 2(Qlatl Q”)EQ” Ti1Ti2 e Tik—l (Elk)
Ql’

where J runs in the sum ) ; over all subsets of the set of edges of Ala,b] and Q"
runs in the sum ), over all quivers of the graph A[a, b]. The last equation follows
by applying the bar involution to the formula in proposition 2.2. O

3. COMMUTATION RELATIONS BETWEEN ROOT VECTORS

3.1. We will describe in this section the commutation relations between root vectors
relative to i € 7 adapted to a quiver Q. First we will recall Ringel’s Hall algebra
approach to quantized enveloping algebras. We will follow the presentation given
by Lusztig in [I0] for this. In the case A,, we can use this approach to give the
commutation relations between root vectors.

3.2. Let F, be a finite field with ¢ elements. Q will denote a quiver whose underlying
graph is the Dynkin graph of type A,, and i = (41,42,...,4,) € Z is adapted to Q.
Let z = (21, 22, ...,2n) € Z" be such that z; — z; = 1 whenever ¢ — j is an arrow
in Q. There is such a z.

From now on, b(k) will denote the vector (0,...,0,1,0,...

,0) € N¥ whose only
nonzero component is in the kth column and is 1, where 1 < k < v
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3.3. RQ is defined to be the C-vector space with basis ([V]) indexed by the isomor-
phism classes [V] of modules V of Q over F, with the C-algebra structure given

by
V'] = Z gv,v'. v
vl
where the sum is over all isomorphism classes [V] of modules V of Q, and gv v/ v~
is the number of submodules of V that are isomorphic to V" and are such that
the corresponding quotient module is isomorphic to V’. Note that the sum is finite
because dim([V]) = dim([V’]) + dim([V"]) whenever gv v/ v~ # 0.

3.4. We can view C as a Z[v, v~1]-algebra with v acting as multiplication by a fixed
square root ¢*/2 of q. Let Uy, U;’ be the C-algebras obtained respectively from U,
U by extension of scalar.

Ug will denote the subalgebra of U, generated by Kj, Ki_1 for 1 < i < n.
Let I/%\Q = U((I) ®c RO. ]/%\é is an associative algebra containing Ug and RQ as
subalgebras with the commutation rule

K; [V] Ki_l — qzj dj(fm&j)/?[v]

where V is a module of Q of dimension dim(V) = (dy,da,...,d,).
Let U>O UO® UJr UZO can be identified with the subalgebra of U, generated

by U and Ut
For any N € N and a € RT, let
(¢ = 1) ) — Lo
and [ = ——e,]".
[[1 a1 el e
Proposition 3.5. (a) (Ringel) There is a unique algebra isomorphism UZ% —

RO such that K; — K;, K[ Ki_l, E;, — K['[e;], where e; is the simple
module of Q whose dzmenswn dim(e;) = (0,...,0,1,0,...,0) has only one
nonzero component in the ith column and is equal to 1. In particular, there
is an imbedding of algebras = : RQ — U, such that Z([e;]) = K;Zj E; for
all1 <5< n.

(b) For ¢ € N¥, we have in RQ that

V] = [ea(iyl)]((cl))[ea(i’2)]((02)) o [ea(i,y)]((cu))-

(¢) Letc = (c1,ca,...,¢,) € N” be of i-homogeneity d = (d1,da, . ..,d,) € N™.
Let ¢, € NY be such that its kth coordinate is ¢ and its other coordi-
nates are zero. Let d* = (d¥,d5,... ,d") be the i-homogeneity of ci. Let
ra = 32 di(di — 1) (22 — 1)/2 - ZHgd djzj, 8(c) = =Y op, didf +
S heking A d;f, fo =1a—06(c) and K(d) = K;{ "MK, =% K #ndn,
Then Z([Ve]) = ¢//? K(d) E¥.

Proof. For a proof of (a), see proposition 5.7 in [10]. For (b), see the proof of lemma
5.4 in [I0]. Finally for (c), see 7.13 in [I0]. O

3.6. In the following, we will describe the product (e, k)] [€q,1)] in RQ for k > 1.
This will be presented in the next four lemmas. First we can make some general
observations.

Let d = (di,da,...,d,) € N™ such that >, d;; = a(i,k) + a(i,1). Let
1 < a < b < nsuch that Supp(a(i, k)) = [a,b]. We also have «(i, 1) = «y,. Note
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that if the isomorphism class [V] with ¢ = (¢1,¢2,...,¢,) € N¥ appears in the
product [€q(i, k)] [€a(i,1)] With nonzero coefficient, then ¢ has i-homogeneity d. This
follows easily from the definition of the product in RQ. Note also that, if ¢; # 0
and 77 is not in the support Supp(a(i,j)) of a(i,j), then j = k. For otherwise,
if M is a submodule of V. isomorphic to e, 1), then we get that V./M is not
isomorphic to e, k) because it has an indecomposable direct summand isomorphic
to ea(i’j) .

Lemma 3.7 (With the notation of 3.6). Ifi; < (a —1) oriy > (b+ 1), then
[eaim)] - [eain)] = [€a,n)] - [€ai )

Proof. By our observations in 3.6, the fact that the support of a root is a connected
subset of {1,2,...,n} and the fact that i; < (a — 1) or 43 > (b+ 1), we get
that if the isomorphism class [V] appears with nonzero coefficient in the product
[€a(i,k)] - [€agi,1)]s then ¢ = (c1,¢2,...,¢,) € N” must be

1, ifj=1ork,
cj =
’ 0, otherwise.

We must now count how many submodules M of V. are isomorphic to e,,1) and
are such that V./M is isomorphic to e, k). Here it is obvious that there is only
one submodule M isomorphic to e, 1) and, for this unique submodule, V./M
is isomorphic to e, ). Thus the coefficient of [Vc] in [eq,r)] - [€aq,1)] is 1. By
proposition 3.5 (b), we get that [V] = [eq,1)] - [€a(i,k)]. This proves the lemma.

O

Lemma 3.8 (With the notation of 3.6). Ifi; =a or iy =b, then
[ea(i,k)] ) [ea(i,l)] =4q [ea(i,l)] ) [ea(i,k)]'
Proof. We will prove the lemma in the case i; = a. The other case i; = b can be

treated similarly. By our observations in 3.6, the fact that the support of a root is
connected and the i-homogeneity d = (dy,ds,...,d,) is given by

2, ifi=a,
di=<1, ifa<i<hb,
0, otherwise.

Then, if the isomorphism class [V]| appears with nonzero coefficient in [e, k)] -
lea,1)], we get that ¢ = (c1,c2,...,¢,) € N” must be

1, ifj=1ork,
cj =
’ 0, otherwise.

Let us write (V) = (V;, fi;j) for the rest of this proof. Then V;, has dimension
2 over F,. We know that (ey,1)); = 0 for all i = 1,2,...,n except when i = 4,
in which case it is F;. We see easily that each 1-dimensional vector subspace of
Vi, gives rise to a submodule of V¢ isomorphic to e, 1) and all submodules of
V. isomorphic to e, 1) are of this form. So there are (¢ + 1) submodules M of
V. isomorphic to e,,1). For each of these submodules M, we get that V./M
is isomorphic to e, k) except for one of them: the submodule corresponding to
the image of f;,41)4, © Visy1 — Vi;. Note that in our situation, f(;, 11y, has
rank 1 and its image is a 1-dimensional subspace. Thus the coefficient of [V¢] in
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[€a(i,k)] - [€a(i,1)] 18 . By proposition 3.5 (b), we get that [Vc] = [eqi,1)] - [€a(i,k)]-

This proves the lemma. O
Lemma 3.9 (With the notation of 3.6). Ifi; = (a — 1) or iy = (b+ 1), then

leaim)] - [€ain] = [eai,n)] - [€ar)] + [€ai,m)]

where a(i,m) = a(i,1) + a(i, k). (There is such an m # 1,k, because the sum
a(i, 1) + a(i, k) is a positive Toot in this case.)

Proof. We will prove the lemma in the case i1 = (a—1). The other case i1 = (b+1)
can be treated similarly. By our observations in 3.6, the fact that the support of a
root is connected and the i-homogeneity d = (d1,ds, ..., d,) is given by

g — 1, if(a—1)<i<yp,
* 10, otherwise;

then, if the isomorphism class [V.] appears with nonzero coefficient in [e, )] -
[ea(i,1)]; we get that there are only two possibilities for ¢ = (c1,¢2,...,¢,) € N*:

h 1, ifj=1ork, 1, if j =m,
either ¢; = or ¢;=
! 0, otherwise ’ 0, otherwise.

Here m is defined above.
Let us write (V¢) = (V;, fi;) for the rest of this proof.
In the first possibility, i.e.,

1, ifj=1ork,
ci =
’ 0, otherwise;

then we have V;, = Fy and f;, 41y 4, : Vi,41 — Vi, is 0. Thus there is a unique
submodule M of V¢ such that M is isomorphic to e,y and for this unique sub-
module, we have that V./M is isomorphic to e, ). In other words, the coefficient
of [V] in the product [eq k)] - [€q,1)] is 1. By proposition 3.5 (b), we get that
Vel = [eag,)] - [€agi,m]-

In the second possibility, i.e.,

1, if j =m,
Cj = .
0, otherwise;

then we have Vi, = F, and f(;,41) 4, : Viy+1 — Vi, is an isomorphism. Thus there
is a unique submodule M of V. such that M is isomorphic to e, 1) and for this
unique submodule, we have that V./M is isomorphic to e, ). In other words,
the coefficient of [V] in the product [eq )] - [€a(i,1)] is 1. By proposition 3.5 (b),
we get that [Ve] = [€qi,m)]. This completes the proof. O

Lemma 3.10 (With the notation of 3.6). If a < i; < b, then

[ea(i,k)] ) [ea(i,l)] =q [ea(i,l)] ) [ea(i,k)] + (¢—1) [ea(i,m)] : [ea(i,m')]

where {a(i,m),a(i,m")} = {aq + @a41 + - + @iy, @y + o+ apo1 + ap} with
m < m’. (There are such integers m, m’ # 1, k, with 1 < m < m’ < v because both
sums g + ogr1 + -+ oy, oy oo+ ap—1 + ap are two distinct positive roots in
this case.)
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Proof. By our observations in 3.6, the fact that the support of a root is connected
and the i-homogeneity d = (dy,da, ..., d,) is given by
2, ifi=ip,
di=<1, ifa<i<bandi#iy,
0, otherwise;

then, if the isomorphism class [V¢] appears with nonzero coefficient in [ey )] -
[ea(i,1)]; We get that there are only two possibilities for ¢ = (c1,¢2,...,¢,) € N*:

either ¢; =
’ {O, otherwise

Here m, m’ are defined above.
Let us write (V¢) = (V;, fi;) for the rest of this proof.
In the first possibility, i.e.,

1, ifj=1ork, 1, ifj=morm,
or ¢j = .
0, otherwise.

1, ifj=1ork,
cj =
’ 0, otherwise;

then we have that V;, has dimension 2 over F, that both fq 11y, : Vi,41 — Vi,
and f,—1)i, : Vi,-1 — Vi, are of rank 1 and have the same image in V;,. We
see easily that each 1-dimensional vector subspace of V;, gives rise to a submodule
of V¢ isomorphic to e, 1) and all submodules of V. isomorphic to e, 1) are of
this form. So there are (¢ 4- 1) submodules M of V. isomorphic to e, ). For
each of these submodules M, we get that V/M is isomorphic to e, ) except for
one of them: the submodule corresponding to the image of f(;,41yi, : Vi, +1 — Viy,
which is also the image of f;, _1);, : Vi;—1 — Vj,. Thus the coefficient of [V] in
[€a(i,k)] - [€aqi,1)] s g. By proposition 3.5 (b), we get that [Ve] = [eq,1)] - [€ai,i)]-
In the second possibility, i.e.,

)1, ifj=morm/,
7710, otherwise;

then we have that V;, has dimension 2 over F, that both f(; +1y;, : Vi, +1 — Vi, and
feii—1)i, + Viy—1 — Vi, are of rank 1, but the intersection of their images is the zero
subspace 0. Easily we see that each 1-dimensional vector subspace of V;, gives rise
to a submodule of V. isomorphic to e,j,1) and all submodules of V¢ isomorphic
to eq(i,1) are of this form. So there are (¢ + 1) submodules M of V. isomorphic
to eq(i,1)- For each of these submodules M, we get that V./M is isomorphic to
€q(i,k) except for two of them: the submodules corresponding respectively to the
image of f;, 11y, : Viy+1 — Vi, and the image of f(;, _1);, : Vi;—1 — V;,. Thus the
coefficient of [V¢] in [eq k)] - [€a(i,1)] s (¢ —1). By proposition 3.5 (b), we get that
Vel = [eag,m)] - [€a(i,mn)]- O

To state the commutation relations between the root vectors relative to i, we
will also need to use the Auslander-Reiten quiver I'g of Q. We will now recall some
notation and results on I'g. For this theory, we refer the reader either to section
6.5 in [7] or to section 2.2 in [I1] or to the book [2]. We will restrict ourselves to
the type A,. F will denote an algebraically closed field.
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3.11. The vertices of the Auslander-Reiten quiver I'g are the isomorphism classes
of indecomposable modules of the quiver @ over F' and two isomorphism classes
[V] and [W] of indecomposable modules of Q are linked by an arrow [V]| — [W]
in I'g if and only if there exists an irreducible morphism V. — W in Mod(Q).

As we saw above, the set of isomorphism classes of indecomposable modules of Q
is in bijection with RT and we will represent below each vertex [e,] of I'g by simply
writing the corresponding positive root o = dim(e,). We won’t need to explicitly
determine the irreducible morphisms between two vertices that are linked together
in I'g; we will just draw the arrow in I'g corresponding to the fact that there are
irreducible morphisms.

The Auslander-Reiten quiver can be computed in a very combinatorial way using
the dimension type of the indecomposable projective modules and the additivity
property of the dimension types on the Auslander-Reiten sequences.

Let NQ be the following quiver: its set of vertices is N x {1,2,...,n} and,
whenever there is an arrow ¢ « j in Q, we draw one arrow (z,4) — (z,j) and
one arrow (z,j) — (z +1,i) for each z € N. Define A(Q) as the full subquiver
of NQ of all vertices (z,4) such that 1 < z < (n+ 1+ a; — b;)/2 where, for each
i€{1,2,...,n}, a; (respectively b;) is the number of arrows in the unoriented path
from ¢ to (n + 1 — i) that are directed towards ¢ (respectively (n + 1 — 7)).

There is a unique isomorphism ¥: I'g — A(Q) of quivers such that V([P (k)]) =
(1,k) for each k € {1,2,...,n}. From the dimension types of the indecomposable
projective modules, we can then easily compute I'g using this isomorphism ¥ and
the additivity property of the dimension on the Auslander-Reiten sequences.

Let ZA denote the translation quiver associated to the Dynkin graph A as
presented in figure 13 of section 6.5 of [7]. Note that this implies a choice of indices
for the vertices of A. Recall that the set of vertices of ZA is Z x {1,2,...,n} and
the arrows are (z,i) — (z,i+ 1) for z € Z, 1 < i <mn and (z,i) = (z +1,i — 1)
for z € Z and 1 < ¢ < n. The translation 7 is the function on the set of vertices of
ZA defined by 7(z,i) = (z — 1,4). There is a unique embedding O of T'g (or A(Q)
under the isomorphism ¥) into ZA such that [P(1)] = ¥~1(1,1) is mapped to the
vertex (1,1) of ZA. In particular, ©([P(k)]) = (1 — b}, k) where b}, is the number
of arrows in the unoriented path from 1 to k£ that are directed toward k.

I'g comes equipped with a translation 7 = D o Tr where T'r is the transpose
(see chapter IV of [2] for the definition) and D is a duality (see chapter II of [2] for
the definition). We will just list some of the properties of 7 that are verified in our
situation.

(a) If P is a projective module, then 7(P) = 0.

(b) If V. and W are modules of Q without projective summands, then V and
W are isomorphic if and only if 7(V) and 7(W) are isomorphic.

(c) T7(BI2, V(i)) is isomorphic to ", 7(V(i)) where V(1), V(2),...,V(m)
are modules of Q.

(d) 7 induces a bijection [V] — [r(V)] (also denoted by 7) from the set of
indecomposable nonprojective modules of Q into the set of indecomposable
noninjective modules of Q with T'r o D as inverse.

(e) If V is an indecomposable nonprojective module of Q and ©([V]) = (k, 1)
for some ¢ € {1,2,...,n} and k € Z, where O is the unique embedding of
I'g into ZA defined above, then ©(7[V]) = (k — 1,4). In other words, the
7 defined by D oTr on I'g is the restriction of the 7 defined above on ZA.
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(f) If V and W are two modules for Q, then
dim(Ext (V, W)) = dim(Homg (W, 7(V))).

In the example below, we write the root a = Y7, d;cv; by simply displaying
the values (di,ds, . ..,d,) in the same pattern as the Dynkin graph A and we have
identified o € R with the vertex [e,] of I'g.

Example 3.12. For the quiver Q: 1 «— 2 — 3 — 4 «— 5 with underlying graph of
type As, the Auslander-Reiten quiver is

00011 00100 11000
/ N\ / N\ / N
00010 00111 11100 01000
N\ e N e N\ /
00110 11111 01100
N\ / N /
11110 01111
e N e N\
10000 01110 00001

3.13. Let o, B € RT. Write O([es]) = (v, ) and O([eg]) = (z,i) with z,y € Z and
i,7 € [1,n]. The following facts are well known:

(a) (ea,ep)o € {0,1} and (e,,ep)g =1lifand only if x — (n — i) <y < x and
r+1<y+j<z+i.

(b) (es,eq)p € {0,1} and (eg,eq) = lifand onlyif z—1—(n—i) <y < z—1
and x < y+j <z —1+1i excluding the case where y =2 —1— (n—1) and
y + j = x simultanously.

(c) If (ea,e5)0 = 0 and (eg,eq)y = 1, ie. either (y = z — 1+ (n —4) and
r<y+j<z—14ior(z—1—-(n—-i)<y<z-—1land y+j= 1),
then a@ + 3 € RT and there exists a short exact sequence of the form
0 — en — eqtg — eg — 0 that is a basis of Extg(eg, e,). Also O([eqs])
is equal to

(2, i+j—n—-1), fy=z—1—-(n—-dandaez<y+j<z—1+71,
(x—4, i+7), fe—1-(n—i)<y<(z—1)andy+j==zx.

Moreover, if 0 — e, — V — eg — 0 is a nonsplit short exact sequence,
then V is isomorphic to eq3.

(d) If (ea,ep)o = 1 and (eg,eq)p = 1, ie. o —(n—i) <y < 2 —1 and
r+1<y+j<xz—1+1, then there is a unique pair of distinct positive
roots 7, 7" such that a + 8 = v + +' and such that there exists a short
exact sequence of the form 0 — e, — e, ® e,» — eg — 0 that is a basis of
Extg(es, ). Also O([e,]) = (x, y +j — ) and O([ey/]) = (y, = +i—y).
Moreover, if 0 — e, — V — eg — 0 is a nonsplit short exact sequence,
then V is isomorphic to e, @ e,.

(e) For k € [1,n], then (P(k),eq)o =1 if and only if k € Supp(«).

Proposition 3.14. If 1 < h < k < v are such that (€, n), €agik))e = 0 and
(€a(ik)> €a(in))o =0, then
Eib(k) Eib(h) _ g gb(k)

1 1
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Proof. We will first consider the case where h = 1. So «(i,h) = «;,. Let a,
b be defined by 1 < a < b < n and a(i,k) = ag + @g41 + -+ + ap.  Since
(€a(i,h)> €a(ik))e = 0, we must have iy < (a —1) or iy > (b+1). If iy = (a — 1),
then it is easy to construct a nonsplit short exact sequence
0= eai1) —es = ea(in) — 0

where 8 = aq_1 + ag + -+ + ap. But this is in contradiction with our hypothesis
(€a(ik) ea(m))lg = 0. Thus i1 # (a —1). In the same way, we can prove that
i1 # (b+ 1). The hypothesis of lemma 3.7 is satisfied and we have in RQ that

[eatii] - [€ain] = [€aqn)] - [€a(ik)]-
Applying the imbedding of algebras = : RQ — U, to this equation, we get by
proposition 3.5 (c) that

qu(k)/QKa_za cee Kl;ZbTh j:ité s Tik—l (E'L'k) qu(l)/QKijZil Eil
= qu“)/zK;lZilEil qu(k)mKt;Z“ - K;Z”Tilfz‘z - Tik—l (Elk)

Consequently, Tilrf’h . -Tz‘k,l(E‘ ) E;, = E;, Tilfm . Tik—l(Eik) is verified in U,

i
for all . From this, we get that T, T, ... Ts,_, (Ei,) Ei, = Ei, Ty, Ty, .. Tip (i)
in U.

