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CHARACTER SHEAVES ON DISCONNECTED GROUPS, II

G. LUSZTIG

ABSTRACT. In this paper we establish the generalized Springer correspondence
for possibly disconnected groups.

INTRODUCTION

Throughout this paper, G denotes a fixed, not necessarily connected, reductive
algebraic group over an algebraically closed field k. This paper is a part of a series
(beginning with [L9]) which attempts to develop a theory of character sheaves
on G. The main theme of this paper is establishing the “generalized Springer
correspondence” in complete generality.

More precisely, we consider the set N consisting of all pairs (¢, F) where ¢ is a
unipotent G%-conjugacy class in G and F is an irreducible local system on c (up
to isomorphism), equivariant for the conjugation action of G°. We define a finite
sequence of finite Coxeter groups W1, W2, ..., W* and we establish a canonical
bijection N < | |, Irr W* where Irr W' is the set of isomorphism classes of irre-
ducible representations of W?. (This is done in 11.10 after preliminary work in
§7-811.) This extends a bijection established in [L2| in which only pairs (c,F)
with ¢ C G° were considered. (If the characteristic p of the ground field is 0, the
condition ¢ C G is automatically satisfied, but if p > 1 this is not so.) This also
extends the original Springer correspondence [Spr| in which not only c is assumed
to be contained in G° but F is subject to certain restrictions. The methods we use
are generalizations of those in [[.2], although a number of new technical difficulties
must be overcome. On the other hand, the utilization of Deligne’s theory of weights
makes some of our proofs simpler than the corresponding proofs in [L2]. Now A has
a natural partition into blocks corresponding to the obvious partition of | |, Irr W*
into pieces indexed by . Of particular interest are the pairs (c, F) which form a
block by themselves (the corresponding W is trivial). Such pairs are classified in
§12. In §13 we describe combinatorially the generalized Springer correspondence
for disconnected classical groups in characteristic 2 in analogy with the method of
[LS2] (for some partial results in this direction; see [MS]). §14 is a complement
to the discussion in [LS2] §4] of the generalized Springer correspondence for Spin
groups in characteristic # 2; namely it expresses that correspondence by a closed
combinatorial formula instead of the inductive procedure of [LS2].

We adhere to the notation of [L9]. Here is some additional notation. The cardinal
of a finite set F' is denoted by |F'|. Let v or vg be the number of positive roots of
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GO. The closure of a subset S of an algebraic variety V is denoted by S. The dual of
a local system & is denoted by £. For an algebraic variety X, let ® : D(X) — D(X)
be Verdier duality. If A € D(X), n € Z, we write A[[n]] instead of A[2n](n). Let
Nj. be the set of all integers n > 1 such that n # 0 in k.
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7. SHEAVES ON THE VARIETY OF QUASI-SEMISIMPLE CLASSES

7.1. Let D be a connected component of G. Let D//G° be the set of closed G-
conjugacy classes in D, that is, the set of quasi-semisimple G°-conjugacy classes
in D; see 1.4(c). By geometric invariant theory, D//G° has a natural structure of
affine variety and there is a well-defined morphism ¢ : D — D//G° such that, for
g € D, o(g) is the unique closed G%-conjugacy class in D contained in the closure
of the G%-conjugacy class of g. Let g € D be quasi-semisimple and let T} be a
maximal torus of Zg(g)°. Then o induces a morphism

(a) 971 — D//G°

which is a finite (ramified) covering inducing a bijection between the set of orbits
of the action of the finite group {n € G%;ngTin~! = gT1}/T1 on gT} and D//G?;
see 1.14(a)-(d).

In our case, o can be described explicitly at follows. Let g € D. By 1.9 (applied
to Zg(gs) instead of G), we can find u € g,Zg(gs)° such that u is unipotent,
quasi-semisimple in Zg(gs); then gsu € D is quasi-semisimple in G (see 1.4(c)) and
o(g) is the G%-conjugacy class of gsu (this is independent of the choice of u since
u is unique up to Zg(gs)’-conjugacy). To verify that o(g) is as stated above, we
must show that gsu is in the closure of the G°-conjugacy class of ¢ = gsg.. It is
enough to show that u is in the closure of the Zg(gs)°-conjugacy class of g,; this
follows from [Sp} II, 2.21] applied to Zg(gs) instead of G. Clearly o is constant on
G-conjugacy classes in D.

In the case where D contains unipotent elements, there is a unique point w €
D//G° such that 0~ (w) = {g € D; g unipotent}.

The following result will be used several times in this paper. Let Z = Z' U Z"”
be a partition of a variety Z with Z’ open and Z” closed. Let F be a local system
on Z. Assume that dim Z < n. Then

(b) the natural sequence 0 — H*"(Z',F) — H2"(Z,F) — H*(Z",F) — 0 is
exact.
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We can find an open subset U of Z such that dim(Z — U) < n and U N Z" is open
in U. Then

H>™(Z',F)=H*™(Z'NU,F),H™(Z,F) = H*(ZNU,F),
HX(Z",F)=H(Z"NU,F)
and it is enough to show that the natural sequence
0— H*™Z' NU,F) - H™(ZNU,F) - H*™(Z"NU,F) =0

is exact. This holds since Z'NU, Z” NU form a partition of ZNU into subsets that
are both open and closed.

7.2. Let (L,S) € A with S C D and let P be a parabolic of G° with Levi L such
that S € NgP. Let YL”S be as in 3.14. Let § be the connected component of
NgL N NgP that contains S. Let 927, S* be as in 3.11. Let ap g = J(Y£7S). We
show that

(a) if g € S*,g' € SUp are such that o(g') = o(g), then there exists u € Up
such that ug'u™' € S, L(ug'u™"') = L.

Since g, € NgP is semisimple, it normalizes some Levi of P, that is, some Up-
conjugate of L. Hence replacing ¢,z by u'~'g'u’,zu’ for some v’ € Up we may
assume in addition that g, € NoL N NgP. We have ¢’ = hv where h € S,v € Up.
As in the proof of Lemma 5.5 we see that g, = h, and T(¢') = T'(h). Hence
L(g’) = L(h). Since h is isolated in NgL N NgP (Lemma 2.8) we have L C L(h)
(see 3.8(b)) and L C L(g").

Let v € guZc(gs)? be such that v is unipotent, quasi-semisimple in Zg(gs);
let v € g/, Zc(g.)° be such that ¢’ is unipotent, quasi-semisimple in Zg(g’).
The assumption o(g’) = o(g) implies that there exists z € G° with zglv/z~! =
gsv, hence zglx~! = g, xv'z™1 = v. Now av'z™! € xg/ 271 Z5(gs)° hence v €
29l 271 Zc(gs)°. Tt follows that g/, 27 Zc(9s)° = guZc(gs)?, that is, zg,a~! = g,
mod Zg(gs)°. Thus,

T(2g's™) = (Zzo(ego0 N Zo(aghyr™ ) = (Zzoe N Zolaghe ™))"
= (Z26(9.)° N Za(gu)’ = T(g)
hence L(zg'z™') = L(g). Since g € S*, we have L(g) = L hence L(zg'z~!) = L and
L(¢") = 27 'Lz, dim L(g’) = dim(z~*Lz) = dim L. This, combined with L C L(g")
implies L = L(g’). Since ¢’ € Ng(L(g")), we have ¢’ € NgL. We have also g’ = hv
where h € S C NgL,v € Up. Since hv € NgL we have v € NoL NUp hence v =1
and ¢’ = h € S. This proves (a).
Exactly the same proof gives the following variant of (a):
(b) Let g € S*,g' € SUp be such that o(g’) = o(g). Then there exists u € Up
such that ug'u=! € S, L(ug'u=') = L, hence ug'u=! € S*.
For future reference we note the following result.
(c) Let (L',8") € A. The following two conditions are equivalent:
(1) Yir s is contained in the closure of Y s;
(ii) there exists x € G° such that xLxz=* C L' and S’ is contained in the
closed subset Ty =, 1/ ySUg,y~ ! of NgL'; here Q, = Pz~ ' N L,
a parabolic of L' with Levi xLx~*.
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Proof of (i) = (ii). Let g € S”*. We will show that
there exists © € G° such that xLx~" C L' and g € T},.

(This would imply that S’ C T, since T, is stable under L’-conjugacy and under
left translation by Z?,.) From (i) we deduce g € Y} ¢ (see Lemma 3.14). Replacing
(L, S, P) by a G%-conjugate, we may assume that g = hu with h € S,u € Up.
Replacing (L, S) by a Up-conjugate, we may further assume that g; = hs € NoL N
NP, Ta(g) € (2L N Zg(h))° (see the proof of Lemma 3.15). It follows that
Zao((Zr 0 Zp(h)°) C Zgo(T(g)) hence L C L'. (We use 1.10, 3.9 and that
g € S’*.) It is enough to show that g € T7.

Let @ = PN L'. This is a parabolic of L' with Levi L (since L C L’) and
Ug: = Up NL'. There is a unique parabolic P’ of G° with Levi L’ such that
P C P'. Since g normalizes L’ (recall that g € S’*) and P (since g € SUp) we have
g € NgP'. Since h € S we have h € NgL N NgP. Now huP'u"'h~! = P’ hence
h='P'h = uP'u=! = P’ (recall that u € Up C P C P'). Also h € NgP. Hence
h='P'h and P’ both contain P and are GY-conjugate (we have u=1(h~™1 P h)u =
P',u € G°) hence h™'P'h = P'. Now h € NgP' N NgL hence h € NgL' (since L’
is the unique Levi of P’ that contains L). We see that h € NgL' N NgP’'. Since
hu € NgL' N NgP' it follows that w € N¢L'NP' = L'. Thusu e L'NUp = Uy .
We see that g € SUg hence g € Ty. Thus (ii) holds.

