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PROJECTIVE RATIONAL SMOOTHNESS OF VARIETIES
OF REPRESENTATIONS FOR QUIVERS OF TYPE A

RALF SCHIFFLER

Abstract. Let U+ be the positive part of the quantized enveloping algebra
U of type An. The change of basis between canonical, and PBW-basis of
U+ has a geometric interpretation in terms of local intersection cohomology
of some affine algebraic varieties, namely the Zariski closures of orbits of rep-
resentations of a quiver of type An. In this paper we study the local rational
smoothness of these orbit closures and, in particular, the rational smoothness
of their projectivization.

1. Introduction

The present work is a sequel to [BS]. Let F be an algebraic closure of a finite
field Fq with q elements, d = (d1, d2, . . . , dn) ∈ Nn and Gd =

∏n
i=1GLdi(F ). Let

Q be a fixed quiver whose underlying graph is the Dynkin graph of type An. Gd

acts on Ed =
⊕

i→j∈Q Hom F (F di , F dj ), by conjugation. Let O be a Gd-orbit and
O its Zariski closure. In [BS] the complete list of rationally smooth orbit closures
was obtained. As a consequence it was shown that O is rationally smooth if and
only if O is smooth. In this paper we will study local rational smoothness of orbit
closures and establish a complete list of the projectively rationally smooth orbit
closures in theorem 4.11 and theorem 4.13. Here, projectively rationally smooth
means that the projectivization of the orbit closure is rationally smooth.

Rational smoothness is a topological property, which is defined using local inter-
section cohomology, and has been extensively studied for Schubert varieties. For a
survey of some of these results, see [BL00].

Let U+ be the positive part of the quantized enveloping algebra U over Q(v)
associated by Drinfeld and Jimbo to the root system of type An. Kashiwara and
Lusztig have constructed independently of each other a unique canonical basis B of
U+ in [Kas91] and [Lus90a]. Their construction is not restricted only to type An,
but to a more general setting including, for example, all simply laced semisimple Lie
algebras, i.e. types A,D,E. For each reduced expression i of the longest element
w0 of the Weyl group W of type An, there is also a PBW-basis Bi. Some of the
reduced expressions are adapted to the quiver Q. In this case, Lusztig has shown
in [Lus90a] that the entries of the transition matrix between the bases B and Bi

have a description in terms of local intersection cohomology of orbit closures. We
use this approach to study rational smoothness of orbit closures.
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550 RALF SCHIFFLER

This paper is organized as follows. In section 2 we fix notation and recall some
results that we will need at a later stage; notably some of Lusztig’s results on
the geometric aspects of the canonical basis as presented in [Lus90a], and a result
of Bongartz establishing the equivalence of several partial orders on the set of
orbits. We study local rational smoothness of orbit closures in section 3, using a
result of [BS]. We give a characterization of local rational smoothness in terms
of elementary operations in theorem 3.6. In the last section we study projective
rational smoothness. It turns out that the only non-smooth, projectively rationally
smooth orbit closures are of type A2 or A3. This is proved using Bongartz’s result
mentioned above and the Auslander-Reiten quiver.

Acknowledgments. The author thanks Robert Bédard for the productive discus-
sions on the subject over the last years. Thanks also to the referee for interesting
comments.

2. Notation and recollections

2.1. The quantized enveloping algebra U. Let v be an indeterminate and U
the quantized enveloping algebra of Drinfeld-Jimbo on the field Q(v) of rational
functions corresponding to the simple complex Lie algebra sln+1(C). U is a Q(v)-
algebra with generators Ei, Fi, Ki, K

−1
i (1 ≤ i ≤ n) and relations

KiK
−1
i = K−1

i Ki = 1, KiKj = KjKi;(r.1)

KiEj =


v2EjKi, if i = j,

v−1EjKi, if |i− j| = 1,
EjKi, if |i− j| > 1;

(r.2)

KiFj =


v−2FjKi, if i = j,

v FjKi, if |i− j| = 1,
FjKi, if |i− j| > 1;

(r.3)

EiFj − FjEi = δij
(Ki −K−1

i )
(v − v−1)

where δij =

{
1, if i = j,

0, if i 6= j;
(r.4) {

E2
i Ej − (v + v−1)EiEjEi + EjE

2
i = 0, if |i− j| = 1,

EiEj − EjEi = 0, if |i− j| > 1;
(r.5) {

F 2
i Fj − (v + v−1)FiFjFi + FjF

2
i = 0, if |i− j| = 1,

FiFj − FjFi = 0, if |i− j| > 1.
(r.6)

Let U+ be the Q(v)-subalgebra generated by the Ei (1 ≤ i ≤ n). Let ( ) :
U→ U be the involution of Q-algebras defined by

Ei 7→ Ei, Fi 7→ Fi, Ki 7→ K−1
i for all 1 ≤ i ≤ n and v 7→ v−1.

Note that U+ = U+.
Let Q be the free abelian group with basis {α1, α2, . . . , αn}. Define an inner

product ( , ) on Q by

(αi, αj) =


2, if i = j,

−1, if |i− j| = 1,
0, if |i− j| > 1.
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Let R = {α ∈ Q | (α, α) = 2}. R is a root system of type An whose set of simple
roots is {α1, α2, . . . , αn}. Let R+ = {α ∈ R | α =

∑
j cjαj with cj ∈ N} be the

subset of positive roots. In our case, we have R = {±(αa + αa+1 + . . .+ αb) | 1 ≤
a ≤ b ≤ n} and R+ = {(αa + αa+1 + . . . + αb) | 1 ≤ a ≤ b ≤ n}. The support of
the root α =

∑
j cjαj is by definition {1 ≤ j ≤ n | cj 6= 0} and we will denote it by

Supp(α). It is known that the support of a root is a connected subset of {1, . . . , n},
i.e., Supp(α) = {a, a+ 1, . . . , b} with 1 ≤ a ≤ b ≤ n.

Each α ∈ R defines a reflection sα : Q → Q, z 7→ z − (z, α) α. We will
write si instead of sαi . Let W be the Weyl group of R. This is the subgroup of
Aut(Q) generated by the reflections si, (1 ≤ i ≤ n), and it is isomorphic to the
symmetric group Sn+1. Let `(w) be the length of w with respect to the generators
{s1, s2, . . . , sn} and denote by w0 the unique element of W of maximal length. It
is known that `(w0) = ν = n (n+ 1)/2 = #(R+).

Lusztig has defined an action of the braid group on U [Lus90a] and used it to
define bases of PBW type (Poincaré, Birkhoff, Witt) of U+. We now recall these
definitions.

For i ∈ {1, . . . , n}, let T̃i : U→ U be the automorphism of Q(v)-algebras defined
by

Ei 7→ −K−1
i Fi, Fi 7→ −EiKi, Ki 7→ K−1

i ,
Ej 7→ Ej , Fj 7→ Fj , Kj 7→ Kj , if |i− j| > 1,
Ej 7→ (EjEi − v−1EiEj), Fj 7→ (FiFj − vFjFi), Kj 7→ KiKj , if |i− j| = 1.

We have T̃iT̃jT̃i = T̃j T̃iT̃j if |i− j| = 1 and T̃iT̃j = T̃j T̃i if |i− j| > 1. This gives
us a braid group action. Moreover, we have T̃i(Ej) = T̃−1

j (Ei) if |i− j| = 1.
Given integers M,N ≥ 0, we define

[N ]! =
N∏
h=1

(vh − v−h)
(v − v−1)

∈ Z[v, v−1],
[
M +N
N

]
=

[M + N ]!
[M ]![N ]!

∈ Z[v, v−1]

and

E
(N)
i =

ENi
[N ]!

for 1 ≤ i ≤ n.

Let I be the set of sequences i = (i1, . . . , iν) of elements in {1, . . . , n} such that
si1 . . . siν is a reduced expression of w0. Each i ∈ I gives rise to a total order
on R+ = {α(i, 1), . . . , α(i, ν)}, where α(i, t) = si1si2 · · · sit−1(αit) for t = 1, . . . , ν.
Often we will write αt instead of α(i, t) if there is no ambiguity on the choice of i.
We say that an element c = (c1, . . . , cν) ∈ Nν is of i-homogeneity d = (d1, . . . , dn) ∈
Nn if

ν∑
t=1

ct α(i, t) =
n∑
k=1

dk αk .

For i = (i1, . . . , iν) ∈ I and c = (c1, . . . , cν) ∈ Nν , put

Ec
i = E

(c1)
i1

T̃i1

(
E

(c2)
i2

)
T̃i1 T̃i2

(
E

(c3)
i3

)
. . . T̃i1 T̃i2 · · · T̃i(ν−1)

(
E

(cν)
iν

)
.

Proposition 2.1. Let i ∈ I. Then Bi = {Ec
i | c ∈ Nν} is a Q(v)-basis of U+.

We say that Bi is a basis of PBW type.

Proof. [Lus90b, sect. 1.8 and 1.13]. �

We now recall Lusztig’s construction of the canonical basis of U+.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



552 RALF SCHIFFLER

Theorem 2.2. Let i ∈ I and Li the Z[v−1]-submodule of U+ generated by Bi.

1. Li is independent of i. We denote Li by L.
2. π(Bi) is a Z-basis of L/v−1L independent of i. Here π : L → L/v−1L is

the canonical projection. We denote π(Bi) by B.
3. The restriction of π : L → L/v−1L defines an isomorphism of Z-modules
π′ : L ∩ L → L/v−1L where L is the image of L under ( ). In particular,
B = π′−1(B) is a Z-basis of L ∩ L.

4. B is a Z[v−1]-basis of L and a Q(v)-basis of U+. B is said to be the
canonical basis of U+.

5. Each element of B is fixed by ( ) : U+ → U+.

Proof. [Lus90a]. �

For some elements i ∈ I, called adapted to the quiver, Lusztig gave a geometric
description of the entries of the transition matrix between bases B and Bi. We will
describe these elements of I and the geometric interpretation of these entries in the
following subsections.

2.2. Quiver modules. Recall that the set of vertices of the Dynkin graph ∆ of
the root system R is the set {1, . . . .n} and that {i, j} form an edge if and only if
|i− j| = 1. Hence ∆ is the graph:

1 2 · · · (n− 1) n.

Let Q = (Q0,Q1) be a quiver whose underlying graph is the Dynkin graph ∆ of
R; i.e., for each edge {i, j} of ∆ we fix an orientation. (We use the notation G0 for
the set of vertices of the quiver G and G1 for the set of arrows.) A vertex i ∈ Q0

is a sink (respectively a source) of Q if there is no arrow i→ j (respectively i← j)
∈ Q1. For i ∈ Q0, let Q→(i) (respectively Q←(i)) be the maximal full subquiver
of Q which contains i and which has only arrows h→ k (respectively h← k) with
h < k.

An element i = (i1, . . . , iν) ∈ I is adapted to the quiver Q if i1 is a sink of Q1 = Q
and ik is a sink of the quiver Qk = sik−1(Qk−1) obtained from Qk−1 by reversing
the orientation of all arrows ending at ik−1, where 2 ≤ k ≤ ν.

Proposition 2.3. 1. There is an element i ∈ I adapted to Q.
2. An element i of I can be adapted to atmost one quiver.

Proof. [BS]. �

From now on, let i be adapted to the quiver Q and write αt = α(i, t). Let F
be a fixed field. A module (or representation) V = (Vi, fij) of Q is a collection of
n finite dimensional F -vector spaces Vi, (1 ≤ i ≤ n) and of (n − 1) F -linear maps
fij : Vi → Vj , (i → j ∈ Q1). A morphism from the module V = (Vi, fij) to the
module V′ = (V ′i , f

′
ij) is a collection of F -linear maps gi : Vi → V ′i , 1 ≤ i ≤ n such

that f ′ij ◦ gi = gj ◦ fij for each i→ j ∈ Q1. These modules and morphisms form an
abelian category Mod(Q). If V is a module of Q, denote by [V] its isomorphism
class in Mod(Q).

The dimension of the module V = (Vi, fij) is the n-tuple

dim(V) = (dimF (V1), dimF (V2), . . . ,dimF (Vn)) ∈ Nn.
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A module V of Q is indecomposable if V cannot be written as the direct sum of
proper submodules.

For k ∈ {1, . . . , n}, let P(k) be the following module of Q: P(k)i is the vector
space over F with basis the set of paths k = k0 → k1 → k2 → · · · → km = i from k
to i in Q and for each i → j ∈ Q1, let fij : P(k)i → P(k)j be the unique F -linear
map sending the basis element k = k0 → k1 → k2 → · · · → km = i to k = k0 →
k1 → k2 → · · · → km = i→ j. It is easy to show that P(k) = (P(k)i, (fij)i→j) is an
indecomposable projective module of Q and that each indecomposable projective
module is isomorphic to P(k) for some k ∈ {1, . . . , n}. Similarly, for k ∈ {1, . . . , n},
let I(k) be the following module of Q: I(k)i is the vector space over F with basis
the set of paths i = k0 → k1 → k2 → · · · → km = k of i to k in Q and for each
i→ j ∈ Q1 such that I(k)i 6= 0 and I(k)j 6= 0, let fij : I(k)i → I(k)j be the unique
F -linear map sending the basis element i = k0 → j = k1 → k2 → · · · → km = k to
j = k1 → k2 → · · · → km = k. It is easy to show that I(k) = (I(k)i, (fij)i→j) is
an indecomposable injective module of Q and that each indecomposable injective
module is isomorphic to I(k) for some k ∈ {1, . . . , n}.