We now consider the case where h > 1. Let j = (4n, that1y -« 590541592, « - - » Jh—1)
€ T adapted to the quiver Q@ = s;,_, ...8i,8;,(Q) where ji, ja2, ..., jhn—1 are
defined by wo(ou,) = —aj,, wolas,) = —ayy, ..., wo(e, ,) = —aj, ,. In what

follows, e}; will denote an indecomposable module of Q' of dimension 5 € R*.
By using repeatedly lemma 1.14, we get that (eix(ﬂ), eg(mk_h“))g/ = 0 and
<e;(j7k7h+1), e;(“)}lg, = 0. By applying the first part of our proof to j and Q’, we
get that o ) o }

T%h Thtt1 * e Tik—l (Eik) Eih - Eih ihT%hﬂ s T%ka (Ei )
in U. Applying the automorphism TMTQ e Ti,kl, we get

Ty Tiy... Ty (Ei) Ti,Ty, ... Ti,_ (Es,)

i1

in U. ([l
Proposition 3.15. If 1 < h < k < v are such that (e, ), €aik))o = 1 and
(€a(ik)s €a(in)) b =0, then

EP®) g _ o) gbs)
Proof. We will first consider the case where h = 1. So «a(i,h) = «;,. Let a,
b be defined by 1 < a < b < n and a(i,k) = ag + @g41 + -+ + ap. Since

(€a(i,h)s €afik))o = 1, we must have a < i3 < b. If a < iy < b, then it is easy
to construct a nonsplit short exact sequence

0—eqi1) —~egdeg — eqir) — 0

with 8 = ag + ag41 + -+, and 8/ = a4, + - + ap—1 + . But this is in
contradiction with our hypothesis (e, 1), ea(i,h)>1g = 0. If 471 = a or b, then it is
easy to check that all short exact sequences

0—eqi1) —V —eqin —0
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must split. The argument is similar to the one used in lemma 3.8. Thus i; € {a, b}.

We will now assume that i; = a. The proof in the case i; = b is analogous and
is left to the reader. The hypothesis of lemma 3.8 is satisfied and we have in RQ
that

[ea(iﬁk)] ) [ea(i,l)] =q [ea(i,l)] : [ea(i,k)]-

Applying the imbedding of algebras = : RQ — U, to this equation, we get by
proposition 3.5 (c) that

qu(k)/QKa_za o 'K[;behfiz T (E ) qu(l)/QKa_ZGEa

ig—1 \ ik

= qq¢fr0 PR, ¢fow /2 Ko7 KT Ty . Ty (Biy).

By the defining relations of U,, we get that

g ootz B2 KK ST Ty Ty (B ) B

ik

= qWe ot T2ze e ¥R K mra g Ee KB, T T, L T (B

Since a <—~(a +1)in Q,41 =a being a sink, we have z,41 = 2, + 1. Consequently,
T, T, ... Ty (Ei) By = ¢"?E;, T, T, ... Ti,_,(E;,) is verified in U, for all q.

Te—1
From thiS, we get that j:’ilfh e T%k71 (E,L ) Ei1 =V E’il Tilfh ce. Tik,l(Ei ) in U.
We now counsider the case where h > 1. Let j = (4n, tha1y - -5 41592« -+ » Jh—1)
€ 7 adapted to the quiver Q' = s;,_, ..., 5, (Q) where ji, jo,...,jn—1 are de-
fined by wo(as,) = —ay,, wolas,) = —aj,,...,wole, ,) = —aj, ,. In what

follows, e,’B will denote an indecomposable module of Q' of dimension 5 € R*.
By using repeatedly lemma 1.14, we get that <eg(j71), e;(j7k_h+1)>g/ = 1 and
(e;@kfh“), e;(j71)>1g, = 0. Note that we have also used 3.13 (a). By applying
the first part of our proof but to j and Q’, we get that

Tih Gha1 'T%ka (Eik) Eih =v Eih Tih Gha1 'T%ka (Eik)

in U. Applying the automorphism Tilf’iz .. ~Tih_1a we get

T,Ti, ... Ty, (Ei) T3, Ty, ... T

i1
) T’Ll TZQ . 'Tik—l(Ei )
in U. [l

Proposition 3.16. If 1 < h < k < v are such that (e, ), €aik))o = 0 and
(€a(ik): €a(in))o = 1, then

Eb(k) Eb(h) — ,U—l Eb(h) Eb(k) + Eb(m)

1 1

where m is defined by a(i,m) = «a(i,h) + a(i, k). Note that by 3.13 (c), a(i, h) +
afi,k) € R, h <m <k and the position O([eyi,m)]) in g is known.

Proof. We will first consider the case where h = 1. So «a(i,h) = «;,. Let a,
b be defined by 1 < a < b < n and a(i,k) = ag + @g+1 + -+ + . Since
(€a(i,h)> €afik))e = 0, we must have iy < (@ —1) ori; > (b+1). If iy < (a—1)
or iy > (b+ 1), then it is easy to check using dimension arguments that all short
exact sequences

0—eqi1) —V —eqin —0
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must split. Since (eq k), ea(i,h)>1g = 1, then we must exclude the cases where
i1<(a—1)ori;g > (b+1). Ifiy = (a—1) or (b+1), then it is easy to construct a
nonsplit short exact sequence

0 — eq(i,1) = €a(i,1)+a(ik) — €a(ik) — 0.

Thus the only cases to consider are when i; € {(a—1), (b+1)}. We will now assume
that i1 = (a — 1). The proof in the case i; = (b+ 1) is analogous and is left to the
reader. The hypothesis of lemma 3.9 is satisfied and we have in RQ that

[ea(hk)] ’ [ea(i,l)] = [ea(i,l)] ) [eoz(i,k)] + [ea(i,m)]
where a(i,m) = a(i,1) + a(i, k) = @a—1 + @4 + - -+ + . Applying the imbedding
of algebras = : RQ — Uy to this equation, we get by proposition 3.5 (c) that

qu(k)/Q K(:ZH . 'Kb_ZbTilTh s ﬁk—l (Ei ) qu(l)/zK(_llz—(th)il)E(afl)

L RORK I By 0 Ko KT T T (B

ip—1 \ iy

+ gl /2 KR e KT T T (B

(a—1) cLim_1
By the defining relations of Uy, we get that
q(fb(1)+fb(k>_z(a71))/2 K(_az_(le)il)Ka_za ce Kb_ZbTh j:ité s Tik—l (E’ik) E(afl)
= Ul =) TV K K By T Ty - Tiy (B
+ K GVK KT T T, (B

Since (a — 1) « a in Q, iy = (a — 1) being a sink, we have z, = z(4_1) + 1.
Consequently,

Tilfi .. 'Tik—l (Ezk) E(a—l)
= q_(l/Q)E(afl)j:ihTiQ s ﬁk,1 (E’L'k) + qN/QTMTiQ s Tim_l (E’L'm)
where N = fp(m) — fo(1) — Jo(k) + Z(a—1)- But by proposition 3.5 (c) and the fact

that (a — 1) is a sink of Q, we get
oy =0, fom)y=— Z Zj,  fom) = — Z 2 = fok) = Z(a—1)>
a<i,j<b (a—1)<i,j<b

and finally N = 0.
Thus

Tilfh Ty (Eik) E(afl)
= qi(l/z)E(a_l)Til Tiz - Tik—l (Ezk) =+ Ti1Ti2 . 'Tim71 (Eim)

is verified in U, for all g. From this, we can conclude that

Tilfh s j;%k—l (E’ik) E(afl) = ’U_lE(afl)TiilTiQ - 'T%k71 (Eik)+nlﬂ2 s Tim—l (E’L'm)

in U.

We now consider the case where h > 1. Let j = (in,...,0u,J1,J2,---5Jn-1) €L
adapted to the quiver Q' = s;, . ...5i,8;,(Q) where j1, j2,...,jn—1 are defined by
wo(ai, ) = —aj,, wo(a,) = =y, ..., wo(aw, ,) = —aj, ,. In what follows, ej; will

denote an indecomposable module of @’ of dimension 3 € RT. By using repeatedly
lemma 1.14, we get that (e[, 1), €, x_n41y)o = 0 and (e;(m_hﬂ), e;(j71))g/ =1.
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Note that we have also used 3.13 (b). By applying the first part of our proof to j
and Q’', we get that

ﬁ}zﬁlz+1 Ty

T, ...T

h+1 Tk—1

=v'E; Tl (Eik) + ﬁ}zﬁlz+1 .. T%m,_l (Eim/)

h

where a(j,m’ —h+1) = a(§,1) + a(j, k — h + 1). Applying the automorphism
T, T, ... T;, ,, we get

Ti1Ti2 .- 'Tik—l (Elk) Ti1Ti2 s Tih—l (Eih)
=v ', T, ... Ty, (B T3 Thy ... Ty, (Ei)) + T, Ty .. T, (B ).

To conclude the proof, we also have to check that m’ = m. This follows because

a(i,m’) = s, siy ... 85, (a(j,m —h+1))
= Si18ip -+ - Sipq (a(-] 1)) + 84y Sig - - Sip (Oé(j, k—h+ 1))
=a(i,h) + a(i, k)

and a(i, h) + a(i, k) = a(i,m) from the definition of m. So m = m/. O

Proposition 3.17. If 1 < h < k < v are such that (e, ), €aik))o = 1 and
(€a(ik) €alin))o = 1, then

YW BP™ = EPM EP® 4 (v — oY) EPU P

where m, m' are defined by m < m’ and a(i,m), a(i,m’) is the unique pair of
distinct positive roots given in 3.13 (d) relative to eq = e,;,n) and €g = €y k)
Note that h < m < m' < k and the positions O([ea,m)]) and O([eqi,m]) in T'o
are known.

Proof. We will first consider the case where h = 1. So «(i, h) = «ay,. Let a, b be de-
fined by 1 <a <b < nanda(i,k) = ag+agi1+---+ap. Since (e43i,n), €a(ik))Q =
1, then we must have a < i3 < b. We saw in the proof of proposition 3.15 that, if
i1 = a or b, then all short exact sequences 0 — eq5,1) = V — €43,k — 0 must

split, while if a < i1 < b, then there exists a nonsplit short exact sequence
0= eq(i1) = ey Dey — eagr) —0

where v = ag + @qy1 + -+, and v = a;; + - + ap—1 + ap. From this and
because (€4 k) ea(i’h)fg =1, then a < i3 < b. The hypothesis of lemma 3.10 is

satisfied and we have in RQ that

[ea(i,k)] : [ea(i,1)] =4q [ea(i,l)] ’ [ea(i,k)] + (g—1) [ea(i,m)] ) [ea(i,m’)]

where m < m’ and {a(i,m),a(i,m')} = {ag+@at1+ -+, @+ Fap_1t+ap}
is the unique pair of distinct positive roots given in 3.13 (d). We will now assume
that a(i,m) = ag+agi1+- - -+ai, and a(i,m’) = oy, +- - -+ ap—1 +ap. The proof in
the case where a(i,m) = i, +- - -+ ap—1+ap and a(i,m’) = ag+ g1+ -+ ay, is
analogous and left to the reader. Applying the imbedding of algebras = : RQ — U,
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to this equation, we get by proposition 3.5 (¢) that
qu(k)/Q Ka_za e 'K;Zbﬁlfig e 'j;%k—l (E'L'k) qu(l)/QKi:Zil E’il

=q ¢P0 2K, By ¢few 2 Ko K T T, Ty (Ey)
+(g—1)ghrem? Koz K T T, (B g P KT KT
X K(;beil .. 'Tim,’—l (Eim')'
By the defining relations of Uy, we get that

U )2 K KR T T (B B

ik

= qUe@ T om0 0B a2 G Kt KRB T T, T (B
+ (g — 1) qUeem Hhoen 20 =2aa0)/2 e RCTVR S K

xTiy ... T, (Bi, )T,y T, (B,

Tm—1

Since i is a sink in Q, we have z;,4+1 = 2z;; + 1, 2,1 = 2;; + 1 and consequently
—2i;—1 + 22i, — 2zi;+1 = —2. From this we get that

Ty Tiy, (Ey) By
Ty . i (Ei )+ (q—1) VT, ... T, (B )T, ... T;

ik,1 : im—l

(Ei,.)

m/—1

where N = (fo(m) + fom) — 1 — foa) — for)). By proposition 3.5 (c),
oy =0, fom)y=— Z Zjs  fom) = — Z Zjs  fo@my = — Z zj

i—J ] i—J

a<i,j<b a<i,j<i 11 <4,5<b

and finally N = —1. Thus

Ti1Ti2 .. 'Tik—l

(Ei.) Ei,
=BT, Ty, ... Ti,_, (By ) (YD =g YT, T (B )T, - Ty, (Es,)

m

in U, for all ¢. From this, we can conclude that

= Eil Ti1Ti2 s Tik—l (Elk) + (U - vil)Til s Tivnfl (EinL)Til s Tim/,l (Eim/)
in U.

We now consider the case where h > 1. Let j = (in,...,0u,J1,J2,---5Jh-1) €L
adapted to the quiver Q' =s;, _, ... $i,8;, (Q) where j1, ja, ..., jn—1 are defined by
wo(avi, ) = —aj,, wo(i,) = —aj,, ..., wolai, ,) = —aj,_,. In what follows, ej; will
denote an indecomposable module of Q' of dimension 3 € R™. By using repeatedly
lemma 1.14, we get that (e[, ; 1), €, x_py1y)o = Land (e}, j11) e/a(j,1)>lg/ =1.
Note that we have also used 3.13. By applying the first part of our proof to j and
Q’, we get that

TihTih+1 s Tik—l (Elk) Eih

= Eih,Tih,Tih,+1 .. Tzk_l(Ez )+(U—U71)Ti .. Tz p I(Ez

m't— ’!YLII

)Ti e Tim’”—l (Eim”’ )

where m”, m"" are defined by m” < m” and a(j,m"” —h+ 1), a(j,m"” —h+1)
is the unique pair of distinct positive roots such that «(j, 1) + a(j,k — h+ 1) =
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a(j,m”—h+1)+a(j,m"” —h+1) and such that there exists a nonsplit short exact
sequence of the form

/ / / /
0= euy1) = Cagmr—ht1) D Cagimm—nt1) = €agh—h+1) — 0

of representations of Q'. Applying the automorphism Til’fh e Tihfl, we get

= T, T, ... T,

th—1

(Eih) Tl

=) T Ty T (Biy) T Ty Ty (Bi)-

n

We must now prove that m = m” and m’ = m”. First note, that since

SiySig - Sip_ (@(§, 1)) + 84y Siy -+ Sip_ (@, k — h+ 1))
= 8i,8iy - Sip_, (@(Gym” —h+ 1))+ 8i, 80, - .- 84, _, (a(G,m"" —h + 1)),

we have a(i, h) + a(i, k) = a(i,m”) + a(i,m""). Moreover, by applying the functor
¢, P, ... P, | tothe above nonsplit short exact sequence and using an argument
similar to the one used in lemma 1.14, we get a nonsplit short exact sequence

0 — eqa,n) — €alim”) D €ai,m) = €a(ik) — 0

of representations of Q. Thus by 3.13 (d), we can conclude that m” = m and
"

m" =m'. O
3.18. Combining the four previous propositions with our observations in 3.13, it is
then easy to describe the commutation relations between root vectors. We have
illustrated some of these relations in the example below.

Example 3.19. Let W be the Weyl group of type As. Let us consider the element
i=0(4,1,3,5,2,4,1,3,5,2,4,1,3,5,4) of Z adapted to the quiver Q: 1 «— 2 — 3 —
4 «— 5. We have already computed the Auslander-Reiten quiver of Q in example
3.12.

By applying proposition 3.16, we get that

In fact, this corresponds to the case h = 1, k = 9 in proposition 3.16. We have
a(i, 1) = a4, a(i,9) = as. We have (ey(i1); €agi0))0 = 0, (€a(i9) €a(i1)o =
1 and m = 3 by 3.13. Note that in this special case, we could directly verify

T4(E3) = FE3Fy — 071E4E3.
By applying proposition 3.17, we get that

In fact, this corresponds to the case h = 3, k = 10 in proposition 3.17. We have
a(i,3) = az+ay, a(i, 10) = as+az+as+as. By 3.13, we have (e4(i,1), €a(i,10))Q =
1, (eai,10), ea(iyl))lg =1, m =6 and m’ = 7. Note that this commutation relation
could also be checked directly.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RATIONAL SMOOTHNESS 507

4. MULTIPLICATION BY A ROOT VECTOR

4.1. In this section, we will describe the result of the multiplication of a root vector
with an element of a PBW basis element . This formula is given in theorem 4.16.
We will need some preliminary lemmas for this. First we recall some results on
almost split sequences (also called Auslander-Reiten sequences) and Grothendieck
groups of artin algebras. We will state these results not in full generality as they
appeared in [1] and [2] but rather as they are needed for our situation.

From now on, we fix a quiver Q whose graph is of type A,, and i = (i1,42,...,%,) €
7 adapted to Q .

4.2. Let V, V" and V" be three modules of the quiver Q. A morphism f:V — V”
(respectively g : V! — V) is said to be right (respectively left) almost split if
(a) it is not a split epimorphism (respectively monomorphism);
(b) any morphism M — V" (respectively V' — M’) which is not a split
epimorphism (respectively monomorphism) factors through f (respectively
9)-

An exact sequence 0 — V' %V L, V" - 0 is said to be an almost split
sequence if ¢ is left almost split and f is right almost split.

4.3. Let K(Q,0) be the free abelian group with basis the isomorphism classes [M]
of modules M of Q modulo the subgroup generated by the elements of the form
[V]4+[W]=[V@W]. It is well known that the set of isomorphism classes [M] of inde-
composable modules of Q is a basis of K(Q, 0). Because of theorem 1.12, this means
that {[eq] | @ € R*} is a basis of K(Q,0) and [V¢] is equal to Y_;_; ¢k [eqqi k)] in
K(Q,0) for ¢ = (¢1,¢c2,...,¢,) € N”.

K. (Q,0) will be the subset of K(Q,0) consisting of the elements [V.] for ¢ =
(c1,¢2,...,¢) € NY. (1, )o: K(9Q,0) x K(Q,0) — Z (respectively { )1Q :
K(9Q,0)xK(Q,0) — Z) will be the unique bilinear form such that, whenever V and
W are modules of Q, we have ([V],[W])g = (V,W)g (respectively ([V],[W])§ =
(V,W)g). Define also [V] og [W] = ([V],[W])g — ([W],[V])g for [V], [W] €
K(Q,0).

Let V" be an indecomposable module of Q. If V" is nonprojective, then there
is up to isomorphism a unique almost split sequence 0 — V' v Lv o 0.
We then associate to V| the element rv~» = [V'] + [V"] = [V] in K(Q,0). If V"
is projective, we define rv» = [V”] — [rV"] € K(Q,0) where rV” is the unique
maximal proper submodule of V”.

From now on, we will denote the element re_, of K(Q,0) by r,. Here a € R*.
It is well known that

1, ifa=p0,
(leals o) {07 e

for a, 3 € RT. For a proof, see, for example, [1].

4.4. Let a be a positive root and denote its position O([e,]) in the Auslander-Reiten
quiver I'g by (z,i) € Z x {1,2,...,n}. A partition A : \y > Ag > -+ > Xy >0 s
said to be a-admissible if and only if
(a) Ay <iand < (n—i+1);
(b) (x —a+1,i+ a—b) is the position O([eg]) for some indecomposable non-
projective module eg of Q for 1 <a </land 1 <b< A,
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A(a) will denote the set of a-admissible partitions. Note that ¢ could be 0 and,
in that case, the partition A can only be the empty partition () and it is always
a-admissible for each positive root a. We will call ¢: the height of A and we will
denote it by ht(\).

4.5. Let a be a positive root and (x,7) = ©(Jeq]) be its position in 'g. To A € A(a),
we associate the element t(A, o)) € K(Q,0) defined by

0, it A =0,

t(\ha) =14 Y. Te-im—atlitat) EATAI>Ag >0 > N> 0 with £>0.
1<a</t
1<b<A,

It is easy to see that if A and u are two a-admissible partitions and t(\, «) =
t(p, ), then A = p.

4.6. Let o be a positive root and ¢ € N”. A(q, c) will denote the subset of A(«)
consisting of a-admissible partitions A such that [V.] + [ea] — t(\, ) € K4 (Q,0).
By 4.3 above, this condition is equivalent to ([Vc] + [ea] — t(A, a),rg)o € N for all
B € RT. Note that A(«, c) is not empty because the empty partition is always an
element of A(q,c).

If A € A(a, c), then J(A, ) will denote the set

{1<j<vi{lea] =t(Xa)rag)o =1}

This set J(\, ) is never empty. If X is the empty partition (), then J(0, o) = {k},
where k is the unique integer such that a(i, k) = «. If X is not the empty partition,
then it is an easy consequence of the next lemma that J(\, @) is not empty.

Lemma 4.7. (a) Let o, € RT and ©([e,]) = (x,7) the position of [es] in
To. Let At A1 > Ao > -+ > A > 0 be a nonempty a-admissible partition
of height ht(\) = €. Then (t(\,a),r3) o is equal to 1, if ©([eg]) € {(z,i)}U
{x—gyi+j—X) |1 <5 <Lland X # Ajt1}, is equal to —1, if O([eg]) €
{z—d+Li+i-XN-1D]1<j<land ) j#X -1}U {(z,i— 1), (z—
Li+ )}, and is equal to 0, otherwise.

(b) Let c € N, « € RT and 1 < h < v. Set Ay(a,c,h) = {\ € Aa,c) |
(t(\, @), raany)o = o} for o € {=1,0,1}. Then A(a,c) is the disjoint
union A_1(a, c,h) U Ag(a, ¢, h) UA;(a,c,h).

Proof. (a) Let O([eg]) = (y,7) be the position of the vertex [eg] in I'g. Define
T(a A B)={(z—a+1lita—b)[1<a<l1<b<A}N{(y.5), (y+1,4),(y,j+
1),(y+1,5—1)}. Write

t(\, @) = Z m-[e,]  where m, € Z.
YERT

Using the definition of r, for v € RT and the fact that A € A(a), we can now
compute mg by analyzing Y (a, A, ).

If Y(a, A B) =0, then mg = 0. If Y(a, N\, 3) = {(y,4)} or {(y + 1,7)}, then
mg =1, while if T(a,\,8) ={(y+1,5—1)} or {(y,j+ 1)}, then mg = —1.

