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LEFT CELLS IN TYPE B,
WITH UNEQUAL PARAMETERS

CEDRIC BONNAFE AND LACRIMIOARA IANCU

ABSTRACT. Kazhdan and Lusztig have shown that the partition of the sym-
metric group &, into left cells is given by the Robinson—Schensted correspon-
dence. The aim of this paper is to provide a similar description of the left cells
in type B, for a special class of choices of unequal parameters. This is based
on a generalization of the Robinson—Schensted correspondence in type By,. We
provide an explicit description of the left cell representations and show that
they are irreducible and constructible.

1. INTRODUCTION

The Robinson—Schensted correspondence is a classical combinatorial instrument
which gives rise to a partition of the symmetric group &,, into pieces which are
indexed by the various standard tableaux of size n (with a filling by the numbers
1,...,n). Kazhdan and Lusztig have given a completely different description of that
partition by using the construction of a new basis (the “Kazhdan—Lusztig basis”)
of the Iwahori-Hecke algebra of &,,. In this context, the pieces in the partition
are called left cells. Now the definition of left cells makes sense for any (finite
or infinite) Coxeter group, using the Kazhdan-Lusztig basis of the one-parameter
or even multi-parameter Iwahori-Hecke algebra. One of the important aspects of
this construction is that each left cell gives rise to a representation of the Iwahori—
Hecke algebra where the underlying vector space has a natural basis indexed by the
elements in that left cell.

Now, in the case of finite Coxeter groups and one-parameter Iwahori—Hecke alge-
bras, the decomposition of the left cell representations into irreducible representa-
tions is completely known. For the symmetric group &,,, Kazhdan and Lusztig [11]
showed that each left cell representation actually is irreducible. In the remaining
types, the left cell representations are no longer irreducible and Lusztig [T5] showed
how they decompose into irreducibles.

This paper is concerned with the multi-parameter case. Note that, as far as
finite Coxeter groups are concerned, we only have to deal with the dihedral groups
and Coxeter groups of type Fy and B,. For type B, and a special choice of the
parameters (which allows a geometric interpretation), Lusztig [I3] showed that,
again, all left cell representations are irreducible. For the dihedral groups and type
Fy, results in the multi-parameter case have been obtained by Geck and Pfeiffer
[8], Geck [4] and Lusztig [17].
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588 CEDRIC BONNAFE AND LACRIMIOARA IANCU

In this paper, we consider Coxeter groups of type B, with diagram and para-
meters of the corresponding Hecke algebra H,, given as follows:

c

q q q q
B, O:O—O_ .. —Q where ¢ > 1.

It is easy to see that the left cells are independent of the particular value of c,
as long as c is sufficiently large. We are precisely interested in this “asymptotic”
case, where c is sufficiently large. We shall actually prove a result which implies
that all the left cell representations in that case are irreducible. This gives a new
construction of “integral” forms of the irreducible representations; the first such
construction is due to Dipper, James and Murphy [2]. Our result involves a gener-
alization of the classical Robinson—Schensted correspondence. This is the subject
of Section [3 the generalization does not only work for the Coxeter groups of type
B, but for all complex reflection groups of type G(e, 1,n) (see [10]).

Analogously to the case of &,,, the generalized Robinson—Schensted correspon-
dence gives rise to a partition of the Coxeter group W, of type B, into pieces which
are indexed by pairs of standard bitableaux of total size n (with a filling by the
numbers 1,...,n).

Our aim is to show that the left cells in type B,, with the above choice of the
parameters are given by the generalized Robinson—Schensted correspondence. As a
consequence, we obtain that the left cell representations of H,, are irreducible and
we retrieve the classical parametrisation of irreducible H,,-modules.

The paper is organized as follows. After introducing the general set-up in §2 we
define in §3] the generalized Robinson-Schensted correspondence and give its first
properties (Knuth correspondence, compatibility with parabolic subgroups...). In
g4, we define a decomposition of elements of W,, which sounds like Clifford theory
for elements. This decomposition gives a new description of Robinson-Schensted
cells in terms of cells for symmetric groups (Proposition E28). One of the main tools
developed in this section is Proposition 4]

In 85, we recall the basic notions and results concerning the construction of the
Kazhdan-Lusztig basis and left cells in the multi-parameter case for general Coxeter
groups. For this purpose, it is convenient to work in the general setting described
by Lusztig (see [13] and [17]). In §6] we come back to W,: we will replace the
parameter ¢¢ by a new variable Q and work with the Iwahori-Hecke algebra H,
of type B, with two independent parameters ¢ and . The main results of this
section are the following. First, Kazhdan-Lusztig polynomials are polynomials only
in g (Theorem 6.3 (a)). Second, we obtain a kind of grading for left cells (Theorems
.3 (b) and E6). The last section is devoted to the proof of the main results of this
paper, namely the explicit description of Kazhdan-Lusztig left cells (Theorem [Z71)
and the fact that left cells representations are irreducible and explicitly determined

(Proposition [T.TT)).

2. THE SET-UP

We introduce in this section all the notation we need concerning the Coxeter
group of type B,. This group has a presentation with a set of generators S,, =
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{t,s1,...,8n—1} and defining relations
2 =1, s2 =1fori>1,
tsitsy = sitsit, ts; = s;t for i > 2,

SiSi+1S8i = Si+1SiSi+1 for 4 2 1, §i8j; = 8554 if |Z —j| 2 2.
We visualize this presentation by the diagram

t S1 S92

O:Q—O——(Sﬁ

A group with a presentation as above can be naturally realized as the finite reflection
group of type G(2, 1, n), that is, as the subgroup of GL,,(C) consisting of all matrices
whose nonzero coefficients are 1 or —1 and where there is precisely one nonzero
coefficient in each row and each column. For our purposes, it will be more convenient
to work with a different realisation, using permutations.

2.1. B,, as a permutation group. Let n > 1 and consider the set
L,=IFuUl,,
where
It ={1,2,....n} and I, =-I1={-1,-2,...,—n}.
We denote by &(I,,) the group of permutations of the set I,, and we set
W, ={mre&(,)|Viel,, n(—i)=—-n(i)}.

In other words, if w, € &(I,) is defined by I,, — I,, i — —i, then W, is the
centralizer of w,, in &(I,). We define the following transpositions in &(7,,):

t; = (i, —1) for 1 <i< n

Then w, = tits---t,. The order formulas for centralizers in symmetric groups
(see [I8] Chap. I]) show that |W,| = 2" - nl. It is easily checked that t1,%o,...,%,
generate a subgroup N,, C W,, which is isomorphic to (Z/2Z)™. Furthermore, the
elements

sio= (1,2)(

a_2)
S2 = (2,3) ( -

-1 ,
_2a 3)7
Sn—1 = ((TL— ].),TL) : (_(n_ 1)a_n)v
generate a subgroup &, C W,, which is isomorphic to the symmetric group of

degree n. We set ¥,, = {s1, 82, +*,S$p—1}. Since N,,NS,, = {1}, we have |&,,N,,| =
|&,] - [N, =2"-n! and so W,, = N,,&,,. We now set

Sn={t, 51,82, ,Sn—1} wheret =1t;.
The previous discussion shows that
W, = (Shn).