Theorem 2.4. Let Q be a quiver and i ∈ I adapted to Q.

1. For all α ∈ R+, there is a unique indecomposable module (up to iso-
morphism), denoted eα ∈ Mod(Q), such that dim(eα) = (d1, . . . , dn) and
α =

∑n
i=1 diαi; any indecomposable module is isomorphic to eα for a unique

α. This is Gabriel’s theorem.
2. There exists a bijection c = (c1, c2, . . . , cν) 7→ [e(c)] between Nν and the

set of isomorphism classes of modules of Q, where e(c) =
⊕ν

t=1 ct eαt . In
this case, dim(e(c)) = (d1, . . . , dn), where

∑ν
t=1 ct α

t =
∑

i=1 di αi, i.e. c
is of i-homogeneity d.

3. If α = αa + αa+1 + . . .+ αb, 1 ≤ a ≤ b ≤ n, then eα is isomorphic to the
module (Vi, fij) where

Vi =

{
F, if a ≤ i ≤ b,
0, otherwise;

and ∀i→ j ∈ Q1, fij =

{
IdF , if a ≤ i, j ≤ b,
0, otherwise.

Proof. [Lus90a, sect. 4.12–4.15]. �

For each non-split exact sequence Υ : 0 → U → V →W → 0 of modules, we
define the associated Hom-Ext sequences Hom–Ext (X,Υ) and Hom–Ext (Υ,X) by

Hom–Ext (X,Υ) : 0→ Hom (X,U)→ Hom (X,V)→ Hom (X,W)
→ Ext (X,U)→ Ext (X,V)→ Ext (X,W)→ 0

Hom–Ext (Υ,X) : 0→ Hom (W,X)→ Hom (V,X)→ Hom (U,X)
→ Ext (W,X)→ Ext (V,X)→ Ext (U,X)→ 0.

Note that Ext 2( , ) is always zero because the path algebra of Q is hereditary and
thus these sequences are exact.

Put [V,V′] = dimF HomQ(V,V′) and [V,V′]1 = dimF Ext1
Q(V,V′). Note

that HomQ(V,V′) is the F -vector space of morphisms g : V → V′ in Mod(Q)
and Ext1

Q(V,V′) is the F -vector space of extensions 0 → V′ → E → V → 0 in
Mod(Q).
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For d = (d1, . . . , dn) ∈ Nn, define

Ed =
⊕

i→j∈Q1

HomF (F di , F dj) and Gd =
n∏
i=1

GLdi(F ).

The group Gd acts on Ed by (g · f)i→j = (gj fij g−1
i )i→j . An element of Ed can be

seen as a module in Mod(Q) of dimension d. Two elements of Ed define isomorphic
modules if and only if they are in the same Gd-orbit. By Gabriel’s theorem, there
exists a bijection between the set of ν-tuples c = (c1, . . . , cν) of i-homogeneity d
and the set of Gd-orbits in Ed, where c = (c1, . . . , cν) corresponds to the orbit Oc

whose elements are isomorphic to e(c).
For the rest of this paper, let F be the algebraic closure of a finite field Fq with

q = pe elements, where p is a prime number, and let d = (d1, . . . , dn) ∈ Nn.
There is a partial order on Nν given by c′ � c if c′ and c have the same i-

homogeneity and the orbit Oc′ is contained in the Zariski closure Oc of Oc. Let
d(c) = dim(Oc).

Let S be the set of non-split short exact sequences of modules of Q and let Op
be the subset of S consisting of all sequences for which the first and the last module
are indecomposable. Hence, if Υ ∈ Op, then

Υ : 0→ eαs → V→ eαt → 0

for some s, t ∈ {1, . . . , ν} and some module V. The elements of Op are called
elementary operations. For Υ : 0→ eαs → V→ eαt → 0 ∈ Op define in(Υ) = s
and out(Υ) = t and denote by opΥ the vector (opΥ

1 , . . . , op
Υ
ν ) ∈ Zν given by

opΥ
r =

 −1, if r = s, t,
1, if eαr is a direct summand of V,
0, otherwise.

For all c ∈ Nν define Op(c) = {Υ ∈ Op | c + opΥ ∈ Nν}. Thus an elementary
operation Υ ∈ Op(c) allows us to go from one orbit Oc to another orbit Oc+opΥ .
As we will see in theorem 2.5 below, elementary operations do not only preserve
the i-homogeneity but they are also compatible with the partial ordering �. Define
Op(c′, c) = {Υ ∈ Op(c′) | c′ + opΥ � c}.

The following theorem is shown in [Bon95].

Theorem 2.5. Let c, c′ ∈ Nν . Then the following four statements are equivalent:

1. c′ � c.
2. There is a sequence of elementary operations Υ1,Υ2, . . . ,Υk such that Υl ∈

Op(c′ +
∑l−1

i=1 opΥi) and c′ +
∑k

i=1 opΥi = c.
3. [eα, e(c′)] ≥ [eα, e(c)] for all indecomposable modules eα.
4. [e(c′), eα] ≥ [e(c), eα] for all indecomposable modules eα.

2.3. The Auslander-Reiten quiver. In this subsection we will recall some facts
about the Auslander-Reiten quiver Γ = (Γ0,Γ1) of Q. For this theory, we refer the
reader to [Gab80]. We will restrict ourselves to the type An.

Let F be an algebraically closed field. The vertices of the Auslander-Reiten
quiver are the isomorphism classes of indecomposable modules of the quiver Q over
F and for two vertices [V], [W] ∈ Γ0 there is an arrow [V]→ [W] ∈ Γ1 if and only
if there exists an irreducible morphism V→W ∈ ModF (Q).
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Q : 1 � 2 � 3 - 4 � 5 - 6
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Figure 1. A quiver Q with its corresponding Auslander-Reiten
quiver Γ.

By Gabriel’s theorem, there is a bijection between Γ0 and the set of positive roots
{α1, . . . , αν}. We do not need to determine explicitly the irreducible morphisms
of Γ1. Let P [i] ∈ {1, . . . , ν} be such that P(i) = eαP [i] is the i-th indecomposable
projective module.

Let Z∆ be the translation quiver associated to the Dynkin graph ∆ [Gab80,
sect. 6.5, fig. 13]. Note that this implies a choice of indices on the vertices of ∆.
Recall that Z∆0 = Z × {1, . . . , n} and Z∆1 = {(z, i) → (z, i + 1) | z ∈ Z, 1 ≤ i
< n}∪ {(z, i)→ (z+ 1, i− 1) | z ∈ Z, 1 < i ≤ n}. The translation τ is the function
τ : Z∆0 → Z∆0, τ(z, i) = (z − 1, i). There is a unique embedding Θ of Γ in Z∆
such that Θ(αP [1]) = (1, 1) ∈ Z∆. In particular, Θ(αP [k]) = (1− b′k, k) where b′k is
the number of arrows in the non-oriented path from 1 to k that are directed toward
k. In the example shown in figure 1 we denote the root α =

∑n
i=1 diαi simply by

the dimension (d1, . . . , dn) of the corresponding indecomposable module eα.
Let I[i] ∈ {1, . . . , ν} be such that I(i) = eαI[i] is the i-th indecomposable injective

module. Let R→[i] such that αR→[i] =
∑
h∈Q0

→(i) αh and R←[i] such that αR←[i] =∑
h∈Q0

←(i) αh. The P [i], i = 1, . . . n, form the left boundary of Γ and the I[i] the
right boundary, while the R→[i] form the bottom boundary and the R←[i] the top
boundary of Γ. Figure 2 shows an example of type A6. For each i = 2, . . . , n − 1

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



556 RALF SCHIFFLER

Q : 1 � 2 � 3 - 4 � 5 - 6
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Figure 2. An Auslander-Reiten quiver of type A6.
P [1] = R→[1], R→[3] = R→[4], R→[5] = R→[6] = I[6],
P [6] = R←[6], R←[4] = R←[5], R←[1] = R←[2] = R←[3] = I[1].

there is the following elementary operation Υi ∈ Op:

Υi : 0→ eαP [i] → eαR→[i] ⊕ eαR←[i] → eαI[i] → 0.

For i, j, k ∈ Q0, let R(i) = {t | 1 ≤ t ≤ ν and i ∈ Supp(αt)}, R(i, j) =
R(i)∩R(j) and R(i, j, k) = R(i)∩R(j)∩R(k). Often we will identify R(i) (respec-
tively R(i, j), R(i, j, k)) with the set of positive roots αt with t ∈ R(i) (respectively
R(i, j), R(i, j, k)). Thus, in the Auslander-Reiten quiver, R(i) “is” the set of vertices
that are included in the rectangle having corners P [i], R→[i], I[i], R←[i].

The following facts are well known.

Proposition 2.6. Let α, β ∈ R+, say Θ(α) = (x, i) and Θ(β) = (y, j) with x, y ∈ Z
and i, j ∈ {1, . . . , n}. Then

1. [eα, eβ ] ∈ {0, 1} and [eα, eβ] = 1 iff x ≤ y ≤ x+ i− 1 and x + i ≤ y + j ≤
x+ n.

2. [eβ , eα]1 ∈ {0, 1} and [eβ, eα]1 = 1 iff x + 1 ≤ y ≤ x + i and x + i + 1 ≤
y + j ≤ x+ n+ 1.

3. If [eα, eβ] = 0 and [eβ , eα]1 = 1, i.e., either y = x + i and x + i + 1 ≤
y+j < x+n+1 or y+j = x+n+1 and x+1 ≤ y < x+ i, then α+β ∈ R+

and there exists a short exact sequence 0→ eα → eα+β → eβ → 0 which is

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



PROJECTIVE RATIONAL SMOOTHNESS 557

a basis of Ext1
Q(eβ, eα). Moreover,

Θ(α+ β) =

{
(x, y − x+ j), if y = x+ i and x+ i+ 1 ≤ y + j < x+ n+ 1,
(y, x+ i− y), if y + j = x+ n+ 1 and x+ 1 ≤ y < x+ i

and if 0→ eα → V → eβ → 0 is a non-split short exact sequence, then V
is isomorphic to eα+β.

4. If [eα, eβ] = 1 and [eβ , eα]1 = 1, i.e., x + 1 ≤ y < x + i and x + i + 1 ≤
y + j < x+ n+ 1, then there exists a unique pair of distinct positive roots
γ, γ′ such that α + β = γ + γ′ and there exists a short exact sequence
0→ eα → eγ ⊕ eγ′ → eβ → 0 which is a basis of Ext1

Q(eβ , eα). Moreover,
Θ(γ) = (y, x + i − y) and Θ(γ′) = (x, y − x + j), and if 0 → eα →
V → eβ → 0 is a non-split short exact sequence, then V is isomorphic to
eγ ⊕ eγ′ .

5. Let k ∈ {1, . . . , n}; then [P(k), eα] = 1 iff k ∈ Supp(α). Consequently, if
c ∈ Nν is of i-homogeneity d, then [P(k), e(c)] = dk.

6. Let c be of i-homogeneity d. With the notation cA =
∑

t∈A ct, for all
subsets A ⊂ {1, 2, . . . , ν}, we have

[eαR→[i] , e(c)] = cR(i)\R(i,j) = di − cR(i,j) if i→ j, i > j

and

[eαR←[i] , e(c)] = cR(i)\R(i,j) = di − cR(i,j) if i→ j, i < j

2.4. Local intersection cohomology of orbit closures. The results of this
subsection have been proved in [Lus90a, chapters 9–10].

Proposition 2.7. Let c ∈ Nν be of i-homogeneity d. Then for each c′ � c, there
exists ωc

c′ ∈ Z[v, v−1] such that

Ec
i =

∑
c′�c

ωc
c′ E

c′

i .

Moreover, ωc
c = 1 and for all c′ � c, Ωc

c′
def
= vd(c)−d(c′)ωc

c′ is an element of
Z[v2, v−2].

Theorem 2.8. Let c ∈ Nν be of i-homogeneity d and let Ec ∈ B be the unique
canonical basis element such that π(Ec) = π(Ec

i ). Then

1. Ec =
∑

c′ ζ
c
c′ E

c′

i , where c′ runs over the set of elements of Nν of i-
homogeneity d, ζc

c = 1 and ζc
c′ ∈ v−1Z[v−1] for c′ 6= c.

2. If c′ 6� c, then ζc
c′ = 0.

3. If ( ) is the Z-linear involution of Z[v, v−1] sending v to v−1, then

ζc
c′ =

∑
c′′

c′�c′′�c

wc′′

c′ ζ
c
c′′ .

