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ON SOME REPRESENTATIONS OF THE RATIONAL
CHEREDNIK ALGEBRA

TATYANA CHMUTOVA AND PAVEL ETINGOF

ABSTRACT. We study lowest weight representations of the rational Cherednik
algebra attached to a complex reflection group W. In particular, we generalize
a number of previous results due to Berest, Etingof, and Ginzburg.

1. INTRODUCTION

In this paper we study the structure of some lowest weight representations of
the rational Cherednik algebra H.(W) attached to an irreducible complex reflection
group W ([EG, [GGOR]).

The composition of the paper is as follows. In Section 2 we recall the definition
and basic properties of the rational Cherednik algebra and its representations. Then
we describe the rank 1 case, and prove a few general results. In particular, we
show that for real reflection groups, a finite dimensional quotient of the polynomial
representation is irreducible if and only if it is a Gorenstein algebra.

In Section 3, we consider the special case W = S,,. Let M} be the polynomial
representation of Hy(S),). Dunkl showed in [Dul that if r is a positive integer not
divisible by n and k = r/n, then M), contains a copy of the reflection representation
of S,, in degree r which consists of singular vectors. Let Ij be the Hy (S, )-submodule
in M}, generated by these singular vectors. We compute the support of the module
My, /I, as a Clh]-module. In particular, we show that the Gelfand-Kirillov dimension
of My /1), is d— 1, where d is the greatest common divisor of 7 and n. In the special
case d = 1, this implies that Mj/I} is finite dimensional. Using this fact and the
results of Section 2, we give a simple proof of the result from [BEG] that the module
My /I, has dimension r"~! and is irreducible.

In Section 4, consider the case when W is the complex reflection group
Sp X (Z/1Z)". We use a similar formula for singular vectors (due to Dunkl and
Opdam, [DQ]) to study finite dimensional representations of H.(WW). More specif-
ically, for each positive integer r not divisible by [, we define a hyperplane F,. in
the space of the functions ¢, and for each ¢ € E, construct a quotient Y, of the
polynomial representation M, of dimension 7™, which is generically irreducible. For
I =2, we use the results of Section 2 to obtain more precise information about the
set of ¢ € FE, for which Y, is irreducible.
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642 TATYANA CHMUTOVA AND PAVEL ETINGOF

2. REPRESENTATIONS OF THE RATIONAL CHEREDNIK ALGEBRA
FOR A GENERAL COMPLEX REFLECTION GROUP

2.1. Definitions and notation. In this subsection we recall the standard theory
of the rational Cherednik algebra [GGORI EG].

Let W be an irreducible complex reflection group with reflection representation
bh of dimension ¢. Let ¢ be a conjugation invariant complex function on the set S
of complex reflections of W. The rational Cherednik algebra H.(W) is generated
by g € W, x € h*,y € b, with defining relations
grg~t =a%,gyg~! =y [x,2] = 0, [y, y'] =0,

[yv l’] = (yv CL’) - Z Cs (yv aS)(a2/7 x)sa
ses
for z, 2’ € b*, y,y' €h, g € W. Here a; is a nonzero linear function on b vanishing
on the reflection hyperplane for s, and « is a linear function on h* with the same
property, such that (Y, a;) = 2.

For any irreducible representation 7 of W, let M.(7) be the standard represen-
tation of H.(W) with lowest weight 7; i.e., Mc(7) = Ho(W) ®cpwixcy=) 7, where
7 is the representation of CW x C[h*], in which y € § act by 0. Thus, as a vector
space, M. () is naturally identified with C[h] ® 7.