In terms of these generators, the above transpositions t; are given recursively by
tit1 = sitis; for 1 < ¢ < n — 1. Finally, since the generators ¢, s1,...,s,_1 satisfy
the relations specified by the above diagram and since |W,,| = 2" - nl, we conclude
that these relations form a set of defining relations for W,,.
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590 CEDRIC BONNAFE AND LACRIMIOARA IANCU

Remark 2.2. The fact that each element 7 € W,, commutes with w,, = t1t9---t,
implies that 7 is uniquely determined by the images of 1, ..., n. Indeed, if we know
m(2), then we also know 7(—i) = —n(¢). Thus, if we set

(i) =€ - p; where 1 <i < nand¢g; € {+1,—-1},

then the sequence of numbers pi,...,p, is a permutation of 1,...,n. Thus, we
shall represent 7 by the array
S 1 2 . n cw,. O
€1°P1 €&€2°pP2 ... En:Pn

2.3. Length function, Bruhat ordering. Using this choice of generators, we
can define the length function ¢ : W,, — N. It is easily checked that w,, is the
longest element of W,,: we have ¢(w,) = n?. If w € W, we denote by £;(w) the
number of occurrences of ¢ in a reduced decomposition of w. This does not depend
on the choice of the reduced decomposition. We set £s(w) = f(w) — £(w). Tt is
easily checked that, if w and w’ are elements of W,, such that £(ww’) = £(w)+L(w'),
then £ (ww') = y(w) + £ (w') and £s(ww') = €s(w) + €5(w’). For instance, we have,
for every i € I,

G(t) =1, Ly(t:)=2(i—1) and £(t;) =2i— 1.

So £y(wy,) = n and £s(w,) = n? — n. This implies that, for every w € W,,, we have
4(w) < n.

We denote by < the Bruhat order on W,, defined by the set of generators S,.
We write z < y to say that z < y and « # y. If w € W,,, we define its left descent
set L(w) and its right descent set R(w) as follows:

L(w)={s€ S, | sw<w}

and
R(w) ={s € S, | ws < w}.

3. ON THE ROBINSON-SCHENSTED CORRESPONDENCE

In this section we describe a generalization of the classical Robinson—Schensted
correspondence (which is concerned with the symmetric group &,,) to the Coxeter
group of type B,,. For more details on the classical correspondence see Knuth [12|
5.1.4] or Fulton [3| Part I].

3.1. A generalized Robinson-Schensted correspondence. Let us first intro-
duce some more notation. If X is a partition, and if 7" is a standard tableau of shape
A, we set |[T'| = |A| (the number || is called the size of T'). A bipartition (of n)is a
pair (A, p) of partitions (such that [A| + |u| = n). A bitableau is a pair of tableaux.
If (Th, Tz) is a bitableau such that T} is of shape A and T% is of shape p, we say that
(A, ) is the shape of (T1,Ts) and that |[A| 4 |u| is the size of (T1,T2). The bitableau
is said to be n-standard if Ty and T are standard tableaux, if |T1| + |T2| = n and
if the filling of T} and T5 is the set I,

In order to generalize the Robinson-Schensted correspondence to W,,, we work
with the realisation of W, as a subgroup of &(I,,) and use Remark 2] to represent
the elements of W,,. Thus, let # € W,,. Then we define a pair of n-standard
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bitableaux:
A, (m) = A:WaA;LW ,
(A’ﬂ(,rr)aBn(Tr)) Where ( ) ( ( ) 7( ))
Bu(r) = (B} (v), By (r))

and A, (7), B, () have the same shape. This is done as follows.

Apply the Knuth insertion procedure as follows: insert successively the numbers
pi into two initially empty tableaux A} (7), A, (7); more precisely, insert p; into
A%i(m). Note that at each step this yields a new box, located on the a;th row and
bith column, say, of A% (7). Now add a box containing i to B () on its (a;, b;)
position (“keep the record”).

Example 3.2. Let us consider an element m € W7 represented, as in Remark 2.2]
by the array
o ( 1 23 4 5 6 7 )
-4 3 6 -1 7 -2 5 )°

Then (A(r), B(w)) is equal to

315 |7 112 21315 116
A(m) = B(r) =
6 4 7 4
O
Theorem 3.3 (see also Okada [19, Th. 3.3]). With the above notation, the following

hold:
(a) The map m — (An(m), Bp(m)) is a bijection from W, onto the set of all
pairs of n-standard bitableaux of the same shape.
(b) For any @ € Wy, we have A, (n~') = B, (7) and B, (r~1) = A, (7).
(¢) The number of generalized Robinson—Schensted cells equals the number of
involutions in W,.

Proof. The proof uses essentially the same argument as for the symmetric group
12, 5.1.4, Theorems A and B].

(a) Tt is clear from the construction that, for any # € W,,, A,(7) and B, ()
always have the same shape; furthermore: (i) since they are obtained through
the bumping procedure, A} (7) and A, (7) are standard tableaux, (i) B;f () and
B, () are standard tableaux also, since we always add elements on their periphery
in increasing order.

Conversely, given a pair (4, B) of n-standard bitableaux of the same shape (with
A= (At,A7) and B = (B*,B7)), we can find the corresponding array (and so
the element © € W,,) as follows: for i = n,...,2,1, let (v,a,b) be defined by the
fact that the number i appears in the B” tableau, on its ath row and bth column.
We set then ¢; = v. Now let p; be the element z that is removed when applying
the deleting algorithm (inverse of the insertion algorithm) to the (v, a,b) box of A.
The two constructions we have described are inverses of each other.

(b) The argument is identical to the one in [12, 5.1.4, Theorem B].

(c) is an easy consequence of (a) and (b). O

Definition 3.4. Let T be an n-standard bitableau. Then the set
T(Wy) :={w € W, | By(w) =T}
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592 CEDRIC BONNAFE AND LACRIMIOARA IANCU

is nonempty and will be called a generalized Robinson—Schensted cell (or generalized
RS-cell for short) of W,,. We have a partition

W, = [[T(W,),

where T runs over the set of all n-standard bitableaux. An example is given in
Table [

Remark 3.5. If m € W, then, by construction, ¢;(7) = |A;, (7)| = |B,, (7)|. There-
fore, the function ¢, is constant on generalized Robinson-Schensted cells. Moreover,
if m € &, then A, (7) = B,, (r) = @ and (A} (), B;f (7)) is the pair of standard
tableaux associated to 7 via the usual Robinson-Schensted correspondence. (]

Example 3.6. We have

A= |1]|2].. |n| @ B,()=|1]|2]|.. |n| 9

On the other hand,

Ap(wy) = @ 1127 .. n B(wy)= @ 112 .. n

Moreover, {1} and {wy,} are generalized Robinson-Schensted left cells. O

3.7. A generalization of a theorem of Knuth. Knuth has given a purely
group theoretical description of the partition of &,, into Robinson—Schensted cells.
We wish to generalize that statement to the Coxeter groups of type B,,. We begin
with some general definitions. First, we set SI, = S, U {t1,%2,--+ ,tn}. Then the
extended left descent set of w € W, is defined by
L' (w):={ues, | lvw) < l(w)}={ueS], |uw < w}.
Let x,y € W,, and s € ¥,, = S,, — {t}; then we define
T —ry L y = sz, {(y) > l(z) and L' (z) € L'(y),

. S . S S . . .
and we write x «— y if £ — y or y —, x. Finally, we write x «— y if
there exists a sequence x = x1,%2,...,Tr =y and p; € X, such that x; Ly Tit1
for all 3.