4. If c′ � c, f is a Fq-rational point of the orbit Oc′ in Ed, and Haf is the stalk
at f of the a-th cohomology sheaf of the intersection cohomology complex of
the Zariski closure Oc of Oc with coefficients in Q` (extended by zero on
the complement of that closure), where ` is a prime number 6= p, and with
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the Fq-structure such that the Frobenius map acts as identity on the stalks
of its 0-th cohomology sheaf at the rational points of the orbit Oc, then

H2a+1
f = 0 for all a and vd(c)−d(c′)ζc

c′ =
∑
a

dim(H2a
f ) v2a.

In particular, vd(c)−d(c′)ζc
c′ is a polynomial in v2 with coefficients in N.

Definition 2.9. We say that the orbit closure Oc is rationally smooth at Oc′ ⊂ Oc

if for all c′′ such that c′ � c′′ � c we have
∑

a dim(H2a
f )v2a = 1 for a Fq-rational

point f ∈ Oc′′ , i.e., if ζc
c′′ = vd(c′′)−d(c) for all c′′ such that c′ � c′′ � c.

The orbit closure Oc is rationally smooth if it is rationally smooth at each
Oc′ ⊂ Oc, i.e., if ζc

c′ = vd(c′)−d(c) for all c′ � c.

Remark 2.10. It is known that Oc is rationally smooth iff Oc is smooth [BS, cor.
6.9].

Given c ∈ Nν of i-homogeneity d, let c0 be the unique element of Nν such that
c0 � c and dim(Oc0) = 0. Note that the orbit Oc0 consists of one single point: the
neutral element 0 ∈ Ed

Definition 2.11. The orbit closure Oc is said to be projectively rationally smooth
if it is rationally smooth at each Oc′ ⊂ Oc \ {0}, i.e., if ζc

c′ = vd(c′)−d(c) for all
c′ � c, c′ 6= c0.

3. Local rational smoothness

In this section we will give some conditions for local rational smoothness of an
orbit closure of type A.

Let c, c′ ∈ Nν and let Oc′ ,Oc be the corresponding orbits such that c′ � c (i.e.,
Oc′ ⊂ Oc). For any elementary operation Υ : 0→ eαs → V → eαt → 0 ∈ Op and
c ∈ Nν , define e(Υ, c) = csct. Let us recall first two results of [BS].

Proposition 3.1. Let Ωc
c′ be as in proposition 2.7. Then Ωc

c′ |v=1 = 0 if c′ 6= c.

Proof. [BS, prop 5.2]. (This proposition also holds if Q is a quiver of type D or
E.) �

Theorem 3.2. Let Ωc
c′ be as in proposition 2.7. Then

dΩc
c′

dv

∣∣∣∣
v=1

6= 0

if and only if there exists an elementary operation Υ ∈ Op(c′), such that c =
c′ + opΥ. In this case Υ is unique and

dΩc
c′

dv

∣∣∣∣
v=1

= −2 e(Υ, c′).

Proof. [BS, thm 5.4]. �
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Let H∗f be as in theorem 2.8 and put ai
def
= dimH2i

f ≥ 0. Then a0 = 1 and ai = 0
if 2i > d(c)− d(c′). Moreover,∑

i≥0

ai v
2i 2.8.4= vd(c)−d(c′) ζc

c′
2.8.3= vd(c)−d(c′)

∑
c′�c′′�c

Ωc′′

c′ ζ
c
c′′ v

d(c′)−d(c′′)

2.7= vd(c)−d(c′) ζc
c′ +

∑
c′≺c′′�c

Ωc′′

c′ ζ
c
c′′ v

d(c)−d(c′′).

Note that

vd(c)−d(c′) ζc
c′ = v2(d(c)−d(c′)) vd(c)−d(c′) ζc

c′
2.8.4= v2(d(c)−d(c′))

∑
i≥0

ai v
−2i.

Whence ∑
i≥0

ai v
2i − v2(d(c)−d(c′))

∑
i≥0

ai v
−2i =

∑
c′≺c′′�c

Ωc′′

c′ ζ
c
c′′ v

d(c)−d(c′′).

Taking the derivative relative to v and evaluating at v = 1, we get that

2
∑
i≥0

iai + 2
∑
i≥0

iai − 2(d(c)− d(c′))
∑
i≥0

ai

is equal to∑
c′≺c′′�c

(
d
dv

Ωc′′

c′

∣∣∣∣
v=1

ζc
c′′

∣∣
v=1

+ Ωc′′

c′

∣∣∣
v=1

d
dv

(
ζc
c′′ v

d(c)−d(c′′)
)∣∣∣∣
v=1

)
.

Now we use proposition 3.1 and theorem 3.2 to calculate this last sum and we
obtain

∑
i≥0

ai(d(c) − d(c′)− 2i) =
∑

Υ∈Op(c′,c)

e(Υ, c′) ζc
c′+opΥ

∣∣∣
v=1

.(3.1)

Remark 3.3. The left-hand side of (3.1) is a sum of natural numbers, since ai ≥ 0,
d(c) ≥ d(c′) and ai = 0 for 2i > d(c) − d(c′).

Remark 3.4. If Oc is rationally smooth at Oc′ then a0 = 1, ai = 0 for all i ≥ 1 and

ζc
c′+opΥ

∣∣∣
v=1

= v−d(c′+opΥ)+d(c)
∣∣∣
v=1

= 1 for all Υ ∈ Op(c′, c).

Hence in this case (3.1) becomes

d(c)− d(c′) =
∑

Υ∈Op(c′,c)

e(Υ, c′).

Remark 3.5. If Oc is rationally smooth at Oc′′ for all c′ ≺ c′′ � c, then again
ζc
c′+opΥ

∣∣∣
v=1

= 1 for all Υ ∈ Op(c′, c). In this case (3.1) implies

d(c) − d(c′) ≤
∑

Υ∈Op(c′,c)

e(Υ, c′)

and equality holds iff Oc is rationally smooth at Oc′ .

Theorem 3.6. Oc is rationally smooth at Oc′ if and only if∑
Υ∈Op(c′′,c)

e(Υ, c′′) = d(c) − d(c′′) for all c′ � c′′ � c.
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Proof. Suppose that the equation of the theorem is true for all c′ � c′′ � c. We will
show that Oc is rationally smooth at Oc′ . We proceed by induction on d(c)−d(c′).
If d(c)− d(c′) = 0, then c = c′ and Oc is rationally smooth at Oc.

Suppose now that d(c) − d(c′) ≥ 1. By induction we have that Oc is rationally
smooth at Oc′′ for all c′ ≺ c′′ � c. But then remark 3.5 implies that Oc is rationally
smooth at Oc′ .

The other implication of the theorem is clear by remark 3.4. �

Corollary 3.7. Oc is rationally smooth at Oc′ if and only if for all c′ � c′′ � c,∑
Υ∈Op(c′′)\Op(c′′,c)

e(Υ, c′′) = dim(Ed)− d(c) = codim(Oc).

Proof. By the Voigt lemma (see, e.g., [Voi77] or [Gab75, sect. 1]), the codimension
of the tangent space of Oc′′ is equal to the dimension of Ext 1(e(c′′), e(c′′)), hence

dim(Ed)− d(c′′) = [e(c′′), e(c′′)]1 =
∑

Υ∈Op(c′′)

e(Υ, c′′)

=
∑

Υ∈Op(c′′)\Op(c′′,c)

e(Υ, c′′) +
∑

Υ∈Op(c′′,c)

e(Υ, c′′)

and the result follows from the theorem. �

Remark 3.8. Using this result in the case c′ = c0 = the unique element in Nν such
that dim(Oc0) = 0, one can prove corollary 6.9 of [BS]; that is,

Oc is rationally smooth everywhere
⇔ Oc is rationally smooth at Oc0

⇔ Oc is smooth everywhere.

In section 4 we will study projective rational smoothness of Oc using corollary 3.7
for minimal c′ 6= c0; that is, c′ is obtained from c0 by performing one elementary
operation.

Next we study rational smoothness of an orbit closure Oc at an orbit Oc′ in the
case where one can go from c′ to c by doing only one elementary operation. We
will give a necessary condition for rational smoothness in this case in proposition
3.11.

Let c ∈ Nν and fix an elementary operation Υ : 0 → eαs → V → eαt → 0 ∈
Op(c). Define

Ops(c, c + opΥ) = {Υ′ ∈ Op(c, c + opΥ) | in(Υ′) = s = in(Υ)},
Opt(c, c + opΥ) = {Υ′ ∈ Op(c, c + opΥ) | out(Υ′) = t = out(Υ)}.

Thus Ops(c, c + opΥ) ∩Opt(c, c + opΥ) = {Υ}.

Lemma 3.9. Let Υ′ : 0 → eα →M → eβ → 0 be an elementary operation and
γ ∈ R+. Then

[eα, eγ ]1 − [M, eγ ]1 + [eβ, eγ ]1 = [eα, eγ ]− [M, eγ ] + [eβ , eγ ] = [eα, eγ ][eβ , eγ ]1,

[eγ , eα]1 − [eγ ,M]1 + [eγ , eβ ]1 = [eγ , eα]− [eγ ,M] + [eγ , eβ ] = [eγ , eβ][eγ , eα]1.

Proof. The equations on the left are immediate consequences of the exactness of
the sequences Hom–Ext (Υ′, eγ) and Hom–Ext (eγ ,Υ′). By the same argument
[eα, eγ ]− [M, eγ ] + [eβ , eγ ] = 0 if [eα, eγ ] = 0 and [eγ , eα]− [eγ ,M] + [eγ , eβ] = 0
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if [eγ , eβ ] = 0. Now if [eα, eγ ] = 1 (respectively [eγ , eβ] = 1), then as an easy
consequence of proposition 2.6 we get [M, eγ ]1 = 0 (respectively [eγ ,M]1 = 0), and
again by exactness of Hom–Ext (Υ′, eγ) (respectively Hom–Ext (eγ ,Υ′)) we obtain
the lemma. �

The next lemma describes the effect of an elementary operation on the orbit
dimension.

Lemma 3.10.

d(c + opΥ)− d(c) =
∑

Υ′∈Ops(c,c+opΥ)

cout(Υ′) +
∑

Υ′∈Opt(c,c+opΥ)

cin(Υ′) − 1

Proof. Let us note first that for any elementary operation Υ′ : 0→ eαs′ → V′ →
eαt′ → 0 ∈ Op(c) we have c + opΥ′ � c + opΥ

iff [eαs′ , eαr ][eαt′ , eαr ]
1 ≤ [eαs , eαr ][eαt , eαr ]1 for all r ∈ {1, . . . , ν},(3.2)

iff [eαr , eαt′ ][eαr , eαs′ ]
1 ≤ [eαr , eαt ][eαr , eαs ]1 for all r ∈ {1, . . . , ν}.(3.3)

Indeed, by theorem 2.5.4. we have c + opΥ′ � c + opΥ iff 0 ≤ [e(c + opΥ′), eαr ]−
[e(c + opΥ), eαr ] for all r ∈ {1, . . . , ν} and this is equal to

−[eαs′ , eαr ] + [V′, eαr ]− [eαt′ , eαr ] + [eαs , eαr ]− [V, eαr ] + [eαt , eαr ]
lemma 3.9= −[eαs′ , eαr ][eαt′ , eαr ]

1 + [eαs , eαr ][eαt , eαr ]1

which proves (3.2), and (3.3) can be shown by a similar argument using theorem
2.5.3.

Now

d(c + opΥ)− d(c) = δ(c) − δ(c + opΥ)

= [e(c), e(c)]1 − [e(c + opΥ), e(c + opΥ)]1

= −
ν∑

s′,t′=1

(
cs′op

Υ
t′ + ct′op

Υ
s′ + opΥ

s′op
Υ
t′
)

[eαt′ , eαs′ ]
1.

Note that for any s′ ∈ {1, . . . , ν}
ν∑

t′=1

opΥ
t′ [eαt′ , eαs′ ]

1 = −[eαs , eαs′ ]
1 + [V, eαs′ ]

1 − [eαt , eαs′ ]
1

lemma 3.9= −[eαs , eαs′ ][eαt , eαs′ ]
1.

Similarly, for any t′ ∈ {1, . . . , ν},
∑ν

s′=1 op
Υ
s′ [eαt′ , eαs′ ]

1 = −[eαt′ , eαt ][eαt′ , eαs ]
1.

Moreover,

opΥ
s′op

Υ
t′ [eαt′ , eαs′ ]

1 =
{

1 if s′ = s and t′ = t,
0 otherwise.

Thus d(c + opΥ) − d(c) =
∑

s′ cs′ +
∑
t′ ct′ − 1, where the first sum is over all

s′ ∈ {1, . . . , ν} such that [eαs , eαs′ ][eαt , eαs′ ]
1 = 1 and the second sum is over all

t′ ∈ {1, . . . , ν} such that [eαt′ , eαt ][eαt′ , eαs ]
1 = 1.