An important special case of M.(7) is M. = M.(C), the polynomial representa-
tion, corresponding to the case when 7 = C is trivial. The polynomial representa-
tion can thus be naturally identified with C[h]. Elements of W and h* act in this
space in the obvious way, while elements y € h act by Dunkl operators

9y _Z == M(l - 5),

11— g

where )y is the nontrivial eigenvalue of s in the dual reflection representation.
An important element in H.(W) is the element

/ 2¢y
h= TiYi + - — s,
zi: T2 21—/\5

ses

where y; is a basis of h and x; the dual basis of h*. This element is W-invariant
and satisfies the equations [h, z] = z and [h,y] = —y. The category O of H.(W)-
modules is the category of H.(W)-modules V', such that V' is the direct sum of finite
dimensional generalized eigenspaces of h, and the real part of the spectrum of h is
bounded below. The standard representations M, (7) and their irreducible quotients
L.(7) belong to O. The character of a module V € Ois xv (g,t) = Tr|y (gt?), g € W
(this is a series in t). For example, the character of M.(7) is

X+ (g)t"™)
t = —
XMC(T)(g7 ) det|h*(1 —gt)’

where h(1) :=0/2 -3 12_C§S s|+ is the lowest eigenvalue of h in M.(7).
We note that if W is a real reflection group, then h can be included in an sis
triple h, E = 13722 F = 13" 42, where z;, y; are orthonormal bases of h* and b,
respectively (see e.g. [BEGI], Section 3).
The module L.(7) can be characterized in terms of the contragredient standard
modules. Namely, let MC(T) = 7" ciwixcy] He(W) be a right H.(W)-module,

and M. (1) = M.(7)* its restricted dual, which may be called the contragredient
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ON SOME REPRESENTATIONS OF THE RATIONAL CHEREDNIK ALGEBRA 643

standard module. Clearly, there is a natural morphism ¢ : M.(7) — M.(7)V. The
module L.(7) is the image of ¢.

Note that the map ¢ can be viewed as a bilinear form B : M.(7) ® M.(t) — C.
This form is analogous to the Shapovalov form in Lie theory.

If W is a real reflection group, then we can fix an invariant inner product on
b, and define an anti-involution of H.(W) by z; — vi, vi — @, g — g~ ! for
g € W (where x;,y; are orthonormal bases of h* and § dual to each other). Under
this anti-involution, the right module M,.(7) turns into the left module M. (7*),
so the form B is a (possibly degenerate) pairing M.(7*) @ M.(7) — C (note that
since W is a real reflection group, 7* is always isomorphic to 7). Moreover, it is
clear that if Y, Y are any quotients of M. (1), M.(7*) respectively, then B descends
to a pairing Y/ ® Y — C (nondegenerate iff Y,Y” are irreducible). This pairing
satisfies the contravariance equations B(a,x;b) = B(y;a,b), B(a,y;b) = B(x;a,b),
and B(ga, gb) = B(a,b).

2.2. The rank 1 case. One of the main problems in representation theory of the
rational Cherednik algebra is to compute the multiplicities of L.(c) in M.(7) or,
equivalently, the characters of L.(¢). This problem is hard and open in general.
However, in the rank one case (¢ = 1) this problem is trivial to solve. Nevertheless,
it is an instructive example, and we will give the answer, omitting the proofs, which
are straightforward.

In the rank 1 case, W = Z/IZ, and the reflection representation is C, with the
generator s of W acting by €, where ¢ is a primitive root of unity of degree I. The
function c¢ is a collection of numbers (¢, ..., ¢;—1) (where ¢; = ¢, ), and the algebra
H.(W) is generated by three generators z,y, s with defining relations

ST = aflms, Sy = €yYs, st = 1,
ly,z] =1— Zchsj.

The irreducible representations of W are 1/, where 7(s) = ¢.
Define the polynomial f.(z) = > 2% 3. The lowest eigenvalue of h on M.(1%)

- 1—e—J
is % - fc(ej)'

Theorem 2.1. (i) The multiplicity of Le.(n™) in Mo(nP) is 1 if fo(eP) — fo(e™) s
a positive integer congruent to p — m modulo [, and zero otherwise.

(i) If Le(nP) # M.(nP), then L.(nP) is finite dimensional, and the character of
L.(nP) is

1—ted
where b is the smallest positive integer of the form f.(eP) — f.(e™) congruent to
p — m modulo [.

Tr(s7th) = ePigz =1

)

2.3. The Gorenstein property. Any submodule J of the polynomial represen-
tation M, = C[h] is an ideal in C[b], so the quotient A = M./J is a Z-graded
commutative algebra.