If T (e, A, B)] = 2, then Y(a, A, 3) can only be one of the following four cases:

{(v,9), (1,51} {(w.7), (W, g+ 1)} {(y+1.5), (w+1, 5 -1} {{y+1,7), (y, j+1)}-
The other two cases {(y,7), (y +1,7)} and {(y,7 + 1),(y + 1,57 — 1)} have to be
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excluded because A is a partition in A(a). For these four allowable cases, we get
that mg = 0.

If T (e, A, B)| = 3, then Y(a, A\, B) can only be one case: {(y,j+1),(y+1,5), (y+
1,7 = 1)}. The other three cases have to be excluded, because A is a partition in
A(@). TE(, A B) = {(5 + 1), (y + 1,7), (y+ 1,j — 1)}, then mg = —1.

Finally, if (e, A, 8) = {(y,), (y + 1.J), (v, + 1), (y + 1,5 — 1)}, then mg = 0.

Using these computations of mg and 4.3, (a) is proved.

(b) From (a), (t(A, ), ra(,n))e € {—1,0,1} when A is a nonempty a-admissible
partition. If A = () is the empty partition, then t(A, ) = 0 and (t(X, @), ra(,n))0 =
0. From this, we get that A(«,c) is the disjoint union A_;(a,c,h) U Ag(ar, ¢, h) U
Aq(a,c,h). O

Lemma 4.8. Let «, (3 be two distinct positive roots and X an a-admissible partition.

(a) If (t(\, a),rg)g =1, then ([eq], [e5]>1g =1.
(b) If (t(\, a),rg)o = —1, then ([eg], [ea])o = 1.

Proof. Let ©([eqs]) = (z,4) be the position of [e,] in I'g.

(a) If (t(\, @), rg)o = 1, then A is a nonempty a-admissible partition A : A\ >
A2 > -+ > Ag > 0 of height ht(X) = £. Since 8 # « and by lemma 4.7 (a), we get
that the position ©([eg]) of [eg] in I'g is in the set {(x —j,i+j—A;) |1 <j <
Cand \j # N1} EO([eg]) = (x—j,i+j—A;) for 1 < j < £ with \; # \j41, then
z—1—(n—i) <zxz—j <x—1because 1 < j << (n—i+1), A being an a-admissible
partition, and * <z +i—X; <2 — 1414 because 0 < A\; < Ay < 4, A being an
a-admissible partition. By 3.13 (b), we can conclude that ([eo],[es])5 = 1.

(b) If (t(A,a),rz)g = —1, then A is a nonempty a-admissible partition A : Ay >
A2 > ...A; > 0 of height ht(A\) = ¢. By lemma 4.7 (a), we get that the position
O([eg]) of [eg] inT'g isintheset {(x —j+1,i4+j—Aj—1)|1<j<land \; #
A1 tU{(z,i— ), (—Li+0)} IfO([eg]) = (x—j+1,i+j—Aj—1)for 1 < j < ¥
with A\; #Xj_1,thene —(n—4) <z —j+ 1<z because 1 < j <{ < (n—1i+1),
A being an a-admissible partition, and x +1 <z +17 — A; < 2 + 4, because \; <
Aj—1 < A1 < 4, A being an a-admissible partition. Because of 3.13 (a), we can
conclude that ([es], [ea])o = 1.

If ©([eg]) = (x,i — A1), then Ay < 4 and using 3.13 (a), we can conclude that
(legl, leal)o = 1. If O([eg]) = (x — £,i+ £), then £ < (n — i) and again using 3.13
(a), we can conclude that ([eg], [ea])o = 1. O

49. If ¢ = (e1,¢2,...,¢,) € N” and ¢ # (0,0,...,0), then p(c) is defined as the
smallest integer j such that 1 < j < v and ¢; # 0. We also define &€ € N” by
[Ve] = [Vc| — cnleaq,n)], where p(c) = h. Obviously, either ¢ = (0,0,...,0) or
¢ #(0,0,...,0) and p(€) > p(c).

Lemma 4.10. Let o = «a(i,k) € R* and ¢ = (c1,¢2,...,¢,) € NY with ¢ #
(0,0,...,0) and p(c) = h < k.

(a) If X € Ala,c), then (t(\, a),roin))o € {0,1}. So A_1(a,c,h) =0.

(b) A, €) C A, ¢) and Ag(a,c,h) = A(a, €).

c) If the set Ai(a, c, h) is not empty, then ([eqq r)l, [ea(i’h)]fg #0.

d) [ea,m] oo t(A ) is equal to 0 if X € Ag(a,c,h) and to —1 if X €

(e) h & J(\ @) for A € Aa,c).
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(f) If A € Aa, ¢) and ¢’ € N¥ is such that [Ve] = [Ve] + [€a] — t(A, ), then
¢ #(0,0,...,0) and p(c’) > h.

Proof. (a) Let ©([eq]) = (, ) be the position of [e,] in T'g. Let A € A(a, ¢) be such
that (t(\,a),ra(,n))o = —1. Obviously X # 0. Write A : Ay > X > --- > X >0
with ht(\) = £ > 0. By lemma 4.7, ©([eq,n)]) is either (x —j+1,i+j—A; — 1)
for some 1 < j < ¢ and A; # \j_1 oris (z,i — A1) oris (z — £,i+ ¢). We will first
show that there exist a < h such that (t()\, @), rq,4))0 = 1 in all these cases.

If O(leaam)) = (@ —j+1,i+j— X —1) forsome 1 < j < £ and \j # \j_1,
then (x —j+ 1,94+ j — 1 — Aj_1) is the position of an indecomposable module of
Q, because A is a-admissible. If we take the corresponding indecomposable module
[€a(i,a)] such that O([eqq,q)]) = (r —j +1,i4+ 75— Aj_1 — 1), then a < h and by
lemma 4.7, (t(\, ), Ta(,0))0 = 1.

If ©(leqa(i,n)]) = (z,7—A1) and assume that p is the largest integer such that p </
and A, = Ay, then (z —p, i — A, +p) is the position of an indecomposable module of
Q, because A is a-admissible. If we take the corresponding indecomposable module
[€a(i,q)] such that O([es(i,q)]) = (x —p,i — Ay +p), then a < h and by lemma 4.7,
<t(/\7 Oé), ra(i,a)>Q =1

If O(leaq,n)]) = (x —£,i+ ), then (x — £,i+ £ — )\¢) is the position of an inde-
composable module of Q, because A is a-admissible. If we take the corresponding
indecomposable module [e,; q)] such that ©([es,q)]) = (z — £,4 + £ — )\¢), then
a < h and by lemma 4.7, (t(\, @), rq(,q0))0 = 1.

As we have seen, there exists a < h such that (t()\, ),rq,4))0 = 1. Since
a < h = p(c) <k, we get that ([Vc]+[ea] —t(A, a),rqz,0))o = —1. This contradicts
the fact that A € A(a, c). This proves (a).

(b) If A € A(w, €), then [Ve] + [eq] — t(A, @) € K4 (Q,0). Since [V] = [Ve] +
chlea(i,n)] with ¢, > 0, then [V] + [eq] — t(A, o) € K4 (Q,0) and A € A(a, c).

If ¢ = (0,0,...,0), then A(a, &) = {empty partition 0}. If O([e,]) = (z,%) and
O([eag,n))) = (y,7) and, because ¢ = (0,0,...,0,cp,0,...,0), then there is at most
one nonempty partition in A(cq, c). This will happen when z —n + i <y < z and
x4+ 1<y+j<ax+iand in this case this partition A is of height ht(\) = (z — y)
andisequalto A : (x —y+i—j) > (z—y+i—j) > - > (x—y+1i—j). But for
this partition A, we have that (t()\, a),rqn))o = 1. Consequently, Ag(a, c,h) =
{empty partition @} and we have the equality A(a, &) = Ag(, ¢, h). Assume now
that & # (0,0,...,0).

If A € Ao, ©), then we have h < p(€) and ([Ve]+[ea] —t(\, @), rag,n))o > 0. But
([Ve] + [eal = t0 @), Tagn)o = —(60 @), Tagn)o = 0 and (600 a), Tag)o €
{0,1} by (a). Thus (t(/\,oz) a(lyh))g =0. In other words, A(«, €) C Ag(a, ¢, h).

If X € Aog(a,c,h), then (t(A,a),ra@,n)) = 0. Assume that A € A(a, &), then
[Ve] + [ea] — t(A, o) € K (Q,0). Note that A € A(a, ¢) implies that [V¢] + [eq] —
t(\, o) € K(Q,0). Since [V¢] = [Ve| + cnleqi,n)], then (t(\, a), roin))o = 1.
This contradicts the fact that A € Ag(a,c,h). We have proved that A(w,€) =
Ao(a,c, h).

(c) If X € Ai(a,c,h), then (t(\, a),roi,n))o = 1 and X is different from the
empty partition (). By lemma 4.8 (a), we get that ([eqi ], [ea(i,h)>1g # 0.

(d) Write (z,i) = ©(Jeq]) for the position of [e,] in I'g. Note that we have
([ea@,m] t(\,@))o € {0,1} by 4.3 and 4.5. If ([eqq,n)], t(X, @))o = 1, then X is a
nonempty partition. Write A : Ay > Ay > -+ > Ay > 0 with ht(\) = £. From the
definition of t(\, ), we get that ©([eqi,n)]) = (x —a+1,i+a—b) with 1 <a </
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and 1 < b < A,. Let a’ be the largest integer such that a < o’ < £ with Ay = A,.
Then (z —a’,i+a’ — Aar) is the position ©([eq (i ny]) of an indecomposable module
of Q. Here we have used the fact that ) is an c-admissible partition. Since a’ > a,
then b’ < h and (t(\,a),rq6n))o = 1 by lemma 4.7 (a). But from this and
h' < h = p(c) < k, we get that ([V¢] + [ea] — t(\, @), ro(,n))o = —1 and this
contradicts the fact that A € A, c). So ([eq,n)l, t(A, a@))g = 0 for all A € A(a,c).

(6% ). i Db € {0,1) becanse (¢(3,0],feo b = {[eain 7E, a))o

and if A is the nonempty partition A : Ay > Ao > -+ > Xy > 0 with £ > 0, then
T(t()‘a 04)) = Z To-1(z—a,ita—b)-
1<a</t
1<6<0,

Now we want to show that (t(X, @), [eqq,n)])o = 1 if and only if A € Ai(a, ¢, h).

If A € A1(a,c,h), in other words (t(\, a), I‘(y(17h)>g =1, then X is a nonempty
partition A : Ay > Ay > .-+ > X > 0 with £ > 0 and O([eqi,n)]) = (v —
Jyi+j —A;) for some 1 < j < £ and A\j # Ajy1 by lemma 4.7. Consequently,
(t(N\ @), leagm])o = ([€ain], T(t(A, @)))o = 1 from the expression of 7(t(X,))
above.

If (t(X, @), [eaim])o = ([€aq,n) T(E(A,@)))o = 1, then X is a nonempty par-
tition X : A > Xg > oo > X > 0 with £ > 0. Since (t(\, a),[eqq,n)))o =

2
(leaqm], 7(t(A, @) o

1 and
T(t()‘aa)) = Z To-1(z—a,ita—b);
1<a</t
1<b<k

we get that O([eq,p)]) = (—a,i+a—b) where1 <a <land1<b < A,. Let a’ be
the largest integer such that a < a’ < £and A\ys = A\y. Then (z—(a'—1),i+a’—Ay)
is the position O([es]) for some indecomposable nonprojective module of Q and
(r—a',i+a" — \y) is the position O(7([eg])) = O([eq,n)]) of an indecomposable
module of Q. If b < )\, or a < d/, then ' < h and by lemma 4.7, we get that
(t(N\, @), rq,n)) o = 1. But from this, we get that ([Vc]+[eq] —t(A, ), ragny))o =
—1 and this contradicts the fact that A € A(a,c). Soa=a’,b= X, and Ay > Aaq1.
But by lemma 4.7, we get that (t()\, a),rq4,0))0 =1 and A € Ai(a, ¢, h).
Finally,

[eagi,n] 20 t(X @) = ([eaim] t(X, a))o — ((A @), [eaim]) o
0, if A € AQ(O&,C,h),
-1, if A€ Ai(a,c,h).

This proves (d).

(e) Write O([eq]) = (z,4) for the position of [e,] in T'g. If h € J(A, «), then
([ea] =t(N\, @), rqq,n))o = 1. Since h < k, then ([en], rq(i,n)) o = 0 and we get that
(t(X, @), roin))0 = —1. S0 O([eq(i,n)]) belongs to the set {(z—j+1,i+j—A;—1) |
1< j </ and /\j #* /\j_l}U{(l‘,i—)\1),(.23—&2’4-6)}.

If O(leaam]) = (@ —j+1,i4+7— A — 1) for some 1 < j < £ with \j # A\j_1,
then (x —j+ 1,4+ j — 1 — Xj_1) is the position of an indecomposable module
of Q, because A is a-admissible. If we take the indecomposable module [e,; q)]
such that O([es(i,q))) = (x —j+1,i+j —1— A1), then a < h and, by lemma
4.7, (t(N\, a),rai,0))0 = 1. Then ([Ve] + [ea] — t(X, @), rq34,0))0 = —1 and this
contradicts the fact that A € A(a, c).
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If ©([eaq,n]) = (¢, — A1) and assume that p is the largest integer such that
p < ¢and A\, = A1, then (x — p,i — A\p, + p) is the position of an indecomposable
module of Q, because A is a-admissible. If we take the indecomposable module
[ea(i,a)] such that O([es(i,q)]) = (# — p,i — Ap + p), then a < h and, by lemma
4.7, (t(\, ), Tag,0))e = 1. Then ([Ve] + [ea] — t(), @), rag,0))e = —1 and this
contradicts the fact that A € A(a, c).

If O(leag,n)]) = (x —£,i+ ), then (x — £,i + £ — )\¢) is the position of an inde-
composable module of Q, because )\ is a-admissible. If we take the indecomposable
module [e,; )] such that O([eqa,a)]) = (x — £,i + £ — ), then a < h and, by
lemma 4.7, (t()\, @), rq3,0))0 = 1. Then ([V¢] + [ea] — t(A, @), Ta(,0))0 = —1 and
this contradicts the fact that A € A(a, c).

In all cases, we get a contradiction. So h & J(\, ).

(f) If ¢ = (0,0,...,0), then t(A, o) = [V¢] + [€n]. In this case, A cannot be the
empty partition, because [V¢] € K4 (Q,0). We have that

{t(\ ),r5)0 = ([Ve| + [ea],15)0 >0 forall B € RY,

because [V¢] + [eq] € K1 (Q,0). But by lemma 4.7 (a), there is at least a positive
root v € RT such that (t(\,a),ry)o = —1. In this way, we get a contradiction and
consequently ¢’ # (0,0,...,0).

Assume now that p(c’) < h, then there exists h’, 1 < h’ < h such that

([Vel ragny)e = ([Vel + [ea] = t(A ), ragn)o > 0.

From this, we get that (t(A, ), rq,))0 < 0. By lemma 4.7 (a), (t(\, ), roi,n)) 0
= —1. We can proceed as in the proof of (a) to show that there exists a < h’ such
that (t(X\, @), rqz,0))0 = 1. We leave this proof to the reader. Thus ([V]| + [ea] —
t(A, a),Tq(,0)) 0 = —1 and this contradicts the fact that A € A(a,c). So p(c’) > h.
This concludes the proof of the lemma. O

Lemma 4.11. Let a = a(i,k) € RT and ¢ = (c1,¢2,...,¢,) € N” with ¢ #
(0,0,...,0) and p(c) = h < k. If ([eagi i) [€aim])o =0, then A(a, &) = A, c).

Proof. Because of lemma 4.10 (c), we get that Aj(a,c,h) is empty. By lemmas 4.7
(b) and 4.10 (a) and (b), we have that A(a, &) = Ag(a, ¢, h) = A(a, ). O

4.12. Let a = a(i,k) € RT and ¢ = (c1,ca,...,¢,) € N with ¢ # (0,0,...,0) and
p(c) = h < k. Assume that ([eqi,n); [€a(ik)])o = 0 and ([eq(i )] [€ain]) o = 1.
In this case, a(i,h) + «a(i, k) is a positive root a(i,m) with h < m < k as we
have noted in 3.13 (c). Let (2,4) = O(leqan,x)]) (resp. (y,7) = O([eq,n)])) be the
position of [eq k)] (resp. [eq,n)]) in T'o. As noted in 3.13 (c), we have either
(y=zx—-1-(n—-dandz<y+j<z—14+ior(z—1—(n—i)<y<z—1and
y+j = x). For each of these cases, we can compute the position ©([eq,m)]) of
[€a(i,m)] In To: O([eq,m)]) is equal to (z,i+j—n—1)if (y=2—1—(n—1) and
r<y+j<z—1+i)anditisequalto (x —ji+j)if(z—1—-(n—i)<y<z-—1
and y + j = z).

Lemma (With the above hypothesis and notation). (a) If N € A(a(i,m),¢),
y=z—-1-(n—1i) andx <y+j < x—1+1, then the height ht(\') of
N s strictly smaller than (n+ 1 —14). Moreover, if N is the partition with
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(n —i+1) parts defined by
Nin—j+1+A)>n—j+1+X)>>n—j+1+X)>Mn—j+1)
>..>(n—j7+1)
if N oA > Xy > - > X, where ht(N) = ¢ > 0, and by
Nin—j+1)>2n—j+1)>-->(n—-j+1),
if N is the empty partition (), then N € Ay(a,c, h).

(b) If N € Ala(i,m),e), 2 —1-(n—i) <y <xz—1andy+j=ux, then the
largest part of X' is strictly smaller than i. Moreover, if N is the partition
with (j +ht(\')) parts defined by

Nii>i> - >i>N >N > >N\, >0
if N XN >Ny > > A, > 0 where ht(X') =0 > 0, and by
Nii>i> >4,
if N is the empty partition ), then N € A1(a, c, h).
(c) Ao(a,c,h) = A, &) and Ay(a,c,h) = {N | N € A(a(i,m),&)}.
(d) If N € Ala(i,m), &), then
t(Y, Oc) = t(>\,, Oé(i, m)) + [e(y(w)] —+ [e(y(hk)] — [ea(im)].

(e) If N € Ala(i,m),&), then h & J(N,a(i,m)) and J(N,a) = J(N,a(i,m)) .
Proof. (a) Assume X' : X > Ay > --- > X}, > 0 with ht(\) = ¢ > (n+1—14). Then
(x—=Li+j—(n+1)+L —X,) is the position ©([es(i,n]) of an indecomposable
module of Q. Here we use the fact that A’ is an «(i, m)-admissible partition. Since
"> (n+1—i), then b’ < h. From lemma 4.7 (a), we have (t(X, a(i,m), ro(,n)) 0 =
1. Since h' < h < m, we get that ([Veg] + [eqq,m)] — t(N,a(i,m)), rainy)o = —1
and this contradicts the fact that A" € A(a(i,m),€). So ¢’ < (n+ 1 —7i). From the
definition of M and of t(\, «) and t(N, a(i,m)), we get

t(Y, a) = t(Alva(i’m)) —+ Z r@—l(I,aJrl’iJra,b)
1<a<(n+1—1)
1<b<(n+1—4)

= t(/\l7 a(i’ m)) + [ea] - [ea(i,m)] + [ea(i,h)]-

Thus

[Ve] + [ea] — t(V, @)
+ Ch[ea(i,h)] + [eﬂ(]) - (t(/\lv Oé(i, m)) + [ea] - [ea(i,m)] + [ea(i,h)])
+ [eag.m)] — t(N,a(i,m))) + (e — Deagn) € K+(Q,0)
because A" € A(a(i,m),¢) and p(c) =h = ¢, > 1. This implies that N € Aa,c).

X € Ai(a, ¢, h) because

(t(V, ), ragn)o = (N, ali,m)) + [ea] — [€am)] + [€aim)] Tagn)o = 1
by lemma 4.7 applied to t(\, a(i,m)) when ) is nonempty. Note that if X’ is the
empty partition, the result is easily obtained. This proves (a).

(b) Assume X : A] > Xy > --- > X}, > 0 with ht(\') = ¢ > 0 and \| > i. Let a

be the largest integer such that 1 < a < ¢ and A, = X|. Then (z—j—a,i+j+a—X))
is the position ©([ey,n,)]) of an indecomposable module of Q. Here we use the

é
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fact that X is an «a(i, m)-admissible partition. Since \] > ¢, then A’ < h. From
lemma 4.7 (a), we have (t(X, a(i,m)), ra@,ny) o = 1. Since A’ < h < m, we get that
([Ve] + [eaq,m)] — t(N, a(i,m)),rai,ny)o = —1 and this contradicts the fact that
N € A(a(i,m),&). So Ny < i. From the definitions of N, t(\, ) and t(\, a(i,m)),

we get
t(V, @) = t(N,a(i,m)) + Y Toiatiita )
1<a<y
1<b<i
= t(>‘/7 a(ia m)) + [ea] - [e(y(i,m)] + [e(y(i,h)]'
Thus

[Ve] + [ea] = t(N, )
= ([Ve] + cnleaim] + [ea]) = (t(N, a(i,m)) + [ea] — [eagi,m)] + [€ain])
= ([Vé] + [ea(i,m)] - t(>‘/7 a(ia m))) + (Ch - 1)[eoz(i,h)] € KJr(Qv O)

because X' € A(a(i,m),&) and p(c) = h = ¢, > 1. This implies that ' € A(a, c).
N € Ai(a, ¢, h) because

(N, ), Tain)o = EN, a(i,m)) + [ea] — [€agim)] + [€ain] Tain)o =1

by lemma 4.7 applied to t(\, a(i,m)) when X is nonempty. Note that if X is the
empty partition, the result is easily obtained. This proves (b).