Proposition 3.8. Let x,y € W,,. Then
B,(x) =B,(y) ifandonlyif x «— y.

Proof. We first define “admissible transformations” in W,,. Let © € W,, be repre-
sented, as in Remark 222, by the array

v — ( 1 2 .. ) i+1 . n )
€1-p1 €&€2°pP2 ... & 'Pi &+l Pi+l --- EnPn
with p; € I} and ¢; € {+1, —1}; interchanging e;p; and €;41p;+1 is an admissible
transformation if we are in one of the following situations:
(a) 2<i<n—1, g1 =&; =¢;+1 and p;_1 lies between p; and p;1+1
(b) 1 <i<n—2, & =¢&;41 = €42 and p;;2 lies between p; and p;41
(c) & = —€iy1-
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TABLE 1. Generalized Robinson—Schensted cells in type Bs

Generalized RS-cell B-bitableaux

{1} —
1]2]

{827 8182} i o
N

{817 8281} l o

{818281}
{t, sit, sasit}

{ts1, sits1, sa2sits1}

=] [
!H W N
[=]| (e [2] []

=

(=] [ee] [oo] [=]] o= [ee] =] [eefoo] | [vo] <]

{ts1s2, sils1S2, S281ts$152}

{tSQ, SltSQ, 818281t}

[1]

{tsas1, silsesi, S182s1ls1}

[

{71’8182817 81t818281, slsgsltslsg}

{t81t818281, t818281t8182, sltslsgsltslsg}

{t81t8182, t8281t8182, SltSQSltslsg}

=
2]

{t81t81, t8281t81, SltSQSltsl}

2

{ts1tsas1, ts1s2s1ts1, Sits1Sasitsi} E

1]

{tsitsa, tsisa2sit, Sitsisa2sit} 3]

1]

{ts1t, tsasit, sitsasit} 2]

1]

— B

{ts1tsas1t} 3]
1[3]

{tsitsisasit, tsitsasitsisa} 2]
112]

{ts1tsasits1, tsits1s2s1ts1} 13
{ts1ts1s251ts182} —
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Now note that (c)-type transformations do not change the relative ordering of
the numbers z(j) belonging to I} or to I, respectively. Then, by applying [12]
5.1.4, Ex. 4] we get that two elements z,y € W,, have the same A-bitableaux if
and only if each of them can be obtained from the other through a finite number
of admissible transformations.

As for the group theoretical description of these admissible transformations, we
obtain the following as an easy consequence of [20, Ex. 9.10]:

o s, < = x(i), x(i+1) € I} and z(i+1) < z(i

(1)

or x(4), x(i+1) € I, and z(i+1) < z(4
(4)
(

N —

or x(i) e}, z(i+1) eI,

o l(zt;) <l(z) <= x(i) € I, .

The proof of the proposition is now complete. O

4. A THIRD CONSTRUCTION OF GENERALIZED ROBINSON-SCHENSTED CELLS

4.1. Preliminaries. The parabolic subgroup &,, of W,, generated by X, =
{51,...,8n—1} is isomorphic to the symmetric group of degree n. We denote by
X, the set of elements w € W,, which are of minimal length in w&,, (they are
usually called distinguished left coset representatives of &, in W,,). If 0 < I < n,
we set

X ={we X, | ty(w) =1}.

Let us give a description of Xr(ll). We define vy =t and, for 1 <i < n — 1, we set
Tit1 = ST = S;...Sas1t. Then

XY(LI) ={ryriy ..., | 1<ip <iz <- - <ip < n}
We have for instance Xr(lo) = {1}. Note also that
6(7"7;17"1‘2 ---Til) =142+ ---+1

if 1 <14 <ig < -+ < i <n. Therefore, in the subset Xr(ll), there is a unique
element of minimal length which will be denoted by a; = rira...7; (note that
ap = 1). Tt is also clear that a; has minimal length among all the elements of
t-length equal to [ (in W,,).
Let us make some further notation. We denote by:
e G; the parabolic subgroup of W,, generated by ¥; and by o; its longest
element.
e W the parabolic subgroup of W,, generated by S; = {t} UX; and by wy its
longest element.
o S ,,—; the parabolic subgroup of W, generated by ¥; ,—; = S, \ {¢, s;} and
by o1,n—: its longest element.
o W, ,—; the parabolic subgroup of W,, generated by S;,,—; = Sy \ {s:} and
by wy n—; its longest element.
e Y, the set of distinguished left coset representatives of &;,,—; in &,.

One can immediately check that

] = W n—10ln—| = Ol n—lWin—| = WO = 0QW.
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In particular, al2 = 1 and conjugacy by a; stabilizes S;, ¥;, S n—; and ¥;,—;. In
particular, a; normalizes W}, &;, Wi ,_; and &;,,—;. Note also that

() __™
R <z> I(n =)0

One can notice that |X7(Ll)| = |Y},n,—1| and that |X,(Ll).6l,n_l| =n!l = |6,|. This
is not a coincidence, as will be shown in this subsection (see Proposition E4]). We
need the following elementary lemma (the proof is left to the reader).

Lemma 4.2. If1<i<n, then
JH1 i 1<j<i—1,
i) =q -1 =i
j if i+1<j<n.
Therefore, if 1 < j <i—1, then r;lsjri =541

Corollary 4.3. Let a € Xr(ll) with1 <1 <n—1andlet s €X,. Then a 'sa # s;.

<
Proof. Let us write a =74, ...7;, with 1 <47 <--- <4, < n. We want to prove by
induction on [ > 1 that as;a™! € %,,.
Let us assume first that | = 1. We write = i1. Then (r;s17; 1)(i) = (ris1)(—1) =
ri(—2) = —r;(2) < 0. So rislri_l Z 3,
Let us assume now that { > 2 and that the result holds for I’ < I. Two cases
may occur:

First case. Assume that i; > | + 1. Therefore, by Lemma [£2] we have rilslrijl =
s;—1 and the result follows by induction.

Second case. Assume that i; < 1. In this case, we have i; = [ and a = q;. But,
asia; N(1+1) = asi(l+ 1) = (1) = —1.
So alslafl Z X, O

Proposition 4.4. Let | be a nonnegative integer such that 0 < I < n. Then
X =Yina and X611 = Gpay.

Proof. Since Y] ,,—i| = |X,(Ll)|7 it is sufficient to prove that wa; € X\ for every
w € Y] ,,—; to prove the first equality. Solet w € ) ,,—; andlet s € {s1,52,...,Sn_1}.
We need to prove that £(wa;s) = l(wa;)+1. If a;s € (X,(Ll))_l7 then £(a;s) = £(a;)+1
(because a; is the element of Xy(Ll) of minimal length) and

Lways) = b(w) + L(a;s) = L(w) + L(a;) + 1 = l(way) + 1.

If a;s & (X,(ll))*l, then, by Deodhar’s Lemma [8, Lemma 2.1.2], we have a;s = s'a;
for some s’ € {s1,82,...,8,-1}. But, by Corollary I3, we have s’ # s;. So
l(ws’) = £(w) + 1. Therefore,

l(ways) = l(ws'ay) = L(ws') + (a;) = (w) + L(ay) + 1 = l(wa;) + 1.

