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PROJECTIVE RATIONAL SMOOTHNESS OF VARIETIES
OF REPRESENTATIONS FOR QUIVERS OF TYPE A

RALF SCHIFFLER

ABSTRACT. Let UT be the positive part of the quantized enveloping algebra
U of type An. The change of basis between canonical, and PBW-basis of
U™ has a geometric interpretation in terms of local intersection cohomology
of some affine algebraic varieties, namely the Zariski closures of orbits of rep-
resentations of a quiver of type A,. In this paper we study the local rational
smoothness of these orbit closures and, in particular, the rational smoothness
of their projectivization.

1. INTRODUCTION

The present work is a sequel to [BS]. Let F' be an algebraic closure of a finite
field F, with ¢ elements, d = (dy,ds,...,d,) € N" and Gaq = [[;_, GLg,(F). Let
Q be a fixed quiver whose underlying graph is the Dynkin graph of type A,,. Gq
acts on Eq =D, co Hom p(F% F%), by conjugation. Let O be a Gg-orbit and
O its Zariski closure. In [BS] the complete list of rationally smooth orbit closures
was obtained. As a consequence it was shown that O is rationally smooth if and
only if O is smooth. In this paper we will study local rational smoothness of orbit
closures and establish a complete list of the projectively rationally smooth orbit
closures in theorem ET1] and theorem T3l Here, projectively rationally smooth
means that the projectivization of the orbit closure is rationally smooth.

Rational smoothness is a topological property, which is defined using local inter-
section cohomology, and has been extensively studied for Schubert varieties. For a
survey of some of these results, see [BLO0N)].

Let U™ be the positive part of the quantized enveloping algebra U over Q(v)
associated by Drinfeld and Jimbo to the root system of type A,,. Kashiwara and
Lusztig have constructed independently of each other a unique canonical basis B of
U™ in [Kas91] and [Lus90al. Their construction is not restricted only to type A,
but to a more general setting including, for example, all simply laced semisimple Lie
algebras, i.e. types A, D, E. For each reduced expression i of the longest element
wq of the Weyl group W of type A, there is also a PBW-basis B;j. Some of the
reduced expressions are adapted to the quiver Q. In this case, Lusztig has shown
in [Lus90a] that the entries of the transition matrix between the bases B and B;
have a description in terms of local intersection cohomology of orbit closures. We
use this approach to study rational smoothness of orbit closures.
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550 RALF SCHIFFLER

This paper is organized as follows. In section 2 we fix notation and recall some
results that we will need at a later stage; notably some of Lusztig’s results on
the geometric aspects of the canonical basis as presented in [Lus90al, and a result
of Bongartz establishing the equivalence of several partial orders on the set of
orbits. We study local rational smoothness of orbit closures in section 3, using a
result of [BS]. We give a characterization of local rational smoothness in terms
of elementary operations in theorem B.6. In the last section we study projective
rational smoothness. It turns out that the only non-smooth, projectively rationally
smooth orbit closures are of type Ay or Az. This is proved using Bongartz’s result
mentioned above and the Auslander-Reiten quiver.

Acknowledgments. The author thanks Robert Bédard for the productive discus-
sions on the subject over the last years. Thanks also to the referee for interesting
comments.

2. NOTATION AND RECOLLECTIONS

2.1. The quantized enveloping algebra U. Let v be an indeterminate and U
the quantized enveloping algebra of Drinfeld-Jimbo on the field Q(v) of rational
functions corresponding to the simple complex Lie algebra sl,,+1(C). U is a Q(v)-
algebra with generators E;, F;, K;, Ki_l(l < i < n) and relations

(r.1) KiK' = K7 Ki =1, KK = KjK;;
VE;K;,  ifi=j,
(1'2) KZE] = ’U_ll?jl(vi7 if |Z —]| =1,
EjKi, if |Z —]| > 1;
vRK;, if i =g,
(1'3) KZF] = 43§V FjK'L'7 if |Z —]| = 1,
FjKi, if |Z —]| > 1;
K, —K! 1, ifi=j
(1‘4) EzF] — FjE,L' = 51'3‘@ where 57;j = ’ 1 Z j"
(v—o7t) 0, ifi#j;

E?E; — (v+v YE,E;E; + E;E? =0, if i —j| =1,
EiEj—EjEiIO, if |i—j|>1;

(r.6) {F"QFJ' —(+ v EFF + FF =0, if i —j| =1,

EFj—FjFiZO, lf|’L—j|>1

Let UT be the Q(v)-subalgebra generated by the F; (1 < i < n). Let () :
U — U be the involution of Q-algebras defined by

Ei—FE;, Fw—F, Kw—K?"' forall<i<n and wv~ov "
Note that Ut = U*T.

Let @ be the free abelian group with basis {a1,as,...,a,}. Define an inner
product ( , ) on @ by

2, ifi=j,
(Oéi,Oéj)Z —]., lf|l—j|:1,
0, if|i—j|>1.
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Let R ={a € Q| (o,a) =2}. R is a root system of type A,, whose set of simple
roots is {ar,az,...,an}. Let RY = {a € R | a = 3, cja; with ¢; € N} be the
subset of positive roots. In our case, we have R = {+(aq + agi1+ ...+ ap) | 1 <
a<b<n}and R = {(ag + @gr1+ ...+ ) | 1 <a <b<n} The support of
the root v =}, cja; is by definition {1 < j <n | ¢; # 0} and we will denote it by
Supp(a). It is known that the support of a root is a connected subset of {1,...,n},
i.e., Supp(a) ={a,a+1,...,b} with1 <a <b <n.