Now suppose that T is a real reflection group. Recall that it was shown in [BEG],
Proposition 1.13, that if A is irreducible (i.e., A = L., the irreducible quotient of
M.), then A is a Gorenstein algebra (see [E], pp. 529 and 532 for definitions). Here
we prove the converse statement.
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644 TATYANA CHMUTOVA AND PAVEL ETINGOF

Theorem 2.2. If A = M./J is finite dimensional and Gorenstein, then A = L.
(i.e. A is irreducible).

Proof. Since A is Gorenstein, the highest degree component of A is 1-dimensional,
and the pairing £ : A® A — C given by E(a,b) := h.c.(ab) (where h.c. stands
for the highest degree coefficient) is nondegenerate. This pairing obviously satisfies
the condition E(za,b) = E(a,zb),z € h*. Now recall that H.(W) and A admits a
_01 (1) € SLy(C); then g(z;) = y;
for orthonormal bases x;, y; of h* and h which are dual to each other. Thus the
nondegenerate form B(a,b) := E(a, gb) on A satisfies the equations B(a,z;b) =
B(yia,b). So for any f1, f2 € C[h], one has B(f1(z)v, f2(z)v) = B(f2(y) fr(2)v,v),
where v = 1 is the lowest weight vector of A. This shows that B coincides with the
Shapovalov form B on A. Thus A is an irreducible representation of H.(W). O

natural action of the group SLy(C). Let g =

Remark. 1t easy to see by considering the rank 1 case that for complex reflection
groups Theorem [Z.Z]is, in general, false.

Theorem 2.3. Let W be a complex reflection group, and U C M, be a W-
subrepresentation of dimension ¢ = dim(h) sitting in degree r, consisting of singular
vectors (i.e. those killed by y € ). Let J be the ideal generated by U. Assume that
the quotient representation A = M. /J is finite dimensional. Then

(i) The algebra A is Gorenstein.

(it) The representation A admits a BGG type resolution

A — M,(C) — M(U) = M(N2U) «— ... — M(NU) < 0.
(i1i) The character of A is given by the formula

v 2¢ det|y(1—gt")
D= e T YA T
XA(ga ) deth*(l —gt)

In particular, the dimension of A is 1.
(i) If W is a real reflection group, then A is irreducible.

Proof. (i) Since Spec(A) is a complete intersection, A is Gorenstein ([E], p. 541).

(ii) Consider the subring C[U] in C[h]. Then CIh] is a finitely generated C[U]-
module. A standard theorem of Serre [S] says that if B = Clt1, ..., tn], f1,...; fn € B
are homogeneous, A = C[f1, ..., fn] C B, and B is a finitely generated module over
A, then B is a free module over A. Applying this in our situation, we see that C[h]
is a free C[U]-module. It is easy to see by computing the Hilbert series that the
rank of this free module is 7.

Consider the Koszul complex attached to the module C[h] over C[U]. Since this
module is free, the Koszul complex is exact (i.e. it is a resolution of the zero-fiber).
At the level of C[h] modules, this resolution looks exactly as we want in (ii). So
we need to show that the maps of the resolution are in fact morphisms of H.(W)-
modules and not only C[h]-modules. This is easily established by induction (going
from left to right); cf. proof of Proposition 2.2 in [BEG] and also [Gd].

(iii) Follows from (ii) by the Euler-Poincare principle.

(iv) Follows from Theorem 2.2 O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON SOME REPRESENTATIONS OF THE RATIONAL CHEREDNIK ALGEBRA 645

3. REPRESENTATIONS OF THE RATIONAL CHEREDNIK ALGEBRA OF TYPE A

3.1. The results. Let W = S,,. In this case the function ¢ reduces to one number
k. We will denote the rational Cherednik algebra H(Sy,) by Hy(n). The polynomial
representation M, of this algebra is the space of Clx1,...,2,]T of polynomials of
1, ..., Tn, which are invariant under simultaneous translation x; — z; + a. In other
words, it is the space of regular functions on h = C"/A, where A is the diagonal.