Let us prove now the second equality. Since |Xr(ll) 6.n—1| =|6y]|, we only need to

show that wa; € X,(Ll).Glm_l for every w € &,,. So let w € &,,. We write w = yw’
with y € ¥, ,,—; and v’ € &;,,—;. Then wa; = yal.al_lw’al. But, by (a), we have
that ya; € X,(ll). Moreover, a; normalizes &; ,—;, SO al_lw’al € & n—1. Therefore,

wa; € XY .S 0
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Remark 4.5. (a) Let m,m2 € &,,. A simple computation together with Proposition
shows that we have

B(m1) = B(mg) <= B(o,m1) = B(o,m2).

(b) Let 0 = mp € Gy pny, with 71 € &; and p € Spyyp) (Where Spyq
is the parabolic subgroup of &,, generated by s;41,...,8,—-1). Let (A(w), B(n))
and (A(p), B(p)) be the pairs of standard tableaux associated by the (classical)
Robinson-Schensted correspondence to m and p respectively. Then the pair of
tableaux associated to o € &, is given by (A(w) - A(p), B(w) - B(p)). (For the
definition of the product of tableaux see [3] 1.2].)

4.6. A decomposition of elements of W,,. If w € W,, and if | = ¢;(w), then,
by Proposition {4}, there exist uniquely determined elements a.,, by € Y;,,—;, and
ow € 6y, such that
w = awalowbqjjl.

Moreover, we have

L(w) = l(aw) + ar) + £(ow) + £(by).
If w and w’ are two elements of W,,, we write w «~p w' if

li(w) = L (w'), Ow 1 Ouw and by = by

It is obvious that «wp, is an equivalence relation. We write oy0,, = ol,0% with
oy, € 61 and oy, € 41,5 Then

/ Ny —
w = a,wol,olbLt.

Moreover, w;, o), and o, commute with each other. By Remark we have
w «~p w' if and only if

"

l(w) =Lli(w'), o), 1L o, on —— ou  and by = by.

w

4.7. Bitableaux and decomposition. Note that by the (usual) Robinson-
Schensted correspondence, the element o7 0!/ is associated to a pair of n-standard
bitableaux of shape (\, x) with |A] =1 and |u| = n — I; also note that (by Propo-
sition B8) the elements a,, and b, do not affect the shape of the bitableaux of
wyol,om. This implies that the shape of the n-standard bitableaux associated to
w by the generalized Robinson-Schensted correspondence is exactly (u, A). As for
the filling of the n-standard bitableaux associated to w: A, (w) is obtained by the
action of a,, on the A-tableau of 0, A (w) is obtained by the action of a,, on the
A-tableau of ¢/, while B, (w) is obtained by the action of b,, on the B-tableau of
¢” and finally B, (w) is obtained by the action of b,, on the B-tableau of ¢’.

The above remark has as a direct consequence the next proposition.

Proposition 4.8. Let w and w' be two elements of W,,. Then the following are
equivalent:

1) w «——p w';

(2) w e~y W'

Proof. Follows immediately from Proposition 3.8 and Remark 4.7 O

Remark 4.9. Note that Proposition implies that every equivalence class for
«~ 1 contains a unique involution.
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We end this subsection with a result about the above decomposition of elements
of W,, and the Bruhat order.

Proposition 4.10. Let z and y be two elements of W,, such that £y (z) = l(y) =1
and r < y. Then:

(a) az < ay and by < by.

(b) Ify € X,(ll).Glm_l, then x € X,(ll).Gl,n_l.

(¢) If by = b, = b, then xb < yb and the map [zb,yb] — [z,y], z — 2zb~ ! is an
isomorphism between the two intervals.

Proof. (a) By [I7} Lemma 9.10 (f)], we have aza; < aya;. But, a; is minimal in
G,,a;. Therefore, again by [17, Lemma 9.10 (f)], we get that a, < ay.

On the other hand, we have 2=! < y~!. So, by the previous result, we have
az-1 < a,-1. But Proposition B4 together with a simple computation show that
az-1 = by. Hence by < by.

(b) By Proposition[Z4] there exists w € &,, such that y = wa;. So there exists a
reduced expression z = w'a’ where w’ < w and @’ < a;. But 4(x) =1 so {(a’) = 1.
Therefore, a’ = a;. Moreover, w’' € &,,. So x = w'a; € X,(ll).6l,n_l by Proposition
B4

(c) Let us write = a3 (reduced expression) where o < yb and 3 < b~!. But,
by (b), we have a € X,(Ll).Gl}n,l. So 3=0b"" and zb = a < yb.

Now, let us prove that the map f : [zb,yb] — [z,y], 2 — 2zb~! is an increasing
bijection. First note that the map is well defined, injective and increasing. We need
to show that it is surjective. Let z € [z,y]. By (a), we have b = b, < b, < b, =b.
So b, = b. In particular, the previous result shows that xb < 2b < yb. Therefore,
zb € [zb,yb] and f(zb) = z. Let uw,v € [x,y] such that v < v; then there exist
u',v" € [xb,yb] such that u = w/b~! and v = v'b~1. Now u' < v’ for the same
reasons for which xb < yb. O

5. KAZHDAN-LUSZTIG POLYNOMIALS IN THE UNEQUAL PARAMETER CASE

In this section, we recall the basic constructions from Lusztig [13]. Let (W,S5)
be a Coxeter system and ¢: W — Ny the corresponding length function. Let
¢: W — T be a map into an abelian group I' such that ¢(wiwsz) = ¢(ws)e(ws)
whenever £(wiwsz) = £(wy) + ¢(wz). Note that this condition implies that ¢ is
determined by its images on S and that ¢(s) = ¢(s’) whenever s,s' € S are
conjugate in W. We set

o(w) = vy for any w e W.
Let H be the generic Iwahori-Hecke algebra associated with (W, S) over the ring
A = Z[I']; then H has a basis {T}, | w € W} such that the multiplication is given
by
T? =T + (vs — v )T, forse S
and Ty, Twy = Twyw, Whenever £(wiwg) = €(wy) + ¢(wz). Each Ts (s € S) is
invertible in H; we have

T =T+ (v;' — v )Th for all s € S.

(note that this is the basis usually denoted by {7}, | w € W}; see [I3]). The
construction of a Kazhdan—Lusztig basis of H depends on one further ingredient,
namely, the choice of a total ordering on I" which is compatible with the group
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structure. Thus, we assume that we have fixed a multiplicatively closed subset
I'y C I such that we have a disjoint union I' =Ty U{1}UT'_, where I'_ = {g~! |
g € 't }. Note that this means, in particular, that 1p ¢ T'y. We assume that

vs €'y for all s € S.

Example 5.1. Let I" be the infinite cyclic group generated by some indeterminate v
over C, and I'y = {v™ | m > 1}. Let {¢s | s € S} be a collection of positive
integers such that c¢s = ¢; whenever s, t € S are conjugate in W. Then the above
requirements are satisfied for the unique map ¢: W — T such that ¢(s) = v° for
all s € S. O

Remark 5.2. One should keep in mind that the choice of ¢: W — T in Example 51l
is the most important one as far as applications to representations of reductive
algebraic groups are concerned; see [I4] and [16]. However, more general choices
of p: W — T have applications to the representation theory of Iwahori—Hecke
algebras, via the construction of left cell representations. For example, the deter-
mination of the left cells for a two-parameter algebra of type Fy in [8, Chap. 11] has
lead to a construction of the irreducible representations in terms of W-graphs in this
case. These W-graphs in turn yield a complete set of irreducible representations
for any semisimple specialization of that algebra.