The condition [eαt , eαs′ ]
1 = 1 means that there exists an elementary operation Υ′

with in(Υ′) = s′ and out(Υ′) = t. If [eαs , eαs′ ] = 1, then for any r ∈ {1, . . . , ν} such
that [eαt , eαr ]1 = 1 we have [eαs , eαr ] ≥ [eαs′ , eαr ] (this is an easy consequence of
proposition 2.6). Therefore, in this case [eαs′ , eαr ][eαt , eαr ]

1 ≤ [eαs , eαr ][eαt , eαr ]1
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for any r ∈ {1, . . . , ν} and by (3.2) this means that c+opΥ′ � c+opΥ. Conversely,
if c + opΥ′ � c + opΥ, then

1 = [eαs′ , eαs′ ][eαt , eαs′ ]
1

(3.2)

≤ [eαs , eαs′ ][eαt , eαs′ ]
1 = [eαs , eαs′ ].

Hence the sets {s′ | [eαs , eαs′ ][eαt , eαs′ ]
1 = 1} and {s′ | ∃ Υ′ ∈ Opt(c, c +

opΥ) such that in(Υ′) = s′} are equal.
By a similar argument one can show that {t′ | [eαt′ , eαt ][eαt′ , eαs ]1 = 1} = {t′ |

∃Υ′ ∈ Ops(c, c + opΥ) such that out(Υ′) = t′} and the lemma follows. �

Proposition 3.11. If Oc+opΥ is rationally smooth at Oc, then∑
Υ′∈Op(c,c+opΥ)

e(Υ′, c + opΥ) = 0,

i.e., Op(c, c + opΥ) ∩Op(c + opΥ) = ∅.

Proof. Suppose Oc+opΥ is rationally smooth at Oc, then by theorem 3.6,∑
Υ′∈Op(c,c+opΥ)

e(Υ′, c)− d(c + opΥ) + d(c) = 0.

Applying lemma 3.10 and using e(Υ′, c) = cin(Υ′)cout(Υ′) we get

0 =
∑

Υ′∈Ops(c,c+opΥ)
out(Υ′)6=t

cout(Υ′)(cs − 1) +
∑

Υ′∈Opt(c,c+opΥ)
in(Υ′)6=s

cin(Υ′)(ct − 1)

+(cs − 1)(ct − 1) +
∑
Υ′

e(Υ′, c)

(summation over all Υ′ ∈ Op(c, c + opΥ) \
(
Ops(c, c + opΥ) ∪Opt(c, c + opΥ)

)
in

the last sum).
Each term in each of these sums is a natural number since cs, ct ≥ 1, hence each

term in each sum must be zero. Note also that cs−1 = cs+opΥ
s and ct−1 = ct+opΥ

t .
Thus there is no elementary operation Υ′ ∈ Op(c) such that c + opΥ′ � c + opΥ

and Υ′ ∈ Op(c + opΥ). �

4. Projective rational smoothness

In this section, we give the complete list of orbit closures of type A with rationally
smooth projectivization (theorem 4.11 and theorem 4.13). Let Q = (Q0,Q1) be a
quiver of type An and i adapted to Q. Let c ∈ Nν be of i-homogeneity d and let
c0 � c be the unique element of Nν such that dim(Oc) = 0 (Oc0 “is” the neutral
element of Ed). For each arrow i → j ∈ Q1, let cij = c0 + opΥij , where Υij :
0 → eαj → eαi+αj → eαi → 0. We say that the orbit closure Oc is projectively
rationally smooth if Oc is rationally smooth at Oc′ for all c′ � c, c′ 6= c0. Then
the projectivization of Oc is rationally smooth if and only if Oc is projectively
rationally smooth.

Corollary 3.7 says that if Oc is projectively rationally smooth, then∑
Υ∈Op(cij)\Op(cij ,c)

e(Υ, cij) = dim(Ed)− d(c)

for all i → j ∈ Q1 such that cij � c. We will use this equation in order to
characterize projectively rationally smooth orbit closures. To be more precise,
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first we will prove several lemmas (4.2, 4.3, 4.7) that will tell us in detail which
elementary operations are in Op(cij) \Op(cij , c) . This will allow us to calculate
the left-hand side of the above equation (proposition 4.8) and finally we will get
conditions on c by comparing this results for different arrows i→ j ∈ Q1. Roughly
speaking, if the quiver Q is too big (i.e. n ≥ 4), then there is no projectively
rationally smooth orbit closure which is not smooth, because one gets too many
conditions.

In the proofs we use the Auslander-Reiten quiver and theorem 2.5; these proofs
are often very technical. Recall the notation cA =

∑
t∈A ct.

Lemma 4.1. Let c ∈ Nν be of i-homogeneity d. Let h → k ∈ Q1 be any arrow
and define c′ ∈ Nν by

c′t =

 0 if t ∈ R(h, k),
ct + cR(h,k) if αt ∈ {αh, αk},

ct otherwise.

In other words, if Oc is the orbit Gd · f , f ∈ Ed, then Oc′ = Gd · f ′ with

f ′ij =
{
fij if {i, j} 6= {h, k},
0 if {i, j} = {h, k}.

Then
c′ � c.

Proof. Define (a1, a2, . . . , an) ∈ Nn by al = 1 if l and h are in the same component
of Q \ {h → k} and al = 2 if l and k are in the same component of Q \ {h → k}.
For each t ∈ F ∗, we define γ(t) ∈ Gd by (γ(t))l = talIdl where Idl : F dl → F dl is
the identity.

Then

(γ(t) · f)ij = (γ(t)j ◦ fij ◦ γ(t)−1
i )ij = taj−ai fij =

{
t fij if (i→ j) = (h→ k),
fij otherwise

for all t ∈ F ∗ and all i→ j ∈ Q1. From this action, we can conclude that f ′ ∈ Oc,
hence c′ � c. �

Lemma 4.2. For any 0 ≤ m ≤ min{di, dj},

c0 +m opΥij � c ⇔ cR(i,j) ≥ m.

Proof. Suppose first that cR(i,j) ≥ m. Let f ∈ Oc and define f ′ by

f ′hk =
{
fij if (h→ k) = (i→ j),
0 otherwise.

Let c′ ∈ Nν be of the same i-homogeneity as c such that f ′ ∈ Oc′ . Then c0 +
cR(i,j) opΥij = c′. But by lemma 4.1, we have c′ � c whence c0 +m opΥij � c.

Now let c0 + m opΥij � c and suppose, without loss of generality, that i < j.
Then [eαR←[i] , e(c)] = di − cR(i,j) and

[
eαR←[i] , e(c0 +m opΥij )

]
= di − m, by

proposition 2.6.6. But since c0 +m opΥij � c, theorem 2.5 implies[
eαR←[i] , e(c0 +m opΥij )

]
≥ [eαR←[i] , e(c)]

whence cR(i,j) ≥ m. �
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Lemma 4.3. Let i → j, h → k ∈ Q1 such that {i, j} ∩ {h, k} = ∅, cij � c and
chk � c. Then

cij + opΥhk � c.

Proof. Note that cR(i,j) ≥ 1 and cR(h,k) ≥ 1, by lemma 4.2. Let f ∈ Oc and define
f ′ by

f ′xy =
{
fxy if (x→ y) ∈ {(i→ j), (h→ k)},
0 otherwise.

Let c′ ∈ Nν be of the same i-homogeneity as c such that f ′ ∈ Oc′ . Then cij +
opΥhk + (cR(i,j) − 1) opΥij + (cR(h,k) − 1) opΥhk = c′ and so cij + opΥhk � c′ and
by lemma 4.1, we have c′ � c. �

Denote by Q0
± the subset of sources and sinks of Q0; i.e.,

Q0
± = {i ∈ Q0 | i is a source or i is a sink in Q}.

For t ∈ {1, . . . , ν} we say that x ∈ Supp(αt) is a source (respectively a sink) in
Supp(αt) if there is no arrow x ← y (respectively x → y) with y ∈ Supp(αt). Put
Supp+(αt) = {sources in Supp(αt)} and Supp−(αt) = {sinks in Supp(αt)}.

Lemma 4.4. Suppose s, t ∈ {1, . . . , ν} and x ∈ Q0. If [eαs , eαt ] = 1, then

Supp(αs) ∩ Supp−(αt) 6= ∅ and Supp+(αs) ∩ Supp(αt) 6= ∅.
In particular, if [eαx , eαt ] = 1, then x ∈ Supp−(αt) and if [eαt , eαx ] = 1, then
x ∈ Supp+(αt).

Proof. Let us denote eαs by (Vi, fij), eαt by (V ′i , f
′
ij) and let g ∈ Hom (eαs , eαt) \

{0}. Let x ∈ Q0 be such that gx 6= 0, hence x ∈ Supp(αs) ∩ Supp(αt). Then
if x /∈ Supp−(αt), there exists an arrow x → y ∈ Q1 with y ∈ Supp(αt) and
gy ◦ fxy = f ′xy ◦ gx 6= 0. Consequently, y ∈ Supp(αs). Then if y /∈ Supp−(αt), we
repeat the same argument until we find a z ∈ Supp(αs)∩ Supp−(αt). The proof of
Supp+(αs) ∩ Supp(αt) 6= ∅ is similar. �

Lemma 4.5. Suppose Υ : 0 → eαj → eαi+αj → eαi → 0 and t ∈ {1, . . . , ν}.
Then

[eαt , e(c0)] =
∑

x∈Supp+(αt)

dx; [e(c0), eαt ] =
∑

x∈Supp−(αt)

dx,

[eαt , e(cij)] =
∑

x∈Supp+(αt)

dx − [eαt , eαi ][eαt , eαj ]
1,

[e(cij), eαt ] =
∑

x∈Supp−(αt)

dx − [eαj , eαt ][eαi , eαt ]
1.

Proof. We have c0s = 0 if αs is not a simple root and c0s = dx if αs = αx. Therefore,

[eαt , e(c0)] =
∑
x∈Q0

[eαt , eαx ] dx =
∑

x∈Supp+(αt)

dx

and
[e(c0), eαt ] =

∑
x∈Q0

[eαx , eαt ] dx =
∑

x∈Supp−(αt)

dx

by the preceding lemma.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



PROJECTIVE RATIONAL SMOOTHNESS 565

The equations for e(cij) are consequences of the equations for e(c0), the fact
that cij = c0 + opΥij and lemma 3.9. �

For s, t ∈ {1, . . . , ν}, we define χ−t (s) = |Supp−(αt) ∩ Supp(αs)|, χ+
t (s) =

|Supp+(αt) ∩ Supp(αs)| and

χ̃−t (s) =
{
χ−t (s)− 1 if [eαs , eαt ] = 1,
χ−t (s) if [eαs , eαt ] = 0;

χ̃+
t (s) =

{
χ+
t (s)− 1 if [eαt , eαs ] = 1,
χ+
t (s) if [eαt , eαs ] = 0.

Note that χ̃−t (s) ≥ 0 and χ̃+
t (s) ≥ 0 by lemma 4.4.

Lemma 4.6. Let t ∈ {1, . . . , ν} and c ∈ Nν be of i-homogeneity d. Then

[eαt , e(c)] =
∑

x∈Supp+(αt)

dx −
ν∑
s=1

χ̃+
t (s)cs

and

[e(c), eαt ] =
∑

x∈Supp−(αt)

dx −
ν∑
s=1

χ̃−t (s)cs.

Proof. We prove only the second equation because the first is proved in a similar
way. We want to calculate [e(c), eαt ] =

∑ν
s=1 cs[eαs , eαt ]. The set of all s ∈

{1, . . . , ν} such that [eαs , eαt ] 6= 0 is a subset of the union
⋃
x∈Supp−(αt){s | x ∈

Supp(αs)} by lemma 4.4, and the function χ−t (s) counts the number of elements x
in Supp−(αt) ∩ Supp(αs). Hence

ν∑
s=1

cs[eαs , eαt ]

=

 ∑
x∈Supp−(αt)

∑
s:x∈Supp(αs)

cs[eαs , eαt ]

− ν∑
s=1

(χ−t (s)− 1)cs[eαs , eαt ].(4.1)

Now
∑
s:x∈Supp(αs) cs = dx, thus∑

s:x∈Supp(αs)

cs[eαs , eαt ] = dx −
∑

s:x∈Supp(αs)

cs(1− [eαs , eαt ]).

Moreover,∑
x∈Supp−(αt)

∑
s:x∈Supp(αs)

cs(1− [eαs , eαt ]) =
ν∑
s=1

χ−t (s)cs(1− [eαs , eαt ])

and hence (4.1) becomes ∑
x∈Supp−(αt)

dx −
ν∑
s=1

χ−t (s)cs(1− [eαs , eαt ])

− ν∑
s=1

(χ−t (s)− 1)cs[eαs , eαt ]

=
∑

x∈Supp−(αt)

dx −
ν∑
s=1

χ̃−t (s)cs.