(¢) We have Ag(a, ¢, h) = Ao, €) by lemma 4.10 (b). We have also seen in (a)
and (b) that

(VX € Ala(i,m),&)} € Ay(a,c,h).

Let A € Ai(a,c,h), then A cannot be the empty partition. Write A : Ay > Ay >
<+ > A > 0 with ht(X\) = £ > 0. Since (t(\,a),rqi,n))e = 1, we get that the
position (y,j) = O([eq,n)]) is (x —a,i+a—A,) for some 1 <a < £ and Ay # Aat1
by lemma 4.7 (a). Note that this position cannot be (z,7) = O([eq,k)]). There are
two situations to consider corresponding to (a) and (b) above.

fy=2—1-(n—d)andz<y+j<(r—1+4i),theny=c—a=2—1—(n—1)
and @ = n — i+ 1. In this case, £ < (n — i+ 1) because O([e,,k)]) = (v,7) and
A must be a-admissible. Soa = ¢ =n—i+ 1. Also j =i+ a — A\, implies that
Ao =i+ (n—i+1)—j = (n—7j+1). Now consider the partition A" : Ay —(n—j+1) >
Xe—(n—j+1)>-->X—(n—j+1)=0. Either )\ is the empty partition §) or
NiA >Ny > >N, >0 with ht(X) = ¢ > 0. If X =0, then X € A(a(i,m),€)
and A = X. Assume now )\ is nonempty. Write X' : \j > ) > ... > Ay >0
with £/ = ht(\") > 0. Since O([eqi,m)]) = (z,i +j —n — 1), O([ed]) = (z,7), A
is an a-admissible partition and ) is obtained by subtracting (n — j + 1) to each
nonzero part of A\, we get that A\’ is an «(i, m)-admissible partition. To prove that
N € A(a(i,m), €), we can first observe that

6y a) =tWalim) + D Yorre-winite )
1<a’<(n+1—1i)
1<b < (n+1—j)

= t(/\/7 a(i’ m)) + [ea] - [ea(i,m)] + [ea(i,h)]-
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So

[Vé] + [ea(i,m)] - t(Xv a(ia m))
= ([Vel = enleagm] + [€aim)]) = (E(X, @) = [ea] + [€aiim)] — [€atin)])
= ([Vel + [ea] — t(X, @) = (cn — 1)[eagin)]

and

([Vel + [eaqi,m] — t(X, ali,m)), rs)o
= (([Vel + [ea] = t(A, ) = (en = Dleagmlta)e

_ J Vel +[ea] = t(X @), 15)0 2 0, if 5 # ali, h),
(Ch—l)—(ch—l)zo, ifﬁ:a(i,h)

because A € Ai(a,c,h) = (t(\a),ragn)o = 1. Thus [Ve] + [eqim)] —
t(V,a(i,m)) € K;(Q,0) and X € A(a(i,m),&). Clearly, N = \. So Aj(a,c,h) =
{N | XN e Ala(i,m), &)}

fr—1-(n—i) <y<(x—-1landy+j==z,theny=z—a=y+j—a
and 1 <a=j</{ Alsoj=1i+a— A, =i+ j— A; implies that A\; = 4. Since
A <7and M\ 2/\222/\322, wehave)\l:/\2:---:/\j:iand)\j>)\j+1.
Consider now the partition A defined as either the empty partition @ if j = £ or
as At Xjp1 > Njgo > - > A > 0if j < £ If N =0, then X € A(a(i,m),€)
and A = ). Assume now that j < £and N\ : Aj+1 > Ajp2 > - > XA > 0. Since
O([eai,m)]) = (. —4,i+7), O([ea)) = (x,i), X is an a-admissible partition and the
definition of X, we get that ) is an «(i, m)-admissible partition. To prove that
N € Aa(i,m), &), we can first observe that

t(>‘a a) = t(>‘,a a(iv m)) + Z To-1(z—a'+1,ita’—b")
1<ad’<j
1<b'<i

= t()‘,a a(i,m)) + [eﬂ(] - [ea(i,m)] + [ea(i,h)]-
So

Vel + [eagim)] — t(V, ali, m))
= ([Vel = enlea,m] + [ea@m]) = (€A, @) — [ea] + [€agi,m)] — [€aqi,n))
= ([Ve] + [ea] = t(X, @) = (cn — 1)[eai,n)]

and

([Ve] + [ea(im)] — t(N, a(i,m)),rs)0
= (([Ve] + [ea] = t(A, @) = (en — Dleaqm] rs)0
_ J{([Vel + [ea] = t(A @) r5)0 20, if 5 # afi, h),
(eh —1) = (e —1) =0, if 8= af(i, h)
because A € Ai(a,c,h) = (t(\a),ragn)o = 1. Thus [Ve] + [eqsm)] —
t(V,a(i,m)) € Ky (Q,0) and X € A(a(i,m),&). Clearly N = \. So Ai(a,c,h) =

{N | XN € Ala(i,m),&)} and (c) is proved.
(d) follows from our proof of (a) and (b).
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(e) Assume that h € J(N, «(i,m)), then
1= ([eagm)] — t(N, ali,m)), ragn)e
= ([eaim] + [€atm] = t(NV; ), Taim)o =1 = (4N, ), Tagn) o
implies that N € Ag(a,c, h). But this is impossible because we saw in (a) and (b)
that X € A1(a,c,h). So h & J(XN,a(i,m)).
If a € J(N,a(i,m)), then a # h and
1= ([eagim)] — t(\, ai,m)), Tagia)) 0
= (lea] + [eaqi,m] — t(V, @), raga))e = ([ea] = t(V, ), Tagi,a))o-

Soa € J(N,a) and J(N,a(i,m)) C J(N,a).
If a € J(NV,a), then a # h by lemma 4.10 (e) and

1= <[ea] - t(ya Oé), roz(i,a)>Q = <[eo¢(i,m)] - t(>‘,a a(ivm)) - [eoz(i,h)]vra(i,a)>Q
= <[ea(i,m)] - t(Xv a(ia m)), roz(i,a)>Q'

Soa € J(\,a(i,m)) and J(N,a) € J(N,a(i,m)). This concludes the proof of (e).
O

4.13. Let a = a(i,k) € RT and ¢ = (¢1,¢2,...,¢,) € N” with ¢ # (0,0,...,0) and
p(c) = h < k. Assume that ([eqi,n); [€a(ik])o = 1 and ([eqa(i k)] [€ain]) o = 1.
As noted in 3.13 (d), there exists a unique pair of distinct positive roots «a(i, m),
a(i,m’) such that a(i,h) + a(i, k) = a(i,m) + a(i,m’), h <m < m’ < k and there
exists a nonsplit short exact sequence of the form 0 — €q(i,h) — €a(im) D €n(i,m’) —
€.(i,k) — 0 that is a basis of Extlg(ea(i7k),ea(i7h)). Let (z,1) = O([eq,k)]) (resp.
(y,7) = O(leaq,n)])) be the position of (e )] (resp. [eq,n)]) in the Auslander-
Reiten quiver I'g. As noted in 3.13 (d), we have (x —n+14) <y < (x — 1) and
(x+1) < (y+4) < (x — 1 +14). We have either (O([eqi,m)]) = (z,y+ j — ) and
@([e(x(i,m’)]) = (ya T+ — y)) or (@([ea(i,m)]) = (yvx +i— y) and 9([e(y(i,m’)]) =
(J?, Y+ .7 - J?)) .
Lemma (With the above hypothesis and notation). (a) If N € A(a(i,m),¢),
A" € AMa(i,m'), €), O(leai,m)]) = (,y+j — ) and O([eqi,m]) = (v, 2+
i —y), then the height ht(\') of X is strictly smaller than (x —y) and the
largest part X of X' is strictly smaller than (x —y + ¢ — j). Moreover, let

(N, M) be the partition with (x —y) + ht(\") parts defined by
(@—y+i—j+XN)Z@—y+i—j+X) > = (@—y+i—j+N\)
>(e—y+i—g) > 2(@—y+i—jg) >N 2> >N,

PN AN >A >0 N, >0 whereht(N) =0 >0and N AN >N > - >
), > 0 where ht(N') = 0" > 0; by

@—y+i—G)>(@—y+i—j)> > (@—y+i—g) >N >N > >N,
if X' is the empty partition © and X' : X/ > X > --- > X, > 0 where
ht(\') = ¢ > 0; by

(T—y+i—j+N)2@—y+i—j+N) > >(x—y+i—Jj+Ay)

>@—y+i—j)z-=(@-y+i—j),
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if N AL > Ay > 00\, > 0 where ht(X) = ¢ > 0 and X' is the empty

partition (; and by
(@—y+i=j)z@—y+i—j)z-2@-y+i-Jj),

if both X' and N\ are the empty partition 0; then (N, \") € A1(a, ¢, h).

(b) If XN e A(a(i,m),é), X' e A(O‘(ivm/)aé)’ @([e(y(i,m)]) = (y,x +i— y) and
O(leat,mn]) = (x,y+j—x), then the largest part Ny of X' is strictly smaller
than (x—y+1i—j) and the height ht(N") of X is strictly smaller than (x—y).
Moreover, let (X', N") be the partition with (x —y) + ht(\') parts defined by

(@—y+i=j+X)Z(@—y+i=j+Ay) =2 @—y+i—j+Xn)
Sr—y+i—j> - >r—y+i—j>N>MN> >N\, >0,
AN N> A >0 N, > 0 where ht(N) =0 > 0 and X - ] > N >
A, > 0 where ht(N') = 0" > 0; by
(T—y+i—J+ M) > (@—y+i—Jj+A)
>@—y+i—jF+An)> (@ —y+i—7j)
if X is the empty partition 0 and N’ : N{ >
ht(\') = €7 > 0; by

Y

> ..
> >(x—-y+i—j)>0,
Xy > . N > 0 where

(@—y+i—j)=(@—y+i—j) > =@-y+i—j) >\
>Ny > > Ay >0,
if N DA > Xy > > N, > 0 where ht(X) = ¢ > 0 and N’ is the empty
partition () and by
(z—y+i—j)z@-—y+i—j)=-=@-y+i—j) >0,
if both X' and N\ are the empty partition 0, then (N, \") € A1(a, ¢, h).
(¢) Ao(a,c,h) = A, €) and Ai(a,c,h) = {(N, M) | X € Ala(i,m), &), €
Ala(i,m’),&)}.
(d) If N € A(a(i,m),&) and X' € A(a(i,m’),€), then t((N, "), a) is equal to
t

(/\l (iam)) + (/\”,oz(i,m/)) + [ea(i,h)] + [ea(i,k)] - [ea(i,m)] - [ea(i,m’)]-
Also,

leai,n)] ©a ([eag,mn] — t(N", a(i,m'))) =1,
[eagim] ©2 ([eag,m)] — t(V,ali,m))) =1,
([eaim)] — t(N, ali,m))) oo ([eamn] — t(N",a(i,m/))) =0  and
(lea] = 4TV 3, )) 00 [eati] = —1.
(e) If N € A(a(i,m),&) and X' € Ala(i,m'), &), then
heg JN,ai,m)UJN a@i,m)),
JN ai,m))NJN ai,m) =0 and
(N, ), 0) = (N, ali,m)) U J(N', e, m)).

(VA7)
(f) If X' € Ala(i,m’),¢) and ¢’ € N is such that [Ve] = [Ve] + [eq(,m))] —
t(\, ai,m’)), then

Ala(i,m),c) = Aa(i,m), &).
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Proof. (a) The argument to prove that ht()\’) is strictly smaller than (z — y) is
similar to the one used in lemma 4.12 (a). The argument to prove that \{ is
strictly smaller than (z — y + ¢ — j) is similar to the one used in lemma 4.12 (b).
We leave this part of the proof to the reader.

We have

t((N, ), @)

=t(N,ai,m)) +t(\,ai,m) + D Te-i(e—atlitab)
1<a<(z—vy)
1<b<(z—y+i—j)

= t()\,, a(i,m)) + t()\”, a(i,m/)) + [ea] - [ea(i’m)] - [ea(i’m/)] + [ea(i,h)].

Consequently,

[VC] + [ea] - t(()‘/a /\”)a Oé)
= [Ve] + cnlean)] + [ea] — t(N, a(i,m)) — t(\", a(i,m’)) — [ea]
+ [ea(i,m)] + [ea(i,m’)] - [ea(i,h)]
= [Ve| + [eaqi,m)] — t(N, i, m)) + [eqm)] — t(N', ali,m)) + (cn — 1)[€a,n))-
Note that if ([eq,m)] — t(N, a(i,m)),rg)o # 0, then
<[ea(i,m/)] - ()‘Nv a(ia m/))vrﬁ>Q =0 for ﬂ € R+;
similarly, if ([eq @ m,] — t(N, a(i,m’)),r5)g # 0, then
(eag,m)] — t(\, a(i,m)),rg)og =0 for g€ RT.

This follows because A is a (i, m)-admissible partition, A’ is a «a(i, m’)-admissible
partition and the respective positions of [€,; )] and [eq,m)] in the Auslander-
Reiten quiver.

From this observation, the formula above for t((\, \”), &) and the fact that X’ €

A(a(i,m), &) and X’ € A(a(i,m’), &) we get that ([Ve]+[ea] —t(N, N), @), rz)o >
0 for all 8 € Rt and (N, \) € A(a,c).

(N, N7) € Aq(a,c, h) because (t((N,N), @), Tq,n)) 0 is equal to

(N, a(i,m)) +t(X", a(i,m") + [eain)] + [€a] — [€a,m)] — [€aim)]: Tag,n)o =1

by lemma 4.7 (a) applied to t(\, «(i,m)) when X is a nonempty partition and to
t(\’, a(i,m’)) when X" is a nonempty partition. Note that if A’ and/or A" is the
empty partition, the result is easily obtained.

(b) The proof is similar to the proof of (a) and it is left to the reader.

(¢) Ao(a,c,h) = A, &) by lemma 4.10 (b). We also have by (a) and (b) that

{V,N) N € Ala(i,m), &), N € Ala(i,m’),e)} € Ai(a,c, h).

Let A € A1(a, ¢, h), then A cannot be the empty partition. Write A : Ay > Ao >
-+ > X > 0 with ht(X\) = £ > 0. Since (t(\, a),rqa6,n))0 = 1, we get that the
position (y, j) = O([eqq,n)]) is (r—a,i+a—A,) forsome 1 < a < Land Ay # Aoty
by lemma 4.7 (a). Note that this position cannot be (x,i) = ©([es,k)]). There
are two situations to consider corresponding to (a) and (b) above. In both cases,
y=x—aand j=1i+a— A, with Ay # Ag41. Thus \y =z —y+1i—j.
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If @([ea(i,m)]) = (m,y +7j- 13) and @([ea(i,m’)]) - (y,x +i— y)) then we can
consider the following partitions A’ and A’ defined by

P (>\1_>\a) > ()\2_>\a) > 2 (>\a71_>\a) and >\/, : >\a+1 > )\a+2 > 2 AZ;

while if O([eqi,m)]) = (¥, +i—y) and O(leqq,m]) = (z,y +j — x), then we can
consider the following partitions A’ and A’ defined by

)\/ : A(1,-1—1 2 )\a+2 2 o Z AZ and )\N : (Al_Aa) 2 ()\2_)\a) 2 o Z (Aa—l_/\a)-

It is easy to check in both cases that A’ is an «(i, m)-admissible partition, N €
Aa(i,m),&), N\ is an «(i,m’)-admissible partition, X’ € A(a(i,m’),&) and A =
(N, A"). The proof of these statements is very similar to the argument used in the
proof of lemma 4.12 (c).

(d) The formula for t((A\,\’),«) has been proved in (a) and (b). We have
([eag,m)s [€a@mn])o = 1 and ([eq(i,m]; [ea(i’h)]fg = 0 because of the respective
positions of [e4(;,1)] and [eq (i m7] in the Auslander-Reiten quiver I'g and using 3.13
(a) and (b).

When we write t(\”, a(i,m’)) and 7(t(\’, a(i,m’))) in the basis {rg | 8 € R*},
then the coefficient of r; 5) in each case is 0, because of the position of [eqj,m)] in
I'g and the fact that X" € A(af(i,m’),&). Consequently, ([eq,n)],t(\, a(i,m’)))o
=0 and (t(\, a(i,m)), [eaan))o = ([€aiml, T(E(N, a(i,m'))))g = 0. From all
of this, we can conclude that e, 1)) 00 ([€a(i,m)] — t(A, a(i,m’))) = 1.

The proof that [e,,n)] 00 ([€ag,m)] — t(N,a(i,m))) = 1 is similar to the one
above.

If we express [eq(i,m)] — t(N,a(i,m)) in the basis {[eg] | § € R}, we can
tell by lemma 4.7 (a) for which 8 € R* the coefficient of [eg] is nonzero and
also we know the position of these [eg] in I'g. For each of these §, we get using
3.13 (a) and (b), the fact that N € A(a(i,m),¢&) and X\’ € A(a(i,m’),¢&) and
the definition of t(\”, a(i,m’)) that (leg], [€a,m)])e = 0, ([€ai,mn) €s])o = 0,
(fes], OV, ali, m)) g = 0 and

(X", ai,m)),[es])g = ([es], T(E(X", ali, m)))) e = 0.

Consequently,
([ea(i,m)] - t(>‘,a Oé(i, m))) Jo) ([ea(i,m’)] - t(>‘,/a a(iv m/))) =0.
We have
[ea] = t((N, V), @) = [€agm)] = t(N, a(i, m)) +[eamn] —t(\, a(i,m)) — [ea,n)]
and

([ea] = t((V, X"), @) og [eai,n)]
= ([ea(im)] — t(N, i, m)) + [ea(imn] — t(N, a(i,m')) = [eain)]) 00 [€a(in)]-

If we express [€q(i,m)] — t(N, a(i,m)) in the basis {[eg] | # € R}, we can tell by
lemma 4.7 (a) for which 3 € R the coefficient of [eg] is nonzero and the position
of [eg] in the Auslander-Reiten quiver I'g. For each of these 3, we get using 3.13
(a) and (b) and the fact that A € A(a(i,m),€), that ([es], [eai,n)))o = 0 and
<[ea(i,h)]v [eﬁDlQ = 0. Consequently, ([ea(i,m)] - t(Alva(iam))) %0 [e(y(i,h)] =0. In
the same way, we get that ([eqq,m] — t(N,a(i,m))) og [eain] = 0. We also

)
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have [ea(i,h)] 9 [ea(i,h)] = <[ea(i,h)]a [ea(i,h)]>Q - <[ea(i,h)]a [ea(i,h)]>1Q =1L Putting
all of this together, we get that
(lea] = t((V,N"), @) og [eaii,m)] = —[eain)] ° [€agn] = —1.
(e) Assume that h € J(X,a(i,m)), then ([ey,m)] — t(N,ali,m)),raan)o =1
and, by what we have noted above, this implies that

(leagmn] —t(\', a(i,m")), rag,n)) o = 0.
Thus

1= <[ea(i7m)] - t(>‘la a(ivm))vra(i,h)>Q

(lea] = t((N, M), @) — [eaq,mn] + (A, a(i,m")) + [eai,n)], Tagn)) 0

and we get ([eq] — t((V,N),a),rai,n))o = 0. So (N, N) € Ag(a, ¢, h). But this
contradicts the fact that (N, ') € Aq1(a, ¢, h). Soh & J(N,a(i,m)). The same way
we can prove that h & J(\”, a(i,m’)). Thus h & J(N, a(i,m)) U J(X’, a(i,m’)).
J(N,a(i,m)) N J(N,a(i,m’)) = 0 because we noted before that if ([eq i m)] —
t(N,a(i,m)),rg)g # 0, then ([eq (i m/]—t(A’, a(i,m)),rs) o = 0 and if ([ey(i,m/)]—
t(N, a(i,m’)),rg)o # 0, then ([eq(i,m)] — t(N,a(i,m)),rg)o = 0.
If a € J(N,a(i,m)), then a # h by lemma 4.10 (e) and

<[ea(i,m)] - t(/\l7 Oé(i, m))a ra(i,a)>Q =1l= <[ea(i,m')] - t(/\lla Oé(i, ml))a ra(i,a)>Q =0.

Thus ([eq] — t((N, N), @), Ta,q)) 0 is equal to

([ea(i,m)] — t(N, a(i,m)) + [eam)] — t(A", a(i,m)) — [eai,n))s Taga))o =1

and a € J((N,N), «). Similarly, if a € J(A\’, a(i,m’)), then a € J((N,N),a). So
JN,a(i,m)) U J\ ai,m)) € J(N,\),aq).

If a e J(N,\"),a), then a # h by lemma 4.10 (e) and

<[ea] - t(O‘,a Xl)a a)a roz(i,a)>Q
= <[ea(i,m)] - t(Xv a(ia m)) + [ea(i,m/)] - t(>‘”7 a(ia m,)) - [ea(i,h)]a roz(i,a)>Q'
Thus

1

([eag,m] =t ali,m)),raia) o + ([€at,m)] =t a(i,m)), raga))o = 1.