5.3. The Kazhdan—Lusztig basis. Let a — a be the involution of Z[I'] which
takes g to g~ ! for any g € I'. We extend it to a map H — H, h — h, by the formula

> awTu =Y @,  (aw € Z[)).
weW weW

Then h ~ h is in fact a ring involution. In this set-up, let {C,, | w € W} be the
basis of H constructed in [I3] Prop. 2] (formerly denoted by {C}, | w € W}). We

have

(a) Cw= Y Pr,T, withP;, €A,
yeWw
y<w

where P , =1and P;,, € Z[['_] if y < w. Here, Z[I'_] denotes the set of integral
linear combinations of elements in I'_.

We have Py, — Py, = Z Ry . Py ,, where the coefficients R, ., € Z[['] are

y<z<w
defined by T, = Z Ry ., Ty. Note also that
y<w
(b) Pri -1 =Py, for all y,w € W such that y < w.

This immediately follows from the discussion in [I3] §6].

5.4. The M-polynomials. Let w € W and s € S be such that sw > w. Asin [I3]
§3], for each y € W such that sy <y < w < sw we define an element M, , € Z[I|
by the inductive condition

(M1) M;,+ Y. Pp.M:,—v.P;, €Zl_]

y<z<w
sz<z

and the symmetry condition
S

(M2) M, = M:

y,w Yy,w*
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With the above definition we have the following multiplication formulas; see [I3]
Prop. 4]. Let w € W and s € S. Then we have

Cow + ZM;w C, if sw>w,
CS Cw = z<w

sz<z

(vs +v51) Cy it sw<w.

The proof for the above multiplication rules in [13] actually provides a recursion
formula for the computation of P; . First recall that Py , =1 for all w € W and
Py, =0 unless y < w. Now let y and w be two elements of W such that y < w
and let s € S such that sw < w. Then:

(1) P;,w = vSng,sw + P;y,sw - Z ng,zMzs,sw if sy <y,
y<z<sw
sz2<z
(2) P, = v;lPS*y’w if sy > y.

We conclude by an obvious lemma concerning the degree of the M-polynomials.

Lemma 5.5. Let s € S and y,w € W be such that sy < y < w < sw. Then
vt My, € ZID].

Proof. If sy < y < w < sw, we set M;w =t M, ,- Then condition (M1) implies
that
M, + Y. Pp.M,-P;,cZll].

y<z<w
sz<z

Since Py ,, € Z[I"_], the result follows immediately by induction on £(w) —£(y). O

5.6. The longest element. Assume that W is finite and let wy € W be the
unique element of maximal length. Then, for y < w in W, we have the following

relation:
1 ify=w
_\w) (=) pr pr - y=1u,
(a) 21;/ (-1) Py . Piws,zwo { 0 if y < w.
yzéiéw

Furthermore, if y,w € W and s € S are such that sy < y < w < sw, then
s (1Y (w)—l(y) ase
(b) M =—(=D)"WMy .

wWwo,Yywo

In the equal parameter case, these relations are already contained in Kazhdan
and Lusztig [I1]; for the general case, see [4, §2]. Passing to the polynomials

Py .w = v, 'v, Py ,,, we obtain
1)) —(z) _J 1 ify=uw,
© S VOB Pu {o Hisw
yZ<EZ<w

The last relation will be helpful in the computation of certain Kazhdan—Lusztig
polynomials in type B,,.

5.7. Left cells. We recall the definition of left cells from [17, §8.1]. Let <1 be the
preorder relation on W generated by the relation:

(L) y <r,s w if there exists some s € S such that C, appears with
nonzero coefficient in C;C,, (expressed in the C,,-basis).
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TABLE 2. Left cells in type Bs with unequal parameters

Parameters v, v2, v?

{1}, {t}, {sltslsgsltslsg}, {t81t518281t8182}, {sltsl, 5281t81},
{tsltsl, t8281t81}, {51t8152, 8281t8182}, {ﬁ51t8152, t8281t8182},
{51, s281,ts1}, {s1t, sas1t,ts1t}, {s2, s182,ts182}, {tsa, s1tsa, ts1tsa},
{tsas1, s1tsasy, ts1tsast }, {tsasit, s1tsasit, tsitsasit},

{815251, f,515251, 81t818281}, {slsgslt, t818281t, 51t515281t},
{slsgsltsl, t818281t51, 81t818281t81},
{s18281t8152, ts1ts15251,515281t5182},
{s1tsasitsy, ts1tsasitsy, ts1ts15281ts1},

{s1ts251ts182,ts1ts18981t, Ls1ls251tS152}

Parameters v, v2, v?

{1}, {ts1t}, {s1s2s1ts182}, {tsitsisas1tsis2}, {51, 5251}, {52, 5152},
{t, Slt, SQSlt}, {tSQ, SltSQ, tSltSQ}, {tSl, 81t817 5251!‘61},

{tsas1, s1tsas1, ts1tsast}, {ts152, s1ts152, sas1ts1sa},
{tsas1t, s1tsasit, tsitsasit}, {tsitsasitsy, ts1ts15281ts1},
{s18281, 518251, s1ts15281}, {ts1ts1s281t, Ls1tsasitsisat,

{tSlf,Sl, t5251t51, 81t8281t81}, {slsgslt, t818281t, 51t515281t},
{t81t8182, t5251t5152, 51ﬁ5251ﬁ5152},
{s18281t81, 518281151, S1tS15251t81},

{ts1ts15251,1515281t8152, S16515281tS152}

The equivalence relation associated with <y will be denoted by ~r and the cor-
responding equivalence classes are called the left cells of W. Lusztig [17, §8.3] has
associated to each left cell € a representation of H.

Remark 5.8. When (W, S) is the Coxeter group of type A,,_1, Kazhdan and Lusztig
[11l §5] proved that two elements y,w € W are in the same left cell if and only if
they are in the same Robinson-Schensted cell (i.e. B(y) = B(w)).

Example 5.9. Assume that (W,S) = (W,,5,) as defined in §2 Let v be an
indeterminate and I' := {v? | j € Z}. Let ¢, d > 1. As in Example Gl let
@: W — T be defined by

o(t) = v° and ¢(s;) = vt for 1 <i<n— 1.

Let Ty = {v/ | j > 0}. Assume that (c,d) € {(1,2),(3,2)}. Then Lusztig [13}
Theorem 11] has shown that the corresponding left cell representations are all irre-
ducible. As an example, we give the distribution of the elements of W3 into left cells
in Table[2. (The computation was done using the CHEVIE system [6].) We only
point out here that the generalized Robinson—Schensted cells in Table [l appear to
be completely unrelated to the left cells in Table @. Our main result, which will be
proven in Section [ will show that the Robinson—Schensted cells are related to the
case where d = 1 and c is large enough; we shall call it the asymptotic case.
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5.10. Left cells and parabolic subgroups. If J is a subset of S, we denote by
W the parabolic subgroup of W generated by J and by X ; the set of distinguished
left coset representatives of W in W.

The next result, due to Geck [5], will be used in the sequel.

Theorem 5.11 (Geck [5, Th. 1 and §4]). With the above notation, we have:

(a) Let € be a left cell of Wy. Then X - € is a union of left cells of W.
(b) Let z,u € X and x,y € W;. Then we have

ze<puy = x<py in Wy

and
zx~puy = x~ry i Wy.
6. TYPE B,, IN THE ASYMPTOTIC CASE
Now consider the group W,,, with generators S,, = {¢,s1,...,8,—1} as in Sec-

tion @ Let A = Z[V,V 1, v,07!] where V and v are independent indeterminates
and I' = {ViJ | i,j € Z} (which is an abelian group under multiplication). We
define ¢: W,, — " by

vp=V and w,, =v for 1<i<n—1.