�
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Figure 3. Two sketches of the Auslander-Reiten quiver in the
case i→ j → k.

Lemma 4.7. Let j ∈ {2, . . . , n− 1}, i = j− 1, k = j+ 1. Suppose that cij � c and
cjk � c. Denote by Υ′ the elementary operation

Υ′ : 0→ eαk → eαi+αj+αk → eαi+αj → 0

(respectively 0→ eαi+αj → eαi+αj+αk → eαk → 0 depending on the orientation of
the arrows i j k ). Then:

1. If j /∈ Q0
±, then cij + opΥjk � c and

cij + opΥ′ � c ⇔ cR(i,j,k) ≥ 1.

2. If j ∈ Q0
±, then cij + opΥ′ � c and

cij + opΥjk � c ⇔ cαj ≤ dj − 2.

Proof. Suppose, without loss of generality, that i→ j. We will show 1 first. Since
j /∈ Q0

±, we have i → j → k in Q. Denote by (w, j) the position Θ(P(j)) of the
j-th indecomposable projectif module P(j) in the Auslander-Reiten quiver.

Then Θ(αj) = (w, n) and we can determine the positions of the roots αi, αk, αi+
αj , αj+αk and αi+αj+αk as in the following table (there are four possible cases):

case Θ(αi) Θ(αk) Θ(αi + αj) Θ(αj + αk) Θ(αi + αj + αk)
I (w+1, n) (w-1, n) (w+1, n-1) (w, n-1) (w+1, n-2)
II (w+1, n) (w-1, j+1) (w+1, n-1) (w, j) (w+1, j-1)
III (w+j-1, n-j+2) (w-1, n) (w+j-1, n-j+1) (w, n-1) (w+j-1, n-j)
IV (w+j-1, n-j+2) (w-1, j+1) (w+j-1, n-j+1) (w, j) (w+j-1, 1)

The Auslander-Reiten quiver is illustrated in figure 3. Let us show first that cij +
opΥjk � c. Note that cij + opΥjk = cjk + opΥij . Recall that

Υij : 0→ eαj → eαi+αj → eαi → 0,Υjk : 0→ eαk → eαj+αk → eαj → 0,

and that by theorem 2.5, we have

cjk + opΥij � c⇔ [eαt , e(cjk + opΥij )] ≥ [eαt , e(c)] ∀t ∈ {1, . . . , ν}.
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Moreover, [eαt , e(cjk)] ≥ [eαt , e(c)] (because cjk � c) and

[eαt , e(cjk + opΥij )] = [eαt , e(cjk)]− [eαt , eαi ][eαt , eαj ]
1

by lemma 3.9. Therefore, cjk + opΥij � c if and only if

[eαt , e(cjk)] > [eαt , e(c)], ∀t such that [eαt , eαi ] = [eαt , eαj ]
1 = 1.

Fix such a t. Then on one hand, i ∈ Supp+(αt) by lemma 4.4 and on the other
hand, by proposition 2.6, we have

(4.2)
Θ(αt) = (w + 1, n) in cases I and II,

Θ(αt) ∈ {(w + a, n− a+ 1) | 1 ≤ a ≤ j − 1} in cases III and IV.

}
Therefore, [eαt , eαj ] = 0, by proposition 2.6 and thus lemma 4.5 implies

[eαt , e(cjk)] =
∑

x∈Supp+(αt)

dx.

In order to prove that cjk + opΥij � c, it is thus enough to show that [eαt , e(c)] <∑
x∈Supp+(αt) dx. Lemma 4.6 implies

[eαt , e(c)] =
∑

x∈Supp+(αt)

dx −
ν∑
s=1

χ̃+
t (s) cs.

By (4.2), αt = αi in cases I and II. Since i is a source of Q in cases III and IV, this
implies that i ∈ Supp+(αt) in all cases I–IV. By (4.2) and by proposition 2.6, we
have [eαt , eαs ] = 0 for all s ∈ R(i, j). But since cij � c, there exists s ∈ R(i, j) such
that cs 6= 0 and since i ∈ Supp(αs) ∩ Supp+(αt), we have χ̃+

t (s) ≥ 1. Therefore,∑ν
s=1 χ̃

+
t (s) cs ≥ 1 and [eαt , e(c)] <

∑
x∈Supp+(αt) dx, as required.

Now we prove the second part of 1, namely

cij + opΥ′ � c ⇔ cR(i,j,k) ≥ 1.

Recall that Υ′ : 0 → eαk → eαi+αj+αk → eαi+αj → 0. Note that t ∈ R(i, j, k)
if and only if the position of αt in the Auslander-Reiten quiver is in the rectangle
having corners (w + 1, j − 1), (w + 1, n− 2), (w + j − 1, 1), (w+ j − 1, n− j); more
precisely,

t ∈ R(i, j, k)⇔ Θ(αt) ∈ {(w + a, b− a) | 1 ≤ a ≤ j − 1, j ≤ b ≤ n− 1}.
Suppose first that cij + opΥ′ � c. Let t be such that Θ(αt) = (w+ 1, n− 1). Then
[eαt , e(c)] = di − cR(i,j,k) and [eαt , e(cij + opΥ′)] = di −

∑
s∈R(i,j,k)(c

ij
s + opΥ′

s ) by
proposition 2.6. But for s ∈ R(i, j, k), we have cijs = 0, opΥ′

s = 1 if αs = αi+αj+αk
and opΥ′

s = 0 otherwise. Thus [eαt , e(cij + opΥ′)] = di − 1. But by theorem 2.5,
cij + opΥ′ � c implies that [eαt , e(c)] ≤ [eαt , e(cij + opΥ′)], whence cR(i,j,k) ≥ 1.

In order to prove the other implication, suppose now that cR(i,j,k) ≥ 1. By
theorem 2.5, we have

cij + opΥ′ � c⇔ [e(cij + opΥ′), eαt ] ≥ [e(c), eαt ] ∀t ∈ {1, . . . , ν}.
Moreover, [e(cij), eαt ] ≥ [e(c), eαt ] (because cij � c) and

[e(cij + opΥ′), eαt ] = [e(cij), eαt ]− [eαk , eαt ][eαi+αj , eαt ]
1

by lemma 3.9. Therefore, cij + opΥ′ � c if and only if

[e(cij), eαt ] > [e(c), eαt ], ∀t such that [eαk , eαt ] = [eαi+αj , eαt ]
1 = 1.
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Fix such a t. Then, on one hand, k ∈ Supp−(αt) by lemma 4.4 and on the other
hand, by proposition 2.6, we have
(4.3)

Θ(αt) ∈


{(w − 1, n), (w, n− 1)} case I,
{(w − 1, b), (w, b− 1) | j + 1 ≤ b ≤ n} case II,
{(w − 1 + a, n− a) | 0 ≤ a ≤ j − 1} case III,
{(w − 1 + a, b− a) | 0 ≤ a ≤ j − 1, j + 1 ≤ b ≤ n} case IV.


Therefore, [eαj , eαt ] = 0, by proposition 2.6, and hence

[e(cij), eαt ] =
∑

x∈Supp−(αt)

dx,

by lemma 4.5. Thus in order to prove that cij + opΥ′ � c, it is enough to show
[e(c), eαt ] <

∑
x∈Supp−(αt) dx. Lemma 4.6 implies

(4.4) [e(c), eαt ] =
∑

x∈Supp−(αt)

dx −
ν∑
s=1

χ̃−t (s) cs.

By (4.3), αt ∈ {αk, αj + αk} in case I. Moreover, k is a sink of Q in cases II and
IV. In case III, the position of αt in the Auslander-Reiten quiver is on the diagonal
between αk and αi + αj + αk, by (4.3). In this case, the roots on that diagonal
are precisely those positive roots α such that k ∈ Supp(α) and (k + 1) /∈ Supp(α).
(Indeed, this follows easily from proposition 2.6 and the fact that these roots are
characterized by [P(k), eα] = 1 and [P(k + 1), eα] = 0.) Therefore, in all cases
I–IV, we have k ∈ Supp−(αt). Let s0 ∈ R(i, j, k) be such that cs0 ≥ 1. Such an
s0 exists since cR(i,j,k) ≥ 1. In cases I and II we have [eαs0 , eαt ] = 0, by (4.3)
and proposition 2.6. But since s0 ∈ R(i, j, k) implies that k ∈ Supp(αs0 ), we have
χ̃−t (s0) ≥ 1, whence

[e(c), eαt ]
(4.4)

≤
∑

x∈Supp−(αt)

dx − χ̃−t (s0) cs0 <
∑

x∈Supp−(αt)

dx,

as required. Consider now cases III and IV. If [eαs0 , eαt ] = 0, then the same
argument as in cases I and II shows that [e(c), eαt ] <

∑
x∈Supp−(αt) dx. Otherwise,

[eαs0 , eαt ] = 1. Since s0 ∈ R(i, j, k), proposition 2.6 combined with (4.3) implies
that t ∈ R(i, j, k); thus, in particular, i ∈ Supp(αt). Note that i > 1 (because
if i = 1, then case III is case I and case IV is case II) and that i is a source in
Q. Therefore, (i − 1) ← i ∈ Q1 and there exists x1 < i such that there is a path
in Q from i to x1 and x1 ∈ Supp−(αt). We will show that x1 ∈ Supp(αs0) (i.e.,
[P(x1), eαs0 ] = 1). Note that Θ(αP [x1]) = (w + 1, x1), where P [x1] ∈ {1, . . . , ν}
is such that eαP [x1] = P(x1). Say Θ(αs0 ) = (w0, a0) and Θ(αt) = (w1, a1). Then
since s0 ∈ R(i, j, k), we have

w + 1 ≤ w0 ≤ w + j − 1 and w + j ≤ w0 + a0 ≤ w + n− 1.

On the other hand, [P(x1), eαt ] = 1 implies w+1 ≤ w1 ≤ w+x1, and [eαs0 , eαt ] = 1
implies w0 ≤ w1. Therefore,

w+1 ≤ w0 ≤ w1 ≤ w+x1 and w+x1+1 ≤ w+j ≤ w0+a0 ≤ w+n−1 < w+n+1
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Figure 4. Two sketches of the Auslander-Reiten quiver in the
case i→ j ← k.

and hence [P(x1), eαs0 ] = 1 by proposition 2.6. Then k and x1 are elements of
Supp(αs0 ) ∩ Supp−(αt) and therefore χ̃−t (s0) ≥ 1. Consequently,

[e(c), eαt ]
(4.4)

≤
∑

x∈Supp−(αt)

dx − χ̃−t (s0) cs0 <
∑

x∈Supp−(αt)

dx.

This completes the proof of 1.
Now we show 2.
Since j ∈ Q0

±, we have i→ j ← k, thus eαj = P(j). Denote by (w, j) the position
Θ(αj) of αj in the Auslander-Reiten quiver. We can determine the positions of the
roots αi, αk, αi + αj , αj + αk and αi + αj + αk as in the following table (there
are four possible cases):

case Θ(αi) Θ(αk) Θ(αi + αj) Θ(αj + αk) Θ(αi + αj + αk)
I (w+1, n) (w+j, 1) (w+1, j-1) (w, j+1) (w+1, j)
II (w+1, n) (w+j, n-j) (w+1, j-1) (w, n) (w+1, n-1)
III (w+j-1, n-j+2) (w+j, 1) (w+j-1, 1) (w, j+1) (w+j-1, 2)
IV (w+j-1, n-j+2) (w+j, n-j) (w+j-1, 1) (w, n) (w+j-1, n-j+1)

The Auslander-Reiten quiver is illustrated in figure 4. Let us show first that cij +
opΥ′ � c. Recall that Υ′ : 0 → eαi+αj → eαi+αj+αk → eαk → 0 ∈ Op. By
theorem 2.5, we have

cij + opΥ′ � c ⇔ [eαt , e(cij + opΥ′)] ≥ [eαt , e(c)], ∀t ∈ {1, . . . , ν}.

Moreover, [eαt , e(cij)] ≥ [eαt , e(c)] (because cij � c) and

[eαt , e(cij + opΥ′)] = [eαt , e(cij)]− [eαt , eαk ][eαt , eαi+αj ]
1

by lemma 3.9. Therefore, cij + opΥ′ � c if and only if

[eαt , e(cij)] > [eαt , e(c)], ∀t such that [eαt , eαk ] = [eαt , eαi+αj ]
1 = 1.
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Fix such a t. Then, on one hand, k ∈ Supp+(αt) by lemma 4.4 and on the other
hand, by proposition 2.6,

(4.5) Θ(αt) ∈


{(w + a, j + 1− a) | 2 ≤ a ≤ j} in case I,
{(w + a, b− a) | 2 ≤ a ≤ j, j + 1 ≤ b ≤ n} in case II,
{(w + j, 1)} in case III,
{(w + j, b) | 1 ≤ b ≤ n− j} in case IV.