Each o € R defines a reflection s, : Q@ — Q, z — z — (2,a) a. We will
write s; instead of so,. Let W be the Weyl group of R. This is the subgroup of
Aut(Q) generated by the reflections s;, (1 < ¢ < n), and it is isomorphic to the
symmetric group S,+1. Let £(w) be the length of w with respect to the generators
{51, 82,...,8n} and denote by wy the unique element of W of maximal length. It
is known that £(wg) =v =n(n+1)/2 = #(R").

Lusztig has defined an action of the braid group on U [Lus90al] and used it to
define bases of PBW type (Poincaré, Birkhoff, Witt) of UT. We now recall these

definitions. 3
Fori e {1,...,n},let T; : U — U be the automorphism of Q(v)-algebras defined
by
Ei — —K'F, Fim —EiK;, Ki— K[,
Ejl—>Ej, F‘jl—>F‘j7 KjHKj, lf|Z—]|>17

Ej = (EjEi — UﬁlEiEj), Fj = (Fsz — ’UFjFZL'), Kj — Kin, if |Z —]| =1.

We have T,T;T; = TyT;T; if [i —j| = 1 and T;T; = T;T; if [i — j| > 1. This gives
us a braid group action. Moreover, we have T;(E;) = Tj_l(Ei) if |i — j| = 1.
Given integers M, N > 0, we define

N ’Uh—’Uih .
V=TT ) ez, {M‘LN] _IMAENE

h=1 (v —o71) N [M]UNT]!
and N
wy _ E; .
E = Wz]' for 1 <i<n.
Let Z be the set of sequences i = (i1, ...,4,) of elements in {1,...,n} such that
Siy - .- Si, is a reduced expression of wy. Each i € 7 gives rise to a total order
on R ={a(i,1),...,a(i,v)}, where a(i,t) = s;,8i, - 8i, ,(ag,) for t =1,...,v.

Often we will write o! instead of a(i, ) if there is no ambiguity on the choice of i.
We say that an element ¢ = (c1,...,¢,) € N” is of i-homogeneity d = (d1,...,d,) €

N™ if
14 n
th a(it) = de g -
t=1 k=1

For i = (i1,...,4,) € Z and ¢ = (¢1,...,¢,) € N”, put
Elc = Ez(lcl) Cfh (E74(2C2)) ThTiz (Ez(g,CS)) s ThTiz ’ T (E(CU)) :

Yv—1) (%

Proposition 2.1. Leti € Z. Then B; = {Ef | ¢ € N"} is a Q(v)-basis of UT.
We say that B; is a basis of PBW type.

Proof. [Lus90bl sect. 1.8 and 1.13]. O

We now recall Lusztig’s construction of the canonical basis of U™T.
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Theorem 2.2. Leti€ Z and L; the Z[v~]-submodule of U generated by B;.

1. L; is independent of i. We denote L; by L.

2. m(B;) is a Z-basis of L/v~ L independent of i. Here m: L — L/v™ 1L is
the canonical projection. We denote w(B;) by B.

3. The restriction of © : L — L/v™1L defines an isomorphism of Z-modules
7' LNL — L/v™ L where L is the image of L under U In particular,
B = 7/"Y(B) is a Z-basis of LN L.

4. B is a Zlv~!]-basis of L and a Q(v)-basis of UT. B is said to be the
canonical basis of Ut

5. Each element of B is fized by () : UT — UT.
Proof. [Lus90al. O

For some elements i € Z, called adapted to the quiver, Lusztig gave a geometric
description of the entries of the transition matrix between bases B and B;. We will
describe these elements of 7 and the geometric interpretation of these entries in the
following subsections.

2.2. Quiver modules. Recall that the set of vertices of the Dynkin graph A of
the root system R is the set {1,....n} and that {4,j} form an edge if and only if
|i — j| = 1. Hence A is the graph:

1—2—.— (n—1) — n.

Let Q = (Q° Q') be a quiver whose underlying graph is the Dynkin graph A of
R; i.e., for each edge {i,7} of A we fix an orientation. (We use the notation G° for
the set of vertices of the quiver G and G! for the set of arrows.) A vertex i € Qo
is a sink (respectively a source) of Q if there is no arrow i — j (respectively i < j)
€ Qb Forie QY let Q_.(i) (respectively Q. (i)) be the maximal full subquiver
of Q which contains ¢ and which has only arrows h — k (respectively h — k) with
h <k.

An element i = (i1,...,1,) € Z is adapted to the quiver Q if i1 is a sink of @1 = Q
and iy is a sink of the quiver Qy = s;, _,(Qk—_1) obtained from Qj_; by reversing
the orientation of all arrows ending at i1, where 2 < k < v.

Proposition 2.3. 1. There is an element i € T adapted to Q.
2. An element i of T can be adapted to atmost one quiver.

Proof. [BS]. O

From now on, let i be adapted to the quiver @ and write o' = a(i,t). Let F
be a fixed field. A module (or representation) V = (V;, fi;) of Q is a collection of
n finite dimensional F-vector spaces V;, (1 < i < n) and of (n — 1) F-linear maps
fij : Vi = Vj, (i — j € Q). A morphism from the module V = (V;, fi;) to the
module V' = (V/, f1.) is a collection of F-linear maps g; : V; — V;/, 1 <i < n such
that fi’j 0g; = gjo fi; for each i — j € Q'. These modules and morphisms form an
abelian category Mod(Q). If V is a module of Q, denote by [V] its isomorphism
class in Mod(Q).

The dimension of the module V = (V;, f;;) is the n-tuple

dim(V) = (dimp(V3), dimp(Va), .. ., dimp(V;,)) € N™.
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A module V of Q is indecomposable if V cannot be written as the direct sum of
proper submodules.