Proposition 3.1 ([Du]). Let r be a positive integer not divisible by n, and k = r/n.
Then My contains a copy of the reflection representation § of Sy, which consists
of singular vectors (i.e. those killed by y € Y)). This copy sits in degree v and is
spanned by the functions

fi(@1, .y 2n) = Resao[(2 — 1) (2 — )] ™ dz

zZ— X
(the symbol Reso, denotes the residue at infinity).

Remark. The space spanned by f; is n — 1-dimensional, since ), f; = 0 (this sum
is the residue of an exact differential).

Proof. This proposition can be proved by a straightforward computation. The
functions f; are a special case of Jack polynomials. O

Let I, be the submodule of M} generated by f;, Consider the Hy(n)-module
Vie = My /11, and regard it as a C[h]-module.
Our result is

Theorem 3.2. Let d = (r,n) denote the greatest common divisor of r and n. Then
the (set-theoretical) support of Vi is the union of Sp-translates of the subspaces of
C™/A, defined by the equations

xlzx2:...:x%;
x%+1:...:x2%’
x(d—l)%-‘rl:"':xn'

In particular, the Gelfand-Kirillov dimension of Vi is d — 1.

The theorem allows us to give a simple proof of the following result of [BEG]
(without the use of the KZ functor and Hecke algebras).

Corollary 3.3 ([BEG]). If d = 1, then the module Vi, := My/Ii is finite dimen-
sional, 1rreducible, admits a BGG type resolution, and its character is

_ 0ntanyadetlsl = ot

t
XVk(g) ) det|h(1—gt)

Proof. For d = 1 Theorem 3.2 says that the support of My /I is {0}. This implies
that My /I is finite dimensional. The rest follows from Theorem 23] O

3.2. Proof of Theorem The support of Vi is the zero-set of Iy, i.e., the
common zero set of f;. Fix x1,....,x, € C. Then f;(z1,...,2,) = 0 for all ¢ iff
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n
> Xifi =0 forall A, ie.,

i=1
n n )\
Res Z—T; 71 L = 0.
o | IIG—2" > =
j=1 i=1
Assume that z1, ..., z, take distinct values y1, .. ., y, with positive multiplicities
m1,...,mp. The previous equation implies that the point (z1, ..., xy) is in the zero
set, iff
P P -
Reseo H(z — ;)™ <Z vilz—y1)...(z—yi)... (2 — y,,)) dz=0 V.
j=1 i=1

Since v; are arbitrary, this is equivalent to the condition
p .
Resoo H(z — yj)mﬁflzzdz =0, i=0,...,p—1.
We will now need the following lemma.

Lemma 3.4. Leta(z) = ﬁ(z —y;)!, where pj € C, 37 pj € Z and - juij > —p.
Suppose =
Reswa(z)z'dz =0, i=0,1,...,p—2.
Then a(z) is polynomial.
Proof. Let g be a polynomial. Then
0 = Reswed(g(2) - a(2)) = Resao (' (2)a(2) + a(2)g(2))d=

and hence

Reseo (Q/(z) + Z Zﬁ—]ng(z)> a(z)dz = 0.

Let g(z) = =7 H z —y;). Then ¢'( Z . ﬁj (z) is a polynomial of degree

l+p—1with hlghest coefficient I +p+ > u; #0 (as >~ > —p). This means that
for every I > 0, Resooz' ™7 'a(2)dz is a linear combination of residues of z%a(z)dz
with ¢ < [ 4+ p — 1. By the assumption of the lemma, this implies by induction in [
that all such residues are 0 and hence a is a polynomial. O

In our case ) (m;; — 1) = r — p (since ) m; = n) and the Conditions of the

lemma are satisfied. Hence (z1,...,y), is in the zero set of Iy iff H (z—y;)™iw
j=1
is a polynomial. This is equivalent to saying that all m; are divisible by 4
We have proved that (z1,...,zy) is in the zero set of Ij, iff (z —x1)...(2z — an)
is the n/d-th power of a polynomial of degree d. This implies the theorem.
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4. REPRESENTATIONS OF THE RATIONAL CHEREDNIK ALGEBRA
FOR THE COMPLEX REFLECTION GROUP S,, X (Z/IZ)".