Proof of (ii) = (i). We may assume that L C L' and S’ C UyerySUgy~! where
Q = PN L' (a parabolic of L’ with Levi L). Since Ug C Up, we have S" C Y] .

Since Y] g is stable under G°-conjugacy, it follows that Yz, g C Y7 g.

Lemma 7.3. (a) ar g = o(95).

(b) ar.s is an irreducible, closed subvariety of D//G° of dimension dim?Z9.

(c) Let Y = {g € Y] g;dimL(g) > dim L}. Then Y is closed in Y] g and
{g €Y/ g;dim L(g) = dim L} s open in Y] 5.

(d) {g € Y] g;dim L(g) = dim L} is ezactly the inverse image of o(S*) under
o YI:,S —ars.

(e) The inverse image of 0(S*) under o : Y] ¢ — ar s is open in Y] .

(f) o(S*) is open in ar, g.

We prove (a). Let g € Y/ 5. We must show that o(g) € o(S). As in the proof
of 3.15 we may assume that ¢ = hv where h € S,v € Up and g, = h,; moreover,
by 1.22 we have hs = h/, with b’ € S,h'~*h € Zg(hs)? hence h!,~'h, € Zc(gs)°.
We have g, = h,v hence v € Up N Zg(gs) = Up N Za(gs)°. Thus, bl ~tg, =
R, "th,v € Zg(gs)?. Choose u € gu.Zc(9s5)" = huZa(hs)® = hl,Zg(hs)? such that
u is unipotent, quasi-semisimple in Zg(gs). Then o(g) = o(h) = o(h’) is the
GY-conjugacy class of gsu = hsu = h'u and o(g) € o(S), as required.

We prove (b). Let h € S. We have S = J,c; #°Z)ha™" hence o(S) =
{o(zh);2 € °Z)}. Let u € hyZr(hs)? be such that u is unipotent quasi-semisimple
in Znornangp(hs). For any z € 52’2 we have Zp,(hs) = Z1(zhs) C Zg(zhs) hence
u € hyZg(zhs)?. Moreover, u is unipotent quasi-semisimple in Zn, rangp(2hs)
hence u is unipotent quasi-semisimple in Zg(zhs). It follows that

o(zh) = o(zhsu) = o(zg)
where g = hsu € D is quasi-semisimple in G. We see that
a(8) = {o(29); 2 € *Z1}.
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Let Ty be a maximal torus of Zg(g)°. Now ?29g is an irreducible closed subvariety
of gTy of dimension dim °ZY; since o : g7y — D//GY is a finite (ramified) covering
(see 7.1), it follows that a;, s = o(S) = 0(°Z%g) is an irreducible closed subvariety
of D//G° of dimension dim°®Z?. This proves (b).

We prove (c). By 3.15 there exist (L;, S;),% € [1,n], such that the closure of
Y5 in G equals |, Yz, s, and Y7, g, are disjoint. If g € Y7, g,, then dim L(g) =
dimL;. Let J = {i € [I,n];dimL; > dimL}. Then Y = {J;c; Yz, s;- Again by
3.15, the closure of Y, s, in G is U;c;, Y1,,s; for some subset J; C [1,n]. By
7.2(c), for j € J; we have dimL; > dimL;. Hence if ¢ € J,j € J;, we have
dimL; > dimL; > dim L so that J; C J. We see that for ¢ € J, the closure of
Y7, s, in G is contained in Y. Thus ) is closed. This implies the last assertion of
(c) since dim L(g) > dim L for g € Y] g; see 7.2(c). This proves (c).

We prove (d). We must show that, if g € Y,—L s, then the following two conditions
are equivalent:

(i) dim L(g) = dim L;

(ii) o(g) = o(g1) for some g1 € S*.
Assume that (i) holds. We may assume that ¢ € SUp. By 7.2(a) we have
dim L(g) = dim L. Thus (i) holds. Assume now that (i) holds. As in the proof of
3.15 we may assume that ¢ = hv where h € S,v € Up and gs = hy; moreover, by
1.22 we have hy = b/, with i’ € S,h'~*h € Zg(hs)° hence h!, “1h, € Zg(gs)°. Asin
the proof of (a) we have o(g) = o(h’). As in the proof of 3.15 we have T'(g) = T'(h).
Hence L(h) = L(g). Since hs = hl,h'/~'h € Zg(hs)? we have T'(h) = T(h') (see
2.1(e)) hence L(h) = L(h'). Thus L(h') = L(g) and dim L(h’) = dim L. Since h’
is isolated in NgL N NgP we have L C L(Rh') (see 3.8). It follows that L = L(R’).
Since h' € S, we have i/ € S*. Thus (ii) holds. This proves (d).

(e) follows by combining (c),(d). Now a subset of ar, ¢ is open in ar g if and
only if its inverse image under o : YL’, g — ar,s is open in YL’, g- (We may identify
ar, s with the variety YL’,S//G0 of closed GY-conjugacy classes in Y] s.) Hence (f)
follows from (e). The lemma is proved.

7.4. In the remainder of this section we fix parabolics P/, P" of G° with Levi L', L"
respectively and an isolated stratum S’ (resp. S”) of L' = NgL' N NgP' (resp.
L" = NgL" N NgP") contained in the connected component & (resp. 6”) of L'
(resp. L") with & ¢ D,8"” ¢ D. We also fix & € §(8"), £ € S(S”) such that
(87,&"),(S8",£") are cuspidal pairs of L', L". Let

do = 20 — v — vin + %(dim(é/zg,\sq +dim(” 20,\S")).
Let Y’ (resp. Y”') be the closure of Y7, g (vesp. Yz gn) in D. As in 3.14, let
X' ={(g,2’P") € G x G°/P';2' 192’ € S'Up/},
X" ={(g,2"P") € Gx G°/P"; 2" g2’ € S"Upn}.
Define ¢ : X’ — Y/ " X" — Y" by ¢/(g,2'P') = g,9"(g,2"P") = g. For any
stratum S{ of L’ contained in S’ let
Xg ={(g,2'P') € G x GO/P';2' " tgx' € S1Up} C X'.
For any stratum S} of L” contained in S” let
Xgn ={(9,2"P") € Gx G°/P";a" " ga" € S{Upn} C X".
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Let & (resp. £") be the local system on Xg, (resp. Xg,) defined in terms of £’
(resp. £”) in the same way as £ was defined in terms of £ in 5.6. Let

K'=IC(X'",&) e D(X'), K" = IC(X",&") € D(X").
Let
3={(g,2’P',2"P") € G xG°/P' x G°/P";2' 192’ € S'Upi, 2" 'ga" € S"Upn}.

Let ' = aj g,a” = aprgr,a = a Na” C D//G°. Define 6 : 3 — a by
5(g,2'P',2"P") = o(g). For a € alet 3* = 6 (a) C 3. For S},S; as above
we set

3s;,sr ={(g,2'P',a"P") € G x G°/P' x G°/P";a' "' ga’ € S{Upr,
2" tga" € S{Upn},
3% sy = {(g,2'P", 2" P") € G x G°/P' x G° | P";
o(g9) = a,2' 'gx’ € S{Ups, 2" 1ga" € S{Upn}.

The 3"5i s form a partition of 3* into locally closed subvarieties with 3%, 5 open.

7.5. We show that
]. ! !
dim 3%, v < do — 5(onm(‘S Z9\8") — dim(® 29,\87))
]_ 1 1
(a) - i(dim(‘s 29,\8") —dim(® 22,\87)).

Define m : 3%, g — 0~ '(a) by m(g,2'P',a"P") = g. Now ¢~ '(a) is a union of
finitely many G%-conjugacy classes (since the semisimple parts of elements of o~ (a)
lie in a single G%-conjugacy class). Hence it is enough to estimate dim(m~!(c)) for
any G%-conjugacy class ¢ contained in o=1(a). Any fibre of m : m~(c) — c is
isomorphic to a product of two varieties of the kind appearing in 4.4(b). Hence by
4.4(b), this fibre has dimension at most

1 . 1 . ! 1 . 1 . 1"
(v— 3 dimc)— (vp — 3 dim(® Z9\S)) + (v — 3 dimc) — (vpr — 3 dim(°" 29,\S!))
and (a) follows.
From (a) we deduce immediately that
(b) dim 3 < do.

The inverse image of K'KK"” € D(X’'x X") under 3 — X'x X" (g,2'P', 2" P") —
((g,2'P"), (g, 2" P")) is denoted again by K'K K" Tts restrictions to various subva-
rieties of 3 are denoted again by K’ X K”. Similarly, the inverse image of the local
system &' X E" under 35/ 5 — X& x X, (g, 2’ P', 2" P") — ((g,2'P'), (g, 2" P"))
is denoted again by & X £”. Its restrictions to various subvarieties of g5 are
denoted again by & K E”. Let

rj’ — H2d06_! (Kl X K”), T = H2d00!1 (8_/ X 8_//)

where o! : 357,57 — a is the restriction of 7; these are constructible sheaves on
a.