Both of the summands on the left-hand side of the previous equation cannot be
zero. But as we saw above if one of them is different from 0, then the other must
be 0. Consequently, we must have either ([eq ¢ m)] — t(AN, (i, m)), rag,a))o =1 or
([eagi,mn) = t(N', afi,m)),ra(i,q)) o = 1. From all of this, we get that

JN a(i,m))UJN a@i,m)) = J(N,\),a).
O

4.14. With the notation of 4.12 and 4.13, it is easy to see that the map X +— X
from A(a(i, €)) to Ai(a,c,h) and the map (X, \’) — (N, N) from A(a(i,m), &) x
Aa(i,m’),€) to Ai(a, ¢, h) are both injective and consequently they are both bi-
jective.
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4.15. Let o = (i, k) € RT and ¢ € N”. Define gy c.cr € Zv,v™!] for ¢’ € N by
B B = Y gree B
c’'ENV

Recall that b(k) has been defined in 3.2. Note also that this sum is a finite sum.
Theorem 4.16. Let a = a(i, k) € R and c € N”. If ¢’ € N”, then gk e # 0 if
and only if [Ve] = [Ve] + [ea] — t(A, @) for an a-admissible partition A € A(a, c).
Moreover, in this case, X is uniquely determined by ¢’ and reciprocally ¢’ is uniquely
determined by . Also,

Jk,c,c’ = Vel ca(lea]l—t(Xa)) (U - vil)*l H (1 - U*2C./7‘).
JEJ(\,@)

Proof. If ¢ = (0,0,...,0), then clearly A(«,c) has only one element: the empty

partition, Ef =1 and
1, if ¢’ =b(k),
9k,c,c’ = { ( )

0, otherwise.
¢’ = b(k) if and only if [V] = [Ve] + [ea] — t(0, @) because [V¢] = 0 in K(Q,0).
Moreover, for ¢’ = b(k), we have that [V] og ([ea] — t(0, ) = [es] og [€a] = 1,
J(0,a) = {k} and
,U[VC/] og([ea]—t(A\,@)) (’U _ U_l)_l H (1 _ U—Qc;.) - (’U _ ,U—l)—l (1 _ ’U_2) —1.
JEJ (N )
The theorem is verified for ¢ = (0,0, ...,0).

We will now assume that ¢ # (0,0,...,0). Let p(c) = min{l < j <wv|¢; # 0}.
We will prove the theorem by decreasing induction on p(c) starting with p(c) = v.
First we can note that for some cases, the theorem is easily verified. If k& < p(c),
then there is only one ¢/ € N” for which gy ¢ v # 0; it is given by [Ve/] = [Ve]+[ea].
The kth component ¢j, of ¢’ is 1 if k£ < p(c) and is (¢ + 1) if k£ = p(c). For this
unique ¢/, we have that

R if k < p(c),
e T (et — o=@t (o —07h), i k= p(c).

A(a, c) has only one element: the empty partition A = (). For otherwise if ) is a
nonempty partition belonging to A(c,c), then, by lemma 4.7, there exists h such
that 1 <h <k and (t(\, ), re,n))e = 1 and consequently

([Vel + [ea] = (A @), ragm)e = —1

because h < k < p(c) implies that ([Ve], rai,n))o = 0 and ([ea], Tag,n))o = 0.
This contradicts the fact that [V¢] + [eq] — t(A, o) € K4(Q,0). For the unique ¢’
above such that gi c.cr # 0, we have that [V] = [V¢] + [eq] — t(A, @) if and only
if A is the empty partition ). Moreover, we also have that
1, it k < p(c),
Vo —t(0,0)) = ([Ve] + =
[Ve] oa (lea] ~ (0 0)) = ([Ve] + [ea]) o0 fea] { PRI

and J(0,a) = {k}. If k < p(c), then

U[VC'] oo ([ea]—t(\,a)) (U o ,Ufl)fl H (1 o 1)7263') — (’U _ ,Ufl)fl (1 _ 1)72) =1;
je€eJ(\a)
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while, if k = p(c), then

,U[VC/] oo ([ea]—t(\,a)) (U o ,Ufl)fl H (1 _ 1}7252)
JjeEJ(\ )
=t (p— T (1 - v 2Rty = (U(Ck"l‘l) — U_(Ck+1))/(v —v7h.

Thus the theorem is verified if k£ < p(c).

If p(c) = v, then the result is true by what we have proved above and because
k < v = p(c). Assume now that the proposition is true whenever p(c) > h and
consider ¢ € N such that p(c) = h. By what we have proved above, we can assume
that k& > h. We will have to consider four cases corresponding to the possibilities

for (ea(i,n)> €a(ik)) @ and (€a(ik): €a(in)) b For ¢ = (c1,¢a,...,¢,) € N, then c(j)
will denote the element of N* whose jth coordinate is ¢; and its other coordinates
are zero.

If (ea(i,h), ea(i’k)>g =0and (ea(i,k),ea(i’h))lg = then Eb(k)Ec(h) Ec(h)Eb(k)
by using repeatedly proposition 3.14. For & € N” deﬁned by [Ve] = [V ] —
chlea(i,n)], we have either ¢ = (0,0,...,0) or & # (0, ,0) and p(€) > p( ).
In either case, we can assume by mductlon that the theorem is verified for €. So

WEE= Y greer B
CNENV
where giecr # 0 if and only if [Ver] = [Ve] + [ea] — t(A, a) for an a-admissible
partition A € A(a, &). Moreover, in this case A is unique and

Jkéc’ = U[Vc”] OQ([ea]_t()‘va))(fU _ ’U_l)_l H (1 _ U—QC;/).
JEI(A)

In particular, p(c”) > h whenever gy e ¢ # 0. In fact, if € = (0,0,...,0), then
¢”” = b(k) and obviously p(c”) > h. If € # (0,0,...,0), then p(€&) > h. If p(&) < k,
then we get that [Ver] = [Ve] + [ea] — t(A, ) for some A € A(a,€), because
gk,e.cr 7 0 and by lemma 4.10 (f), we get that p(c”) > p(€) > h. If p(€) > k, then
¢’ =¢&+b(k) and p(c”) > k > h.

We have

B Es = BPWEFWEE = BFVEPMES = BFY N e B
¢/’ eNV
Z gk,é,c”Eic +e(h) = Z gk,c,c’EiC/~
¢"eNV ¢/eNv

So Gk,c,cr = 9Gk,&,c’—c(h) and Gk,c,c’/ 7& 0 if and Only if [Vc’fc(h)] = [VC'] -
cn [eagin)] = [Ve] + [ea] — t(A, ) for some a-admissible partition A € A(a,€).
Since [Vc] = [Ve]| + cnlea,n] and A(a,c) = A(a, €) by lemma 4.11, we get that
Gk,c.r 7 0 if and only if [Vo] = [V] + [ea] — t(A, @) for some a-admissible par-
tition A € A, ¢). If ggcer # 0 and A is the unique element of A(w,c¢) such that
[Vo] = [Ve] + [ea] — t(A, @), then

Gk,c,c’ = gk,é,c’—c(h)
= olVerme] calleal ) (y =1yt TT (1 _ U72<c;-fc<h>g>) .
JEJ(\,@)
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But

[Verem] oo ([ea] =t(X,a)) = ([Ver] = cnleaim]) oo ([ea] = t(A @)
= [Ve] cg ([lea] —t(A @),

because ([eqi,n)); [€al)o = 0, ([ea], [€a@,n)])o = 0 by hypothesis and [eq.n)] ©o
t(\, @) = 0 by lemma 4.10 (b) and (d). By lemma 4.10 (e), h € J(A, «) and

[I a-v2eamn= J[ (1-v2).

J€I(xa) €T
So
Jk,c,c! = plVerl °9([ea]*t(>\,a))(v —y 7t H (1 B 1)726./7‘)
JET(NQ)
and the theorem is verified in this first case. .,

I {feaml acolie = 1 and (o) feapnl)a = 0. then BB =
ven EEW E by using repeatedly proposition 3.15. For &€ € N” defined by [Vg] =
[Ve]—cn [ea(lyh)] we have either € = (0,0,...,0) or &€ # (0,0,...,0) and p(€&) > p(c).

In either case, we can assume by induction that the theorem is verified for ¢. So

b k) ¢
()E - Z 9k,&,c” E
CIIENU

where giecv # 0 if and only if [Ver] = [Ve] + [ea] — t(A, a) for an a-admissible
partition A € A(«, €). Moreover, in this case A is unique and

oo = vlVer] oalleal =t _ 4,=1)-1 H (1= v2),
jeI(na)

In particular, p(c”) > h whenever g s ¢ # 0. In fact, if € = (0,0,...,0), then
¢”” = b(k) and obviously p(c”) > h. If € # (0,0,...,0), then p(€&) > h. If p(&) < k,
then we get that [Ver] = [Ve| + [ea] — t(A, @) for some A € A(a,€), because
gk.e.cr 7 0 and by lemma 4.10 (), we get that p(c”) > p(€) > h. If p(€) > k, then
¢’ =¢&+b(k) and p(c”) > k > h.

We have

EPF) pe _ pb(k) pe(h) pe e pe(h) pb(k) pe _en h) Z Jr.e c//E

¢ ENV
Z UC'Lgk,e,c"Ef”Jrc(h) = Z gk,c,c’EiCI-
¢! €NV c’ENV

S0 Greer = V" Grec'—c(h) a0d gree # 0 if and only if [Veo_cmn)] = [Ve| —
cn [eagn] = [Vel + [ea] — t(A, ) for some a-admissible partition A € A(a,€).
Since [Vc] = [Ve] + cnlea,n] and Ala,c) = A(a, €) by lemma 4.11, we get that
Gk,c,cr 7 0if and only if [Vo/] = [Ve]+[eq] —t(A, ) for some a-admissible partition
A€ Ala,c). If greer # 0 and A is the unique element of A(a, ¢) such that [Ve/] =
[Vc] + [ea] - t(>‘7 a)v then

c
Jk,ccr =V hgk,é,c/—c(h)

= yeny[Vereml calleal =60 (4 _p=1y=1 T (1 _ U72<c;-fc<h>g>) .
JEJ(\,@)
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But
[Ver—em)] 0@ (lea] = t(A @) = (Vo] = chleagim]) oa (lea] = (X))
= ([Vc,] oo ([ea] — t(/\,oz))> — Ch,

because ([eq,n)]; [€al)o = 1, ([eal, [ea(w)])lg = 0 by hypothesis and [e, )] ©o
t(\, @) =0 by lemma 4.10 (b) and (d). By lemma 4.10 (e), h € J(A, o) and

H (1- v—z(c;.—c(h)j)) _ H (1 _ ,U—zc;.) .

jeJ(\a) jeJ(\a)
So
oo = ponp([Verl ca(leal—t(1a))) —en w-—v ] (1 _ ,Ufzc'j)
JEI (N )
= olVel colleal—tOa (y —y=1)=1 T (1 _ Ufzc;)
jed(A@)

and the theorem is verified in the second case.
If ([ea(i,h)], [ea]>g =0 and <[ea], [ea(i,h)]ﬂg =1, then
Elb(k)Elc(h) — ¢ Elc(h)Elb(k) + Eic(h)*b(h)Eib(m)

by using repeatedly propositions 3.15 and 3.16 where m is defined by «(i,m) =
a(i,h) + a(i, k). For ¢ € N defined by [Vg] = [V| — cnleq,n)], we have either
¢=(0,0,...,0) or € # (0,0,...,0) and p(€&) > p(c). In either case, we can assume
by induction that the theorem is verified for €. So

b(k)EC = Z 9k, C”E
C//ENYJ
where giecr # 0 if and only if [Ver] = [Ve] + [ea] — t(A, a) for an a-admissible
partition A € A(a, &). Moreover, in this case A is unique and

Gh oo = vlVer] celleal =t () _ 4=1y-1 H (1 _ U,QCQ/) .
je€eJ(\a)

In particular, p(c”) > h whenever gy e ¢ # 0. In fact, if € = (0,0,...,0), then
¢” = b(k) and obviously p(c”) > h. If & # (0,0,...,0), then p(&) > h. If p(¢) < k,
then we get that [Ver] = [Va] + [ea] — t(A, ) for some A € A(a,€), because
Gkecr # 0 and by lemma 4.10 (f), we get that p(c”) > p(€) > h. If p(€) > k, then
¢’ =&+ b(k) and p(c”) > k > h.

We also have
BYEE =Y B’
gm ¢,c’’
C/// ENV

where g e e # 0 if and only if [Ver] = [Ve] + [eqg, m)] —t(N,a(i,m)) for an
a(i, m)-admissible partition A € A(a(i,m),&). Moreover, in this case A’ is unique
and

V] OQ([eu(i,-m)]_t()‘lva’(ivm)))(rU _ v—l)—l H 1 U—QC}”) )

JEJ(N,a(i,m))

gm,é,c”’ =

In particular, p(c"’) > h whenever g, s.c # 0. In fact, if &€ = (0,0,...,0), then
¢” = b(m) and obviously p(c’') = m > h. If & # (0,0,...,0), then p(&) > h.
If p(€) < m, then we get that [Ver] = [Ve] 4 [eq,m)] — t(N, a(i,m)) for some
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N € Aa(i,m), &), because gm. e # 0 and by lemma 4.10 (f), we get that p(c”’) >
p(€) > h. If p(€) > m, then ¢/ = &+ b(m) and p(c"”’) > m > h.
We have

j : —cn c”’ +c(h) z : c’"’+c(h)—b(h)
= v Ch gk,é,cu Ei + gm,é,c”’ Ei
C//ENV C///ENV

’
- Z gk,c,c’Eic-

c’eNV

Note that if gr s e # 0 and gm e # 0, then ¢’ + c(h) # ¢ + c¢(h) — b(h)
in the above sums. For otherwise, we would have ¢” = ¢/ — b(h). But [Ver] =
[Ve|+[ea] —t(A, @) for some A € A(a, &) = Ao(a, ¢, h) and [Verr] = [Vel+[eqsm)]—
t(N, a(i,m)) for some N € A(a(i,m),&) because gkecr # 0 and gmecr 7 0.
Consequently,

[Vé] + [ea] - t(>\a a) + [e(y(i,h)] = [Vé] + [ea(i,m)] - t(>‘/7 a(ia m))
and
t(\, ) = (N, a(i,m)) + [ea] + [eagin)] — [€a(i,m)] = t(N, @)

by lemma 4.12 (d) where ) is defined in lemma 4.12 (a) and (b) and N € A;(a,c, h).
This implies that A = ). But this is impossible because A\ € Ag(a, ¢, h), while
N S Al(Oé, C, h)

Thus g c,er is equal to v gy & o —c(n), if [Ver—en)] = [Ve] +[ea] — (A, ) with
A€ Ala, €) and is equal to 9Im,e,c’+b(h)—c(h)> if [Vc’er(h)fc(h)] = [Ve] + [ea(i’m)] —
t(N, a(i,m)) with X € A(a(i,m), ).

First note that [Vo_emy] = [Vl — cnleain) = [Vel + [ea] — t(A, a) for
some A € Ao, €) = Ag(a,c,h) if and only if [Vo| = [Ve| + [€a] — t(A, a) for
some A € Ag(a,c,h) because [Ve] = [Ve| + cnleqas,n)). Secondly observe that
Voo —cn] = [Vl = (en = Dleagnm] = [Ve] + [eam)] — t(N, a(i,m)) for some
N € Ala(i,m),¢) if and only if [Ve/] = [Ve] = [ea,n)] + [€aim)] — t(N, a(i,m)) =
[Ve] + [eagin] — t(N, a(i,m)) for some N € A(a(i,m),&) because of lemma 4.12
(d). Finally, because Aq(a,c,h) = {N | X € A(a(i,m),&)} and A(a,c) is the dis-
joint union Ag(a,c,h) U A;i(a,c,h), we get that gicer # 0 if and only if [Vo] =
[Vc] + [ea) — t(A, ) for some A € A(a, ¢). Moreover,

c] +[ea] — t(A, a) with A € Ag(e, ¢, h),

i ,— UﬁChgk,f:?c’_c(h)y lf [VC’] = [
c] + [ea] = t(\, @) with X € Aq(a, ¢, h).

Im,&,c'+b(h)—c(h), if [Ver] =

< <

We can now compute gi c,c -

If [Vo] =[Ve] + [ea] — t(A, ) for some A € Ag(e, ¢, h), then we see that this is
equivalent to A € A(a,€), [Vo_cmn)] = [Ve] + [ea] — t(X, a) and

9k,c,c’ = vichgk,é,c’—c(h)

= v onglVer—em] calleal =t (i _y=1y=1 T (1 _ Uf2<c;fc<h>j) .
Jj€EJ( N\ )
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But

[Ver—em] 2o (lea] —t(A,a))
=[Ve] og ([ea] —t(N ) —cnleain] oo ([ea) —t(A a))
= ([Ve] og (lea] = t(A @) +cn,

because [eq,n)] 00 [€a] = ([€agi,n)] [€al)o — ([€a]; [e a( m))6 = —1 by hypothesis
and [eq(,n)] o0 t(A, @) = 0 by lemma 4.10 (d). Also h & J(A, «) by lemma 4.10

(e). So
H (1 o—2(cj—c(h); ) H (1 v c;.) .
JjeET (M) J(ha
Consequently,
Ghow = v—Chp(Verl oa(feal—t(\a))+cn (v — U71)71 H (1 _ Ufzc;)
Jj€ET (M)
= o[Vl callel—tha) (y _ y=1)=1 ] (1 _ U—Zcé) ,
eI (M)

If [Vo] = [Ve] + [ea) — t(\, @) for some A € Aj(a,c,h), then A = X for some
A€ Aa(i,m),e), [Vegbn)—cm) = Vel + [€agm)] — (/\'7 (i,m)) and
9k,c,c’ = 9m,&,c’+b(h)—c(h)
= v Vertbmy—em] OQ([ea(inn)]*t(X:a(i:m)))(U _ Ufl)*l

% I1 (1 _ U—2<c;+b<h>j—c<h>j>) .
JEJ(N,a(i,m))
But

[Vc’er(h)fc(h)] 9o ([ea(i,m)] - t(/\/7 Oé(i, m)))
= [Verynny—em)] 00 (lea] =t(N,a) + [eain))
=[V c/+b(h) em) 02 ([ea] = t(V, @)
(v ch = Dleain]) oo (lea] = t(A )
=[V c'] °g ([ea] —t(\a))
by lemma 4.12 (d) and because [e4(i,n)] °0[€a] = ([€agi,n)]; [€a))o —([€a]: [€ai,m]) o
= —1 by hypothesis and, by lemma 4.10 (d), [eqs,n)] oo t(\ @) = —1 When
A € Ai(a,c, h). Note that h & J(N, a(i,m)) and J(\,a) = J(N, o) = J(N, a(i,m))
by lemma 4.12 (e). Consequently,
(1 _ U—Q(c;-‘rb(h)j—c(h)j)) _ H (1 _ U—2c3>
JEJ(N,a(i,m)) JEJ(\,@)

and

Ghe.er = vlVel collead 8 Ren =ty =t T (1 — v—2c3) :
jeJ(na)
The theorem is verified in the third case.
If <[eo¢(i7h)]v [ea(i,k)DQ =1 and <[eoz(i,k)]; [e(x(i,h)DlQ — ]_7 then
Elb(k)Elc(h) — Elc(h)Elb(k) + U(Ch,*l) (U - ’Ufl)Elc(h)_b(h)Elb(m)Elb(m,)
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where m, m’ are defined in proposition 3.17. Here h < m < m’ < k. This formula
is obtained by using repeatedly propositions 3.15 and 3.17.

For ¢ € N defined by [Vég] = [Vc] — cnlea,n)], we have either € = (0,0,...,0)
or & # (0,0,...,0) and p(€&) > p(c). In either case, we can assume by induction
that the theorem is verified for &. So

b(k)EC_ Z gkcc”E
c””eN”

where giecv # 0 if and only if [Ver] = [Ve] + [ea] — t(A, a) for an a-admissible
partition A € A(a, &). Moreover, in this case, A is unique and

Ghecr = U[VCH]OQ([ea]ft()\,a)) (’U _ vfl)fl H (1 N 1}725;,),
jeJ(N\a)

In particular, p(c”) > h whenever g s ¢ # 0. In fact, if € = (0,0,...,0), then
¢” = b(k) and obviously p(c”) > h. If & # (0,0,...,0), then p(&) > h. If p( ) <k,
then we get that [Ver] = [Ve] + [ea] — t(A, «) for some X € A(a é) and by lemma
4.10 (f), we get that p(c”) > p(&) > h. If p(€) > k, then ¢” = &+ b(k) and
p(c”)y >k > h.

We also have

B S e S
" ENY
where gy g0 # 0 if and only if [V ] = [Ve] + [eq,mn] — t(N', afi,m’)) for
an a(i,m’)- admissible partition \’ € A(a(i,m’),&). Moreover, in this case A’ is
unique and

G aem = vlVernloa(lCapmnl =t alm) (, _ y=1y=1 I1 (1 —v2"),
JEJ(N au(i,m)))

If gmreerr # 0, then ¢ # (0,0,...,0) and p(c””) > h. In fact if ¢ =
(0,0,...,0), then ¢ = b(m') and obviously p(c””) =m' > h. If & # (0, ,0),
then p(¢) > h. If p(€¢) < m/, then [Ver] = [Ve] + [eqim] — t()\”,a( )) for
some X’ € A(a(i,m'), &) and by lemma 4.10 (f), we get that p(c””) > p(&) > h. If
p(€) > m/, then ¢ = &+ b(m/) and p(c"”") > m' > h.