4.1. The formula for the singular vector. Let [ > 2 be an integer. Consider
the complex reflection group W = S, x (Z/IZ)" acting on the n—dimensional space.

The set S C W of complex reflections consists of the elements si* and a ) defined
by

SI(@1, ey Ty ey T) = (T, oo €Ty X)), 1 <M<

(m) _ m m
03 (T Ty Ty Tn) = (T, €T e My T), 0SS m <

(here € is a primitive I-th root of unity). Consider the W-invariant function c :
S — C defined by ¢(s}*) = ¢y, for all ¢ and c(o (Zn ) = k for all 4,5, m (where k
and {c,,} are fixed constants). Let H.(n,l) denote the rational Cherednik algebra
H.(W) corresponding to W and ¢. Let M, be the polynomial representation of this
algebra.

Fix a positive integer r, which is not divisible by I. Thus r = (p — 1)l + ¢, where
p is a positive integer, and 1 < ¢ < ! — 1 is an integer. Denote by FE, the affine
hyperplane of those functions ¢ for which I(n — 1)k + 22; o Jj = r. Let
hq be the representation of W on C" in which S, acts by permutations, and s;
multiplies the i-th coordinate of a vector by =9 (thus the reflection representation
corresponds to ¢ = — 1 and the dual reflection representation to ¢ = 1). Let s be
the largest integer which is < p/n.

We have the following analog of Proposition Bl

Proposition 4.1. For ¢ € E,. the polynomial representation M. of H.(n,l) contains
a copy of representation by of W in degree r consisting of singular vectors. This
copy is spanned by the functions f;, where

(p nk)l—1 n

k—1)...

kxdz

L
1 Li

filz1,...,2) = Resy

]
Remark. Clearly, if k =1,...,s, then

n q
k)i xidz
Resy, 2 P01 H(zl — xé)km =0.
j=1 i
Thus the functions f; are polynomial in k. Moreover, they do not vanish identically
for any k, as easily seen by computing the coefficients.

Proof. This proposition can be proved by direct computation. It can also be ob-
tained as a simple consequence of the results of [DO], Section 3. O

4.2. Finite dimensional representations of H.(n,[). Let U, = C[u]/(u"). This
is naturally a Z, -graded representation of Z/IZ, m o u? = e=™uJ. Thus UZ" is a
v, (gt?) =

det [y, (1-t"g)

Tet o= (1=tg) where D is the grading operator.

Theorem 4.2. (i) For ¢ € E,., there exists a lowest weight module Y, over H.(n,1)

with trivial lowest weight (i.e. a quotient of M.) which is isomorphic to U™ as a
graded W -module.
(ii) For generic ¢ € Ey, Y. is irreducible.
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Proof. Let I. be the submodule generated by f;, and Y, = M, o/ Ie.

If &k = 0, a direct computation shows that f;(z1,...,2,) = Cal, where C is a
nonzero constant. In this case, H.(n,l) = C[S,] x (HCI,,,,,Cl_l(l, l)®”), s0 Y, is sim-
ply U®”, where U, is the r-dimensional lowest weight module over He, . . _,(1,1)

(with trivial lowest weight) which exists when 2 34 - 1 o — — . It follows from

Theorem BTl that for generic cy, ..., ¢;_1 satisfying this equation, the module U, is
irreducible. Thus, for generic ¢ € E, N {k = 0}, the module Y, is irreducible (of
dimension ™), and the kernel of the Shapovalov form on M, coincides with 1.

Using standard semicontinuity arguments, we conclude from this that for generic
c € E,, dim(Y,) <™.

On the other hand, let L. denote the irreducible module over H.(n,[) with trivial
lowest weight, i.e., the quotient of M, by the kernel of the Shapovalov form. The
previous argument shows that for generic ¢ € F,., dimL. > r™. But L. is clearly a
quotient of Y This implies that for generic ¢ € E,., L. = YC, and in particular Y
is irreducible.