For k € {1,...,n}, let P(k) be the following module of Q: P(k); is the vector
space over I’ with basis the set of paths k = kg — k1 — ks — -+ — k,, =i from k
to i in Q and for each i — j € Q', let f;;: P(k); — P(k); be the unique F-linear
map sending the basis element k = kg — k1 — ko — -+ — k,, =i to k = kg —
ki1 — ks — -+ — ky, =1 — j. It is easy to show that P(k) = (P(k)i, (fij)i—;) is an
indecomposable projective module of @ and that each indecomposable projective
module is isomorphic to P(k) for some k € {1,...,n}. Similarly, for k € {1,...,n},
let I(k) be the following module of Q: I(k); is the vector space over F' with basis
the set of paths i = kg — k1 — ks — --- — k,, = k of i to k in Q and for each
i — j € Q' such that I(k); # 0 and I(k); # 0, let fi;: I(k); — I(k); be the unique
F-linear map sending the basis element : = kg — j=k; — ko — -+ — k,,, =k to
j=ki — ks — - — ky =k It is easy to show that I(k) = (I(k)i, (fij)i—j) is
an indecomposable injective module of Q and that each indecomposable injective
module is isomorphic to I(k) for some k € {1,...,n}.

Theorem 2.4. Let Q be a quiver and i € Z adapted to O.

1. For all « € R, there is a unique indecomposable module (up to iso-
morphism), denoted e, € Mod(Q), such that dim(e,) = (d1,...,dn) and
o= Z?:l d;a; ; any indecomposable module is isomorphic to e, for a unique
a. This is Gabriel’s theorem.

2. There exists a bijection ¢ = (c1,¢a,...,¢,) — [e(c)] between NY and the
set of isomorphism classes of modules of Q, where e(c) = @;_, ¢t eyt In
this case, dim(e(c)) = (di,...,dyn), where Y, ¢ ot => . d; oy, i.e.
is of i-homogeneity d.

. Ifa=as+agr1+ ...+ ap, 1 <a<b<n, then ey is isomorphic to the
module (Vi, fij) where

Idr, ifa<i,j<b,

v JF ifa<i<o,
f 0, otherwise.

0, otherwise;

and Vi — j € Q' fi; = {
Proof. [Lus90al, sect. 4.12-4.15]. O

For each non-split exact sequence T : 0 - U - V — W — 0 of modules, we
define the associated Hom-Ext sequences Hom-Ext (X, T) and Hom-Ext (T, X) by

Hom-Ext(X,Y) : 0— Hom(X,U)— Hom (X,V)— Hom (X, W)
— Ext(X,U) — Ext (X,V) — Ext (X, W) — 0
Hom-Ext (Y,X) : 0— Hom(W,X) — Hom (V,X) — Hom (U, X)

— Ext (W, X) — Ext (V,X) — Ext (U,X) — 0.

Note that Ext ?( , ) is always zero because the path algebra of Q is hereditary and
thus these sequences are exact.

Put [V, V'] = dimpHomg(V,V’) and [V,V']' = dimp Ext(V,V’). Note
that Homg(V, V') is the F-vector space of morphisms g : V. — V' in Mod(Q)
and Extg(V, V') is the F-vector space of extensions 0 — V' — E — V — 0 in
Mod(Q).
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For d = (d1,...,d,) € N, define

n
Ea= P Homp(F*“ F%) and Ga=]]GLa(F).
i—jeQ! =1

The group Gq acts on Eq by (g- f)i—; = (g5 fij 9; ')i—;- An element of Eq can be
seen as a module in Mod(Q) of dimension d. Two elements of E4 define isomorphic
modules if and only if they are in the same Gg-orbit. By Gabriel’s theorem, there
exists a bijection between the set of v-tuples ¢ = (¢q,...,¢,) of i-homogeneity d
and the set of Gq-orbits in Fq, where ¢ = (¢, ..., ¢,) corresponds to the orbit O,
whose elements are isomorphic to e(c).

For the rest of this paper, let F' be the algebraic closure of a finite field F, with
g = p° elements, where p is a prime number, and let d = (d1,...,d,) € N™.

There is a partial order on N” given by ¢’ < c if ¢’ and ¢ have the same i-
homogeneity and the orbit O is contained in the Zariski closure O of O. Let
d(c) = dim(O,).

Let S be the set of non-split short exact sequences of modules of @ and let Op
be the subset of S consisting of all sequences for which the first and the last module
are indecomposable. Hence, if T € Op, then

T:0—ep—V—eyp —0

for some s,t € {1,...,v} and some module V. The elements of Op are called
elementary operations. For T : 0 — eqs =V — e, — 0 € Op define in(T) = s
and out(Y) =t and denote by opY the vector (opY,...,opt) € Z" given by

-1, ifr=s,t,
0])2r = 1, if eyr is a direct summand of V,
0, otherwise.

For all ¢ € N¥ define Op(c) = {T € Op | c + opY € N¥}. Thus an elementary
operation T € Op(c) allows us to go from one orbit O, to another orbit O opr.
As we will see in theorem below, elementary operations do not only preserve
the i-homogeneity but they are also compatible with the partial ordering <. Define
Op(c’,c) ={T € Op(c’) | ' + op¥ = c}.

The following theorem is shown in [Bon95|.

Theorem 2.5. Let c,c’ € N”. Then the following four statements are equivalent:

1. <c.

2. There is a sequence of elementary operations Y1, Yo, ..., T such that Y; €
Op(c' + X' "1 op™i) and ¢/ + 3% op”i = c.

3. [ea,e(c)] > [eq,e(c)] for all indecomposable modules e,,.

4. [e(c'), eq] > [e(c), eq] for all indecomposable modules e, .

2.3. The Auslander-Reiten quiver. In this subsection we will recall some facts
about the Auslander-Reiten quiver I' = (I'°, T'!) of Q. For this theory, we refer the
reader to [Gab80]. We will restrict ourselves to the type Ay.