By induction hypothesis, we can write when g,/ ¢ ¢ 7 0 that

11
b(m EC E gm el cIIIE
¢/ €NV

where Im,c"" e 75 0 if and only if [VC/N] = [VC////] + [ea(im)] - t(>\/, a(i, m)) for a
a(i, m)-admissible partition X € A(a(i, m),c””).
Moreover, in this case X is unique and

A U[ch]w([ea(i,m)]ft(/\’,a(i,m)))(v —p ! H (1— 1)726;”).
JEJ(N,a(i,m))

If g, e e # 0 in the above sum, then p(c’”’) > h. In fact, we saw above that
¢ #(0,0,...,0) and p(c””) > h. If p(c"”) < m, then by lemma 4.10 (f) and
because [ch] = [Vew] + [eaim] — t(N,a(i,m)) for some X' € A(a(i,m),c"”),
we get that p(c”) > p(c””) > h. If p(c"”) > m, then ¢/ = ¢ + b(m) and
p( ///) >m > h.
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Consequently,

/ - 11
E.b(m)Eib(m )Eic = E gm’,é,c“” gm/7c////7c/// Eic

1
c’”,c””

where in the sum (c¢’”,c¢””) runs over the set of pairs of elements of N” such
that [Vcnu] = [Vf:] + [ea(i’ml)] — t(A”,O&(i,ml)) and [Vc”’] = [Vc””] + [ea(i,m)] —
t(N, a(i,m)) with A" € A(a(i,m’),&) and X € A(a(i,m),c").
For a fixed ¢/ € N”, there exists at most one ¢/ € N” such that g gc # 0
and gm e e # 0. Assume ¢V, c¢® € N” are such that Imre.c® # 0, Gmeo e # 0,
gm/ e, c® # O and gm C"' 11 7é 0 then
[ ] [ ] [ea(l m’)] - t(/\@, (17 m ))

[ ] [ ] [ea(l m’)] - t(/\*, (17 m/))

[ c”’] [ c@] [ealm)] _t( ©7a(i )) ) )
[Ver] = [Vea] + [€agim)] — t(Ag, (i, m)) for some Xy € Aa(i,m),c®).

Note that A(a(i,m),c?) = A(a(i,m),c*) = A(a(i,m),&) by lemma 4.13 (f).
Consequently, using lemma 4.13 (d) we get that

[Ver] = [Ve] + [eati,m)] + [€aimn] — (Ao, (i, m)) — t(AG, a(i,m))

= [Vé] + [ea(i,h)] + [e(y(i,k)] - t((A/Q?v )‘/Ql?)a a(lv k))

for some ol

Ala(i,m’), e);
for some/\ Ala(i,m'),e);
(afi,m

)

for some /\@ € Aa(i,

?

1,

Similarly,
[Ver] = [Ve] + [eaqn)] + [€agr)] — ((X Ag)s (i, k)).

Thus t((Ao, AS), a(i k) = ((/\’ Ag)sa(i k) and (Ao, \S) = (Ng,Ag). From
4.14, we get A\, = Ny, and A\ = Ny, This implies that c¥ =c*.
So

Elb(m)Elb(m/)Ele — Z gm’,é,c”” gm,c"”,c'” Eic”l
C///eNI/
where [chu] = [Ve] + [ea(im/)] — t(>\/l, a(i, m’)) and [ch] = [VC////] —+ [ea(i,m)] —
t(N, a(i,m)) for X' € Ala(i,m’),&) and N € A(a(i,m),&). We can now compute
EP® Ee.

EP®W Ee = EP® prM ES
_ (E;:w)Eib(k) oDy - v*l)E;"h)‘b(h)Eib‘m)E}’(m/)) ES

= Y e B T
¢ €N

— — " h)—b(h
+ Z rU(Ch 1)('U — 1) gm,’,é,c”” gm,,c””,c’”Eic +C( ) ( )

CINENV
’
§ : c
= gk,c,c’Ei
c/

where ¢ in the sum __,, is given by [Ven| = [V ] + [eqi,m)] — t(N, a(i,m))
and [V ] = [Ve] + [eqdmn] — t(N, a(i,m’)) with X € A(a(i,m),&) and X" €
A(a(i,m'),€). Note also that in the sum ) _,, we have [Ver] = [Ve]+[eq] —t(A, @)
for A € Ao, @).
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In particular, [Veryemy] = [Ver| + cnlean)) = [Ve| + [ea] — t(A, ) for some
A€ Ala, &) = Ao(a, ¢, h) and

(Ve o) —bn)]
= [Ve] = [eaqi,n)] + [€ag,m)] + [€a,m)] — t(N, a(i,m)) — t(\", a(i,m’))

= [Vel +[ea] = t((V, A7), @)

for some unique (N, \’) € A1(a, ¢, h) with X' € A(a(i,m), &) and X € Ala(i,m'), &)
by lemma 4.13 (d).

From this we can conclude that if grecr # 0 and gm .o Gm,c e 7# 0O
in the above sums, then ¢” + c(h) # ¢ + c(h) — b(h) and ggc.cr is equal to
Ikec—c(h) if [Vl = [Ve] + [ea] — t(N, ) for X € Ag(a,c,h) and is equal to
v o = v ) g e I e —c(h)+b(h) I [Ver] = [Ve] + [ea] = (A a) for
A € Ai(a,c,h) where in the second case, the one for which A € Ai(a,c,h),
then [Vern] = [Ve] + [eqqm)] — t(A, a(i,m’)) with A = (N, \”) such that )\ €
A(a(i,m), &) and N € A(a(i,m’),&). We can now compute gi c.c’-

If [Vo] = [Ve] + [ea] — t(A, @) for A € Ap(a, ¢, h), then

Jhcc = U[Vc'—c(h)]OQ([eu]*t()\vQ))(v —v ! H (1- v72(c;‘7c(h)1))
j€eJ(\a)
= plVeloalleal=tha)) (, _ =1yt H (1- U—zc;.)
Jj€EJ( N\ )

because

[Ver—e(m] 0o ([ea] — (A, a))
= [Ve]oo ([ea] = t(A ) = cnleaim] oo (lea] = t(A @)
= [Veloo ([ea] = t(A, a))
from the fact that [e,,n)] 0o [€a] = 0 and [e,,n)] 00 t(A, @) = 0, A being an
element of Ag(a, ¢, h), and because h € J (A, ).
If [Vo] = [Ve]+ea] —t(\, @) for A = (M, ) € A1 (o, ¢, h) for X € Aa(i,m), &)
and X’ € Aa(i,m'), &), then

Ch,flJre(v _ ,Ufl)fl H (1 N U,QC;IH)
JEJ(N ai,m’))

% 11 (1 _ Ufz<c;fc<h>j+b<h>1>)
JEJ(N,a(i,m))

Gk,c,cr = U

where
e = ([Ver] o ([eaimn] — t(X, ali,m"))))
+ ([Ver—emy+bm)] 02 ([eagi,m)] — t(N, (i, m))))
and

[VC””] = [Vc’fc(h)er(h)] - [ea(i,m)] + t(/\/a a(i,m))
= [VC’] - (Ch - 1)[ea(i,h)] - [ea(i,m)] + t(/\/7 Oé(i, m))
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We get that [Vei] og ([eqgi,mn] — t(A', a(i,m'))) is equal to

([Ver] = (en = 1)lean] — [eagi,m] + (N, a(i,m)))
St} ([ea(i,m/)] - t(>‘”7 a(ia m,)));
and, finally, that

Verrloo((eaml ¢, ali, m) = [Veloo (leasm] — s ali,m)) ~(en—D)
because [€q(i,n)]00 ([€agi,m] — t(N, a(i,m’))) = 1 and ([eq@,m)] —t(N, a(i,m)))og
([eag,mn] — t(N,a(i,m’))) = 0 by lemma 4.13 (d).
Also,
[Vc’fc(h)er(h)] °9 ([ea(i,m)] - t(/\lv Oé(i, m)))
= ([Ve] = (en = Dleaim)) oa ([eagi,m)] — t(X, a(i,m)))
= ([VC’] 9 ([ea(i,m)] - t()‘/a a(i,m)))) - (Ch - 1)a
becsause leaqn] og ([€ag,m)] — t(N,a(i,m))) = 1 by lemma 4.13 (d).
( €a(i, m) eoz(l m’ )] (>‘/7 a(ia m)) - t(>‘/,a a(iv m/))) - Q(Ch - 1)
Joo ( t((X,X’),a)) —2ep — 1)
= [Vo]og ([ea1 - t((%X»a)) ~(en=1)

because [Ver]og [eqi,n)] = ([Ve] +[ea] —t((V, N'), @) og [eai,n)] = (cn —1). This
follows from the fact that p(c) = h and from ([ea] —t((N,\),a)) og [€qn)] = —1
by lemma 4.13 (d).

Note also that ¢ = ¢} if j € J(A", a(i,m)) and h & J(X, a(i,m)).

From lemma 4.13 and what we got above, we can write

Ghoe = olVeloalea -t @XNaN (-1t [ (1-v %)
FEI((NN), )

_ U[VCI]OQ([ea]ft()\,a))(v o ,Ufl)fl H (1 _ 1}7259).
jeJ(N\ o)

€ = C/ OQ

This concludes the proof of the theorem. O

5. VALUES OF 2, AND ITS DERIVATIVE AT v = 1

In this section, we will evaluate Q¢ (1) and (dQS, /dv)(1) where ¢, ¢’ have the
same i-homogeneity and ¢’ =< c. This will be used in the next section when we
characterize which orbit closures O, are rationally smooth.

5.1. We will now fix the notation for the rest of this section. Let ¢ € N, ¢ # 0
with p(c) = k. Assume that a(i, k) = o, + @1+ +as with 1 <r < s <n. Let
Alr, s] denote the full subgraph of A whose set of vertices is {r,r + 1,...,s}. We
have

[Cf] Ef =EPMES where ¢ = ¢ —b(k).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RATIONAL SMOOTHNESS 531

Recall that b(k) is the unique element of N whose only nonzero component is in
the kth column and is equal to 1. By taking the bar involution on both sides of
this last equation, we get

[Cf } B =EET

= {Clk] ng,E{:/ = (Z(—l)lHl(v -0~ |H|E ) (ZwC<O>E° )
c’ H c(0)

where ¢’ runs over all the elements of N” which have the same i-homogeneity as c

and such that ¢’ < ¢, H runs over all the subsets of the set of edges of A[r,s] and

c(®) runs over all the elements of N which have the same i-homogeneity as ¢~ and

such that c(®) < ¢~. Recall that c¢(H) has been defined in proposition 2.3.

Using repeatedly theorem 4.16, we can express the right-hand side of the last
equation in the PBW basis B; and in this way we get an expression for wg, in term
of wS,.

If H is a subset of the set of edges of Alr, s, then 1 < mg|(H) < m(g-1)(H) <

- <my(H) < mo(H) < v will denote the positions of the nonzero components of
c(H). With this notation, we get

|H]|

v — Tk - c
(3) ((1)_711—1))“’5/ = > )= oYHTT G2y ,000 c0 | @S0
c(©) HA(H) h=0

where ¢(® runs over all the elements of N” which have the same i-homogeneity
as ¢~ and such that c(®) < ¢=; H runs over all the subsets of the set of edges
of Alr,s]; AMH) = (AO XD AUHD) with A is an a(i, my,(H))-admissible
partition belonging to A(a(i,ms(H)),c™) and [Vooin] = [Vem ]+ [€agi,my (1)) —
t(A\M) a(i,mp(H))) for h =0,1,2,...,|H| and finally ¢’ = c(#I+1).

Recall that by theorem 4.16 if € = (¢1,¢é2,...,6,), € = (&],¢,...,¢,) € N¥ are
such that [Va] = [Ve] + [eq,m)] — t(A, a(i,m)) for some A € A(a(i,m),¢). Then

gmse = vlVeleeleauml=thatm))(y _y=1)=t T (1 _ U—ze;)
jeJ(na(im))
with J(/\7a(iam)) = {1 S] <v | <[ea(i,m)] - t()‘aa(ivm)) To(i,5) > 1}

Also recall that QF, = vd(e)_d(é/)wg/ for ¢/, ¢ € N”. Substituting this in equation
(3), we get that

(,U2ck _ 1)
4 . C/ ==
( ) (’U2 _ 1) [
H —2ch D)
|H|, e(c,c® HAH)) H‘ | JETOAM aimy () (1 =V ) o
Z (_1) v s (1 — ,U_Q) Qc(O)
c(0) H\(H)
with
(e, ¢ H AH)) = (cx — 2) + d(c) — d(c') — d(c™) 4 d(c'?)
|H|
+ Y Ve oa ([eatum ] =t ali,ma(H))))
h=0
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and c(©), H, \(H) are as above.

Proposition 5.2. If ¢,c’ € N” have the same i-homogeneity with ¢’ < ¢, then

0c (1) _ L, o ¢ = c,
Yo, ifd £e.

Proof. We proceed by induction on |c| = 377, ¢; for ¢ = (e1,¢2,...,¢,) € N,
If |c|] = 0, then ¢ = (0,0,...,0) and, if ¢’ € N is such that ¢/ < ¢ = 0, then
¢/ = ¢ = 0. In this case, we have 2¢ = 1 and the proposition is verified. From now
on, we will use the same notation as in 5.1.

Assume the proposition is true whenever |c| < p. Consider now ¢, ¢’ € N” such
that |c| = pand ¢’ < c. If ¢/ = ¢, then QS = 1 and the proposition is true. Assume
now that ¢’ # c. From equation (4), we get that ¢; QS (1) is equal to

(h+1)
I, JETOM alima ) (1= 0727 _
(*) > (= {a _hv,g) ( ) Qo (1)

c(O) H\(H) v=1

with ¢, H, A\(H) as in 5.1. Since |c~| = |¢| — 1 < p, then

e (1) = 1, ifc® =c,
@ 0, ifc® #£¢c™

by induction hypothesis. So we can restrict ourselves to the case where ¢(9) = ¢~
in the sum (%) above.
Recall that J(A, a) is never empty when oo € R* and A € A(w, €) for ¢ € N”. So

_on(ht1)
H FETAM a(i,my, (H))) (1 0% )

1-v?) =0

v=1

unless H = 0, A(H) = (A\?) and [J(A®), a(i,mo(H)))| = 1. Note that in the lat-
ter case mo(H) = k and a(i,mo(H)) = a(i, k). Since A0 € A(a(i, k),c®) =
A(a(i, k),c™) and p(c™) > p(c) = k, then A\(9) must be the empty partition,

6O a(i, k) = 0 and [Ve] = [Vew] = [Vew ]+ lenn) = [Ve |+ [eatii] = [Vel.
But this is impossible because ¢’ # ¢. Consequently, the sum (%) above is 0 when
¢’ # cand Q5(1) =0. O

5.3. It is possible to give another proof of the previous proposition valid not only
for type A, but also for type D and E. Since Q¢ = 1, we only have to show that
Q% (1) = 0 when ¢’ < c. Let 25 = v =€), We saw in theorem 1.18 that

(o = Z WS ¢S and  ZS5 = Zdim(H?f(@c)) v
" _7

! CII
c' <c"<c

where f is an F,-rational point of the orbit Oc.
For ¢’ < ¢, we get that

- Z QS A=A NZE | 2 -d) 7T

c/*

c—<c '<c
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By induction, we can assume that Qgil(l) = 0 whenever ¢’ # ¢”. Consequently,
when we evaluate at v = 1, we get

Z dim(H7 (Oc)) = Q% (1) + Z dim(H7 (Oe))

and Qf (1) = 0.
Theorem 5.4. Ifc,c¢’ € N” have the same i-homogeneity and are such that ¢’ < ¢,
then (d2S, /dv)(1) # O if and only if there exists a pair of positive roots a(i,a),
a(i,b) where 1 < a < b < v and a nonsplit short evact sequence 0 — €4 q) —
M — ey i) — 0 of modules of Q such that [Vo| = [Ve] + [€q,a)] — [M] + [eqip)]
in K(Q,0). In this case, the pair {a(i,a),a(i,b)} and the isomorphism type of M
are unique, {[€qp)) [ea(m)])lg #0, ¢, >0, ¢, >0 and, finally,
dng,
dv

= —2c.¢c;.

v=1
Proof. We will use the same notation as in 5.1. We proceed by induction on |c| =
Z;’Zl ¢; for ¢ = (e1,¢9,...,¢,) € N”. If |c| = 0, then ¢ = (0,0,...,0) and, if
¢’ € N” is such that ¢’ < ¢, then ¢/ = ¢ = (0,0,...,0). In this case, QS =1
and (d€2S, /dv)(1) = 0. Obviously in this case for all nonsplit short exact sequences
0 — eq(i,a) = M — eqq,p) — 0 of modules of Q where a(i,a), a(i,b) is a pair of
positive roots with 1 < a < b < v, then [Vo] # [Ve] + [eq,a)] — [M] + [€ai,p))-

Assume now that |c| # 0 and that the proposition is true whenever |c| < p.
Consider now ¢,¢’ € N” such that |¢] = p and ¢/ < c. If ¢/ = ¢, then QF, = 1,
(dQS, /dv)(1) = 0 and it is obvious that the proposition is true for this pair c,c’.

Assume now that ¢’ # c¢. Taking the derivative on both sides of equation (4)
and evaluating at v = 1, we get using proposition 5.2 that ¢ (dQS, /dv)(1) is equal
to

M > (DS HAH)) + Sa(c?, HAH)) + S3(c!”, H,A(H)))
c(© H A(H)

where the triple ¢(®), H, \(H) is as in 5.1, S1(c(9), H,A\(H)) is equal to

[H| —9ch D)
M=o ljes0m agma ) (1_” ’ ) -

(1 _U_Q) 2(0)(1)7

e(c, e, H \(H))
v=1

So (e H, A\(H)) is equal to

H _9nlht1)
d H‘h:‘oHje]()\(h>,a(i,mh(H))) (1_“ 2 )

— Q0 (1
dv (1—-v2) co 1)
v=1
and S3(c(©, H, \(H)) is equal to
H _9.(ht+1) _
thzlo FETOAM a(iymy, (H))) (1 — 0% ) dQ2< ) 1
(1—v72) dv (1)-
v=1

Assume now that (dQS /dv)(1) # 0, we want to prove that there exists a pair
of positive roots a(i,a), «(i,b) with 1 < a < b < v and a nonsplit short exact
sequence 0 — ey — M — ey — 0 of modules of Q such that [Vo] =
Vel + [eagia) — [M] + [eq,p)] in K(Q,0). Since (dQ2g, /dv)(1) # 0, one of the
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summands in () must be different from 0. In other words, there exists a triple c®,
H,AH) = (MO XD ANIHDY asin 5.1 such that either Sy (c(®), H, A\(H)) # 0 or
So(c®) H, A(H)) # 0 or S3(c®, H \(H)) # 0. We will now analyse each of these
cases.

If S1(cO, HA(H)) # 0, then we have c(?) = ¢~ because Q¢4 (1) # 0. Also
H=0,AH)=A9), mg(H) =k, |[JA?D,ai, k)| =1 for

- _gp(h D)
tho HjeJ(/\(h),oc(Lmn(H))) (1 v )
(1—v-2)

£0.

v=1

Note that A is an (i, k)-admissible partition such that A\(¥) € A(a(i, k),c©) =
A(a(i, k),c™). Since p(c™) > p(c) = k, then A is the empty partition. So we
must have [Ver] = [Vao] = [Vew] + (00 )] — OO, (i, k) = [Ve-] +[eng ] =
[Vc]. But this is impossible because ¢’ # ¢ and consequently, all the summands
S1(c® H,\(H)) in the summation (f) are equal to 0.

If So(c®, H,\(H)) # 0, then we have c¢(®) = ¢~ because Q) (1) # 0. Since
|J()\(h),a(i,mh(H)))| > 1 for all h € H, we get that |[H| <1 if we want

(h+1)
d H JeJ(AM a(i,my (H))) (1 —v ) 0
dv (1—v=2) 7 0.
v=1

If |H| = 0, then mo(H) = k, A(H) = (\) where \(?) is an afi, k)-admissible
partition belonging to A(a(i, mo(H)),c®) = A(a(i, k),c™). Since p(c™) > p(c) =
k, then A(®) must be the empty partition. Consequently, [Ve/] = [Voi)] = [Vewo ]+
[eair)) — tAQ,ai, k) = [Ve-] + [eair)] = [Ve]. This is impossible because
¢ #ec.

If |[H| =1, then 1 < my(H) < mo(H) < v, A(H) = (A9, A1) is such that
MO s an a(i, mo(H))-admissible partition belonging to A(a(i,mo(H)),c®) =
Ala(i,mo(H)),c”) and AV is a «(i,m;(H))-admissible partition belonging to
A(a(i,my(H)),cM). We must have a(i, mo(H)) + a(i,mi(H)) = a(i, k) and con-
sequently mq(H) < k < mo(H) because i is adapted to a quiver. This is a property
of the total order associated to a reduced expression i of the longest element wg of
W adapted to a quiver Q. We can look at the positions O([e,i,x)]), O([€a(i,mo(m))])
and O([eq(i,m, (#))]) in the Auslander-Reiten quiver.

Write 6([ea(i,k)]) = (J), i)a 6([ea(i,mo(H))]) = (:%]) and @([ea(i,ml(H))]) = (y/a.j/)'
We have that <[ea(i’m0(H))], [ea(i,ml(H))DlQ =1 and <[ea(i’m1(H))], [ea(i,mO(H))])Q =
0 because a(i,k) = a(i,mo(H)) + a(i,m1(H)). Because of this, there are two
possibilities to consider for these positions. In the first possibility, y +j = « + 1,
y = x and ¢y + j/ = y, while in the second possibility y = z, v = y + j —
n—1and ¥y + 7/ = z +¢. For both of these possibilities, we must consider the
set of a(i, mo(H))-admissible partitions A(?) belonging to A(«(i, mo(H)),c™) with
|J(A®) a(i,mo(H)))| = 1. Using lemma 4.7, we can determine these \(?).