Lemma 7.6. The natural homomorphism T — T is an isomorphism.
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It is enough to show that, for any a € a, the natural homomorphism
H2% (3% 60, & KE") = HZ® (3% g0, K' R K") — H2?(3* K'RK")

is an isomorphism. First we show that
(a) if (S1,57) # (S',5”) and Hé(Sasg,s;’aK, X K") # 0, then t < 2dj.
We may assume that S; # S’. (The case where S; # S” is similar.) From the
hypercohomology spectral sequence of K’ X K" on 3%1 sy We see that there exist
i, ', such that t = i+j'+;" and H}(3%, g, H/ K'RHIK") # 0. Tt follows that
i < 2dim 3%, 5 and Xg C suppH? K, Xgy C suppH’ K. (Note that HI' K is
a local system of constant rank on X ~I5'i and H7 K" is a local system of constant
rank on Xgi/') Using 7.5(a) we have

i < 2dy — dim(® 29\") + dim(® 29\ S}) — dim(®” 22,\S") + dim(®” 22\ 5.

Moreover, by the definition of K/, K" we have

< dim X' — dim X§, = dim(* 29,\8") — dim(* 20\ S7),

" < dim X" — dim X, = dim(*" 29,\S") — dim(°"" 27,,\S})
(since S7 # S’). Tt follows that t =i + j’ + j” < 2dp. This proves (a).
From (a) we see that H!(3%, ., K' X K'") = 0 for any (57,57) # (5’,5") and
c\Jg1.87 1»+~1

any t > 2dy; hence
(b) H{(3* = 3% g0, K' K K") = 0 for any t > 2d,.

As a part of the long cohomology exact sequence of the partition 3% = 3%, g, U
(3% — 3% i) we have the exact sequence

H240 (3% =38, o, K'RK") Lo H20(3%, 50, K'RK") — H2» (3%, K'RK") — 0,

where the last 0 comes from (b). It is enough to prove that f = 0. We may
assume that k is an algebraic closure of a finite field F,, that G has a fixed F,-
structure with Frobenius map F : G — G, that L', P’ L”  P" are F-stable, any S| C
S’, 87 C S as above is F-stable, that F(a) = a and that we have isomorphisms
Fxg' = g " = £ which make £,&" into local systems of pure weight 0.
Then we have natural (Frobenius) endomorphisms of H2%~!(3% -3¢, ¢, K'RK"),
H2do (3% gv, K'KK") compatible with f. To show that f = 0, it is enough to show
that
(c) H2%™ (3% g0, K'® K") is pure of weight 2do;
(d) H2do—1(3 — 3“5,,3,,,K’ X K") is mixed of weight < 2dy — 1.
Now H2% (3%, g0, K' W K") = H2%(3% g, & W E") and dim 3% g < do; (c)
follows. Using the partition 3* — 3% ¢» = U(S{,S{’)#(S’,S”) 3%1751/, we see that to
prove (d), it is enough to prove that
if (81,87) # (5',5”), then Hfdo’l(B"Si’Si/,K’ X K") is mixed of weight
< 2dy — 1.
Using again the hypercohomology spectral sequence of K’ X K" on 3‘51, gy We see
that it is enough to prove that
(e) ifi, ', 5" aresuch that 2dg—1 = i+j'+;", then Hé(?)‘éi,s{,,Hj/K’ﬁHj”K”)
is mixed of weight < 2dy — 1.
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By Gabber’s theorem [BBD, 5.3.2], the local system H7 K’ on X’Si is mixed of

weight < j” and the local system H7" K" on X ,S/i’ is mixed of weight < j”. Hence

the local system HJ K’ X H" K" on 3%, g is mixed of weight < j' + j”. Using
1°~1

Deligne’s theorem [BBD], 5.1.14(i)], we deduce that

H{(3%; sy, M K ®HIK") #0
is mixed of weight < i+ j’ 4+ j”. This proves (e). The lemma is proved.

7.7. Let E be alocally closed subset of G° /P’ x G° / P which is a union of G°-orbits
(for the diagonal G%-action). We set

E3g v ={(g, 2’ P, 2" P") € G x G°/P' x G°/P";2' "' ga’ € S'Upr,
x//—lgm// c SNUPII7 (.T;IP/7$/IP/I) c E}

Let P7 = H2dg! ('K E") (a constructible sheaf on a) where ! : 3¢/ g/ — a is
(g,x’P’, {E”P”) — a(g).

If E is a G-orbit, we say that F is good if for some/any (2'P’, 2" P") € E,
' P'z’ =1, " P"2" ! have a common Levi; we say that E is bad if it is not good.

Lemma 7.8. (a) If E is a bad orbit, then ET = 0;

(b) if E is a good orbit and there is no n € G° such that (P',nP") € E and
n'L'n=L"n"18n=5", then T =0;

(c) if E is a good orbit and there exists n € G° such that (P',nP") € E and
n1L'n = L' n~18n = 8" (so that a’ = a’ = a), then D(¥T)[[~ dima]
is a constructible sheaf on a.

The fibre of the fibration prog : £35/ v — E at (z/P', 2" P") € E where 2’,2" €
G° may be identified with

V={geG;a' g’ € S'Up:, 2" g2 € S"Upn}.
Define j: V — S’ x S§” by

1933”).

Let PT" = H2do—2dm Eql(5*(&' K E")) where o' : V — a'is g — o(g). Let "T" =
H2do+2dim Hlr(Q) 1 j*(£' K E")) where H = 2/ P'a’~' Na” P"2" ! and ¢ : G° x
V — ais (z,g9) — o(g). Using the spectral sequence attached to the composition
GO xV 22,V 2 a (equal to 0”) and that attached to the composition G° x V —

H\(G° x V) = P3g/ g1 7 a (equal to 0”) we obtain #7" = ¥7 ET" = BT’
(We use that Hiol(E' K E") = 0 for i > 2dy and Hio|(j*(&' K E")) = 0 for
i > 2do — 2dim E.) Tt follows that ¥7 = F7".

Let Q' = 2/ P'2'~1, Q" = 2" P"2"~'. Choose Levi subgroups M’ of Q' and M"' of
Q" such that M’, M” contain a common maximal torus. Let M’ = NoM' N NaQ',
M" = NgM" N NgQ". Let ¥/ (resp. X”) be the unique stratum of M’ (resp.
M") such that X'Uqr = 2/S'Upra’~" (vesp. X"Uqr = 28" Upna’ ). Now Ad(z')
(resp. Ad(z")) carries the inverse image of £ (resp. £”) under pry : S'Upr — S’
(resp. pr1: S"Upr — S”) to alocal system on X'Ugs (resp. X"Ugr) which is the
inverse image under pry : X'Ugr — ¥/ (resp. pr1 : ¥'Ug — ¥”) of a local system

j(g) = (S’-component of 2’ ~'ga’, S”-component of z"~
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F' (vesp. F") on X/ (resp. ¥"). If g € V, then g € No¢Q' N Ng@". By 1.25(a),(b)
we can write uniquely g = zu”u = zu'v where

zeM' NM" W e M NUgr,ueUgnNQ" v’ € M" NUg,veUgNQ'.
Thus V can be identified with
{(u,v,u" 4, 2) € (Ug N Q")
X (UgrNQ") x (M'NUgr) x (M" NUg)
x (M'OM");u"u = u'v,2u” € ¥, 2u’ € ¥},

The map o’ : V — a becomes (u,v,u”,u',z) — o(z). (We use that h € M'.v e
Ug: = o(hv) = o(v) and the analogous fact for M",Ug instead of M’ Ug; see
the argument in the proof of 7.3(a).) In this description, V' is fibred over

Vi={@" v, z) e (M NUgn)x (M"NUg) x (M' 0N M"); 2u" € %', 20/ € ¥}

with all fibres isomorphic to Ug NUg~ (see the argument in 4.2). The map o’ : V —
a factors through amap ¢ : Vi — a, (u”,u/, 2) — o(z). Since Ug NUg» is an affine
space of dimension 2v — vy, — vp» — dim E, we see that 7'F = H"&,(j* (F' K F"))
where r = dim(* 29,\8") + dim(®" 29,\S”) and j : Vi — ¥/ x ©" is defined by
(u' v, z) — (20", zu’). For any a € alet V* =5 (a) C V4.

Assume that we are in the setup of (a). It is enough to show that for any a € a,
HI(VE, 75 (F R F")) = 0. Let p3 : Vi* — M’ 0 M" be the third projection. By an
argument in the proof of Lemma 4.2, the image of ps is a union of finitely many
(M' N M")-conjugacy classes €1, €a, ... e in M’ N M". Since dimV; < ir, it is
enough to show that for any z € ¢; we have

Hy2Ame (5 (2), 5 (FU R F)) = 0,

Now 5 '(2) is a product R’ x R” where R’ (resp. R") is the set of all elements in
(M'N NeQ")NY (resp. (M" N NgQ')NY") whose image under M’ N NgQ" —
M' N M" (resp. M" N NgQ' — M’ N M") is equal to z. Since

2dim(R’) < d' = dim(* 22,\8") — dim e;,

2dim(R") < d’ = dim(°" 29,\8") — dim¢;
(see 4.2(a)) and d' + d”’ = r — 2dime;, we are reduced to showing that

HY (R, F)o HI (R",F") = 0.

Since @', Q" have no common Levi, we see that either M’ NQ" is a proper parabolic
of M’ or M"NQ’ is a proper parabolic of M". In the first case we have Hg/ (R, F') =
0 since (X', F') is a cuspidal pair for M. In the second case we have HY (R", F") =
0 since (X", F") is a cuspidal pair for M". Thus (a) is proved.