Let F' be an algebraically closed field. The vertices of the Auslander-Reiten
quiver are the isomorphism classes of indecomposable modules of the quiver Q over
F and for two vertices [V], [W] € T? there is an arrow [V] — [W] € T'! if and only
if there exists an irreducible morphism V.— W € Modr(Q).
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FIGURE 1. A quiver Q with its corresponding Auslander-Reiten
quiver T'.

By Gabriel’s theorem, there is a bijection between I'° and the set of positive roots
{al,...,a”}. We do not need to determine explicitly the irreducible morphisms
of T't. Let P[i] € {1,...,v} be such that P(i) = e,rp is the i-th indecomposable
projective module.

Let ZA be the translation quiver associated to the Dynkin graph A [Gab80l
sect. 6.5, fig. 13]. Note that this implies a choice of indices on the vertices of A.
Recall that ZA® = Z x {1,...,n} and ZA! = {(2,i) — (z,i+1) | 2 € Z, 1 < i
<n}U{(z,i) = (z+1,i—1) | 2z € Z, 1 < i < n}. The translation 7 is the function
71 ZAY — ZAY 7(2,i) = (2 — 1,4). There is a unique embedding © of I' in ZA
such that ©(a’lll) = (1,1) € ZA. In particular, ©(a”¥) = (1 — b}, k) where b} is
the number of arrows in the non-oriented path from 1 to k that are directed toward
k. In the example shown in figure [[] we denote the root a = Y i | d;v; simply by
the dimension (di,...,d,) of the corresponding indecomposable module e,,.

Let I[i] € {1,...,v} be such that I(i) = e, is the i-th indecomposable injective
module. Let R_.[i] such that oft—[1 = 2nego (i) @n and R [i] such that aft-ll =
> onego (i) @n- The Pli], i = 1,...n, form the left boundary of I' and the I[i] the
right boundary, while the R_,[i] form the bottom boundary and the R.[i] the top
boundary of I'. Figure 2 shows an example of type Ag. For each i =2,...,n—1
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\/\/\

P[5] 12]

/\/\/\
\/\/

N
/\/\/
/\/\/\

R_[2] R_[3] (6]

1[4]

1[5]
FIGURE 2. An Auslander-Reiten quiver of type Ag.

Pl = R-[1}, R3] = R-{d, R-f] = R-f6] ~ 11,
P[6] = R[6], R[4] = R_[5], R_[1] = R_[2] = R_[3] = I]1].

there is the following elementary operation Y; € Op:
T, : 0— €, Pli] — €yr_[i] D ey r_[] — €,11] — 0.

For i,5,k € Q% let R(i) = {t | 1 <t < vand i € Supp(a?)}, R(i,j) =
R(E)NR(j) and R(3,j, k) = R(Z) NR(j) N R(k). Often we will identify R(i) (respec-
tively R(i, ), R(i, 7, k)) with the set of positive roots o with t € R(i) (respectively
R(i,7), R(i,j,k)). Thus, in the Auslander-Reiten quiver, R(i) “is” the set of vertices
that are included in the rectangle having corners Pi], R_.[i], ] [z], R_[i].

The following facts are well known.

Proposition 2.6. Let o, 3 € R, say O(a) = (z,4) and ©(8) = (y,J) withx,y € Z
and i,j € {1,...,n}. Then
1. [eq,e3] € {0,1} and [eq,eg] =1 iff e <y<zx+i—landz+i<y+j<
T+ n.
2. leg,eq]t € {0,1} and [eg,en]' =1 iff r+1<y<z+iandz+i+1<
y+j<zxz+n+1.
3. If [easep] = 0 and [eg,e,]' = 1, ice., eithery =z +i and z +i+1 <
y+j<z+n+lory+j=x+n+landz+1<y<z+i, thenat+pc RT
and there exists a short exact sequence 0 — e, — eq13 — eg — 0 which is
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a basis of Extg(eg, e,). Moreover,

0o+ 8) = (, y—x+7), fy=z+i and z4+i+1<y+j<z+n+1,
(y, z+i—vy), fy+j=xz4+n+1 and z+1<y<z+i

and if 0 - e, =V — eg — 0 is a non-split short exact sequence, then V
is isomorphic to eqy 3.

4. If [easeg] = 1 and [eg,ea]! =1, de, s+ 1<y <z+iandz+i+1<
y+7j <xz+n+1, then there exists a unique pair of distinct positive roots
v, v such that o + 3 = v + 7 and there exists a short exact sequence
0— e, — e, dey — eg — 0 which is a basis of Extlg(eg,ea), Moreover,
() = (y, z+i—y) and O(Y) = (z, y —x +j), and if 0 — e, —
V — eg — 0 is a non-split short exact sequence, then 'V is isomorphic to
e, Pey.

5. Let k € {1,...,n}; then [P(k),eqs] = 1 iff k € Supp(a). Consequently, if
c € N¥ is of i-homogeneity d, then [P(k), e(c)] = di.

6. Let c be of i-homogeneity d. With the notation ca = 3, 4 ct, for all
subsets A C {1,2,...,v}, we have

leqr—1i1,€(C)] = Crii)\R(,j) = di — CRr(i,j) ifi—j, i>7

and
[e(yRR[i] s e(c)] = cR(i)\R(i,j) = dz — CR(i,j) ifi — j, 1< ]

2.4. Local intersection cohomology of orbit closures. The results of this
subsection have been proved in [Lus90al, chapters 9-10].

Proposition 2.7. Let ¢ € N¥ be of i-homogeneity d. Then for each ¢’ < ¢, there
exists wS € Zv,v™] such that

N ’
cC __ C C
Ei = E Wer Ei .

c’'<c

Moreover, wS = 1 and for all ¢/ < ¢, QS = vl =S, s an element of
Z[v?,v72.

Theorem 2.8. Let ¢ € N” be of i-homogeneity d and let £¢ € B be the unique
canonical basis element such that w(£°) = w(Ef). Then

1.&° = > .¢ Ef/, where ¢’ Tuns over the set of elements of N of i-
homogeneity d, (€ =1 and (& € v Zv™!] for ¢’ # c.
2. If ' £ c, then (5 = 0.