Now we apply proposition 2.6 and obtain in each case I–IV that [eαt , eαi ] = 0 and
hence

[eαt , e(cij)] =
∑

x∈Supp+(αt)

dx

by lemma 4.5. In order to prove that cij +opΥ′ � c, it is thus enough to show that
[eαt , e(c)] <

∑
x∈Supp+(αt) dx. But [eαt , eαk ][eαt , eαj ]1 = 1 (by (4.5)) and hence

lemma 4.5 implies [eαt , e(cjk)] =
∑

x∈Supp+(αt) dx− 1. Since cjk � c, we can apply
theorem 2.5 and obtain [eαt , e(c)] ≤ [eαt , e(cjk)] <

∑
x∈Supp+(αt) dx, as required.

We show now the second part of 2, namely

cij + opΥjk � c ⇔ cαj ≤ dj − 2.

Recall that Υjk : 0 → eαj → eαj+αk → eαk → 0. Suppose first cij + opΥjk � c,
i.e., ∃ t such that

(4.6) [eαj , eαt ][eαk , eαt ]
1 = 1 and [e(c), eαt ] = [e(cij), eαt ]

(by theorem 2.5, lemma 3.9 and by the fact that cij � c. Then by proposition 2.6,
we have

Θ(αt) ∈
{
{(w + a, j − a) | 0 ≤ a ≤ j − 1} in cases I and III,
{(w + a, b− a) | 0 ≤ a ≤ j − 1, j ≤ b ≤ n− 1} in cases II and IV.

We want to show that cαj ≥ dj − 1, i.e., cαj = dj − 1 because cij � c. We have to
distinguish two cases each of which has several subcases.

1. k /∈ Supp(αt), thus

(4.7) Θ(αt) ∈ {(w + a, j − a) | 0 ≤ a ≤ j − 1}.
1.1 αt = αj . Then we have [e(c), eαt ] = cαj because j is a sink in Q and

[e(cij), eαt ] = dj − 1. By (4.6), this implies cαj = dj − 1.
1.2 αt = αi+αj. Then [eαi , eαt ]1 = 0 and thus by lemma 4.5 [e(cij), eαt ] =∑

x∈Supp−(αt) dx. But using (4.7) and proposition 2.6, [eαs , eαt ] = 0

and j ∈ Supp−(αt) ∩ Supp(αs) for all s ∈ R(j, k), hence χ̃−t (s) ≥ 1
and, therefore, [e(c), eαt ] ≤

∑
x∈Supp−(αt) dx − cR(j,k) by lemma 4.6.

But [e(cij), eαt ] = [e(c), eαt ] by (4.6), thus cR(j,k) = 0, which is in
contradiction with the fact that cjk � c by lemma 4.2.

1.3 Supp(αt) = {a, a + 1, . . . , i, j}, a < i. Then if i is not a source in
Q or if i = 1 (cases I and II), we have Θ(αi) = (w + 1, n) and hence
[eαi , eαt ]1 = 0 (by (4.7)) and, therefore, [e(cij), eαt ] =

∑
x∈Supp−(αt) dx

(by lemma 4.5); whence cR(j,k) = 0 as in the case 1.2. Otherwise, i
is a source in Q and there exists x1 < i such that there is a path
in Q from i to x1 and x1 ∈ Supp−(αt) (cases III and IV). More-
over, Θ(αi + αj) = (w + j − 1, 1) and since αt 6= αi + αj , we have
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[eαi , eαt ]1 = 1 and [e(cij), eαt ] = dj − 1 +
∑

x∈Supp−(αt)
x 6=j

dx by lemma

4.5. On the other hand,

[e(c), eαt ] ≤
∑

s∈R(j)∪R(x1)

cs[eαs , eαt ] +
∑

x∈Supp−(αt)
x 6=x1,j

dx

= cαj +
∑

s∈R(x1)

cs[eαs , eαt ] +
∑

x∈Supp−(αt)
x 6=x1,j

dx

because if [eαs , eαt ] = 1, s ∈ R(j) and s /∈ R(x1); then αs = αj
since k /∈ Supp(αt). Therefore, (4.6) implies that dj + dx1 − 1 ≤
cαj +

∑
s∈R(x1) cs[eαs , eαt ]; whence cαj = dj − 1. This completes the

proof in the first case.
2. k ∈ Supp(αt), thus Θ(αt) ∈ {(w+ a, b− a) | 0 ≤ a ≤ j − 1, j + 1 ≤ b ≤ n}

and hence we are in the case II or IV. Therefore, k is a source in Q and
k < n. Thus there is x2 > k such that there is a path in Q from k to x2

and such that x2 is a sink in Supp(αt).
2.1 i /∈ Supp(αt), thus Θ(αt) ∈ {(w, b) | j + 1 ≤ b ≤ n}. In this case

(
∑

x∈Supp−(αt)

dx)− 1 lemma4.5= [e(cij), eαt ]
(4.6)
= [e(c), eαt ]

lemma4.6=
∑

x∈Supp−(αt)

dx −
ν∑
s=1

χ̃−t (s)cs

≤
∑

s∈R(j)

cs[eαs , eαt ] +
∑

s∈R(x2)

cs[eαs , eαt ]

−
∑

s∈R(j,x2)

cs[eαs , eαt ] +
∑

x∈Supp−(αt)
x 6=j,x2

dx.

Moreover, [eαs , eαt ] = 0 for all s ∈ R(i) and hence
∑
s∈R(j) cs[eαs , eαt ]

≤ dj − cR(i,j) ≤ dj − 1. Therefore,∑
s∈R(j)

cs[eαs , eαt ] = dj − 1,
∑

s∈R(x2)

cs[eαs , eαt ] = dx2

and
∑

s∈R(j,x2) cs[eαs , eαt ] = 0. But∑
s∈R(j)

cs[eαs , eαt ]−
∑

s∈R(j,x2)

cs[eαs , eαt ] = cαj

because i /∈ Supp(αt), whence cαj = dj − 1.
2.2 i ∈ Supp(αt) thus Θ(αt) ∈ {(w + a, b− a) | 1 ≤ a ≤ j − 1, j + 1 ≤ b
≤ n}.
2.2.1 i = 1 or i is not a source in Q. Then Θ(αi) = (w + 1, n), thus

we have [eαi , eαt ]1 = 0 and, therefore,∑
x∈Supp−(αt)

dx
lemma 4.5= [e(cij), eαt ]

(4.6)
= [e(c), eαt ]

lemma 4.6=
∑

x∈Supp−(αt)

dx −
ν∑
s=1

χ̃−t (s)cs.
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Thus χ̃−t (s)cs = 0 for all s. But for s ∈ R(j, k), we have
j ∈ Supp(αs) ∩ Supp−(αt) and if [eαs , eαt ] = 1 hence j, x2 ∈
Supp(αs) ∩ Supp−(αt); thus χ̃−t (s) ≥ 1 and, therefore, cR(j,k) =
0. This is a contradiction to the fact that cjk � c by lemma 4.2.

2.2.2 i is a source in Q and i 6= 1. Thus (i−1)← i→ j ← k → (k+1)
is a subquiver of Q (case IV) and Θ(αi) = (w+ j− 1, n− j+ 2).
If [eαi , eαt ]1 = 0, then the same argument as in case 2.2.1 leads
to a contradiction. Otherwise, [eαi , eαt ]

1 = 1, (i−1) ∈ Supp(αt)
and there exists x1 < i such that there is a path in Q from i to
x1 and such that x1 ∈ Supp−(αt). Then

dx1 + dj − 1 + dx2 +
∑

x∈Supp−(αt)\{x1,j,x2}
dx

lemma 4.5= [e(cij), eαt ]
(4.6)
= [e(c), eαt ]

= cαj +
∑

s∈R(x1)∪R(x2)

cs [eαs , eαt ] +
∑

x∈Supp−(αt)\{x1,j,x2}
dx

≤ cαj + dx1 + dx2 +
∑

x∈Supp−(αt)\{x1,j,x2}
dx,

whence cαj = dj − 1.
We have shown that cij + opΥjk � c ⇒ cαj = dj − 1. Now, let cij + opΥjk � c.
Then for all t ∈ {1, . . . , ν}, [e(cij + opΥjk), eαt ] ≥ [e(c), eαt ]. For αt = αj , this
implies dj − 2 ≥ cαj because j is a sink in Q and hence [eαs , eαt ] = 1 if and only if
αs = αj .

Thus cij + opΥjk � c⇔ cαj ≤ dj − 2 and this completes the proof of the second
case and the lemma. �

Proposition 4.8. Let c ∈ Nν be such that cxy � c for all x → y ∈ Q1. Let
i → j ∈ Q1 and denote by h, h 6= j the other vertex adjacent to i in Q if such a
vertex exists (i.e. if 1 < i < n) and denote by k, k 6= i the other vertex adjacent to
j in Q if such a vertex exists. Hence h i→j k is a subquiver of Q. Then

∑
Υ∈Op(cij)\Op(cij ,c)

e(Υ, cij) =


(di − 1)(dj − 1) V(cR(i,j) = 1)
+dh V(cR(h,i,j) = 0 and h→ i)
+dh(di − 1) V(cαi = di − 1 and h← i)
+dk V(cR(i,j,k) = 0 and j → k)
+dk(dj − 1) V(cαj = dj − 1 and j ← k)

where V(A) = 1 if A is true and V(A) = 0 if A is false.

Proof. Let Υ ∈ Op(cij), Υ : 0→ eαs → V → eαt → 0. Then cijs ≥ 1 and cijt ≥ 1
and the corresponding roots αs, αt are either simple or equal to αi + αj . Suppose
cij+opΥ � c, then by lemma 4.3 we can exclude the case where {αs, αt} = {αx, αy}
with {x, y} ∩ {i, j} = ∅. For the other cases we have

{αs, αt} e(Υ, cij) condition equivalent to cij + opΥ � c
{αi, αj} (di − 1)(dj − 1) cR(i,j) ≤ 1
{αh, αi} dh(di − 1) i ∈ Q0

± and cαi ≥ di − 1
{αj , αk} dk(dj − 1) j ∈ Q0

± and cαj ≥ dj − 1
{αi + αj , αh} dh i /∈ Q0

± and cR(h,i,j) = 0
{αi + αj , αk} dk j /∈ Q0

± and cR(i,j,k) = 0
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where the last column is given by lemma 4.2 and lemma 4.7. Now since we have
supposed that cij � c, we must have that cR(i,j) ≥ 1, cαi ≤ di−1 and cαj ≤ dj−1,
and the proposition follows. �

Suppose now that Oc is projectively rationally smooth but not smooth, i.e., Oc

is rationally smooth at Oc′ for all c′ � c, c′ 6= c0 and Oc is not rationally smooth
at Oc0 . (Recall that orbit closures of type An are smooth iff they are rationally
smooth [BS].) Suppose, moreover, that cij � c for all i→ j ∈ Q1.

By corollary 3.7, the codimension of Oc is equal to the sum∑
Υ∈Op(cij)\Op(cij ,c)

e(Υ, cij)

and this holds for all arrows i → j. We have given a formula for this sum in the
preceding proposition. On the other hand,

(4.8) codim(Oc) = [e(c), e(c)]1 =
∑

Υ∈Op(c)

e(Υ, c).

We are going to analyse this sum now.

Lemma 4.9. Let c ∈ Nν be such that Oc is projectively rationally smooth but
not smooth and such that cij � c for all i → j ∈ Q1. Then cR(i,j) = 1 for all
i→ j ∈ Q1.

Proof. Suppose the contrary (i.e. there exists i → j ∈ Q1 such that cR(i,j) ≥ 2),
then cαi < di − 1 and cαj < dj − 1; hence, by proposition 4.8,

codim(Oc) = dh V(cR(h,i,j) = 0 and h→ i) + dk V(cR(i,j,k) = 0 and j → k).

Moreover, codim(Oc) 6= 0 because otherwise Oc = Ed is smooth. Suppose without
loss of generality, that i < j. In the case h → i, j → k, the Auslander-Reiten
quiver is illustrated in figure 5. In this situation, we have the following elementary
operations:

0→ R(k) \R(i, j, k)→ . . .→ R(i, j) \R(i, j, k)→ 0,

0→ R(i, j) \R(h, i, j)→ . . .→ R(h) \R(h, i, j)→ 0

where the notation 0 → A → . . . → B → 0 means that for all s ∈ A, t ∈ B there
exists a non-split exact sequence 0→ es → V→ et → 0. Then by (4.8),

codim(Oc) ≥ (dk − cR(i,j,k))(cR(i,j) − cR(i,j,k)) + (cR(i,j) − cR(h,i,j))(dh − cR(h,i,j))
≥ 2 dkV(cR(i,j,k) = 0) + 2 dhV(cR(h,i,j) = 0)
= 2 codim(Oc)

but this is impossible.
In the case h → i → j ← k (respectively h ← i → j → k), the same argument

gives codim(Oc) ≥ 2 dhV(cR(h,i,j) = 0) = 2 codim(Oc) (respectively codim(Oc) ≥
2 dkV(cR(i,j,k) = 0) = 2 codim(Oc)). Thus in all cases we get a contradiction. �

We will now classify the orbit closures of type An that are projectively rationally
smooth. The first step is the following lemma.