In particular, we have p(w) = v, = Vi yts(w) for w € W,. Let H, be the
corresponding generic Iwahori-Hecke algebra over A, with quadratic relations

Tt2 =Ti+ (V- V_l)Tta
T2 =T+ @w—-v )T, forl1<i<n-—L1.
Hypothesis: We fix a lexicographic ordering of I' where
(H) Iy ={Vi|i>0, any j}U{v/ |5 >0}

We have a corresponding Kazhdan—Lusztig basis {Cy,} in H,, corresponding
Kazhdan-Lusztig polynomials P, .,, and corresponding left cells in W,,. Note that
all these depend on the choice of I';.. We begin with the following remark.

Remark 6.1. Let H,(c,d) denote the Hecke algebra defined in Example[5.91 Assume
in this remark that ¢/d is sufficiently large. Then the Kazhdan-Lusztig basis {C\,}
of H,, specializes (via V +— v¢ and v — v%) to the Kazhdan-Lusztig basis of Hy, (¢, d).
Similarly, the M-polynomials are obtained by the same specialization. (This fol-
lows essentially from the fact that we only have a finite list of Kazhdan—Lusztig
polynomials and M-polynomials for our given group W,,. All these polynomials are
two-variable Laurent polynomials in v and V. Hence it is clear that if we specialize
V and v as above, then the specializations of all those polynomials will remain in
Z[r_].)

In particular, the left cells of W,, defined by the ordering (H) are the left cells
defined by Example [5.91

It can be proved that the best bound for “sufficiently large” is ¢/d > n —1 (a
proof of this fact will appear in a forthcoming paper).

6.2. Some properties of the polynomials M, . We will now establish some
basic properties of the polynomials P, ,, and of the M-polynomials. We set Q = V2
and ¢ = v2. Tt is known ([I3, Prop. 2] and [8, Exercise 11.1]) that P, ,, € Z[Q,q]
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and that its constant term is 1. The next theorem gives some consequences of the
very particular choice of the ordering (H).

Theorem 6.3. With the above choice of 'y C T, the following hold:

(a) For all y,w € W,, with y < w, we have Py ., € Z[q].

(b) Lety,w € W,, and 1 < i< n—1 be such that s;y <y < w < s;w. Then we
have My:, = 0 unless li(y) = £i(w). Furthermore, if £i(y) = €(w), then
Py € Z[q] has degree at most ({(w) — £(y) — 1)/2 and M, € Z is the
coefficient of ¢(w)—tw)=1)/2,

Proof. Let us make a preliminary remark. By combining the symmetry condition
(M2) in the definition B4l of M-polynomials with Lemma [EH and with our choice
for I'y we obtain that M, € Z, for all y,w € Wy, and 1 < i < n — 1 such that
Sy <y<w < Ss;w.

(a) We will proceed by induction. For this purpose, it will be convenient to
consider all groups W,, at the same time. Note that we have standard embeddings
Wo C Wy C Wo C W3 C - -+, where Wy = {1}. Furthermore, if y, w € W, lie in Wy,
for some m < n, then P, ,, computed with respect to Wy, is the same as P, ,, com-
puted with respect to W,,; a similar result also holds for the M-polynomials. (This
immediately follows, for example, from the recursion formulas for the Kazhdan-
Lusztig polynomials in [8, 11.1].) Now let W := J,5, Wy. For a pair (y,w) of
elements in W such that y < w, we set

Ay, w) = (n(w), L(w) = £(y), lr(w), £s(w))
where n(w) := min{n > 0 | w € W,}. Let < be the usual lexicographical or-
dering of these quadruples. We write A(y/, w') < A(y,w) if Ay, w’) < A(y,w) and
Ay, w') # Ay, w).

Now let (y,w) be a pair of elements in W such that y < w. If Ay,w) =
(0,0,0,0), then y = w = 1 and there is nothing to prove. Now assume that
Ay, w) # (0,0,0,0) and that the assertions hold for all pairs (y’, w’) of elements in
W such that A(y',w’) < Ay, w). Let n = n(w). First we show that P, ., € Z[q].
We distinguish several cases.

Case 1. Suppose there exists some 1 < ¢ < n—1 such that s;w < w. Then we can
apply the recursion formulas and see that P, ,, € Z[g| by induction. Note that each
term in that formula involves a Kazhdan—Lusztig polynomial or an M-polynomial
associated with a pair (y’,w’) such that n(w’) < n(w), £(w") — £(y’) < £(w) — £(y),
L(w') = L(w) and £s(w') < £5(w), where at least one inequality is strict. Thus, we
have A(y', w') < Ay, w).

Case 2. Suppose there exists some 1 < i < n — 1 such that ws; < w. Then we
use the fact that P, ., = Py, where y’ =y~ ! and v’ = w™! and that \(y/,w’) =
Ay, w); see ([B3)(c). We have s;w’ < w', so we can apply the argument in Case 1
to conclude that P, ,, € Z[q].

Case 3. Suppose that s;w > w and ws; > w for all 1 < i < n —1. Then
the only remaining possibility is that tw < w and wt < w. This means that w is
a “bi-grassmannian” in the sense of Geck and Kim [7]. So we have w = a; with
0 <1 <n (see [7, Prop. 4.2]). In particular, since we assumed that n = n(w), we
must have [ = n. If ty > y, we have Py ., = Py by the recursion formulas for
P, . Hence we can apply induction since

Alty, w) = (n(w), L(w) = £(y) = 1, be(w), £s(w)) < Ay, w).
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So we have P, ,, € Z[g] in this case. Let us now assume that ty < y. Using the
relation in B.6lc), we can express P, ,, as follows:

Pyw = _(_1)e(w)_e(y)wamywn - Z (‘an)_e(z)PyJ Puw,, 2w,

zeW
y<z<w

here, w, is again the longest element in W,. Let (y/,w’) be a pair of elements
in W,, occurring in the above sum; that is, we have (y',w’) = (y,2) or (v, w’) =
(wwy, zwy,) where y < z < w. Then we have n(w') < n(w) and £(w') — £(y') <
(w) — £(y) and so A(y',w’") < A(y,w). Thus, by induction, all terms in the above
sum lie in Z[g]. So it remains to check if we can also apply induction to the
term Py, yw,- This is indeed so. For, we certainly have n(yw,) < n(w) and
Lywy) — l(wwy) = L(w) — £(y). Next note that £;(w) = n. On the other hand,
we have {;(yw,) = n — £(y) < n since ty < y by assumption. Thus, we have
AMwwy, ywy) < Ay, w) and so we can apply induction to Pyw, yw, -

(b) Let us prove the remaining assertions in (b). We have already seen that
Pyw € Zlg]. Thus, if £,(y) < £i(w), then vP;,, is a negative power of V' times a
Laurent polynomial in v and so vP; ,, € Z[['-] by the definition of I';.. Hence we
have M7, = 0 in this case. Now assume that (;(y) = {;(w). Since P, ., € Z[q],
we have Py € Z[g~'] if £(w) — £(y) is even. This shows that M;i, = 0 whenever
(w) — £(y) is even.