3. If () is the Z-linear involution of Z[v,v=1] sending v to v=1, then

J7—
c _ § c Cc
¢ = Wer PR

o/ e <e
4. If ¢ < ¢, f is a Fy-rational point of the orbit Oy in Eq, and HJ% is the stalk
at [ of the a-th cohomology sheaf of the intersection cohomology complex of
the Zariski closure O of O with coefficients in Q, (extended by zero on
the complement of that closure), where £ is a prime number # p, and with
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the Fy-structure such that the Frobenius map acts as identity on the stalks
of its 0-th cohomology sheaf at the rational points of the orbit O, then

’H?‘IH =0 foralla and v*©~U e = Zdim(H?f‘) v,
a

In particular, vd<°>*d<°'>§g, is a polynomial in v? with coefficients in N.

Definition 2.9. We say that the orbit closure O, is rationally smooth at Og C 0.
if for all ¢” such that ¢’ < ¢” < ¢ we have ) dim(H7*)v** = 1 for a F-rational

point f € O, ie., if €&, = v¥€)=d(©) for all ¢” such that ¢/ < ¢” < c.

The orbit closure Oc is rationally smooth if it is rationally smooth at each
O C Og, ie., if (S = pd(e)=d(e) for all ¢/ < c.

Remark 2.10. Tt is known that Oy is rationally smooth iff 0. is smooth [BS] cor.
6.9].

Given ¢ € N¥ of i-homogeneity d, let ¢ be the unique element of N” such that
c? < c and dim(Og) = 0. Note that the orbit Qg consists of one single point: the
neutral element 0 € Egq

Definition 2.11. The orbit closure O, is said to be projectively rationally smooth
if it is rationally smooth at each Oc C O \ {0}, i.e., if 5 = pd(e)=d(©) for all
c <c, c#c.

3. LOCAL RATIONAL SMOOTHNESS

In this section we will give some conditions for local rational smoothness of an
orbit closure of type A.

Let ¢,c¢’ € N” and let O/, O, be the corresponding orbits such that ¢’ < ¢ (i.e.,
O C O,). For any elementary operation T : 0 — ey: — V — e, — 0 € Op and
c € N”, define e(Y, ¢) = csc;. Let us recall first two results of [BS].

Proposition 3.1. Let QF, be as in proposition[2.7]. Then Q% |,_, =0 ifc’ #c.

Proof. [BS, prop 5.2]. (This proposition also holds if Q is a quiver of type D or
E.) O

Theorem 3.2. Let QS be as in proposition 2.7 Then

dQg,
dv

£0
1

v=

if and only if there exists an elementary operation T € Op(c'), such that ¢ =
¢’ +op". In this case Y is unique and

g,

_ /
Ty =—2¢(T,c).

v=1

Proof. [BS, thm 5.4]. O
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Let H} be as in theorem [Z¥land put a; “f dim H?«i >0. Thenag =1anda; =0

if 24 > d(c) — d(c’). Moreover,

Zai P2 284 de)—d(e) ¢ 2.8 d(c)—d(c) Z Qcc:j’ Evd(c’)fd(c”)

120 c’<c"=c
L pde—de) T Y QG i@,
c’<c'"<c
Note that
pd(e)—d(c") C_'C:/ — p2(d(e)—d(c") yd(c)—d(c") ¢S 284 2(d(e)—d(c)) Z a; v,
i>0
Whence
Zai 2 — ,U2(d(c)—d(c/)) Z a; o2 = Z Qgi/ gvd(c)—d(c”).
i>0 i>0 c/<c"=<e

Taking the derivative relative to v and evaluating at v = 1, we get that

2 Cia; +2) ia; —2(d(c) —d(c) > a;

i>0 i>0 i>0
is equal to
> (Ler| @l ver] | S(@eeen)] ).
C'<C”jc dV v=1 v=1 dV v=1

Now we use proposition B.1l and theorem to calculate this last sum and we
obtain

(3.1) Y aid(e) —d(e)=2i) = Y e(X,¢) G oo

i>0 TeOp(c/,c)

v=1

Remark 3.3. The left-hand side of (31 is a sum of natural numbers, since a; > 0,
d(c) > d(c’) and a; = 0 for 2i > d(c) — d(c').

Remark 3.4. If O, is rationally smooth at O then ag = 1,a; = 0 for all i > 1 and

= =4 FopT)+d(e) =1 forall T € Op(c,c).

v=1

Co/top™
’
c’+op v=1

Hence in this case (3.1]) becomes

dc)—d(c)= > e(T.c).

YTeOp(c,c)

Remark 3.5. If O is rationally smooth at Qg for all ¢/ < ¢” =< c, then again
=1 for all T € Op(c/,c). In this case BI) implies

d(c)—d(c) < > e(T,c)

TeOp(c,c)

Ccl T }
c’+op v=1

and equality holds iff O, is rationally smooth at O.
Theorem 3.6. O, is rationally smooth at Og if and only if

Z e(Y,c")=d(c) —d(c")  forallc <c" <c.
TeOp(c”,c)
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Proof. Suppose that the equation of the theorem is true for all ¢’ < ¢’ < ¢c. We will
show that O is rationally smooth at O.. We proceed by induction on d(c) —d(c’).
If d(c) — d(c’) = 0, then ¢ = ¢’ and O, is rationally smooth at Ok.

Suppose now that d(c) — d(c’) > 1. By induction we have that O, is rationally
smooth at O for all ¢’ < ¢’ < c. But then remark[3.5implies that O, is rationally
smooth at Or.