To finish the proof, observe that the submodule /. really depends only on one pa-
rameter k. Therefore, we can define Y, by setting, for generlc k, Y. := Y. =M, o/ 1e,
and for special k (i.e. finitely many values), Y. = M, /IC7 where I, = limy ¢ I
(the limit exists since any regular map from P!\ {ki,...,knx} to a Grassmannian
can be extended to the whole P!). Clearly, Y, is a lowest weight H.(n,[)-module,
satisfying the conditions of the theorem. Thus the theorem is proved. O

Remark. Let | = 2. In this case our condition on r is that r is odd, and the equation
of E, has the form 2(n — 1)k 4+ 2¢; = r. Thus, in this case we recover Theorem 6.1
from [BEG].
4.3. The dimension of }76 Let

P

¥, = §| P,Q integers and (P,Q)=1, 1<P<p-1, 1<Q<n}

(where 7 = (p — 1)l + ¢), and let Y,, Y, be as defined in the previous subsection.

Theorem 4.3. (i) Y, is finite dimensional if and only if k ¢%,.
(i1) Y, is finite dimensional if and only sz Ye.
(i11) If 1 =2 and k ¢ 3., then Y, is irreducible.

Proof. (i) It suffices to prove that the support of Y, is {0} iff k ¢ ¥,. The proof
will be analogous to that of Theorem [3.21
The support of Y, is the common zero set of the functions f;. Fix x1, ..., z, € C.

We have f;(z1,...,2,) =0 for all 7 iff Z)\ifi(xl, oy @) = 0 for all A, ie.,
i=1

n n
Resso Hz—a: Z ; dz =0,

where a = (p — nk)l.

Let d > 0 be the number of distinct nonzero numbers among !, ..., z!,. More
specifically, assume that 2}, ..., 2! take values yo = 0,1, ...,yq with multiplicities
mo, M1, ..., Mg, such that m; > 0if j > 0 (so Zj:o m; = n). From the above
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equation we see that the point (x1,...,2,) is in the zero set if and only if for any
Vi,izl,...,d
d
Resoo ZaJrlmo H(Zl . yj)mjkfl
j=1
d —_—
Zw(zl—yl)...(zl—yi) o =ya) || 2N =
i=1

This equation is equivalent to
d
Resog | 20T (mok+dl H(zl — yj)mjkfl 27 'dz=0, i=0,...,d—1.
j=1

l

Let’s make a change of variables w = z*. Then the equations above will take the

form
d .
Resoo | (w — yo)p*(”*mo)k*1 H(w — yj)mﬂkflwl dw=0, i=0,...,d—-1.
j=1

Applying Lemma B4 (whose conditions are clearly satisfied) we get that these
equations hold iff the function

d
F(U)) — wpf(nfmo)kfl H(w _ yj)mjkfl
j=1
is a polynomial.

The function F(w) is a polynomial iff p — (n — mg)k — 1 and mjk — 1 for all
1 < j < d are nonnegative integers.

Suppose k ¢ Q or k = g with (P,Q) =1 and @ > n. Then there is no integer
1 < m < n, such that mk — 1 € Z. This means that for such k£ the function F is a
polynomial only if d = 0. Hence the support of Y, is {0}.

Suppose k = g with (P,Q) =1 and Q < n. Let M; = km;. The condition that
F'is a polynomial implies that M; are positive integers and p — 1 — Z?:l M; > 0.
This means that either d =0 or P <p—1, i.e., k € X,.. Thus, if the support of Y,
is nonzero, then k € ,.

Conversely, let k = P/Q € X,. Take d =1, m; = Q, mo = n — Q, and choose
y1 # 0 arbitrarily. Then F is a polynomial. So the support of Y. in this case is
nonzero.

Thus, statement (i) is proved.

(ii) Clearly, Y, is a quotient of Y.. The rest follows from Theorem 23

(iii) If I = 2, then W is a reflection group. Thus the result follows from Theorem
3. O

Part (iii) of Theorem A3 generalizes Proposition 6.4 of [BEG].

Remark. Part (iii) of Theorem 3] fails for complex reflection groups, as seen from
considering the rank 1 case: in this case X, is empty, but Y. is not always irre-
ducible. Similarly, one cannot drop in part (iii) the assumption that k& ¢ X,.: this
is demonstrated by Subsection 6.4 in [BEG].
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