Assume that we are in the setup of (b). It is enough to show that for any a € a,
HI(VE, 7*(F' ) F")) = 0. If this is not so, we can find a € a such that V{* # (.
Now @', Q" have a common Levi hence M’ = M, M'NUq» = {1}, M"NUg = {1}
and we may identify V* with {z € X' N Y¥";0(z) = a}. Thus, &' NE"” # 0. Since
3, 3" are strata of NgM’' = NgM" with non-empty intersection, we must have
="

Since Q' = z'P'2’~!, we see that 2/~ 'M’z’ is a Levi of P/. We can find
v € Ups such that L' = o'~ 12/~ M'2'v'. We have S'Upr = 2/ 1¥2'Up =
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vl IS ' Upr. Since S' c L o' "la/ =182’y C L/, it follows that S’ =
,U/—lx/—lxlxlv/.
Similarly we can find v/ € Upr such that
L// — ’U”_lx/l_lMNx”U”7 S// — ,U//—lxll—lxllx//v//.
Since M’ = M"Y = X", we have
x/U/L/v/—lx/—l — x//v//L//vnflx//—lv x/U/S/U/—lx/—l _ x//v//S//v//—lx//—l.
Thus n='L'n = L, n=1S'n = S”, where n = v'~12'~12"v" € G°, (P',nP") € E.
This contradicts the assumption of (b). Thus, (b) is proved.

Assume that we are in the setup of (c). Let n € G° be such that (P',nP") € E,
n'L'n = L" n"1Sn = 8”. Taking ' = 1,2” = n in the arguments above, we
have Q' = P, Q" = nP"n~! and we can take M’ = M" = L' ¥ = %" = §'; we
have “T = H"5\(F) where 5 : S’ — a is the restriction of o, F = &' @ Ad(n=1)*&”,
r=2dim(* 29,\8").

Let L' = NgL' N NgP'. Replacing G, D in the definition of D//G% o in 7.1 by
L', we obtain an affine variety ¢’//L' whose points are the quasi-semisimple L-
conjugacy classes in ¢’ and a morphism o : ¢ — §’//L’. Now any quasi-semisimple
L-conjugacy class in ¢’ is contained in a unique quasi-semisimple G°-conjugacy class
in D. Thus we obtain a map 7 : §'//L’ — D//G° which is in fact a morphism of
affine varieties.

We show that 7 is a finite (ramified) covering. Let g € ¢’ be quasi-semisimple
in L' and let T} be a maximal torus of Z1.(¢)°. By an argument similar to that
in the proof of 1.12(b) we see that T} is also a maximal torus of Zg(g)°. By
7.1, o defines a finite (ramified) covering g7y — D//G°; similarly, oo defines a
finite (ramified) covering g7} — ¢'//L'. Clearly, gT1 = D//GP is the composition
gTy 2% 6'//L' 5 D//G° and our assertion follows.

Let 8" = 00(S’). Now % 29, acts on §'//L’ by left multiplication (with finite
isotropy groups) and this action is compatible under oy with the action of ' z0,
on &’ by left multiplication. Since the 5/22, action permutes transitively the L’-
conjugacy classes in S’, we see that S’ is a single 5l22,—orbit in §’//L’; in particular,
it is a smooth, locally closed subvariety of '//L’. Now & : S’ — a is a composition

S 2% 8" 5 a where ¢, 7 are the restrictions of o, 7.

We can find ¢ > 1 such that F is equivariant for the action z : b — z'h of ¥ Z9,
on S’ and this action induces an action of 5/2’2/ on S’ such that 69 : 8" — S’ is
%' 29, -equivariant. Hence the constructible sheaf F = H"(50)i(F) on S’ is 9 Z9,-
equivariant. Since this action (which depends on t) is transitive on S’, we see that
F is a local system on S’. Since S’ is smooth, we have D(F) = F[[dim S']]. Now 7
is a finite (ramified) covering (since 7 is). Hence 7y commutes with Verdier duality
and we have H"&)(F) = mE. Hence ®(mF) = mF[[dim S]] = mF[[dim a]]. Here
mF is a constructible sheaf on a since 7 is finite. This proves (c).

Lemma 7.9. (a) ©(7)[[—dima]] is a constructible sheaf on a.
(b) If (L', S"),(L",S") are not conjugate under some element of GO then T = 0.

More generally, let E be a locally closed subset of G°/P’ x G°/P"” which is a
union of GC-orbits (for the diagonal G°-action). We show that ®(¥7)[[~ dim a]

is a constructible sheaf on a and that, in the setup of (b), 7 = 0. We argue by
induction on the number N of GP-orbits contained in E. If N = 0, the result is
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trivial. If N = 1, the result follows from Lemma 7.8. Assume now that N > 2.
We can find a partition E = E' U E” so that E’, E" are G°-invariant subsets of E
with E’ closed in E, E” open in E and E” is a single G°-orbit. By the induction
hypothesis the result holds for E' and E”. We have a natural exact sequence of
constructible sheaves

(c) 0—-¢ —-e—eé —0

where €/ = F'T ¢ = BT ¢ = 'T. (To prove exactness it is enough to show that
for any a € a, the natural sequence

0 — H2* (%" 35 50 N 3% g1, & KE") — H2 (P35 50 N3 51, & WE")
— H2(F' 35 50 N 3% g1, & KE") -0

is exact. This follows from 7.1(b).)

Now (c) can be regarded as a distinguished triangle (¢”,¢€,¢’) in D(a). Hence the
Verdier duals (D€', De, De”’) form a distinguished triangle in D(a) and we have a
long cohomology exact sequence of constructible sheaves

= HY(DE) — H (De) — HI(De) — ...
on a. Hence for each i we have an exact sequence
H(DE' [~ dima]]) — H! (De[[~ dima]]) — H (D[~ dima]]).

By the induction hypothesis, H!(De'[[~ dimal]) = 0, H!(De”[[— dima]]) = 0 for
i # 0. Hence H!(De[[—dima]]) = 0 for i # 0. This shows that De[[— dim a]]
is a constructible sheaf. In the setup of (b), we see from (c¢) and the induction
hypothesis that ©7 = 0. The lemma is proved.

7.10. In the remainder of this section we assume that L' = L = L,5" = §" =
S,P' = P” = P and that & = £’ = & is irreducible. Let 7 : ?L,S — Y7, s be as
in 3.13. Recall that 7 is a principal Wg-bundle where Ws = {n € NgoL;nSn~! =
S}/L. (The Ws-action on Yz, 5 is w — fu, fu(g,zL) = (g,2n;'L).) For w € Ws
let n,, € NgoL be a representative of w and let E,, = Hom(Ad(ng,1)*€E,€). (This
vector space is canonically defined, independent of the choice of n,, by the L-
equivariance of £.) Let Wg = {w € Ws; Ad(n,')*E = £} (a subgroup of Wg). We
have

dimE, =1if w € We; dimE,, =0 if w € Wg — Wk.

Let € be the local system on YL,S defined in 5.6. Recall that a*€ = b*€ where
a(g,z) = (g,zL),b(g,x) = 2~ 'gr in the diagram f/,;s Ly Y oS with Vo=
{(g,2) € G x G%a gz € §*}. Define f, : Y — Y by (g9,2) — (g,zny"'). Then
afw = fw,bfw = Ad(n,)b. i

Let E be the (semisimple) algebra of all endomorphisms of the local system mé&
on Y7, s. We have canonically

(a) E= (P E..

wEWseg
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Indeed, since a, b are fibrations with smooth connected fibres, we have

E = Hom(mé&, m&) = Hom(r*mé&, &) = @ Hom(f:E,€)

wEWSs
:@Homafé'a @Homf*a*é’a)
wEWs wEWs
= P Hom(f;b7,b°E) = €D Hom(b*Ad(n.,)*E,bE)
wEWs wEWs
= P Hom(Ad(n,)*€.€)= @ E,r= P Eu.
wEWs wEWs weEWe

In particular, E,, may be identified with a subspace of E. We see that dimE =
[Wel.

Proposition 7.11. For w € Wg let E,, be the G°-orbit on G°/P x G°/P which
contains (P,n,Pny'). There is a canonical isomorphism T = Duews EuT of
sheaves over a = ar, s.

Recall that o' : 355 — a is given by (g,2'P,2" P) — o(g). Let 3.5 be the
inverse image under o' of the open subset o(S*) of a (see Lemma 7.3(f)). We have

3% ={(9.2'P,2" P) € G x G°/P x G°/ P;
' "lga’ € SUp, 2" g2’ € SUp,0(g) € 0(S*)}.

Using 7.2(b) we see that the condition o(g) € o(S*) is equivalent to the condition
g € YL g, so that

355 =1{(g9,2'P,2"P) € G x G'/P x G°/P;
g€Yrs, 2’ tgr' € SUp,x"1ga" € SUp}.
Using Lemma 5.5 we see that 3'3’ ¢ may be identified with
Y= ?L,S Xvy.s YL,S
={(g9,2'L,2"L) € G x G°/L x G°/L;2' ‘g2’ € S*, 2" "1ga" € S*}.
Hence we have T, (s-) = H*®o?(£ K 5) where 02 : Y — o(S*) is (g,2'L, 2" L) —
o(g) and & is the local systems on YL,S defined in 5.6. Similarly, for any G°-orbit
E on G°/P x G°/P, we have T | ,(g) = H2dog2 P (E R E) where
By ={(g,2'L,2"L) € G x G°/L x G°/ L;
o' tgr' € S*, 2" 1ga" € S*, («/P,a" P) € E}
and o2F : By — o(S*)is (9,2'L,2"L) — o(g).

Since Y7, s — Y5 is a principal bundle with group Ws, we have a finite par-
tition ) = | |,y Y into open and closed subsets, where *Y = {(g,2'L,z"L) €
V;a"L = x'ny,L}.