The other implication of the theorem is clear by remark [3.41 O

Corollary 3.7. O, is rationally smooth at Og if and only if for all ¢’ < c¢" < c,

Z e(T,c”) = dim(Eq) — d(c) = codim(O,).
TeOp(c”)\Op(c”,c)

Proof. By the Voigt lemma (see, e.g., [Voi77] or |[Gah75| sect. 1]), the codimension
of the tangent space of O~ is equal to the dimension of Ext!(e(c”),e(c”)), hence

dim(Eq) —d(c”) = [e(c”),e(c)]' = Z e(T,c")
TeOp(c')
= Z e(Y,c") + Z e(Y,c")
T€Op(c")\Op(c” c) TeOp(c”,c)
and the result follows from the theorem. O

Remark 3.8. Using this result in the case ¢’ = ¢” = the unique element in N* such
that dim(Og ) = 0, one can prove corollary 6.9 of [BS]; that is,

is rationally smooth everywhere
& is rationally smooth at O.o
< O is smooth everywhere.

SIS

In section [ we will study projective rational smoothness of O, using corollary
for minimal ¢’ # ¢%; that is, ¢’ is obtained from ¢® by performing one elementary
operation.

Next we study rational smoothness of an orbit closure O at an orbit O in the
case where one can go from ¢’ to ¢ by doing only one elementary operation. We
will give a necessary condition for rational smoothness in this case in proposition

Let ¢ € N” and fix an elementary operation T : 0 - e4s — V — e, — 0 €
Op(c). Define

Op,(c,c+opY) = {Y' € Op(c,c+opY)|in(Y)=s=in(T)},
Op'(c,c+op¥) = {Y' € Op(c,c+op")|out(Y) =t=out(Y)}

Thus Op,(c,c+op¥) N Op'(c,c+op¥) = {T}.

Lemma 3.9. Let T : 0 — e, — M — eg — 0 be an elementary operation and
v € RT. Then

[ea,eV]I - [Maev]l + [eg,ev]l = [ea,e,] — [M,e,] + [eg, e,] = [ea,ev][eg,ev]l,
[e,y,ea]l - [e'wM]l + [e,y,eg]l = [ey,ea] — [ey, M] + [e,,e5] = [ev,eg][ev,ea]l.

Proof. The equations on the left are immediate consequences of the exactness of
the sequences Hom-Ext (Y’,e,) and Hom-Ext (e,,Y’). By the same argument
[€a, 5] — [M, €] + [eg,e,] = 0 if [eq, e,] = 0 and [e, ea] — [e4, M] + [e5, €3] =0
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if [ey,eg] = 0. Now if [es,e,] = 1 (respectively [e,,es] = 1), then as an easy
consequence of proposition[Z6 we get [M, e,]' = 0 (respectively [e,, M]! = 0), and
again by exactness of Hom-Ext (Y', e,) (respectively Hom-Ext (e, Y')) we obtain
the lemma. (]

The next lemma describes the effect of an elementary operation on the orbit
dimension.

Lemma 3.10.
d(c +opY) — d(c) = 3 Cout(17) + > Cin(rry — 1

Y'€O0p,(c,ctop™) Y’'€Op*(c,ctop™)

Proof. Let us note first that for any elementary operation Y/ : 0 — e, o — V' —
e, — 0 Op(c) we have ¢ + op¥ =< c+op”

(3.2) iff [e,.,€ar][€, ) €ar]t < [€as,€ar][€nt,eqr]t forallre {1,... v},

(3.3) iff [ear, e, i ][€ar;eys]t < [€ar;€qt][€ar,€qs]t forallre {1,...,v}.

Indeed, by theorem [Z5l4. we have ¢ + op” < c+op™ iff 0 < [e(c+ op ), eqr] —
[e(c +opY),e,r] for all r € {1,..., v} and this is equal to
—le, o, ear] + [V €ar] — [ 1, €ar] + [€as,€0r] — [V, €0r] + [€4t, €0r]

lemma 3.9 —[e s €arlle e, ear]t + [€ns, €nr][€nt, €ar]t

which proves (B2), and (B3] can be shown by a similar argument using theorem
23.3.

Now
dic+op¥)—d(c) = 6(c)—d(c+op’)
= [e(c),e(c)]' —[e(c +op™),e(c+op™)]!

v
= - E (Cs’opg + Ct/opg; + Op’sr; Op:‘,r;) [eat’ i easl] :
s’ t'=1

Note that for any s’ € {1,...,v}

v
Z Op; [eat’ ) eaS’]l = _[eOzS ) eaS’]l + [Vv eaS’]l - [ea”v eaS']l
t'=1

lemma 3.9 1

—[€as, €, s ][€at, €] -

s Cas
Similarly, for any ¢ € {1,...,v}, Y. _, oplle v, e ]t = —[e v, eqt]le v, eqs]t.
Moreover,
1 ifs =sandt =t,

T T 1_
0pg10py [€qr; €] { 0 otherwise

Thus d(c + opY) — d(c) = >, cs + Y., cv — 1, where the first sum is over all
s' € {1,...,v} such that [es:, e, . |[€qt,€,]! =1 and the second sum is over all
t' € {1,...,v} such that (e v, et][e v, €)' = 1.