Lemma 4.10. If n ≥ 4, then there are no orbit closures Oc of type An that
are projectively rationally smooth but not smooth and such that cij � c for all
i→ j ∈ Q1.
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Figure 5. The sketch of the Auslander-Reiten quiver in the case
h→ i→ j → k

Proof. Suppose the contrary. By lemma 4.9, we have cR(i,j) = 1 for all i →
j and therefore there are 4 types of candidates c1, c2, c3, c4 classified with re-
spect to their values on R(1, 2, 3) and on R(2, 3, 4). Namely, (c1R(1,2,3), c

1
R(2,3,4)) =

(0, 0), (c2R(1,2,3), c
2
R(2,3,4)) = (1, 0), (c3R(1,2,3), c

3
R(2,3,4)) = (0, 1), (c4R(1,2,3), c

4
R(2,3,4)) =

(1, 1). We get the following table:

c cR(1,2,3) cR(2,3,4) cα2 cα3 cα1+α2 cα2+α3 cα1+α2+α3

c1 0 0 d2 − 2 d3 − 2 1 1 0
c2 1 0 d2 − 1 d3 − 2 0 0 1
c3 0 1 d2 − 2 d3 − 1 1 0 0
c4 1 1 d2 − 1 d3 − 1 0 0 0

Note that d3 ≥ 2 in the cases c1 and c2 and that d2 ≥ 2 in the cases c1 and c3. By
symmetry, we can suppose, without loss of generality, that 1 ← 2 ∈ Q1. Then for
the first 3 arrows there are 4 possible orientations: Q1 = 1← 2← 3← 4 . . . , Q2 =
1 ← 2 ← 3 → 4 . . . , Q3 = 1 ← 2 → 3 → 4 . . . , Q4 = 1 ← 2 → 3 ← 4 . . . The
corresponding Auslander-Reiten quivers are illustrated in figures 6–9.

In each case, we have the elementary operations

0→ R(j) \R(i, j)→ . . .→ R(i) \R(i, j)→ 0

for all i → j, hence the codimension of Oc is at least D
def
= (d1 − 1)(d2 − 1) +

(d2 − 1)(d3 − 1) + (d3 − 1)(d4 − 1). Moreover, for each case there are additional
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Figure 6. The Auslander-Reiten quiver ΓQ1
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.. @@R ��� @@R
α3
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��� @@R
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..

α1+α2

��� @@R ��� @@R
α1 α2

Figure 7. The Auslander-Reiten quiver ΓQ2

elementary operations, as follows:

0→ {α1 + α2} → . . .→ R(2, 3) \R(1, 2, 3)→ 0 if Q1,Q2,
0→ {α1 + α2 + α3} → . . .→ R(3, 4) \R(1, 2, 3, 4)→ 0 if Q1,

0→ {α2 + α3} → . . .→ R(3, 4) \R(2, 3, 4)→ 0 if Q1,
0→ R(2, 3, 4)→ . . .→ {α3} → 0 if Q2,
0→ R(1, 2, 3)→ . . .→ {α2} → 0 if Q3,Q4,

0→ R(3, 4) \R(2, 3, 4)→ . . .→ R(2, 3) \R(2, 3, 4)→ 0 if Q3,
0→ {α3} → . . .→ R(2, 3, 4)→ 0 if Q4.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



576 RALF SCHIFFLER

α3 α1+α2

...
...

...
...

.. @@R ��� @@R ��� @@R
α1+α2+α3 α2

....

...
...

...
...

.. @@R ��� @@R ���
α2+α3

@@R

...
...

...
...

.. @@R ���

@@R

...
...

...
...

..

��� @@R
α1

Figure 8. The Auslander-Reiten quiver ΓQ3
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Figure 9. The Auslander-Reiten quiver ΓQ4

Thus, the codimension of Oc is at least

D(c,Q)
def
=


D + cα1+α2+α3(1− cR(1,2,3,4)) + cα1+α2(1− cR(1,2,3))

+cα2+α3(1 − cR(2,3,4))

}
if Q1,

D + cα1+α2(1− cR(1,2,3)) + cα3cR(2,3,4) if Q2,
D + cα2cR(1,2,3) + (1− cR(2,3,4))(1 − cR(2,3,4)) if Q3,
D + cα2cR(1,2,3) + cα3cR(2,3,4) if Q4.

On the other hand, we can calculate the sums of proposition 4.8. Let us write
S(i, j) for the sum ∑

Υ∈Op(cij)\Op(cij ,c)

e(Υ, cij)
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for all i → j and δ(c) for codim(Oc). Then we have δ(c) = S(1, 2) = S(2, 3) =
S(3, 4).

Suppose first that n ≥ 5. If 4 /∈ Q0
±, then there are the following elementary

operations:

0→ R(3, 4) \R(3, 4, 5)→ . . .→ R(4, 5) \R(3, 4, 5)→ 0

(respectively 0→ R(4, 5) \R(3, 4, 5)→ . . .→ R(3, 4) \R(3, 4, 5)→ 0),
and if 4 ∈ Q0

±, then there are the following elementary operations:

0→ R(3, 4, 5)→ . . .→ {α4} → 0

(respectively 0→ {α4} → . . .→ R(3, 4, 5)→ 0).
Thus

δ(c) ≥
{
D(c,Q) + (1− cR(3,4,5))2 if 4 /∈ Q0

±,
D(c,Q) + cα4cR(3,4,5) if 4 ∈ Q0

±.

Moreover,

S(3, 4) = A(3, 4) + d5V(cR(3,4,5) = 0 and 4 /∈ Q0
±)

+ d5(d4 − 1)V(cR(3,4,5) = 1 and 4 ∈ Q0
±),

with

A(3, 4) = (d3 − 1)(d4 − 1) + d2V(cR(2,3,4) = 0 and 3 /∈ Q0
±)

+ d2(d3 − 1)V(cR(2,3,4) = 1 and 3 ∈ Q0
±).

Thus, if A(3, 4) = 0 and 4 /∈ Q0
±, then cR(3,4,5) = 0 (because S(3, 4) 6= 0), and if

A(3, 4) = 0 and 4 ∈ Q0
±, then cR(3,4,5) = 1 and d4 > 1 (because S(3, 4) 6= 0) and

cα4 = d4 − 1 (because cR(3,4) = cR(4,5) = cR(3,4,5) = 1), whence δ(c) > D(c,Q).
Hence, if we can show that δ(c) = D(c,Q), n ≥ 5 and A(3, 4) = 0, then we have a
contradiction. We will use this result in tables 3–6 at the end of the paper.

Now let us return to the case n ≥ 4. We can easily calculate the terms δ(c),
S(1, 2), S(2, 3), S(3, 4) and we obtain a contradiction in each case. The results are
given in the tables 3–6 at the end of the paper. This proves that for n ≥ 4 there
is no c such that Oc is projectively rationally smooth, non-smooth and cij � c for
all i→ j ∈ Q1. �

Suppose now n = 3. Suppose again, without loss of generality, that 1← 2 ∈ Q1.
Then there are two possible quivers Q1 : 1 ← 2 ← 3 and Q2 : 1 ← 2 → 3.
Since cR(i,j) = 1 for all i → j there are only two candidates c1, c2 classified with
respect to their values on R(1, 2, 3), namely c1R(1,2,3) = 0 and c2R(1,2,3) = 1. We can
calculate easily the tables 1 and 2. Now δ(c) = S(1, 2) = S(2, 3) and in each case
we get some conditions:

For c1 in the case Q1, we must have d3 = (d2 − 1)(d3 − 1) + 1 and d1 =
(d1− 1)(d2− 1) + 1 and then either d2 = 2 or d1 = d3 = 1. Thus we have that e(c)
is equal to

(d1 − 1) eα1 ⊕ eα1+α2 ⊕ eα2+α3 ⊕ (d3 − 1) eα3

or
eα1+α2 ⊕ (d2 − 2) eα2 ⊕ eα2+α3 .

For c2 in the case Q1 and also for c1 in the case Q2, we must have (d2− 1)(d3−
1) = 0 and (d1 − 1)(d2 − 1) = 0 hence δ(c) = 0 which is impossible because the
corresponding orbit closure Oc = Ed is smooth.
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Table 1. Calculation results in the case Q1, n = 3

Q1 : 1← 2← 3
c δ(c) S(1, 2) S(2, 3)

c1 (d1−1)(d2−1)

+(d2−1)(d3−1)+1

(d1−1)(d2−1)

+d3

(d2−1)(d3−1)

+d1

c2 (d1−1)(d2−1)

+(d2−1)(d3−1)
(d1−1)(d2−1) (d2−1)(d3−1)

Table 2. Calculation results in the case Q2, n = 3

Q2 : 1← 2→ 3
c δ(c) S(1, 2) S(2, 3)

c1 (d1−1)(d2−1)

+(d2−1)(d3−1)
(d1−1)(d2−1) (d2−1)(d3−1)

c2 (d1−1)(d2−1)

+(d2−1)d3

(d1−1)(d2−1)

+(d2−1)d3

d1(d2−1)

+(d2−1)(d3−1)

For c2 in the case Q2, we have δ(c) = S(1, 2) = S(2, 3) hence in this case the
only additional restriction is d2 > 1 (since δ(c) > 0) and

e(c) = (d1 − 1) eα1 ⊕ (d3 − 1) eα3 ⊕ eα1+α2+α3 ⊕ (d2 − 1) eα2 .

Suppose now n = 2. Then δ(c) = cα1cα2 and S(1, 2) = (d1 − 1)(d2 − 1)V(c12 +
opΥ12 � c). Since δ(c) = S(1, 2) 6= 0, we have cα1 = d1 − 1, cα2 = d2 − 1, whence
c = c12.

We have shown the following theorem:

Theorem 4.11. Let Oc be an orbit closure of type An. Suppose that Oc is projec-
tively rationally smooth but not smooth and that fij 6= 0 for each f ∈ Oc and each
i→ j ∈ Q1. Then 2 ≤ n ≤ 3 and we have one of the following 4 cases:

1. Q ∈ {1→ 2, 1← 2}, d1, d2 > 1 and e(c) is equal to

(d1 − 1)eα1 ⊕ eα1+α2 ⊕ (d2 − 1)eα2 .

2. Q ∈ {1→ 2→ 3, 1← 2← 3} and e(c) is equal to

(d1 − 1) eα1 ⊕ eα1+α2 ⊕ eα2+α3 ⊕ (d3 − 1) eα3 .

3. Q ∈ {1→ 2→ 3, 1← 2← 3} and e(c) is equal to

eα1+α2 ⊕ (d2 − 2) eα2 ⊕ eα2+α3 .

4. Q ∈ {1→ 2← 3, 1← 2→ 3}, d2 > 1 and e(c) is equal to

(d1 − 1) eα1 ⊕ (d3 − 1) eα3 ⊕ eα1+α2+α3 ⊕ (d2 − 1) eα2 .

Now we will show that these necessary conditions are also sufficient, i.e., the four
types of orbit closures in the preceding theorem are projectively rationally smooth
but not smooth. In case 1, n = 2 and by [BS, thm 6.1] Oc is not smooth because
it is not {0} or Ed. Since there are no c′ ∈ Nν such that c0 ≺ c′ ≺ c, Oc is
projectively rationally smooth.

In all the other cases, n = 3 and the set {c′ | c′ � c} is {c0, c12, c23, c} and
c0 ≺ c12 ≺ c, c0 ≺ c23 ≺ c and c12, c23 are not comparable. In each case theorem
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6.1 in [BS] implies that Oc is not smooth and it only remains to prove that Oc is
rationally smooth at Oc12 and at Oc23 . By symmetry it is enough to show rational
smoothness at Oc12 . For this we will use theorem 3.6. In cases 2 and 3 we have

d(c) − d(c12) = d1 + 2d2 + d3 − 3− (d1 + d2 − 1) = d2 + d3 − 2

and ∑
Υ∈Op(c12,c)

e(Υ, c12) = c12
α2
c12
α3

= (d2 − 1)d3.

In both cases these two terms are equal since d2 = 2 in case 2 and d3 = 1 in case
3. Hence Oc is rationally smooth at Oc12 . In case 4 we have

d(c)− d(c12) = d1 + d2 + d3 − 1− (d1 + d2 − 1) = d3

and ∑
Υ∈Op(c12,c)

e(Υ, c12) = c12
α1+α2

c12
α3

= d3.

Hence Oc is rationally smooth at Oc12 .

Remark 4.12. Note that instead of using theorem 3.6 one can write down explicitly
the equations defining Oc as an algebraic variety and then calculate the kernel of
the Jacobian of Oc at a point f of Oc12 which is equal to the tangent space TfOc.
Then one shows that the dimension of TfOc is equal to the dimension of Oc, hence
Oc is smooth at Oc12 and therefore rationally smooth at Oc12 .