In the first possibility: y+j = z+1, ¥’ = z and 3y’ + j' = y, we must have either
MO £ and A :j >4 >35> >j with height ht(\(0) =/ < (y —2) = (i — )
or we must have \(©) = (.

If AQ £ @ and XV 2 j > 5> > > j with ht(\0) =€ < (y — 2) = (i - j),
then [V ] = [Ve- ]+ [eatimo(r)] =t ali,mo(H))) = [Ve-]+leo-1(y—r,j1+0)] —
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[eo-1(y—s,0)] and A1) can only be () because p(c))) > k. Thus

[VC'] = [Vc(z)] = [Vc(l)] + [ea(i,ml(H))]

= [Ve- ]+ leo-1y—r,5+0] + [€atmi ()] — [€0-1(y-1,0)]

= [Ve] +[eo-1(y—rj+0)] + [€agimi ()] — [€0-1(y—2,0)] — [€a(ik)]-
Taking the positive roots a(i,a), a(i,b) such that a = m;(H) and O([e,q,p)]) =
(y — ¢,j +¢) and the module M = e, k) © €o-1(y—¢,r), We see using 3.13 that
our statement is verified in this situation. Note that ([es(i,q)]; [€aip)])o = 1 and
Supp(a(i,a)) C Supp(a(i, k)) in this case.

If A =0, then [Von)] = [Ve-] + [€a(imo(my) and AV can only be () because

p(c™) > k. Thus

[VC’] = [Vc(z)] = [Vc(l)] + [e(y(i,ml(H))] = [Vc—] + [ea(i,mo(H))] + [e(y(i,ml(H))]
= [Ve] + [€aimo(m))] + [€a(i,mi ()] — [€agi,k)]-

Taking the positive roots a(i,a), a(i, b) such that a = my(H) and b = mo(H) and
the module M = e 1), we see using 3.13 that our statement is verified in this
situation. Note that ([es(i,q)]; [€a@,p)])o = 0 in this case.

In the second possibility: y =z, ' = (y+j—n—1) and ¥’ +j' = 414, we must
have either A(®) # ¢ and X(¥ :p > p > p > ... > p with p < (j — i) and height
ht(A(®) = (n — j 4+ 1) or we must have A\(?) = §.

If MO £ @ and X® :p>p>p>--- >pwith p < (j —4) and height
ht(A®) = (n — j + 1), then

V-] + [€atimo(my] — tAD, a(i, mo(H)))

Vc ] [ (z,jfp)] - [e@—l(y+j7n71,x7y+n+17p)]

Ve ] =

[
[

and A(Y) can only be §) because p(c!)) > k. Thus

Vel = [Veo ] = [Vew | + [€aim, ()]

[

= [Ve-]+ lee-1(a,j-p)] + [€atim: ()] = [€0-1(y+j-n—1,0-y+nt1-p)]
=[Vel+[eo-1(a,j-p] + [amiim)] = [€0-1 @ tj-n—10-ytnt1-p)] — [agin)]-
Taking the positive roots (i, a), a(i,b) such that a = m;(H) and O([eqp)]) =
(7, j—p) and the module M = e 1) ®€o-1(y+j—n—1,5—y+nt1—p), We see using 3.13
that our statement is verified in this situation. Note that ([e, q)], [€aip])e =1
and Supp(a(i,a)) C Supp(a(i, k)) in this case.

If A\ =0, then [Von)] = [Ve-] + [€a(imo(my) and XM can only be §) because
p(c®) > k. Thus

[Vl = [Ver] = [Veo ] + [€atim (1)) = [Ve-] + [@ati,mom)] + [€atm. (m))]
= [Ve| + [ai,mo(m)] + [€a(im, ()] — [€a(in]-
Taking the positive roots «(i, a), a(i, b) such that a = mq(H) and b = mo(H) and
the module M = e, ), we see that our statement is verified in this situation.
Note that ([eq(i,q)], [€a(ip)])o = 0 in this case.

Finally, we must analyse what is happening when S3(c(®), H, A\(H)) # 0. Since
(d, /dv)(1) # 0 and |c~| = p — 1 < [c|, we get by induction hypothesis that
there exists a pair of positive roots a(i,a’), a(i,’) with 1 < ¢’ < ¥ < v and a
nonsplit short exact sequence 0 — €40y — M’ — eq(5,5r) — 0 of modules of Q
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such that [Veo] = [Ve-] + [€agi,a)) — [M'] + [eaip]- Also H =0, A(H) = (A?),
mo(H) =k, | JAO a(i, k)| =1 for

‘H‘ _9 (h+1)
o I s atimn i) (1_” K )

1-v7?)

£0.

v=1

Recall also that A(®) is an (i, k)-admissible partition belonging to A(a(i, k), c(9).
There are three cases to study: a’ > k; o’ < k and A(®) # () and finally o’ < k and
A0 =g,

If ' > k, then p(c(o)) > k because b’ > a’. This implies that \(9) = () and
[VC/] = [VC(O)] + [ea(i,k)] = [VC] + [ea(i,a’)] - [M,] + [ea(i,b’)]' Taking the positive
roots a(i, a), a(i, b) such that a = o/, b = b’ and M = M, we see that our statement
is verified in this case. Note that ([eyi,q)], [€a(i,p)])o could be 0 or 1.

If ’ <k and A9 # (), we must consider the positions of [eagik] and [eqq,qan)]-
Write O([eqgin]) = (z,4) and O(leqian]) = (y,7). Since A € A(a(i, k),c@),
|JA® a(i, k)| = 1, p(c) = k and there is a unique component in the first (k — 1)
columns of ¢ different from 0 (it is equal to 1 and is in the (a’)th column), then
we must have either A : p > p > ... > p with height ht(\®) = (n — i + 1),
yzx—i—i—n—landy—l—j:a:—l—i—porwemusthave/\(0):iziziz---zi
with height ht(A\(®)) = ¢, y = 2 — £ and y + j = =. The fact that there is a unique
component in the first (k — 1) columns of ¢() different from 0 follows from the fact
that when we write M’ as a direct sum of indecomposable modules e, ;), where
the b are integers between 1 and v, then b” > k for these b” because p(c™) > k
and c¢(® € NY. From this and because there exists a nonzero homomorphism
from M’ to ey), we get that v/ > k. If AN o p>p > ... > p with height
A =mn—i+1),y=c+i-n—landy+j=x+i—p, thenp=n+1-—7j,
([eag,an)s [eai ) o = 0, ([€ag,pn]s [ea(i,a/)]fg = 1 and M’ is an indecomposable
module e, ; o) Where a(i,a”) = a(i, ') +a(i,b’). In fact, if ([eq(,0)], [€agp)]) o =
1, then we get a contradiction with the fact that Vo) € K4 (Q,0). If we write
the position of [eq 0] by O([ea,a]) = (¥', '), then ¥’ >z and y' + ' =y + j.
Consequently, ©([eqi,5)]) = (¥, z+i—y’). Let a(i, a) be the positive root such that
6([ea(i,a)]) = (J), y—r +.7) Then [Vc(O)] = [Vc*] + [ea(i,a/)] - [ea(i,a”)] + [ea(i,b’)]
and

[VC/] = [Vc(l)] = [Vc(o)] + [ea(i,k)] - t(A(O)v a(ia k))
= [Vc*] + [ea(i,a/)] - [ea(i,a”)] + [ea(i,b’)] + [ea(i,a)] - [ea(i,a’)]
= [Ve] + [eagi,a)] — [€ati,am)] — [€agik)] + [€agion]-
Taking the positive roots a(i, a), a(i, b) with a as above and b = b’ and M = e, 1) ©
€, (i,a”) We see using 3.13 that our statement is verified in this situation. Note that
([eati,a)]s [€agipy])o = 1 and Supp(a(i,a)) D Supp(a(i, k)) in this situation.

If A© .4 >4 >4>... > i with height ht(A®) = ¢, y = 2 — ¢ and y +
Jj = z, then £ = j, <[eoz(i,a/)]a [e(y(i,b’)DQ =0, <[eoz(i,b’)]v [ea(i,a’)]>1Q =1 and M’ is
an indecomposable module e, ) where a(i,a”) = a(i,d’) + a(i,b’). In fact, if
([ea(i,an]s [€a@p)])o = 1, then we get a contradiction with the fact that V o) €
K, (Q,0). If we write the position of [es(i )] by O([eai,any]) = (¥',J'), then
y +3j >x+i and y = y. Consequently, O([eqip)]) = (z,¥ +j — x). Let
(i, a) be the positive root such that O([e,,q)]) = (y,2 + i —y). Then [V o] =
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[Vc*] + [ea(i,a’)] - [ea(i,a“)] + [ea(i,b’)] and
Vo] = [V ] = [Veo ] + [eag,i)] — t(\O a(i, k)
= [Vc—] + [ea(i,a/)] - [ea(i,a”)] + [ea(i,b’)] + [ea(i,a)] - [ea(i,a’)]
= [Vl + [ea(i,a)] — [€agi,an)] — [€aim)] + [€agi,bn)-

Taking the positive roots a(i,a), a(i,b) with a as above and b = ¥ and M =
€q(i,k) D €q(iar) We see using 3.13 that our statement is verified in this situation.
Note that ([eq(i,q)]; [€a,p)])o = 1 and Supp(a(i,a)) D Supp(a(i, k)) here.

Finally, if ' < k and A® = 0, then [V o] = [Ve-] + [eai,an] — M+ [€agip)]
and [Ve| = [Vew] = [Veo] + [€agin] = [Ve] + [€ag,an] — M+ [eq,p)]. Taking
the positive roots a(i, a), a(i,b) with a = a’ and b =b" and M = M, we see using
3.13 that our statement is verified in this situation. Note that ([eq(,q)]; [€a(ip)]) 2
could be 0 or 1.

We can conclude that whenever (dQS, /dv)(1) # 0, then there exists a pair of
positive roots a(i, a), a(i, b) with 1 < a < b < v and a nonsplit short exact sequence
0 — eq(i,a) = M — eqip) — 0 of modules of Q such that [Ve/| = [Ve] +[eqga)] —
M + feas] in K(Q.0).

If there exists a pair of positive roots (i, a), a(i,b) where 1 <a <b<wv and a
nonsplit short exact sequence 0 — e (i o) — M — e,(3,) — 0 of modules of Q such
that [Ve] = [Ve] + [eaq,a)] — [M] + [€a(i,p)]; then this pair a(i, a), a(i, b) is unique.
In fact, this follows because a = min{l < j < v | ([Vo] = [Ve],rag,5)) 0 # 0} and
b=max{l <j <v|[([Ve]—[Vc],Taq, ))e # 0}. By 3.13, the isomorphism type
of M is unique. Obviously <ea(i7b),ea(i7a))lg # 0. We also have ¢, ¢; > 0 because

C; = <[VC’]a roz(i,a)>Q = <[VC] + [eoz(i,a)] - [M] + [eoz(i,b)]a roz(i,a)>Q = (Ca + 1)

and

¢h = [Vl ragp)o = ([Vel + [eaa)] — [M] + [€agp))s Tap)o = (cb + 1)

using 3.13.

If there exists a pair of positive roots «(i,a), a(i,b) where 1 < a < b < v and
a nonsplit short exact sequence 0 — ey,q) — M — ey — 0 of modules of
Q such that [Ve] = [Ve] + [eq(i,0)] — [M] + [€q(i,p)], then we want to prove that
(dQg, /dv)(1) # 0. In fact, we will show that

dQg,
d—; . = —2d,c}.
From this we can conclude that the derivative of Q2¢, relative to v is nonzero because
¢, ¢, > 0.
There are eight cases to study:
(1) a>k,
(2) a <k and ((M],r,; k)0 =0,
(3) a <k, M is isomorphic to e, ) and cx = 1,
(4) a < k, M is isomorphic to e, k) and ¢, > 1,
(5) a < k, M is isomorphic to ey x) @ eqgir) With &' # k, ¢z = 1 and
Supp(a(i, a)) C Supp(ali, k),
(6) a < k, M is isomorphic to ey r) @ €q(ir) With &' # k, cx > 1 and
Supp(a(i, a)) C Supp(ali, k)),
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(7) a < k, M is isomorphic to ey k) @ eqgir) With &' # k, cx = 1 and
Supp(a(i,a)) D Supp(a(i, k)) and, finally,

(8) a < k, M is isomorphic to ey x) @ eqgir) With &' # k, cx > 1 and
Supp(a(i,a)) D Supp(a(i, k)).

Before we begin to study all of these cases, we will make some observations.
If the coefficient of [e(; ;)] when the element [M] of K(Q,0) is written in the
basis {leg] | 3 € Rt} is different from 0, then j > k because p(c) = k and
Vo] = [Vl + [eag,a)] — M] + [eqip)] € Ki(Q,0). By a similar argument, we
get that in the case where M is isomorphic to e, k) @ €q(i,i), then k' > k. Since
there exists a nonsplit short exact sequence 0 — e,(,0) — M — eqip) — 0 of
modules of Q, we get, using 3.13 and the above observation, that b > k. If M
is isomorphic to e k) © eagir) With & # k and Supp(a(i,a)) C Supp(a(i, k)),
then there exists a unique integer b such that «a(i,a) + a(i,b’) = «a(i, k) and in
this case we also have v’ > k. While if M is isomorphic to e, k) @ eqi i) With
k' # k and Supp(a(i,a)) D Supp(a(i, k)), then there exists a unique integer o
such that a(i,a’) + a(i, k) = a(i,a) and in this case we also have ¢’ < a and
a(i,a’) + a(i,b) = a(i, k’). Both of these results are easy consequences of the fact
that a(i,a) + a(i,b) = «a(i, k) + a(i, k') and the description of the positive roots
in type A,. As for the inequalities b’ > k and a’ < a, they follow because a < k,
a(iya) + a(i,v') = a(i, k), a(i,a’) + a(i, k) = a(i,a) and the fact that the reduced
expression i is adapted to a quiver. We will now study the eight cases above. For
this, we use our previous analysis of when a summand of (}) is nonzero.

In case 1: a > k, then it is only for a summand S3(c(?), H, A\(H)) in (1) that we

can get a nonzero term. This happens when ¢(©) is such that [V o] = [Ve-] +
[eai,a) — M) + [eagpnl, H =0 and A(H) = (AQ) with A® = @. In this case,
mo(H) =k, JA©, a(i,me(H))) = {k}, [V = [Vew] = [Veo] + [eagip] —

t(AO a(i, k) = [Veo ] + [eaqr)] and

96D e
Ck A2 = (-1)° (L—v2%) Ao
dv |,_4 (1—-v72) ) dv -
We have that
C(l) ek, if a > k,
k (ck+1)=¢, ifa=k
and B
ng(O) _ —QC(O)C(O) _ —26:16;), if a > k,
dv | @b —2cpcy, ifa=k

by induction hypothesis. Consequently, ¢ (dQS /dv)(1) = —2¢xc, ¢}, and the result
follows because ¢, > 0.

In case 2: a < k and ([M],ryik))e = 0, then it is only for a summand
S3(c® H,A\(H)) in (1) that we can get a nonzero term. This happens when ¢(©) is
such that [V ] = [Ve-]4 [€agi,a)] — [M] + [€agip), H = 0 and A(H) = (A©)) with
MO = (. In this case, mo(H) = k, JAO a(i,me(H))) = {k}, [Ve] = [Vewr] =
[Veo] +[eag m] = tA?, a(i, k) = [Veo] + [ean] and
A |y l(l - v%g))]

dv (1—-v72)

Qo)
dv

Ck

v=1

v=1 v=1
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Since ([M],rq(,k))o = 0, this means that, when the element [M] of K(Q,0) is
written in the basis {[e,] | v € RT}, the coefficient of [eq(; k)] is 0. As noted above,

b > k. Because of these observations and p(c™) > k, we get c,(:) = ¢k, c((lo) =1=,

and c,()o) = ¢,. By induction hypothesis, we get
dQls,
c = c,(cl)(—cho)cgo)) = —2ckc,
dv |,_,

Ck

and the result follows because ¢ > 0.

In case 3: a < k, M is isomorphic to e, x) and ¢, = 1, then it is only for a sum-
mand Sy(c(?), H, \(H)) in (1) that we can get a nonzero term. This happens when
c(®) = ¢~ H is the unique subset of the set of edges of A[r, s] such that |H| = 1 and
c(H) is the unique element of N” whose only nonzero entries are in the ath and bth
columns and are equal to 1 and A\(H) = (A(?, X)) with both A(?) and A(Y) being the
empty partition. In this case, mo(H) = b, mi(H) = a, J(\ O, a(i,mo(H))) = {b},
JAW, a(i,mi(H))) = {a}, [Vew] = [Veo] + [eagin] — t(A?,a(i, b)) = [Ve-] +
[ea(i,b)]v [Vc/] = [Vc(2)] = [VC(U] + [e(y(i,a)] - t()‘(l)aa(iv a’)) = [Vc(l)] + [e(y(i,a)] and

d [(1 — v_201(>1))(1 — U_QCELQ))]
)

dQe,
C — _1 1_
(=1) dv (1—v—2

dv

Ck

v=1 v=1

As remarked above, b > k. So p(c))) > k. We have c,()l) = ¢, and P =1= c,
because a < k. Thus

de,
dv

_ /o !
= —2¢, = —2c,cp.
v=1

- (—1)% (1 - U*QCZ)
The result follows because ¢ = 1.

In case 4: a < k, M is isomorphic to e, ) and ¢, > 1, it is both for summands
So (e, H A(H)) and S3(c®, H, A(H)) in (}) that we can get nonzero terms. We
get a nonzero summand Sy (c(?), H, \(H)) when ¢(®©) = ¢~, H is the unique subset
of the set of edges of A[r, s] such that |H| = 1 and c(H) is the unique element of N*
whose only nonzero entries are in the ath and bth columns and are equal to 1 and
MH) = (A9, A1) with both A(? and A(Y) being the empty partition (). For this
triple ¢, H, \(H), we get mo(H) = b, mi(H) = a, JOO, a(i, mo(H))) = {b},
JOAW, a(i,mi(H))) = {a}, [Ven] = [Veo] + [eagin] = t(A?,a(i, b)) = [Ve-] +
[eaiin)s [Vel = [Veo] = [Vew ] + [€agia)] = t(AD, ali, a)) = [Vew ] + [eaa)] and
the summand (—1)171Sy(c(®, H, A\(H)) of (1) corresponding to this triple ¢(?), H,
AH) is

Ck

v=1

U N (Ol

(=1) dv (1-v72) ]

_ /o /o
= —2¢, = —2c,¢p.

v=1

This last equality follows because b > k as noted previously, p(c(M)) > k, c,()l) =,
P=1= .

We get a nonzero summand S3(c(®), H, A\(H)) when ¢(® is such that [Vo] =
[Ve-]+ [eaga)] — M] + [eagn], H=0and A(H) = (A?) with A(©) = . In this
case, mo(H) =k, JA, a(i,mo(H))) = {k}, [Ve'] = [Vew] = [Veo ] + [€agi ) —
t(A©, (i, k) = [Vew ] +[ea(i,n)] and the summand (—1)1#1.85(c®), H, A(H)) of (1)
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corresponding to this triple ¢(®), H, A\(H) is
e
(_1)0 (1 —v %% )
(1—-v72)

by induction hypothesis. This last equality follows because M is isomorphic to

o)
dv

= eV (—2c0el”) = —2(¢x — 1)elc,

v=1 v=1

e b>k ked ly, ¢ = (cx —1), ¥ =1=¢, and ¢V = ¢
a(ik)> as remarked previously, ¢, = (¢ — 1), ca’ =1 = ¢, and ¢, = ¢}.

Consequently,

aag,
dv

/) /) )
= —=2c,c, —2(c, — 1) ¢, = —2¢k ¢l
v=1

Ck

and the result follows because ¢ > 0.

In case 5: a < k, M is isomorphic to e k) @ €a(ir) With &' # k, cx = 1 and
Supp(a(i,a)) C Supp(a(i, k)), it is only for a summand Sa(c(®, H, A(H)) in (1)
that we can get a nonzero term. This happens for the following unique triple ¢(®,
H, M(H). Set ¢\ = c~. H is the unique subset of the set of edges of A[r,s] such
that |H| = 1 and c(H) is the unique element of N” whose only nonzero entries
are in the ath and (b')th columns and are equal to 1, where b’ is the unique inte-
ger such that a(i,a) + a(i,¥’) = a(i, k). Here i’ > k. The existence of i’ follows
from the fact that Supp(a(i,a)) C Supp(«(i, k)) as we have noted previously. So
mo(H) =" and my(H) = a. To define A(H) = (A9, A\(1)), we need to consider the
positions O([esi,i]), O([eaip)]), O[€a(i,a)]) and O([eq,p)]) in the Auslander-
Reiten quiver. Write @([ea(i,k)]) = (J), i)a @([ea(i,b’)]) = (y7j)7 6([ea(i,a)]) -
(v/,j') and O(leqaip)]) = (¥”,5"). Here we have (leqip)), [€ap,a)))o = 1 and
(ea(i,a)]s [€agip)]) @ = 0 by our construction of b’. We have ([eq,q)]; [€aip)])o = 1
and ([eq b)), [ea(m)]}lg = 1 because of 3.13 and the fact that M is e, i) © €qi,i)
with k" # k. Because of this and 3.13, there are two possibilities for these positions.
In the first, we have ' =z < ¢” <y, (x+1i) = (y+4) = (¥ +7") and (v +J') = y;
while in the second, we have (y'+j') = (z+1) < (v"+35") < (y+j),z =y’ =y and

= (y+j—n—1). For both of these possibilities, we will define A(H) = (A(®), A(1))
where A(?) is a af(i, b')-admissible partition belonging to A(«a(i,b’),c™) and A(V) is
a a(i, a)-admissible partition belonging to A(a(i, a),c™).