It is clear that *Y = Ew»). It follows that £Y = @ for any GY-orbit E on
G°/P x G°/P not of the form E,. We see that H?%o2(€ K £) is canonically

isomorphic to ., ¢y, H2do U!Q’E(g X €). Thus we obtain a canonical isomorphism

(c) Tlois) = P #*Tlogse-
wEWSs
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By Lemma 7.9 and its proof, 7 and @,y EwT are intersection cohomology com-
S

plexes on the irreducible variety a. Since o(5*) is open dense in a, the isomorphism

(c) extends uniquely to an isomorphism 7 — @wews BwT  The proposition is

proved.

7.12. We set X = X' :_X”,Y =Y' =Y" =4 =¢". We set K = K',K* =
K"”. Since hK = IC(Y,mE) (see 5.7) we have E = End(m€&) = End(¢) K).
In particular ¥ K is naturally an E-module and YK ® ¢ K* is naturally an E-
module (with E acting on the first factor). This induces an E-module structure on
H2 oo (P K @ 0 K*) =T (here o : Y — a is the restriction of o : D — D//G°).
Hence for any a € a we obtain an E-module structure on the stalk 7.
Lemma 7.13. Let w € Wg and let by, be a basis element of E,. Multiplication
by by in the E-module structure of T = T = @ ,cpy, EwT (see Lemma 7.6,
Proposition 7.11) defines for any w' € Ws an isomorphism Fuw T = Fuw T

Since Fuw' T, Puw' T are intersection cohomology complexes on a (see Lemma, 7.9
and its proof) and o(S*) is open dense in a (see Lemma 7.3), it is enough to prove
that, for any a € o(S*), multiplication by b,, defines an isomorphism of stalks
BuwrT, = Puw T,. Let Y be as in Proposition 7.11 and let Y* = {(g,2'L,z"L) €
Y;o(g) = a}. As in Proposition 7.11 we have a partition Y = |—|w’€Ws 'Y hence a
partition Y* = |_|w,6WS “’/y“ where “’/y“ = “"y N Y are both open and closed in
Ve, For any w' € Ws we have Puw/ T, = H2do(w' ye €K E) and we must prove that
multiplication by b,, in the E-module structure of

B ERE = @ HX (WY ERE)
w'€Ws

defines for any w’ € Wg an isomorphism
(a) H2O(" Y EBE) = HX ("™ Y, £

(The E-module structure on

N

).

H2o(ye ERE) = H2 (Y s No~Y(a), méE @ mé)
is induced by the E-module structure on m&; recall that E = End(p€).) We have
an isomorphism
f Yy (gl L L) e (g, a'ng L' L).
Since w € We, by, defines an isomorphism f*(€ ® 5 =x ® € and this induces an
isomorphism (a) which is just multiplication by b,,. The lemma is proved.

7.14. We preserve the setup of 7.12. Let Irr E be a set of representatives for the
isomorphism classes of simple E-modules. Given a semisimple object M of some
abelian category such that M is an E-module we shall write M, = Homg(p, M)
for p € Irr E and we have M = @l)em glp ® M,) with E acting only on ~the
p-factor and where M, is in our abelian category. In particular, we have m& =
D, e &P ® (ME), where (mE), is an irreducibl_e 10ca~1 system on Y7, g. We have
WK =@ cry g P @ (WK), where (1K), = IC(Y, (mE),); moreover, for a € a we

have ,j:l = @pelrr EP & (ITG)P'
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7.15. Let a € a. Weset Y* = {g € Y;0(g9) = a}, X* = v~ }(Y?) C X. Let
P : X® — Y? be the restriction of ¢ : X — Y. Let S* = SNo '(a),S* =
SNno~Y(a). For a stratum Sy of NgL N NgP contained in S let S¢ = S;No~1(a).
Let £¢ = £|ga. Let £ be the restriction of € to X¢=X°NXg.

Lemma 7.16. (a) S® is an open dense smooth (non-empty) subset of S® of pure
dimension dim S — dima and I1C(S%,£%) is the restriction of IC(S,E) to S®.

(b) Both XY have pure dimension dy = 2v — 2vy, + dim S — dim a.

(c) X& is an open dense smooth subset of X@ hence K® := IC(X®,E®) is well
defined. We have K® = K|xa.

(d) We have (W1 K)|ya = YFK®*. Moreover, i K*[dy] is a semisimple perverse
sheaf on Y.

(e) We have (Y1 K),lya # 0 for any p € Irr E.

We prove (a). S® is non-empty by Lemma 7.3(a). As in the proof of Lemma
7.8(c), the (surjective) map o : S — a is a composition S 2% S 5 a. Moreover, by
Lemma 7.3(a) (for NgL N NgP instead of G), the morphism &g : S — S extends
uniquely to a morphism & : S — S. Since 7 is finite, the set ' := 7~!(a) is finite.
We have §¢ = 5, }(F), 8% =&, '(F) N S. Since &, is equivariant for an action of a
torus which acts transitively on S (see the proof of Lemma 7.8(c)) we see that (a)
holds.

We prove (b). We have X = {(g,zP) € GXxG°/P;z gz € S°Up}. The second
projection makes X into a fibration over G°/P with all fibres isomorphic to S*Up
hence X® has pure dimension as indicated. (We use (a).) From ¥(X) = Y we
deduce (X %) = Y hence dim Y* < dim X¢. Assume that Y* has some irreducible
component of dimension e < dim X . Then that component contains an open dense
subset U such that dimv¢~'(g) = dim X% — e for all ¢ € U. The fibre product
X% xya X® contains the fibre product ¥ ~1(U) xy ¥ ~1(U) hence it has dimension
> dimU + 2(dim X —e) = 2dim X* — e. By 7.5(b) we have dim(X? Xy. X*) <
2 —2vp +dim S — dima = dim X . It follows that 2dim X% — e < dim X® so that
e > dim X? contradicting e < dim X®. This proves (b).

To prove the first assertion of (c) it is enough to show that {(g,z) € G x
G2z tgr € S*Up} is an open dense smooth subset of X' = {(g,7) € G x

"
bO

G% 2 'gx € S°Up}. This follows from (a). Consider the diagram X Lo xr
S® where af), bj) are restrictions of a”,b” in 5.6(a). We have
ay*IC(X* EY) = by*IC(8*, %) = (b"*IC(S,E))|x:
= (a"IC(X,E))|x = ay*(IC(X,E))|xa-

(The second equality follows from (b); the third equality follows from 5.6(b).) Since
a” is a principal P-bundle it follows that IC(X%,E%) = IC(X,E)|x. and (c) is
proved.

The first assertion of (d) follows immediately from (c). Since 1® is proper, to
show that (11 K)|ya[do] is a perverse sheaf, it suffices to prove that:

(f) for any i > 0 we have dim suppH* (¥ K?) < dimY* — i
and also the analogous assertion in which K¢ is replaced by IC(X®, &), which is
entirely similar to (f). As in the proof of Proposition 5.7 it is enough to prove that
for any stratum S; of NgL N NgP contained in S we have

_ ) 1 _
dim{g € Y dim(sh 1 (g) N Xg,) > % — 5(dimS — dim $))} < dim¥* — i,
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If this is violated for some i > 0, it would follow that the space of triples
{(g,xP,2’P) € Y* x G°/P x G°/P;x ™ gz € S1Up, 2’ 'ga’ € S1Up}

has dimension > dimY® — (dim S — dim S;). Using 7.5(a) we see that this space
of triples has dimension < 2v — 2vy, + dim S; — dima. It follows that 2v — 2vy, +
dim $’—dima > dim Y% — (dim S —dim S’) hence dim V¢ < 2v—2v +dim S —dima
contradicting (a). This proves that ¢{K“[dy] is a perverse sheaf. It is semisimple
by the decomposition theorem [BBD]. This proves (d).

We prove (e). We first show that ©17;, # 0. By the argument in the proof
of Lemma 7.8(c) we see that it is enough to show that H2dmS—2dima ga & &
£) # 0. Since Q; is a direct summand of £ ® £ it is enough to show that
H2dimS-2dimaga Q) £ (). This follows from (a).

From Lemma 7.13 we see that the E-module structure defines an injective map
E® P17, — 7,. Since P17, # 0, we have (E ® P17,), # 0 for any p € Irr E, hence
(7.), # 0. We have 7, = H2 (Y, ) K ® ¢y K*) hence

P ro),= P peHMY, (WK),®HK").

pElrr E pElrr E

Hence for any p € Irr E we have (7)), = H2%(Y*, (b K),@¢ K*). Since (T,), # 0,
it follows that (¢1K),|y« # 0. The lemma is proved.

8. STUDY OF LOCAL SYSTEMS ON UNIPOTENT CONJUGACY CLASSES

8.1. In this section we fix a connected component D of G such that D contains
some unipotent elements. Let P be a parabolic of G® with Levi L and let S be an
isolated stratum of L = NgL N NgP contained in the connected component § of L
with 6 C D. Assume that S contains a unipotent L-conjugacy class ¢ (necessarily
unique); then S = 9Z%¢ and multiplication gives an isomorphism °Z9 x ¢ = S.
Let Y be the closure of Yrsin D. Let ¢ : X — Y be as in 3.14. Let a = ar.s.
Then w € a (see 7.1). We have Y¥ = {g € Y; g unipotent}, X* = =1 (Y*) C X.
Let v : X¥ — Y“ be the restriction of 1 : X — Y. Let dy = 2v — 2vy, + dime.
We show that

(a) X and Y are irreducible varieties of dimension dg.

The second projection makes X into a fibration over GY/P with all fibres iso-
morphic to ¢Up. To show that X is irreducible it is enough to notice that ¢ is
irreducible. Since Y* = ¢ (X%), we see that Y* is irreducible. The statement
about dimension is a special case of Lemma 7.16(b). This proves (a).