Finally, the fact that P, = vé(y)_é(“’)Py,w is a polynomial in v~! with constant
term zero also implies that deg, (P, ) < (f(w) — £(y) — 1)/2 and that M, is the

y,w

coefficient of v*(®)=¢W)=1 Thus, (b) is proved. O

6.4. On the polynomials M;w. Our aim here is to prove that, if y,w € W,, are
such that ty <y < w < tw and 4(y) < £,(w), then M;w = 0. Before proving this,
we need the following lemma.

Lemma 6.5. Assume that n > 2 and let w € W, satisfying the following four
properties:

(1) ws; > w for every i € {1,2,...,n—1}.

(2) s;w > w for everyi € {2,...,n—1}.

(3) tw > w.

(4) w ¢ anl-

Then w = rorg...Ty.

Proof. We set | = £;(w). By (1), we have w € X,(Ll). So there exist 1 < 41 < 19 <
- < 4qp < nosuch that w = r;y 7, ... 75, By (3), we have that iy > 2. By (2) we
have that i; —i;_1 = 1 for every j € {1,2,...,l}. By (4), we have that 4, = n. So
l=n—1and w=raors...r,. O

We are now ready to prove the following theorem.

Theorem 6.6. Let y and w be two elements of Wy, such that ty < y < w < tw. If
M} ., #0, then £(y) = li(w).

Proof. Assume that the theorem does not hold. Let n be minimal such that there
exists  and w in W, such that ty <y < w < tw, M}, # 0 and £;(y) < £i(w).
It is obvious that n > 2. We choose such a pair (y,w) in such a way that ¢(w) is
minimal.
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Assume first that there exists ¢ € {1,2,...,n — 1} such that ws; < w. We set
w’' = ws;. By Theorem (b), we have

Cp = CypiCs, + > a,Cy

z<w’ and £ (x)=L(w)

for some o, € Z[T']. Therefore,

CyCy = C1Cu Cs, + > azCyCy.
z<w’ and £¢(z)=l+(w)
But, by minimality of w, C;C,, (respectively C;C,) has a nonzero coordinate on
C, only if £,(z) = ly(w') = £i(w) (respectively €:(z) = €(x) = £i(w)) or if z = tw’
(or z = tz). So, by Theorem (b), C:Cy Cs, has a nonzero coordinate on C,
only if £;(z) = £4(w') = £(w). Therefore, M;,w # 0 implies that €:(y) > £ (w),
which is contrary to our hypothesis. So we have:
(1) ws; > w for every i € {1,2,...,n —1}.
By a similar argument, and using the fact that C; and Cs, commute if ¢ > 2, we
have:
(2) s;w > w for every i € {2,...,n—1}.
By hypothesis, we have
(3) tw > w.
By the minimality of n, we have
(4) w ¢ anl-
Therefore, by (1), (2), (3) and (4) and by Lemma 65, we get that w = rars... 7,
= $182...8p-17172...Tp—1. Now, let us write y = 2y’ with ¢ € W,,_1 = Wg,__,
and z € Xg, _,. Note that s1s9...5,-1 € Xg So, by Theorem BTl we have

y <r r1...rn—1. Therefore, by the minimality of n, we get that ¢;(y) > (y') >
L(w') = L(w). So l(y) = Le(w). O

As a consequence of Theorem[G-3] (b) and of Theorem[6.6] we obtain the following
statement.

n—1°

Corollary 6.7. Ify and w are such that y <p w, then £,(y) > ¢i(w). If, moreover,
y ~r w, then £(y) = ly(w).

7. MAIN RESULT AND CONSEQUENCES

We prove in this section the main result of this paper; namely, the fact that
left cells coincide with Robinson-Schensted generalized left cells for our choice of
parameters (see Theorem [Z7). Note that Corollary [6.7] and Remark [B:5] are first
evidences.

7.1. Some preliminaries. The next results relate some different Kazhdan-Lusztig
polynomials by using the decomposition of elements of W,, defined in §& w € W,,
is written as w = a,a;0,b,' (reduced expression), where | = £;(w), aw,by €
Yi,n—lv Ow € 6l,n—l-
Proposition 7.2. Let x and y be two elements of W,, such that x <y, l(x) = i(y)
and b, = b, =b. Then:

(a) R:C,y = Rxb,yb-

(b) P;,y = P;b,yb'
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(c) Pyy = Prpyp.

(d) If s € Sy is such that sz < x <y < sy, then Mg = Mg, .

Proof. Note that equalities (a), (b), (c) and (d) for s € 3, have a meaning because

of Proposition .10. It is also easy to check that tz < z <= tzb < zb.
Now let us write b = s;, 84, ... 8, wherei; € {1,2,...,n—1} and r = ¢(b). Then

Ramalam,ayalay = Ra$alamsil,ayalaysil = RamalamsilsiQ,ayalays,;ls,;Q == R;c,y

by Lusztig, [I7, Lemma 4.4]. This proves (a).

(b) and (d) follow immediately from (a), from Proposition (b) and from
the fact that P;, and M;  are defined inductively using the polynomials R, .
Moreover, (b) clearly implies (c). O

Lemma 7.3. Let x and y be two elements of W, such that {;(x) = l(y) and
x <p y. Then by <by. In particular, if x ~p y, then b, =b,.

Proof. By Corollary [6.7, we may assume that there exists some s € S,, such that
C, appears with a nonzero coefficient in C;Cy,. Two cases may occur. If z < y,
then b, < b, by Proposition (a). Otherwise, we have x = sy > y. Since
li(x) = {,(y), this implies that s # ¢. Therefore, b, = b, by Proposition €4 O

Corollary 7.4. Let x and y be two elements of Wy, such that ¢,(z) = l(y) and
by = by = b. Then the following are equivalent:

(1) x < y.
(2) b <p yb.
Proof. This follows immediately from Propositions and [.2] O

Corollary 7.5. Let x and y be two elements of W,, such that £i(x) = {:(y) and
by = by = b. Then the following are equivalent:

(1) @ ~p y.
(2) ab~p yb.

7.6. Left cells in type B,,. We are now ready to prove the following result:
Theorem 7.7. Let x and y be two elements of W,,. Then the following are equiv-

alent:
(1) Bp(z) = Bp(y), that is, v and y lie in the same generalized RS-cell.
(2) & ewp y.

(3) &~ y, that is, x and y lie in the same left cell.

Proof. The equivalence between (1) and (2) has been proved in Theorem 8

First, we prove that (3) implies (2). So we assume that « ~j y. Then, by
Corollary 677, we have ¢.(z) = l(y) = I. Moreover, by Lemma [[3, we have
by = by. Let b = b, = b,. Then it follows, by Corollary [.5] that zb ~, yb. But
xb,yb € XY(LZ).GM,;, and by Theorem BITIb) we get that o, ~r, 0,. Now by [II}
85] and [I], this implies that 0, «— o,. Thus & «w y as desired.

We prove that (2) implies (3) by using a counting argument. We have just seen
that each left cell of W, is contained in a generalized Robinson-Schensted cell, that

is
#{left cells} > #{generalized RS-cells} .