In the first possibility v/ =z < ¢y’ <y, (x+1) = (y+J) = (¥ +j”) and
(v +j") =y, then we set A(©) to be the partition A(*) : j > j > ... > j with height
16 (@) = (y — ") and AD =, then O (o)) = (4”,y — ") and

[Vc(l)] = [Vc—] + [ea(i,b/)] - t()‘(O)aa(i7 b/)) = [VC_] + [ea(i,b)] - [ea(i,k/)]
= [Ve] + [eaqn)] — [€agi)] — [€aqi] € Ky (Q,0)
implies that A(9) as defined is in A(a(i,d’),c”). Note that [V.um] € K (Q,0)
because a < k, p(c) = k and [Ve]4-[eq,a)] —[€ad, k)] —[€adir)] - [€agn)] € Ki(Q,0)
with a < k < k’. Obviously, \() € A(a(i,a),c) and we have
[Vc(2)] = [Vc(l)] + [e(y(i,a)] - t(A(l)aO‘(iv a’)) = [Vc(l)] + [ea(i,a)]
= [Ve| + [eat,a)) — [€atin)] — [€air] + [€aip] = [Vl

In the second possibility (v +7') = (z+i) < " +7") < y+j),z=y=y
and ¢/ = (y +j — n — 1), then we set A to be the partition A(?) : (j — j7) >
(j—4") > - > (j — j") with height ht(A\(?)) = (n — j + 1) and A = = 0, then

"
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O(lea,en)) = (v, y" +3" —9y') and
[ C(l)] [VC ] [ea(i;b')] - t()‘(O)aa(iv b,)) = [Vc*] + [ea(i,b)] - [ea(i,k’)]
[Ve] + [eain)] — [€agin)] — [€air)] € Ki(Q,0)

implies that A\(9) as defined is in A(a(i,d’),c”). Note that [V.um] € K (Q,0)
because a < k, p(c) = k and [Ve]+[eqq,a)]—[€ati,m] —[€atii]+[€aip] € Ki(Q,0)
with a < k < k. Obviously, \() € A(a(i,a),c) and we have

Ve ] = [Vew] + [eaga)] — tAY, a(i,a)) = [Ven ] + [eai,a)]
= [Ve] + [eag,o)] = [€agik)] — [€atrn] + [€agp)] = Vel
For this triple ¢, H, A\(H) in both possibilities, we get that J(A(?), a(i, V') =
{0}, J(AW, a(i,a)) = {a} and

G d [(1—v24")1 - v2?)
= (_1)1% [ )

QS (1)

[

Ck

dv |,_4 (1—0v2

v=1
= (~1) d% (1 - U*QCE)

This last equality follows because p(cM)) > k, c,()l) = ¢, and P =1= . The
result follows because ¢, = 1.

In case 6: a < k, M is isomorphic to e, r) © €qw) With &' # k, ¢ > 1
and Supp(a(i,a)) C Supp(a(i, k)), it is both for summands Sy (c?), H, \(H)) and
S3(c®, H, \(H)) in (f) that we can get nonzero terms. We get a nonzero summand
Sa(c©) H, A(H)) for the unique triple ¢(®, H, A\(H) constructed as in case 5 and
for this triple, the nonzero summand (—1)/#18y(c(®), H, \(H)) is equal to

_2e® 2™
(_1)1i (1—’[) 2e )(1—’0 2eq )
dv (1—-v2)

_ !
= —2c,c,

v=1

QS (1) = —2c,¢),
v=1

H,\(H)) when ¢(© is such that
0 and A\ is the empty parti-
]
K

as in case 5. We get a nonzero summand 5'3( ©

Veol = [Ve-] + [eata)] — IM] + [eain)], H =
tion (. Note c(® € N” because ¢, > 1 and [V.
[Vc] + [ a(l,a)] - [ea(l,k)] - [ea(l,k’)] + [ea(l b)] S

For this triple, we get mo(H) = k, JIA\?, a(i, k)
Vel +[eaim] =t a(i, k) = [Veo ]+ [eagn]

summand (—1)H1S3(c(, H A(H)) is

A%

+ [eoz(l a)] [M] + [ea(l b)]
+(Q,0) implies that ¢,, > 0.
) =

= {k}, Vel = [Veo] =

and the corresponding nonzero

€]
(1—v?) (1)(_o.(0) (0)
l (1—v2) == = el (22e06”) = =2(en = Dele
v=1 v=1
by induction hypothesis. Here c,(:) = (¢ — 1), D=1 = ¢, and 05)0) = ¢.
Consequently,
dQls,
[ —— = —2cc, — 2(ck — 1)c,c), = —2crclc,
dv |,_,

and the result follows because ¢ > 0.
In case 7: a < k, M is isomorphic to e k) @ €a(iry With &' # k, cx = 1 and
Supp(a(i,a)) D Supp(a(i,k)), it is for a summand S3(c?), H,A(H)) in (}) that
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we can get a nonzero term. This happens for the following unique triple ¢(©, H,
A(H). As we have noticed previously, if M is isomorphic to €alik) ® eqq, k/) Wlth
k' # k and Supp(a(i,a)) D Supp(a(i, k)), then there exists a unique integer o’ such
that a(i,a’) + a(i, k) = a(i,a) and, moreover, here a’ < a and a(i,a’) + a(i,b) =
a(i, k"). Because of this last equation, there exists a nonsplit short exact sequence
0 — eq(ia) — €a(ik’) — €a(ipb) — 0 of modules of Q. Take c® such that
Vo] = [Ve-] + [€ag,an] — [€agi)] + [€agip)]- Here ¢ e N” because

[Vl + [eai,a)] — [€atir)] — [€ag,i)] T [€agip))]
= [Vc—] + [ea(i,a)] - [ea(i,k/)] + [ea(i,b/)] € K+(Qv 0)

implies that ¢, > 0. Take H to be the empty set. Then mo(H) = k. As for A(H) =
(A®) where A9 is an afi, k)-admissible partition belonging to A(a(i, k),c®), we
need to consider the positions O([eq,r)]), O([€aq,q)]) and O([eq,r]). Write
6([ea(i,k)]) - (l‘,i), 6([ea(i,a’)]) = (yaj) and @([ea ¢ k’)]) - (y .7,) Since
<[ea(i,a’)]a[eo{(i,b)]>Q =0, <[e(y(i,b)]7[ea(i,a’)]>g =1 <[e(y(1,a)] [e(y(l,b)DQ = 1 and
([ea,b))s [ea(i,a)])lg = 1, we see using 3.13 that there are two possibilities for
these positions, either we have (y +j) = (¥ +j') < (z+1), y < * < ¢y and
y=(@+i—-n—-1)orwehavey =y <z, (y+J) < (x+14) < (¥ +7j) and
(y + j) = 2. For each of these possibilities, we will define A(%). In the first pos-
sibility: (y+7) = (' +J5) <(x+1i),y <z <y and y = (x +i—n — 1), then
@([e(y(i,a)]) = (xay/ + j, - LL'), 9([e(y(i,b)]) = (ylvx +i- y/) and set A(”) to be the
partition A\ : (z +i—y—j) > (x+i—y—j)>---> (x+i—1y— ) of height
ht(A(©) = (n — i + 1). In the second possibility: y = ¢ < x, (y +j) < (x +i) <
(y/+7") and (y+) =z, then O((ea(sw]) = (4 2+i—9), Oleatn)) = (@ +5'—2)
and set \(9) to be the partition A : 4 > > ... > i of height ht(\(?)) = (z — y).
For both possibilities, we get that A9 € A(a(i, k), c®) and

Vel + [aim] = tA Y, a(, k) = [Veo ] + [eaga)] — [€agia)]
= [Ve-]+ [eagi,an] — [€a(ir)] + [€a(in)] + [€at,a)] — [€agian]

= [Ve-] + [eati,a)] — [€a i) + [€a(ip)]

= [Vl + [ea,a)] — [€atin)] — [€ai i) + [€aip)] = [Vl

Ve ] =

We get J(A a(i, k)) = {a} and

c —2¢(D c
o asg, (1) (1—v2") d€2 o) _ W (_26(9)6(0))
dv |,_4 (1—-v2) dv “ at "b
- v=1 v=1
by induction hypothesis. Since a’ < a < k’, we get c =0 and ct(ll) = 1. We have
also cg?) =1=¢, and Cgo) = ¢,. Thus
dQg,
r— . = —2¢), = —2d,c},

and the result follows because ¢ = 1.

In case 8: a < k, M is isomorphic to e, ) @ eq ) With & # k, ¢ > 1
and Supp(a(i,a)) D Supp(a(i, k)), it is for summands S3(c®), H, A\(H)) in (1) that
we can get nonzero terms. There are two triples ¢(9), H, A(H) corresponding to
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nonzero summands. The first triple is defined as in case 7 and proceeding as in case
7, we get that the corresponding nonzero summand (—1)H153(c(®, H \(H)) is

— oyt dQc
(_1)0 [(1(1 — v72) )‘| c(®

dv

The other triple ¢, H, A(H) for which the corresponding summand is nonzero
is defined as follows. ¢ is defined by [Voo] = [Ve-] + [eaia)] — [€air)] —
[€a(i,k)] + [€a(i,p)]- Note that c(® € N because ¢ > 1 and also [V¢] + lea,a)] —
[ea(i,k)] — [€aqr)] + [€agipn)] € K4 (Q,0) implies that ¢, > 0. Set H = ) and A0
is the empty partition (). For this second triple mo(H) = k, J(\ 9, a(i, k)) = {k},
Vel = [Veo] = [Veo] + [eain] — tA?,a(i, k) = [Veo] + [ear)] and the
corresponding nonzero summand (—1)"1S5(c(O) | H, \(H)) is

—2021) c
(—1)° [(1(1—_1)1)2) )1 S o)

dv
: ; ; 1 _ _ 0) _ 1 _ o) _
by induction hypothesis and because ¢, = (¢ — 1), ca’ =1 = ¢, and ¢’ = ¢;.
Consequently, we get

o o
= —2¢,Cp.

v=1 v=1

= c,(cl) (—26((10)61()0)) = —2(c — 1)c, ¢,

v=1

v=1

dQg,
[ —— = —2c,¢, — 2(ck, — 1)chep, = —2¢xclc),
dv |,
and the result follows because ¢ > 0. This concludes the proof of the theorem.

O

6. RATIONAL SMOOTHNESS

In this section, we will characterize which orbit closures O, are rationally smooth.
As a consequence, we will show that if O, is rationally smooth, then O is smooth.

6.1. The orbit closure O is said to be rationally smooth if and only if ¢ =
vie)=d(©) for all ¢ € N¥ with the same i-homogeneity as ¢ and such that ¢’ < c.
By theorem 1.18, this is the same as asking that

¢ =@ cE =N " dimHY (Oe) v¥ =1
J

for all ¢’ € N¥ with the same i-homogeneity as ¢ and such that ¢’ < c. Here f is
an F,-rational point of the orbit Oy and ’H?J (Oc) is the stalk at f of the (2j)th

cohomology sheaf of the intersection complex of the Zariski closure O of O.

6.2. Fix d = (d1,da,...,d,) € N" and ¢ € N” with i-homogeneity d. For the rest

of this section, u will denote v?. Recall that Z$ and QF, are both polynomials in

v? = u. Here ¢/ € N¥ has i-homogeneity d and ¢’ < c.

Proposition 6.3. The orbit closure O is rationally smooth if and only if
Y0y lo-de —
C//
c'=<c’" <c

for all ¢/ € NY with i-homogeneity d such that ¢’ < c. In the above sum, ¢’ € N¥
and has i-homogeneity d.
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Proof. As we saw in theorem 1.18, we have

- Y T
C//
c'=<c’" <c
for all ¢, ¢/ € N” with ¢ < ¢. Recall also that Q" = v?(¢")=d(e) ¢
If O, is rationally smooth, then (5 = pd(e)=d(e) and @ = pd(©)=d(c") i the
above equation. Thus

,Ud(cl)—d(c) — Z Ud(c/)—d(c”) Qg:’ Ud(c)—d(c”) and Z Qg:/ ,U2(d(c)—d(c”)) -1

" "

c’=<c""<c c’=<c""<c
Conversely, if
1" 1
Sy wle-de —
c’<c"<c

for all ¢’ € N¥ with i-homogeneity d such that ¢/ < ¢, then we get easily that
pd(e)—d(e) _ Z we pdle)—d(e)
c'<c"<c

for all ¢’ € N” with i-homogeneity d such that ¢’ < ¢. By 7.10 in [10], we can
conclude that ¢S = vd€)=d©) for all ¢/ € N¥ with i-homogeneity d such that
¢’ < c. So O, is rationally smooth. O

Corollary 6.4. If the orbit closure O, is rationally smooth, then

- Y T —de-de)

¢/ <c’’<c

u=1

for all ¢’ € N¥ with i-homogeneity d such that ¢’ < c.

Proof. Since O is rationally smooth, we saw in proposition 6.3 that

Z Qc d(c —d(c¢’") _ , d(c)—d(c Z Qc " d(c)—d(c’ ):1

c jc”jc c —<c”<c

for all ¢/ € N” with i-homogeneity d such that ¢’ < ¢. By taking the derivative
relative to u evaluated at u = 1, we get

ane/

(de) —den + Y L

"

> g (1) (de) —d(c”)) =0.

c
c’'<c""<c c’'<c’" <c

By proposition 5.2, Qg:'(l) = 0 when ¢’ < ¢” < ¢. Consequently,

aog,
- Y S =de-de)
u=1
¢/ <c’’<c
for all ¢’ € N¥ with i-homogeneity d such that ¢/ < c. O
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6.5. For a subset J of the set Al of edges of the Dynkin graph A, we define
Ea(J) ={(fij)i—j € Ea | fi; =0 if {i,j} € A"\ J}.

The following properties are easily proved and left to the reader. Let J, J' be two

subsets of the set A! of edges of A.

(a) Ea(J)is alinear subspace of Eq of dimension dim(Eqa(J)) = > y; jyes di d;-
In particular, Eq(J) is a smooth variety.

(b) Eq(J) is a Gg-stable closed subset of Fq and it is a finite union of Gg-
orbits. As a consequence and because the field F' is algebraically closed, we
get that there is a unique open dense Gq-orbit in Eq(J). We will denote
this orbit by O(J).

(¢) Ea(J)NEq(J')=Ea(JNJ) and Eq(J) + Ea(J') = Ea(JU.J").

(d) Ed(.]) - Ed(.]/) if JC J'.

(e) Ea(0) = {0} and E4(A') = Eq.

6.6. Because of 6.5 (c) and (e), we see that for each Gg-orbit O, in Eq4, there is a
unique smallest subset J(c) of Al for which O, C Eq(J(c)). In fact

J(c) = ﬂ J.
O:CEa(J)

Since Eq(J) is closed, then O, C Eq(J) if and only if O, C Eq(J). As a
consequence, if ¢’ < ¢, then we get easily that J(c”) C J(c). Note also that we
don’t necessarily have O, = O(J(c)). In fact, we will prove in theorem 6.8 that we
get this equality precisely when O, is rationally smooth.

6.7. Let ™t = (cpin cpin emin) ¢ N be defined by

Jmin _ {di, if a(i, k) = ; for some i, 1 <i<n
min _

0, otherwise.
Ocmin is the minimal Gg-orbit of F4q and it consists of only the null element of Eg.

Theorem 6.8. (a) We have the equality

dQC//-
- Y el —dm(EaU©)

. c u=1
cmt<e’ <c
(b) We have the inequality

dQClI.

_ cmin >d
> T 2

Cmm<C“ <c

with the equality if and only if O is rationally smooth. Moreover, in this

latter case, Oc = Eq(J(c)).
Proof. (a) By the chain rule and theorem 5.4, we get for ¢™" < ¢” < c that
A%

du

#0
u=1
if and only if there exists a pair of positive roots a(i, a), a(i,b) where 1 <a <b<wv
and a nonsplit short exact sequence 0 — ey (j,o) — M — e(3,) — 0 of modules of

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



546 R. BEDARD AND R. SCHIFFLER

Q such that [Vemin] = [Ver]+[€a(i,a)) — [M]+[€agi,p)]- Here [Vemn] = 37 d; [eq,].
Thus because [Vomin] — [€q3i,0)] + [M] — [€a(i,p)] = [Ver] € K1 (Q,0), we must have
that both a(i,a) and a(i,b) are simple roots. So a(i,a) = «; and «(i,b) = «; for
some 1 < 4,7 <n, i 7# j. From the chain rule, theorem 5.4 and the expression for

min

c™™ we can also add that in this case

A
= = —d, d;.

u=1
Since there exists also a nonsplit short exact sequence 0 — e, — M — e,, — 0 of
modules of Q, we have that {7, j} must be an edge of the Dynkin graph A and that
M must be isomorphic to €q,1q,. Consequently, in this case ¢’ = (cf,c5,...,c})
is given by
(d; = 1), if ai,k) =,
1

(i, k)
(d; = 1), if a(i,k) =qj,
(i,k)

=141, if a(i, k) = a; + oy,
di/, if a(i, k)) = Qy with ¢/ 75 i,j,
0, otherwise.

Since ¢” < ¢, the edge {7,j} € J(c). This follows from the fact that {i,;j} € J(c")
and because J(c”) C J(c) from 6.6.

Now let {i,5} be an edge in J(c) with ¢ — j in Q. Consider the element
" =(d,dy,...,c) € Z¥ defined by

R 24

(dz — 1), if a(i, k)) = Oy,
(d; = 1), if a(i,k)=qj,
=11, if a(i, k) = a; + o,
di/, if a(i, k)) = Q5 with ¢/ 75 i,j,
0, otherwise;

we want to prove that ¢’/ € N and it has i-homogeneity d, that ¢™" < ¢” < ¢
and, finally, that
.| i
du -

u=1
Since {i,j} € J(c), there exists an element f = (fi;/)iy—; € O such that
fij # 0; in fact, fi; # 0 for all f = (firj)v—j € Oc and rk(fi;) is constant on
the orbit Q.. This implies that d;, d; > 0 and we can conclude that ¢” € N.
Obviously, ¢ has i-homogeneity d and ¢™® < c¢”. From our definition of ¢”,
the fact that {i,j} is an edge of A and that there exists a nonsplit short exact
sequence 0 — ey, — M — e,, — 0 of modules of Q because i — j, we get that

[Vemin] = [Ver] + [€q;] — [€ai+a;] + [€q,] and from theorem 5.4
A i
—ay =—d; d; #0.
u=1
We still have to prove that ¢” < c.
Since A is a tree, there exists (a1,as,...,a,) € Z™ such that if {i’,j'} is an

edge different from {¢,j} and ¢/ — j’, then ay + 1 = aj and if {7/,5'} = {4, j},
then a; = a;. In fact, there is an infinity of such solutions and we could choose
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an n-tuple (ai,az,...,a,) € N™ Fix such an n-tuple. For each t € F* we
define the element ~(¢t) € Gq by the requirement that, for 1 < ¢/ < n, its i'-
component is (y(t))y = t%'Iq, where Iy, : F% — F% is the identity. Let
f = (fij)imj € Oc. Then, for all t € F*, we get easily from our choice of
(a1,a2,...,a,) that ¥(t) - f = (f};)ir—j» where

tfi’j/v if {ilvj/} # {Zvj}a
fija if {1,7]/}:{17]}

for all arrows i’ — j' € Q.

fil/j/ = tajl_ail fi'j' = {

From this action, we can conclude that f = (fi/j/)ifﬂj/ € Eq defined by
f{ o Oa if {i,,j,} # {Zvj}v
e fijv lf{Z,,]I}:{Zvj}
belongs to the orbit closure O,. If we denote by rk(fi;) the rank of f;;, then it is
easy to see that f € Og where ¢ = (¢1,¢2,...,6,) € N” is given by

di — I‘k(fij), 1f Oé(i, k‘) = Oy,
dj - rk(fij)a if Oé(i, k) = Gy,
(i, k)

Cx = I‘k(fij), if a(i, k = q; + oy,
di/, if Oé(i, k‘) = Qy with 75 i,j,
0, otherwise.

Thus € = c. Note that rk(f;;) > 1 because {3, j} € J(c). We can easily compare
¢ and c¢” because then we are reduced to the As case and the rank of the (i — j)-
component gives the order relation. Since rk(f;;) > 1, we get that ¢” < €. So
¢’ <ec.

From all of what precedes, we get that

a2, |
N Z ﬁ = E d; dj = dim(Eq(J(c))).
minCN "< u=1 {ivj}eJ(C)
C <c’ =c

This concludes the proof of (a).
(b) Since O C Eq(J(c)), we can conclude that
. A i
de) < dm(Ba(Je)) =~ Y T

u=1

This shows the inequality.

If
A
_ Z —e _l_d(c),

Cmm<C“ <c

then dim(O.) = dim(Eq(J(c))). Consequently, O, is the unique open dense orbit
in E4(J(c)) and O, = Eq4(J(c)) is smooth; in particular, it is rationally smooth.
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Conversely, if O, is rationally smooth, then we get by using corollary 6.4 for

¢/ = c™ that

A
- X | =i

because d(c™") = 0. O

6.9. From our proof of 6.8, we get

Corollary. If O is rationally smooth, then O is smooth.

1.

10.

11.
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