Let f be an irreducible L-equivariant local system on ¢ and let £ be the inverse
image of f under S — ¢,g — g,. Then £ € S§(5). We assume that (S,€) is a
cuspidal pair of L. )

Let Xg,€ be as in 5.6. Let K = IC(X,€) € D(X), K* = IC(X,€) € D(X).
Let K% = K|xw, K** = K*|xw. Define E in terms of L, S, as in 7.10.

Let Np be the set of all pairs (c, F) where c is a unipotent G°-conjugacy class
in D and F is an irreducible G%-equivariant local system on ¢ (up to isomorphism).
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Proposition 8.2. (a) The restriction map Endp vy (1K) — Endppe) (Y K©) is
an isomorphism.

(b) For any p € Irr E, there is a unique (¢, F) € Np such that (V1K) ,|yw[do] is
IC(e, F)[dimc] regarded as a simple perverse sheaf on Y (zero outside €). More-
over, p+— (¢, F) is an injective map v : Irr E — Np.

(¢) The map v : Irr E — Np in (b) depends only on (L, S,E) and not on P.

We prove (a). As in 7.14 we have a decomposition 1K = @ ey, g p © (1K),
where (¢1K),[dimY] are simple perverse sheaves on Y. Restricting to Y* and
using Lemma 7.16(c) we obtain a decomposition Y K = @ ,c1,, g # @ (V1K) p|ye.
Hence the map in (a) factorizes as

Endp (1K) = @ Endpey)(p® (h1K),)
pElrr E

b c
= P Endpe)(p® (1K),ly.) = Endp g (47 K*)
pElrr E

where ¢ is injective. We have b = @@ , bp where
by : End(p) ® Endp (3 (1 K),) — End(p) @ Endp (yw) (V1 K),lyw)
is injective. (We use that Endpy)((11K),) = Q C Endpye) (11 K),lyw), since
(0 K),lye # 0 by Lemma 7.16(¢)). Hence b is injective, so that the map in (a) is
injective. It remains to show that
dim Endp(yw) (1" K*) = dim Endpy) (1 K).

We have

dim End g (0 K*) = dim HY(P*, o2 K*[do] @ D(0? K*[dy])

= dim HO(V, 62 K[do] & v K™ [do]) = dimm 20 (7%, g K @ v K*°)

= dim H;™(Y*, 0 K @ phK*) =dimZ, = Y dim "7,

weEWs

(The first equality follows by the argument in [L3] II, 7.4] applied to the semisimple
perverse sheaf ¥ K“[dg] on Y*; see Lemma 7.16(d). The second equality holds
since ¥* is proper. The third equality is obvious. The fourth equality follows from
Lemma 7.16(c). The fifth equality holds by definition. The sixth equality follows
from Lemma 7.6 and Lemma 7.11.)

Let w € Wg. As in the proof of Lemma 7.8 we have

Py = HZAmS724m (e § @ Ad(n,,")']) = HZ™ (e, f @ Ad(n,,")").

Since ¢ is irreducible and f is an irreducible local system, this is 1-dimensional if
Ad(ngl)*f 2§ (or equivalently, if Ad(n,!)*€ = &) and is 0, otherwise. We see that
Y dim P T, = [We| = dimE

weEWsg
(see 7.10). It is then enough to show that dim Endpy) (11 /) = dim E. This follows
from the fact that Y1 K = IC(Y, mE) (see Proposition 5.7) and End(IC (Y, m€)) =

End(m&), by the definition of an intersection cohomology complex. This proves

(a).
From the proof of (a) we see that both b and ¢ are isomorphism. It follows that
the perverse sheaf (1 K),|y[do] on Y* (see Lemma 7.16(d)) is simple and that,
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for p,p’ € Irr E, we have ({0 K),|yw[do] & (W1 K)y|yw[do] if and only if p = p'.
Since the simple perverse sheaf (V1K) ,|y.[do] is G%-equivariant and Y* is a union
of finitely many unipotent G°-conjugacy classes, we see that (¢1K),|y«[do] must
be as in (b).

In the definition of v in (b), P enters through the use of YW K. However ¢ K
may be replaced by IC(Y, m&) which does not depend on P. This proves (c). The
proposition is proved.

Remark. A result as in (b) first appeared in [L8| in the case where G = G L, (k);
it was conjectured to hold for general connected G (for P a Borel) in [L8, p. 177]
and later proved (for P a Borel with k of characteristic 0) in [BM]. For general P
and G connected it was proved in [L2].

Lemma 8.3. Let ° : Xg — Y be the restriction of 1 : X — Y. Let (¢, F) € Np,

2d = dy —dimc. The following four conditions are equivalent:

(1) (c,F) =~(p) for some p € Irr E (notation of Proposition 8.2);

(ii) ¢ C Y and F is a constituent of the local system (H?*)IE)|c;

(iii) ¢ C Y and F is a constituent of the local system (H*)K)|c;

(iv) f is a constituent of the local system HI™e=dimefiT on ¢ where f : ¢ N
¢Up — ¢ is the restriction of pr1: LUp — L.

We first show that
(a) the homomorphism (H?*4)EE)|c — (H*h K)|c induced by the imbedding

Xg C X is an isomorphism.

It is enough to show that for any g € c, in the natural exact sequence

H2 77 (9) N (X = Xs), K) L B2 (071 (9) 1 X, &) — HZ (7 (9), K)
— HZ(y™ 1 (g) N (X = Xs), K),

(b)  frHZX' (W N g) N (X — Xg), K) — H2 (v~ (g) N X, E) is zero, and

() HZ (™ (g) N (X = Xs),K) = 0.

The argument is similar to one in Lemma 7.6. For any stratum " of L contained
in S let Xg be as in 5.6. We prove (c). Using the partition

(d) PN (X - Xs) = |J @ 9N Xs)
S'#8
we see that it is enough to show that H24(v)"1(g) N Xg/, K) = 0 for any S’ # S.
Using the hypercohomology spectral sequence we see that it is enough to show that
Hi(p  (9)N Xs, H'K)#0 = i+j<2dfor S' #8S.
If this last group is non-zero we would have
i <2dim(y(g) N Xg) < 2d — (dim S — dim S”)

(see 4.2(b)) and j < dim X — dim Xg = dim S — dim S’ (by the definition of K,
since S’ # S) hence i + j < 2d, as desired. This proves (c).

To prove (b) we may assume that k is an algebraic closure of a finite field F,
that G' has a fixed Fg-structure with Frobenius map F' : G — G, that P,L,S
(hence X) are defined over F,, that any stratum S’ as above is defined over F,
that F(g) = g and that we have an isomorphism F*& = &£ which makes £ into a
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local system of pure weight 0. Then we have natural (Frobenius) endomorphisms
of H24= (=Y (g)N(X — Xs), K), H* ("1 (9)N Xg, E) compatible with f. To show
that f =0, it is enough to show that

(e) H24(xp~1(g) N Xg,E) is pure of weight 2d;

(f) H2=1(4p=1(g) N (X — Xg), K) is mixed of weight < 2d — 1.
Now (e) is clear since dim(¢~1(g) N Xg) < d (see 4.2(b)). We prove (f). Using the
partition (d) we see that it is enough to prove that

H* 7 (p=(g) N (X ), K) is mixed of weight < 2d — 1 for any S’ # S.

Using the hypercohomology spectral sequence we see that it is enough to prove that
if 4,7 are such that 2d — 1 =i + j then H(¢)~(g) N X/, H/ K) is mixed of
weight < 2d — 1 for any S".

By Gabber’s theorem [BBD), 5.3.2], the local system H7 K on X is mixed of weight

< j. Using Deligne’s theorem [BBD) 5.1.14(i)], we deduce that

HiW ' 9)NXs, HK)

is mixed of weight < i + j = 2d — 1. This proves (a). In particular, conditions
(ii),(iil) are equivalent.
Now (H?¥K)|e = (H™ 4m <, K [do])|c is isomorphic to

P o eH MmeucE, F)dind])e
pelr E
where (¢, F') = v(p’). The sum may be restricted to those p’ such that ¢ C ¢’
If ¢ # ¢/, then H~4me[C(e/, F/)[dim ¢']|c = 0, by the definition of an intersection
cohomology complex, while if ¢ = ¢/, we have H~4™¢[C(¢/, F/)[dimc']|. = F'.
We see that
(8) (H*H )| = b o eF.

p'€lrr Eyy(p')=(c,F’)

Hence conditions (i) and (iil) are equivalent. B
If (iv) holds, then we have automatically ¢ N SUp # 0 hence ¢ C Y. The
equivalence of (ii),(iv) is a special case of the equality (a) in 8.4 applied to the

diagram V L2y I ¢ where

V' ={(g9,2P) € c x G°/P;z " gr € <Up}, V = P\(cxG?)

with P acting by p : (y,z) — (7(p)ym(p)~', zp~") where 7 is pry : NP = LUp —
L and

fa(g,zP) = P-orbit of (w(z gx),z), fi(9,2P)=g.
The G%-actionson V by ¢’ : (y,2) — (y,¢'z),on V' by ¢’ : (g,2P)— (¢'gg’ 1, g’z P)
and on ¢ by ¢’ : g~ g'gg’ ™!, are compatible with fi, fo and are transitive on V
and c. We take

1 1 1
d=w-— idimc) —(vp — idimc),dg = i(dimc—dimc).