The condition [e,:, e,./]' = 1 means that there exists an elementary operation Y’
with in(Y’") = s" and out(Y’) = t. If [eqs, e, ] = 1, then for any r € {1,...,v} such
that [e,:,eq4r]' =1 we have [e,s,eqr] > [€,., €4r] (this is an easy consequence of
proposition [ZB). Therefore, in this case [e ./, eqr][€at,€ar]t < [€ns,€ar][€nt,enr]*
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for any r € {1,...,v} and by (B:2)) this means that c+opY < c+op". Conversely,
if c+opY =<c+op”, then
(3.2)
1= [easl ’ easl] [eOét ’ easl]l S [eﬂ’s ’ easl] [eOét ’ easl]l = [eﬂ’s ’ easl]'
Hence the sets {s' | [eqs,e,o][€at e ] = 1} and {s' | 3 T € Op'(c,c +
op?’) such that in(Y’) = s’} are equal.
By a similar argument one can show that {t' | [e,v,eqt][e v, €as]t =1} = {t' |
3Y’ € Op,(c,c+op?T) such that out(Y’) =#'} and the lemma follows. O

Proposition 3.11. If Oc opr is rationally smooth at O, then

Z e(Y',c+opT) =0,
Y’€Op(c,c+op?T)

i.e., Op(c,c+op¥)N Op(c+op’) = 0.
Proof. Suppose O¢opr is rationally smooth at Oc, then by theorem [3.6]

> e(Y,e)—dlc+op")+d(c) =0
T’€Op(c,ctopT)

Applying lemma B.I0 and using e(Y’, ¢) = Cin(r1)Cout(rr) We get

0 = Z Cout(T’)(cs - 1) + Z Cin(T’)(ct - 1)

Y/ €Opgs(c,c+op¥) T/c0pt(c,ctop¥)
out(Y/)#t in(Y/)#s

+(es = D(ee —1) + Ze(T',c)
~

(summation over all T € Op(c,c+opY)\ (Op,(c,c+op¥) U Op'(c,c+ opY)) in
the last sum).

Each term in each of these sums is a natural number since cg, ¢; > 1, hence each
term in each sum must be zero. Note also that ¢s—1 = cs—l—opgr and ¢;—1 = ct—l—opE.
Thus there is no elementary operation Y’ € Op(c) such that ¢ + opY =< c+op”
and Y’ € Op(c +op?). O

4. PROJECTIVE RATIONAL SMOOTHNESS

In this section, we give the complete list of orbit closures of type A with rationally
smooth projectivization (theorem [ZI1l and theorem ELI3)). Let Q = (Q°, Q) be a
quiver of type A, and i adapted to Q. Let ¢ € N” be of i-homogeneity d and let
c? < ¢ be the unique element of N” such that dim(O.) = 0 (O “is” the neutral
element of F4). For each arrow i — j € Q', let ¢ = ¢ + op ', where Tij
0 — ey, = €q;t+a; — €a, — 0. We say that the orbit closure O, is projectively
rationally smooth if O, is rationally smooth at Oy for all ¢/ < ¢, ¢’ # c”. Then
the projectivization of O, is rationally smooth if and only if O is projectively
rationally smooth.

Corollary B says that if O, is projectively rationally smooth, then

> e(Y,c¥) = dim(Eq) — d(c)
TeOp(cii)\Op(cii,c)

for all i — j € Q' such that ¢¥ < c¢. We will use this equation in order to
characterize projectively rationally smooth orbit closures. To be more precise,
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first we will prove several lemmas (&2 [£3] E7) that will tell us in detail which
elementary operations are in Op(c¥)\ Op(c%,c) . This will allow us to calculate
the left-hand side of the above equation (proposition E8) and finally we will get
conditions on ¢ by comparing this results for different arrows i — j € Q'. Roughly
speaking, if the quiver Q is too big (i.e. m > 4), then there is no projectively
rationally smooth orbit closure which is not smooth, because one gets too many
conditions.

In the proofs we use the Auslander-Reiten quiver and theorem [2.5} these proofs
are often very technical. Recall the notation c4 = Zte A Ct

Lemma 4.1. Let ¢ € NY be of i-homogeneity d. Let h — k € Q' be any arrow
and define ¢’ € N” by

0 if te R(hk),
=19 c+cpmp if o e{an, o},
Ct otherwise.

In other words, if O¢ is the orbit Gq - f, f € Eq, then O = Gq - ' with
f.’, _ fij if {Zvj} 7é {hvk}a
G0 0 {ig) = (b,

Then

¢ <ec.

Proof. Define (a1,as,...,a,) € N™® by a; = 1if [ and h are in the same component
of @\ {h — k} and a; = 2 if [ and k are in the same component of Q \ {h — k}.
For each t € F*, we define v(t) € Gq by (v(t)); = t*Id; where Id; : F4 — Fd is
the identity.

Then

(00 Py = 00 0 g o)y =107 gy ={ |0 Bl 2 =00

otherwise

for all t € F* and all i — j € Q'. From this action, we can conclude that f’ € O,
hence ¢’ < c. O

Lemma 4.2. For any 0 < m < min{d;,d;},
+m opT"j 2 C & CR(ij) = M.

Proof. Suppose first that cp(; j) > m. Let f € O and define f’ by
ﬂbk:{fm- i (h— k) = (i — ),

0 otherwise.

Let ¢/ € N” be of the same i-homogeneity as ¢ such that f € O . Then ¢ +
CRr(i,j) 0P ¥ = c’. But by lemma 1] we have ¢’ < ¢ whence c” +m op”i < c.
Now let ¢ +m op™# = ¢ and suppose, without loss of generality, that i < j.
Then [e,n_1,e(c)] = d; — cp(i ;) and [e n_g,e(c’ +m op¥i)| = d; —m, by
proposition ZAl6. But since ¢® +m opTi < ¢, theorem implies
[eaRh[i] ) e(CO +m OpTij )} > [e(th[i] ) e(C)]

whence cg(; j) = m. O
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Lemma 4.3. Let i — j,h — k € Q' such that {i,j} N {h,k} =0, ¢ < c and
¢t <c. Then
c’ +opTrr <c.

Proof. Note that cg; jy > 1 and cgre k) > 1, by lemma 2l Let f € Oc and define
[ by

Ty

f/ { Jay if (x—>y)€{(z—>]),(h—>k:)},

1o otherwise.
Let ¢’ € N¥ be of the same i-homogeneity as ¢ such that f’ € O. Then c¥ +
op™* + (cp(i ;) —1)opY ¥ + (cr(nk) — 1) op™* = ¢’ and so ¢/ +op™* =< ¢’ and
by lemma ET], we have ¢’ < c. O

Denote by QY the subset of sources and sinks of Q°; i.e.,
Q% ={ic Q°| iisasource or i is a sink in Q}.