On the other hand, since any irreducible representation of W, is realized over Q,
it is then well known that the number of involutions of W,, equals the number of
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irreducible direct summands of the left regular representation of W,,. Thus, since
the representations carried by the left cells give a direct sum decomposition of the
left regular representation, we have

#{left cells} < # involutions in W,, = #{generalized RS-cells}.
O

7.8. Characters afforded by left cells representations. Let K be the fraction
field of A. We are now interested in the representation theory of the K-algebra
HE = K ®4 H,. This algebra is split semisimple. Let £ be a left cell in W,, and
let zp € £. We denote by Z¢, ¢ (resp. T, ¢ the left ideal of H,, having (Cs)a< a0
(resp. (Cp)z<paz,) as A-basis. We set Vg = I, o2/T<, ¢. This is an H,,-module
which is free over A.

We denote by A — Z, a — a the unique morphism of Z-algebras such that
V =6 = 1. Let a denote the kernel of this morphism: it is generated by v — 1 and
V —1. Then A/a ~ Z and the Z-algebra H,,/aH,, may be identified with the group
algebra ZW,,. Then ]A}g = Vg/aVe is a ZW,-module which is free over Z. By the
computational argument of the proof of Theorem [(7] we easily get:

Proposition 7.9. With the above notation we have:
(a) If £ is a left cell of W,,, then K ®4 Vg is an irreducible HE -module and
Q®z 172 is an irreducible QW,, -module.
(b) Every irreducible HE -module (resp. QW,,-module) is isomorphic to K ® 4
Ve (resp. Q®z 92) for some left cell £.

Corollary 7.10. An HX-module is constructible if and only if it is isomorphic to
K ®4 Ve for some left cell £ of W,.

Proof. This follows from [4, Prop. 5.2] (for the definition of a constructible module
for HX | the reader may refer to [17, §22]). O

We conclude by giving an explicit description of the irreducible character of HX
(or W) defined by a left cell. We need some notation.

We denote by ¢, the sign character of W, (it is defined by e, (t) = €, (s1) =--- =
en(Sn—1) = —1). If X is a partition of n, we denote by 1, (resp. €)) the restriction
to &, of the trivial character (resp. of €,) to &5. We then define x, € IrrS,, to be

the unique common irreducible component of Indg;’ 1) and Indg’;’* ex-. We denote

by X}f the irreducible character of W,, obtained by the composition of x with the
surjective morphism W,, — G,,.

If 0 < I < n, we denote by 6;,,—; the linear character of the normal subgroup
Ny, = (t1,ta,...,t,) of W, such that

1 ifi<gl,
el,n—l(ti):{ 1 ifizl+1.

The stabilizer of §; ,—; in &,, is &; ,—;. We denote by él,n,l the linear character of
S, n—1- IV, whose restriction to N, is 6;,,—; and which is trivial on &;,—;. Now, if
A is a partition of n, we denote by x the irreducible character Xj\_-éo,n of W,.

We say that an irreducible character x of W, has weight [ if 6; ,_; occurs in
Res%ﬁ x- By Clifford theory, the weight of an irreducible character of W, is
uniquely determined.
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If (A, p) is a bipartition of n, we denote by X;\r X x,, the irreducible character of
&|al,|ul-Nn = Wy x W), obtained by the (external) tensor product of Xj\_ € Ity
and x,, € IrrW,. We then set

W _ W + -
Xxp = Ind@\x\,\,‘,yNn (X)\ X Xy )

By Clifford theory, XK/IJ« is an irreducible character of W,, and the map (A, u) — XK[,/M
is a bijection between the set of bipartitions of n and IrrW,,. Note that XK[,/H has
weight |A|. If X is a partition of n, then XK[,/O = X;\r and X&& =X, -

Let us now talk about irreducible characters of Hecke algebras. We denote
by H(S,) the sub-A-algebra of H, generated by Ts,, Ts,, ..., Ts, ;. We set
HE(S,) = K ®4 H(S,). If \is a partition of n, we denote by X} the unique
irreducible character of H*(&,,) such that x}(T\) = xa(w) for every w € &,,. If
(A, 1) is a bipartition of n, we denote by XZ\“‘? u the unique irreducible character of

‘H,, such that XZ\“‘,H(Tw) = XK[,/M(U’) for every w € W,.
Finally, if £ is a left cell, we define the shape of £ to be the bipartition (A, )
such that B,f (w) has shape A and B, (w) has shape p for every w € £.

Proposition 7.11. Let £ be a left cell of shape (A, ). Then the irreducible char-
acter of HE afforded by K ®4 Vg is XL"’)\*.

Proof. By Proposition [.2, we may (and we will) assume that b,, = 1 for every
w € £. We set [ = |ul, so that |[A\| = n—I. We denote by x the irreducible character
of W,, afforded by Q®Z]A2,g. We denote by H; ,,—; the sub-A-algebra of H,, generated
by (Ts)ses,.,,_,- It is a Hecke algebra for the Weyl group W, ~W; x &,,_;. We
also set Hf,{n_l =K®aHin-

Let £ (resp. £”) be the left cell of &; (resp. &41,,)) such that o7, € £ (resp.
ol € £") for every w € £ (see Theorem [[.7). If w € £, we denote by ¢, the image
of Cy € Igg in Ve = Ig,g/l—<2.

Then £ has shape p and £” has shape A. We set

M={wel|a, =1}
We denote by Mg the A-submodule of Ve generated by (¢y)wem. If w € M,
then Cy = Cy, o1 Cor. This shows that Mg is a sub-H, ,—;-module isomorphic to
Vi gr ®a Ve through the canonical isomorphism H ,—; >~ H; @4 H(S141,n]) (note
that £ is also a left cell of ;).

But, the character of W; afforded by Q ®z ]711” g is equal to the product of ¢
with the character afforded by Q ®z 172/. Since C;C,, = Cy, for every w € &,,
we get that Cy = Ty + V! acts as 0 on Vg/. So the character of W,, afforded by
Q ®z 17)3/ is X, In other words, the character of W, afforded by Q ®z ]7wl,g/ is
€1-X,» = X;; - Therefore,

(*) <RQS%;”_,, X7X: X X)\*>Wl,n4 # 0.
This shows that the weight of x is greater than or equal to [.

But, if we use the same argument for the left cell w, £ of W,,, we get that the
weight of €,.x is greater than or equal to n — [. Therefore, the weight of y is equal
to I. By (x), x is an irreducible constituent of weight [ of

Wn Wy
mddy, v, (0 B dd ).

n

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



608 CEDRIC BONNAFE AND LACRIMIOARA IANCU

But, x. is the unique irreducible constituent of Indg/::; xa+ of weight 0. Therefore,
X is an irreducible constituent of

W + _
Ind@z,n—l~Nn (XH X X )
Consequently, x = x}/'y-- 0

7.12. Final remarks. We conclude by mentioning three further developments,
that will make the object of a forthcoming paper.

1. The generalized Robinson-Schensted correspondence described in §3] can be
extended to the complex reflection groups G(e,1,n) = (Z/eZ)16,, (see [10]). RS-
cell representations of the corresponding Ariki-Koike algebra can be constructed as
in Proposition [(.TT]

2. In the asymptotic case that we have studied here, the Kazhdan-Lusztig basis
proves to be a cellular basis for H, in the sense of Graham-Lehrer [9, Definition
1.1]. We intend to investigate the links between the Kazhdan-Lusztig basis and the
cellular basis constructed by Graham and Lehrer [9, §5].

3. We expect that our explicit results will help to prove some of the Lusztig’s
conjectures on the a-function [17), §14] in this asymptotic context.
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