Then all fibres of f; have dimension < d; and all fibres of f; have dimension < do;
see 4.2(a),(b). We set N =d; +dimc =dy +dimV. Let & = F. Let & be the
local system on V whose inverse image under ¢ x G° — V is f ® Q.
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8.4. Let H be a connected algebraic group and let H1, H> be two closed subgroups
of H. Let V' be an algebraic variety with action of H. Let f; : V! — H/Hy,
fa: V! — H/Hj be two H-equivariant maps. Let e; = dim H/Hy, es = dim H/H».
Let N be an integer such that all fibres of f; have dimension < N —e; and all fibres
of fy have dimension < N — es.

Let & be an H-equivariant irreducible local system on H/H;. Let & be an
H-equivariant irreducible local system on H/Hs. Then A; = HQN_Qelfl!(fQ*é’g)
is an H-equivariant local system on H/H; and Ay = H*N=2¢2 f5,(fF&;) is an H-
equivariant local system on H/H>. We have the following result.

(a) The multiplicity of &1 in Ay is equal to the multiplicity of 2 in As.

These multiplicities are equal to

dim H?* (H/Hy, A1 ® &), dim H?*2(H/Haz, Ay @ &)
respectively. It is enough to show that §
(b) HZW(H/Hy, Ay @ &) = HN(V', f{€ © f5E2),
(c) H22(H/Hy, Ay @ €2) = HIN(V', i€ ® f3&a).
(Indeed, dim H2N (V', f1 & ® f3&2) = dim H2N (V| f1£1® f5&2) since dim V' < N.)
We have
HZN(V f1€ ® f3€) = HZN(H/Hy, fu(fié @ f56))
= H;N(H/Hy, & @ fufs€) = H;" (H/Hi, & @ HN 72 f1, f36,)
where the last equality comes from a spectral sequence argument. This proves (b).
The proof of (c) is entirely similar. This proves (a).

8.5. In this subsection we preserve the setup of 7.4. Let ¢/5 : X% — Y’ be
the restriction of ¢/ : X' — Y. Let ¢"5" : X%, — Y" be the restriction of
¢’ X" — Y". Assume that 8" =9 29,¢|, 8" = 9" 29,/ where ¢} is a unipotent
L’-conjugacy class and c/ is a unipotent L”-conjugacy class. Assume that £ (resp.
E") is the inverse image under S’ — ¢ (resp. S” — ¢Y), g — gu, of an irreducible
L’-equivariant (resp. L”-equivariant) local system on ¢} (resp. cf). Assume that
(c,F) € Np satisfies:

F is a constituent of the local system (H2% ¢S &),

F is a constituent of the local system (H2" ¢"5"E")|c,
where d =v — v — %dimc + %dimc’l, d'"=v—vpn — %dimc + %dimc”.

Lemma 8.6. In the setup of 8.5, the triples (L', S’,&"),(L",S5",E") are conjugate
under an element of G°.

We have (H2 'S _é’)|c = ((H?¥ /5" E")|e) as local systems on c. (Indeed, for
any z € ¢ we have H24 (¢/5")~1(z), &) = H2¥ ((¢/5") " (z),&")* (dual space) since
dim(y’5") " (z) < d'.) Hence F' is a direct summand of (H2%'5'E")|. and Q; is a
direct summand of (H2¥ ¢S & @ H2¥ 5" E")|e. Tt follows that
(a) HZA™e (e, (PP E @ 10 EN)|e) # 0.

Let
3% .50 ={(g,2'P',a"P") € G x G°/P' x G°/ P";
g unipotent ,z' ‘gz’ € S'Upr, 2" "1ga" € S"Upn},
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a special case of 3(5,’5” in 7.4. We have a partition
(b) ,?)Lgvysu - USCS/,S”
c/

where ¢’ runs through the unipotent G°-conjugacy classes in D and
3%’/’511 = {(g,xlpl,x/lp/l) € Sgl’su;g € C/}.

From (a) and the Leray spectral sequence of pr; : 3%/ gn — c all of whose fibres
have dimension < d’ + d”’, we deduce

H21(3, 6, & WE") #0

where dy = d' + d" +dimc = 2v — v — v + 1(dimc} + dimcf). Using this and
the partition (b) where dim 3%, 5, < do (see 7.5(a)) we deduce

H21(3%, 5., & WE") #0,

see 7.1(b). In other words, 7, (see 7.5) is # 0. By the argument in the proof of
Lemma 7.9 we see that there exists a G%-orbit E on G°/P’ x G°/P" such that
BT, # 0. Using Lemma 7.8 and its proof we see that there exists n € G° such
that (P',nP") € E,n~'L'n = L" ,n='S'n = S” hence n~'cin = ¢/ and 7, =
HZ™ (e, E'®Ad(n~1)*€"). Since this is # 0, the restriction of &' ® Ad(n~!)*€”
to ¢ contains Q; as direct summand. Hence &'|¢; = Ad(n™')*E”|c,. Using our
assumptions on £, E” we deduce that £’ = Ad(n~1)*£”. The lemma is proved.

8.7. Let NV} be the set of all pairs (¢, F) in Np such that (P ZZ,c, QK F) is a cus-
pidal pair for G (see 6.3); here we identify ngo X C = DZgoc using multiplication
in G.

The following three conditions for (¢, F) € Np are equivalent:

(i) (e, F) € Np;
(ii) for any proper parabolic P of G° and any g € ¢ NgP we have
Hcdimc—dimd(c ) gUP7]:) =0
where d is the P/Up-conjugacy class of the image of g in NoP/Up.
(iii) for any proper parabolic P of G° and any unipotent P/Up-conjugacy class
d in NgP/Up we have HYme—dimdp T — (0 where h : cN7~1(d) — d is
the restriction of the obvious map m: NP — NgP/Up.

Clearly, if (i) holds, then (ii) holds. Assume now that (ii) holds. We show
that (i) holds. Let g € cN NgP,z € P22, Let d be as in (ii). We must
show that Hdme-dimd(PZ0 ¢ 2gUp, QK F) = 0. This follows from (ii) since
DZgocﬂngp = z(cNgUp). (We use the fact that gu is unipotent for any u € Up.)
The equivalence of (ii),(iii) is clear.

Lemma 8.8. Let (¢, F) € Np. There exists a quadruple (P, L,c,f) such that (i)-
(i) below hold:
(i) P is a parabolic of G° with Levi L, ¢ is a unipotent L-conjugacy class in
L = NgL N NgP with ¢ C D and | is an irreducible L-equivariant local
system on c.
(ii) (c,f) € NP where § is the connected component of L that contains c;
(iii) f is a constituent of the local system HYMe—dime £ 7 on ¢ where f : ¢ N

¢Up — ¢ is the restriction of the projection LUp — L.
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We can clearly find a quadruple (P, L, ¢, f) so that (i) and (iii) hold. For example,
we can take (P,L,c,f) = (G° G° c,F). We can further assume that dim P is
minimum possible. We show that in this case, (ii) is automatically satisfied. Assume
that (c,f) ¢ N2. Then there exists a parabolic P’ of G strictly contained in P and
a unipotent element y € Ng P’ /Up: such that Hdme=dimd(cqz/=1(y) §) £ 0 where
d is the P’/Ups-conjugacy class of y in NgP'/Up: and 7' : NP’ — NgP'/Up: is
the obvious map. It follows that

Héiim c—dimd(c N W/_l(y), Hdim c—dim Cf!f) 7& O7

(f as in (iii).) Using the Leray spectral sequence for the map f~!(cN7'~1(y)) =
cNclUpNa’~L(y) — cna’~L(y) (restriction of f) all of whose fibres have dimension
< 1(dimc — dime) (see 4.2(a)) we deduce

gdme—dimd(c A 7p N7’ (y), F) # 0.

We have a partition ¢ N7’ ~!(y) = J,,(c N ¢Up N 7'~ !(y)) where ¢’ runs over the
unipotent L-conjugacy class in . Since dim(cN¢'UpN7'~!(y)) < 1(dim ¢ —dimd)
(see 4.2(a)) we deduce

Hglimc—dimd(c N 7_‘_l—l(y)7 ]:) 75 0.

(We use repeatedly 7.1(b).) Hence there exists an irreducible constituent Fj of the
local system Hdime—dimd 17 o d where f/: cN7'~1(d) — d is the restriction of
7. Using the minimality of dim P we see that dim P < dim P’. Since P’ C P, we
have P’ = P. This contradiction proves that (ii) holds. The lemma is proved.

8.9. Let Mp be the set of all quadruples (P, L, c,f) that satisfy conditions (i),(ii)
in Lemma 8.8. Let Mp be the set of all triples (L, ¢, f) such that (P, L,¢c,f) € Mp
for some P.

Now G acts by conjugation on Mp; let G\ Mp be the set of orbits. By
associating to (c,F) € Np the triple (L,¢,f) (part of the quadruple (P, L,c,f)
described in Lemma 8.8) we obtain a map

Q)D :ND — GO\MD;

the fact that ®p is well defined follows from the equivalence of (ii),(iv) in Lemma
8.3 and from Lemma 8.6. For any (L, ¢,f) € Mp, we have a natural bijection

It E «— &L, ¢, )
(the restriction of v in Proposition 8.2(b), where S, £ is related to ¢, f as in 8.1).