For t € {1,...,v} we say that z € Supp(a') is a source (respectively a sink) in
Supp(a?) if there is no arrow x « y (respectively x — y) with y € Supp(a?). Put
Supp, (a') = {sources in Supp(a’)} and Supp_(a') = {sinks in Supp(a’)}.

Lemma 4.4. Suppose s,t € {1,...,v} and x € Q°. If [ens,eqt] = 1, then

Supp(e®) N Supp_(a’) #0 and Supp, (o) N Supp(at) # 0.

In particular, if [ea,,€qt] = 1, then x € Supp_(at) and if [ea:,eq,] = 1, then
x € Supp, (o).

Proof. Let us denote e,: by (V;, fij), eat by (V/, fi;) and let g € Hom (e, eq4t) \
{0}. Let z € QY be such that g, # 0, hence * € Supp(a®) N Supp(a!). Then
if # ¢ Supp_(at), there exists an arrow # — y € Q' with y € Supp(a?) and
9y © foy = fr, © 9z # 0. Consequently, y € Supp(a®). Then if y ¢ Supp_(a'), we

repeat the same argument until we find a z € Supp(a®) N Supp_(a?). The proof of

Supp, (a®) N Supp(a’) # 0 is similar. O
Lemma 4.5. Suppose T : 0 — ey, — €a,4a;, — €, — 0 andt € {1,...,v}.
Then
[eq:,e(c?)] = > der [e(e"),eq] = > ds,
z€Supp, (at) z€Supp_ (at)
[ea‘;e(cij)] = Z dy — [eat;eai][ea‘veaj]lv
z€Supp, (at)
[e(c¥),eqr] = Y do—ea; earllen, ear]’.

z€Supp_ (at)

Proof. We have ¢? = 0 if ® is not a simple root and ¢? = d,, if a® = a,. Therefore,

[eqt,e(c))] = Z leat,€q,]ds = Z dy

z€Q0 z€Supp, (at)
and
[e(co)veat] = Z [eax;ea‘] dy = Z dy
re Q0 z€Supp_ (at)

by the preceding lemma.
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The equations for e(c™) are consequences of the equations for e(c?), the fact
that ¢ = c® + opY¥ and lemma [3:9] O

For s,t € {1,...,v}, we define x; (s) = |Supp_(a?) N Supp(e®)|, x;(s) =
|Supp, (a*) N Supp(e®)| and

Y, = Xt_(s) -1 lf [easaeat] = 17

Xt (S) B { Xt_ (S) 1f [eab,eat] = 0,
+ .

i ) X (8) =1 if[eqr,eq:] =1,

i) = { Xi (s) if [ent, €a:] = 0.

Note that x; (s) > 0 and X, (s) > 0 by lemma [Z4.
Lemma 4.6. Lett € {1,...,v} and c € N¥ be of i-homogeneity d. Then
[eqt,e(c)] = Z dy — Z)Z;r(s)cg
z€Supp, (at) s=1
and ,
[e(c),eqt] = Z dy — Z)?;(s)cs.
z€Supp_ (at) s=1

Proof. We prove only the second equation because the first is proved in a similar
way. We want to calculate [e(c),eqt] = D o_; cs[€qs,€4t]. The set of all s €
{1,...,v} such that [e,s,eqt] # 0 is a subset of the union [ J {s|ze€

Supp(a®)} by lemma[Z4] and the function x; (s) counts the number of elements x
in Supp_ (o) N Supp(a®). Hence

Z Csleas, eqt]
(4.1) = > > ceasear] | =D (xi (8) = Desleas, eqr].

zeSupp_ (at)

z€Supp_ (at) s:z€Supp(a®) s=1
Now Zs:xGSupp(as) ¢s = dg, thus
> cleasseat]=do— D> ci(l—[eqs eqr).
s:z€Supp(a®) s:z€Supp(a®)

Moreover,

Z Z cs(1 — [eas,eqt]) th cs( [eqs, €qt])

z€Supp_ (at) s:zz€Supp(a®)
and hence (EJ]) becomes

v

Z ZXt s(1 = [eas; eqt]) _Z(Xt_(s) —1)es[eas; eqt)

rESupp_ (a’) s=1
v

- Z dz - ?; (S)Cs~

zeSupp_ (at) s=1
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(w-1,n) (w,n) (w+l,n) aj

o ’ o
(w.J) (w1, n+1)
(w1, j-1) (WH-1, )

(wHj-1, 1)

FIGURE 3. Two sketches of the Auslander-Reiten quiver in the
case i — j — k.

Lemma 4.7. Let j € {2,...,n—1},i=j—1,k=j+1. Suppose that ¢ < c and
c/* < c. Denote by X' the elementary operation
T :0— €ap 7 €Ca;+aj+ar 7 Caita; 0
(respectively 0 — €a;ta; — €a;ta;+ar — €a, — 0 depending on the orientation of
the arrows & — j — k). Then:
1. If j ¢ QY, then c¥ +opYi* < c and
c —|—opT/ 2C & Cri k) = 1
2. If j € QU then ¢ 4+ opY =< c and
c¥ —I—oij’c 2C & ¢y < d; — 2.
Proof. Suppose, without loss of generality, that ¢ — j. We will show 1 first. Since
j ¢ QY%, we have i — j — k in Q. Denote by (w,j) the position ©(P(j)) of the
j-th indecomposable projectif module P(j) in the Auslander-Reiten quiver.

Then ©(«;) = (w, n) and we can determine the positions of the roots 