Now let us consider the general case. Let Oc be an orbit closure of the quiver Q
and (fij)i→j∈Q1 ∈ Oc. For any subquiver Q̃ of Q we define the restriction of Oc

to Q̃ to be the orbit closure Oc̃ of the quiver Q̃, where f̃ ∈ Oc̃ iff f̃ij = fij for all
i→ j ∈ Q̃1.

Theorem 4.13. Let Oc be a non-smooth orbit closure of type An. Then Oc is
projectively rationally smooth if and only if there exists a subquiver Q̃ of Q of type
A2 or A3 such that

1. fij = 0 for all f ∈ Oc and all arrows i→ j in Q \ Q̃, and
2. the restriction of Oc to Q̃ is one of the orbit closures of theorem 4.11.

Proof. Clearly, if 1 and 2 hold, then Oc is projectively rationally smooth; so we
have to show the other implication.

Let c be of i-homogeneity d and f ∈ Oc. Hence Oc = Gd · f . We proceed by
induction on the number of arrows i→ j ∈ Q1 such that fij = 0. If fij 6= 0 for all
i→ j ∈ Q1, then put Q̃ = Q and the theorem is true by theorem 4.11. Otherwise,
let i → j ∈ Q1 be such that fij = 0 and suppose, without loss of generality,
that i < j. Let Q1 be the full subquiver of Q of type Ai having {1, . . . , i} as set
of vertices and let Q2 be the full subquiver of Q of type An−i having {j, . . . , n}
as set of vertices. Define f l ∈ Ed by f lhk = fhk if h → k ∈ Q1

l and f lhk = 0,
otherwise (l = 1, 2). Let cl ∈ Nν be such that clt = ct if Supp(αt) ⊂ Ql and clt = 0,
otherwise (l = 1, 2). Note that c = c1 + c2 and that Ocl

∼= Gd · f l (l = 1, 2)
(c1 is of i-homogeneity d1 = (d1, d2, . . . , di, 0, . . . , 0) and c2 is of i-homogeneity
d2 = (0, . . . , 0, dj, dj+1, . . . , dn)). The orbit Oc is the product Oc = Oc1 ×Oc2 and
the orbit closure Oc is the product of two orbit closures

Oc = Oc1 ×Oc2 .
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Note that d(c) 6= 0 because Oc is not smooth and therefore at least one of d(c1),
d(c2) is not zero. Say d(c1) 6= 0. We need the following lemma:

Lemma 4.14. With the above notation we have
1. Ec

i = Ec2

i Ec1

i .
2. Each a � c can be written uniquely as a = a1 + a2 with a1 � c1,a2 � c2.
3. ωc

a = ωc1

a1 ωc2

a2 for each a � c.
4. ζc

a = ζc1

a1 ζc2

a2 for each a � c.

Proof of the lemma. 1. For r ∈ {1, . . . , ν} let b(r) = (0, . . . , 0, 1, 0, . . . , 0) ∈ Nν

be the vector whose only non-zero component is in the r-th position and is 1. If
c1t 6= 0 and c2s 6= 0, then either [eαt , eαs ] = [eαs , eαt ] = [eαt , eαs ]1 = [eαs , eαt ]1 = 0
and E

b(s)
i E

b(t)
i = E

b(t)
i E

b(s)
i by [BS, prop. 3.14], or i ∈ Supp(αt), j ∈ Supp(αs),

[eαt , eαs ]1 = 1 (because i→ j) and then s < t. Thus

Ec2

i Ec1

i = E
c21 b(1)
i E

c22 b(2)
i . . . E

c2ν b(ν)
i E

c11 b(1)
i E

c12 b(2)
i . . . E

c1ν b(ν)
i

= E
c1 b(1)
i E

c2 b(2)
i . . . E

cν b(ν)
i

= Ec
i ,

this proves 1.
2. Let a = (a1, a2, . . . , aν) � c. For each f ∈ Oa, we have f ∈ Oc, hence fij = 0.

Then aR(i,j) = 0 and a = a1 + a2 with al � cl, alt = at if Supp(αt) ⊂ Ql and
alt = 0, otherwise (l = 1, 2); this shows 2.

3. Using proposition 2.7 and part 1, we have∑
a�c

ωc
a E

a
i = Ec

i = Ec2

i Ec1

i =
∑

a2�c2

a1�c1

ωc2

a2 ωc1

a1 Ea2

i Ea1

i

and Ea2

i Ea1

i = Ea
i by 1. Hence∑

a�c

ωc
a E

a
i =

∑
a2�c2

a1�c1

ωc2

a2 ωc1

a1 Ea
i

and so ωc
a = ωc2

a2 ωc1

a1, this shows 3.
4. Let a � c and a = a1 + a2 with a1 � c1, a2 � c2. We proceed by induction

on |{b ∈ Nν | a � b � c}|. If this number is 1, then a = c and the statement to
prove is 1 = 1. Suppose that |{b ∈ Nν | a � b � c}| > 1. By theorem 2.8

ζcl

al =
∑

bl:al�bl�cl

ωbl

al ζ
cl

bl
(l = 1, 2),

with ζcl

bl ∈ v−1Z[v−1]. Note that for b = b1 + b2, we have a � b � c and
ωb1

a1 ωb2

a2 = ωb
a by 3. Then

ζc1

a1 ζc2

a2 =
∑

b1:a1�b1�c1

b2:a2�b2�c2

ωb
a ζc1

b1ζc2

b2

and by induction
ζc1

a1 ζc2

a2 = ζc1

a1ζc2

a2 +
∑

b:a≺b�c

ωb
a ζc

b.

Thus ζc
a − ζc

a = ζc1

a1 ζc2

a2 − ζc1

a1ζc2

a2 , whence ζc
a = ζc1

a1ζc2

a2 and the lemma is proved. �
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Now if Oc is projectively rationally smooth, then Oc is rationally smooth at all
Oa for c0 6= a � c. Let a1 � c1 and a2 � c2 be such that d(a1) 6= 0 (such an a1

exists since d(c1) 6= 0). Then a = a1 +a2 � c and a 6= c0. We have ζc1

a1 ζc2

a2 = ζc
a by

the lemma, and ζc
a = vd(a)−d(c) because Oc is rationally smooth at Oa. Moreover,

by theorem 2.8.4,

ζcl

al =
∑
k

dim(H2k
f ) v2k vd(al)−d(cl) (l = 1, 2).

Hence ζcl

al = vx(l) with x(l) ≥ d(al)− d(cl) (l = 1, 2) and x(1) +x(2) = d(a)− d(c).
But

d(a) − d(c) = d(a1) + d(a2)− d(c1)− d(c2),
because the orbit Oc is the product of the orbits Oc1 and Oc2 and the orbit Oa

is the product of the orbits Oa1 and Oa2 . Hence ζcl

al = vd(al)−d(cl) and Ocl is
rationally smooth at Oal (l = 1, 2). Since a2 � c2 was arbitrary and a1 � c1 was
such that d(a1) 6= 0, we have shown that Oc1 is projectively rationally smooth
and Oc2 is rationally smooth, hence smooth. Now Oc1 cannot be smooth because
Oc = Oc1 ×Oc2 is not smooth, so by induction, we may apply the theorem to Oc1 .
Therefore, we only have to prove that fij = 0 for all f ∈ Oc2 and all i → j ∈ Q1

2.
Let a1 � c1 be such that d(a1) = 0, then ζc1

a1 6= vd(a1)−d(c1). Moreover, ζc
a1+a2 =

ζc1

a1ζc2

a2 implies that Oc is not rationally smooth at Oa1+a2 for any a2 � c2. Thus
a1 + a2 = c0, hence d(c2) = 0, i.e. fij = 0 for all f ∈ Oc2 and all i→ j ∈ Q1

2, and
this completes the proof of the theorem. �
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Table 3. Calculation results in the case Q1

Q1 : 1← 2← 3← 4 · · ·
c δ(c) ≥ S(1, 2) S(2, 3) S(3, 4) contradiction

c1
D+2 (d1−1)(d2−1)+d3 d2≥2⇒ δ(c)>S(1,2)

c2
D+1 (d1−1)(d2−1) δ(c)>S(1,2)

c3
D+1 (d1−1)(d2−1)+d3 (d2−1)(d3−1)+d1

(d3−1)(d4−1) + d5V(cR(3,4,5)=0 and 4←5)

+(d4−1)d5V(cR(3,4,5)=1 and 4→5)

d2≥2⇒ δ(c)=D+1=S(1,2) and

(d3−1)(d4−1)=0

⇒A(3,4)=0 and n≥5

c4
D (d1−1)(d2−1) (d2−1)(d3−1) δ(c)≥S(1,2)+S(2,3)=2 δ(c)

The data in the first column are the lower bounds D(c,Q) for δ(c).

The last column gives the contradiction to the fact that δ(c) = S(1, 2) = S(2, 3) = S(3, 4).
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Table 4. Calculation results in the case Q2

Q2 : 1← 2← 3→ 4 · · ·
c δ(c)≥ S(1, 2) S(2, 3) S(3, 4) contradiction

c1
D+1 (d1−1)(d2−1)+d3 (d2−1)(d3−1)+d1

(d3−1)(d4−1)+d5V(cR(3,4,5)=0 and 4→5)

+(d4−1)d5V(cR(3,4,5)=1 and 4←5)

d2≥2⇒ δ(c)=D+1=S(1,2) and

(d3−1)(d4−1)=0

⇒A(3,4)=0 and n≥5

c2
D (d1−1)(d2−1) δ(c)>S(1,2)

c3
D+d3 (d1−1)(d2−1)+d3

(d2−1)(d3−1)

+d1+d4(d3−1)

(d3−1)(d4−1)+d2(d3−1)

+d5V(cR(3,4,5)=0 and 4→5)

+(d4−1)d5V(cR(3,4,5)=1 and 4←5)

d2≥2⇒ δ(c)=D+d3=S(1,2) and

d3=1⇒A(3,4)=0 and n≥5

c4
D+d3−1 (d1−1)(d2−1)

(d2−1)(d3−1)

(d3−1)d4
δ(c)=S(2,3)⇒S(1,2)=0

The data in the first column are the lower bounds D(c,Q) for δ(c).

The last column gives the contradiction to the fact that δ(c) = S(1, 2) = S(2, 3) = S(3, 4).
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Table 5. Calculation results in the case Q3

Q3 : 1← 2→ 3→ 4 · · ·
c δ(c)≥ S(1, 2) S(2, 3) S(3, 4) contradiction

c1
D+1 (d1−1)(d2−1) δ(c)>S(1,2)

c2
D+d2

(d1−1)(d2−1)

+(d2−1)d3
δ(c)>S(1,2)

c3
D (d1−1)(d2−1) (d2−1)(d3−1) δ(c)≥S(1,2)+S(2,3)= 2 δ(c)

c4
D+d2−1

(d1−1)(d2−1)

+(d2−1)d3

(d2−1)(d3−1)

(d2−1)d1

(d3−1)(d4−1)+d5V(cR(3,4,5)=0 and 4→5)

+(d4−1)d5V(cR(3,4,5)=1 and 4←5)

δ(c)=S(1,2)⇒ δ(c)=D+d2−1 and

(d3−1)(d4−1)=0

⇒A(3,4)=0 and n≥5

The data in the first column are the lower bounds D(c,Q) for δ(c).

The last column gives the contradiction to the fact that δ(c) = S(1, 2) = S(2, 3) = S(3, 4).
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Table 6. Calculation results in the case Q4

Q4 : 1← 2→ 3← 4 · · ·
c δ(c)≥ S(1, 2) S(2, 3) S(3, 4) contradiction

c1
D (d1−1)(d2−1) δ(c)=S(1,2)⇒ d3=1

c2
D+d2−1

(d1−1)(d2−1)

+(d2−1)d3

(d2−1)(d3−1)

+(d2−1)d1

(d3−1)(d4−1)+d5V(cR(3,4,5)=0 and 4←5)

+(d4−1)d5V(cR(3,4,5)=1 and 4→5)

δ(c)=S(1,2) and d3≥2

⇒ d4=1 and δ(c)=D+d2−1

⇒A(3,4)=0 and n≥5

c3
D+d3−1 (d1−1)(d2−1)

(d2−1)(d3−1)

(d3−1)d4
δ(c)=S(1,2) ⇒S(2,3)=0

c4
D+d2+d3−2

(d1−1)(d2−1)

+(d2−1)d3

(d2−1)(d3−1)

(d2−1)d1+(d3−1)d4

(d3−1)(d4−1)+d2(d3−1)

+d5V(cR(3,4,5)=0 and 4←5)

+(d4−1)d5V(cR(3,4,5)=1 and 4→5)

δ(c)=S(1,2)⇒ d3=1 and

δ(c)=D+d2+d3−2

⇒A(3,4)=0 and n≥5

The data in the first column are the lower bounds D(c,Q) for δ(c).

The last column gives the contradiction to the fact that δ(c) = S(1, 2) = S(2, 3) = S(3, 4).
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