9. A RESTRICTION THEOREM

9.1. In this section we extend the results in [[L2] §8] to the disconnected case. Let
D be a connected component of G. Let (P, L, c,f) € Mp. Let P’ be a parabolic of
G° such that P C P’ and P’ is normalized by some element of D. Let L’ be the
unique Levi of P’ such that L C L. If g € ¢, then g normalizes P and gP’g~"' is in
the G%-orbit of P’; also both gP’¢g~' and P’ contain P hence gP'g~' = P’. By the
uniqueness of L' we have also gL’g~! = L’. Thus, ¢ C L' where L' = NoL'NNgP'.
Let § be the unique connected component of NgL N NgP that is contained in D.
Then ¢ C 6. Let S =?22%¢c. Define £ € S(S) by £ = Q; K. Let D’ be the unique
connected component of L’ that is contained in D. Define E in terms of L, S, &, G
as in 7.10. Define E’ just like E, but in terms of L, S, &, L.
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Let Y = Yz g C D (relative to G). Let 7 : Y =Y, s — Y (a principal Wg-
bundle) be as in 3.13. Let Wi = {n € Np,L;nSn~* S}/L (a subgroup of Wg)

and let 171 WS\Y Then 7 is a composition y = Y1 T, Y where 7 is the
obvious map and 7" is induced by 7. Let S* be as in 3.11 and let 'S* be the
analogous set when G is replaced by L’. Note that S* is an open subset of S
containing S*. We have a commutative diagram with cartesian squares

y 1 goxy \ 2%
w’l (Lq/)l q'l 'ql
v, L g0y Y ry

where ~

'Y ={(h,zL) e L' x L' /Lyx~'hx € 'S*},

/Y:U;cEL/ x'S*x’l, ~ ~

'q is (h,zL) — h, the analogue of 7 : Y — Y when G is replaced by L', (a
prm(:lpal We- bundle)

= {(h,zL) € L' x L' /L;z " he € S*} (an open dense Wi-stable subset of
7, )

Y’ = Wg\Y’ (an open subset of 'Y),

¢’ is the restriction of 'g,

f(g,(h,zL)) = (ghg~!, gxL) (a principal L’-bundle),

/' is defined by the commutativity of the left square (a principal L’-bundle),
and the unnamed maps are the obvious ones. )

Let € be the local system on Y defined in 5.6; let £’ be the analogous local system
on 'Y (with G replaced by L'). The inverse image of &' under GOxY' =Y =Y
equals f*E hence the inverse image of ‘g’ under G xY' — Y — 'Y equals
J/*(w[€). Since f’is a principal L-bundle, G® x Y’ — Y” is a principal G°-bundle
and Y’ — 'Y is an imbedding of an open dense subset, we have canonically

End('¢&") = End(f"*(7€)) = End(x|€).
Since E' = End('¢€’), we see that
(a) E' = End(r(€).
It follows that
me = @ P& (mE)y
p'€lrr E/
where (7€), are irreducible local systems on Y;. (See 7.14.) The obvious algebra
homomorphism End (7€) — End(n}'(m&)) = End(m &), that is, B’ — E, maps the
summand E/ (w € Wg) of E/ isomorphically onto the summand E,, (w € W C
Ws) of E; hence it is injective. We use this to identify E’ with a subalgebra of E.

Recall from 7.14 that m& = Dcrr e P ® (m€), where (m€), is a local system
on Y. We have

5*7T]7T|£— @ p®7T )

p'€lrr E/
hence

7' (m€) ) = Homg: (o', mE) = Homg (¢, @ p® (mE
pElrr E
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We see that
(b) m'(m€)y) = @ Homg (p',p) @ (mé),.

pelrr E

9.2. Let }7 be the closure of Y in D. Let 'Y be the closure of ’Y; in D’. Let
1 : X — Y be asin 3.14. Let X1 = {(9,2P') € Gx G°/P';2 gz € 'YUp:}. Then

1) factors as X ¥, X1 Y, ¥ where V'(g,2P) = (g,zP"),¢¥"(g,zP’") = g. Clearly,
W', " are proper, surjective. We have a commutative diagram

’

y v, Y
jol le{ sz{
x Y ox Yy

where j3 is the obvious imbedding (as an open set), jo(g,2L) = (g,2P) (an isomor-
phism of Y with the open subset Y~ HY) of X, see Lemma 5.5) and j17'(g, 2P) =
(g,2P’). Now j; is an isomorphism onto the open subset " ~}(Y) of X;. (We
show only that j; is a bijection Y7 == ”~1(Y). Since ¢’ is surjective and
Y =(Y),Y =4 (Y), we have j; (Y1) = ¢/ (Y) = 4"~ (Y). To show that j; is in-
jective, it is enough to show that, if two points (g, zL), (¢', 2'L) of Y have the same
image under ¢, then they are in the same Wg-orbit. We have g = ¢, 2’ = xp’ where
p’ € P'. From Lemma 3.13 we see that 2’ = 2n~! for some n € NgoL,nSn™! = S.
We have n~! = p/. Since n normalizes L and P’, it also normalizes L’ (by the
uniqueness of L'). Since NgoL' N P’ = L, we have n € L'. Thus (g,zL), (¢’,2'L)
are in the same Wg-orbit, as required.) Note also that Y; is smooth (since Y is
smooth). We identify Y,Y1,Y with open subsets of X, X1,Y via jo, j1,j2. We have
a commutative diagram with cartesian squares

X P1 X/, p2 X/

v| ‘| g
X1 <p—3 GOXUPIX/Y L) /Y
where
X' ={(h,x(PNL)) el xL'/(PNL);z *hz € S(Up N L")},
X" ={(g1,q,2P) € G° x NgP' x P'/P;x"qx € SUp},
p1 is (g1,¢,2P) — (91997, g12P), a principal P’-bundle,
p2 is (g, w1} P) — (I',l),(PN L") with I’ € L',l, € L',u' € Up, a principal
G° x Ups-bundle,
p3 is (g1, u, h) — (glhugfl,glP’), a principal P’-bundle,
p4 is (g1,u, h) — h, a principal G° x Up,-bundle,
"t is (hya(PN L)) h,
¢ is (g1, '/, I} P) — (g1, 1), with I’ € L', I} € L' ,u' € Up».
Since ps, p4 are principal bundles with connected group we have p5IC(X, p{g) =
piIC(Y,'q€"). (Both can be identified with IC(G® x Ups x 'bY, QK Q; K '¢:&").)
Let K, K* € D(X) be as in 5.7. Let K’ € D(X’) be the analogous object (with
G replaced by L'). From the definitions we have pjK = p3K’. From the com-
mutative diagram above it then follows that piyi K = pi ('t K') = piIC('Y, &)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CHARACTER SHEAVES ON DISCONNECTED GROUPS, II 95

(the last equality comes from Proposition 5.7 for L’ instead of G) hence piy|K =

p3IC (X1, p€). Since ps is a principal P’-bundle we see that
YK = IC(Xq,mE).
From this and 9.1(a) we see that End(¢K) = E' and Y/ K = D, ¢y g £/ © (V1K)

where

(a) (WK)y =IC(X1, (7€) ).
We now show

(b) VU K) = IC(Y 7 (71€) )

for any p’ € Irr E’. From (a) we see that ¢’ (| K) |y is the local system 7' (m|E) .
Since 9" is proper, (b) is a consequence of (a), of the assertion (c) below and the
analogous assertion with K replaced by K™*:
(¢) For any i > 0 we have dim suppH* (¢ (V| K),) < dimY — i.
This is checked as follows. We have
suppH’ (U1’ (W K) ) C suppH’ (4] (¥ K)) = suppH’ (11 K)

hence (c) is a consequence of a statement in the proof of Proposition 5.7. Thus, (b)
is verified. Combining (b) with 9.1(b), we see that for any p’ € Irr E' we have

(d) V(W K)y = @ Homg/ (p', p) @ (V1K) .

pElrr E

(Recall from 7.14 that K = @ ¢y, g P © (Y15, where (1K), = IC(Y,(mé),).)

9.3. Let (¢, F) € Np, (c/, F') € Np,. (In particular, c is a unipotent G°-conjugacy
class in D and ¢’ is a unipotent L’-conjugacy class in D’.) Let

1
dy =2vp —2vp +dimc,d =v — v — E(dimc—dimc).

Let ®p : Np — GO\Mp be as in 8.9. Let ®pr : Npr — L'\ Mp: be the analogous
map (with G replaced by L’). We assume that ®p(c,F) is the G%-orbit of (L, «, )
and that (c, F) corresponds to p € Irr E (see 8.9). We assume that ®p/(c’, F’) is
the L’-orbit of (L,c,f) and that (¢/,F’) corresponds to p’ € Irr E’ (see 8.9). Let
X% = {(g,2P’) € X'; g unipotent},

R={(9,xP") € Gx G°/P';2 gz € dUp} C X¥.
We show that
(a) supp(Y{K)y N XY C R.
Let (g,2P") € supp(¢/K), N X{. The isomorphism p5ii K = pi("¢rK’) in 9.2 is
compatible with the action of E’. Hence p5(¢ K), = pi( ¥ K'), and

P (supp(V{K) ) = pi* (supp(‘r K) ).

Hence there exists (g1,u,h) € X" such that (g,2P’) = (g1hug; ', 1 P') and h €
supp('yK”’),/). Since g is unipotent, hu is unipotent hence h is unipotent. Now a

unipotent element in supp('¢hK’), ) must be in € since, by Proposition 8.2 (for L
instead of G),

(b) (" K'), restricted to the unipotent set in D' is IC(¢/,F')[dimc’ — df]
(extended by zero outside T ).
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Thus, h € ¢. We have x = gip’ for some p’ € P’ and g = gihug;'. Hence
x gz = p'hup’~! € ¢Ups and (g,2P’) € R. This proves (a).

We have a partition R = | J_, Rev where ¢” runs over the unipotent L'-conjugacy
classes in ¢’ and Rev = {(g9,2P") € Gx G°/P';27 gx € ¢"Up:}. Then R’ := R is
open in R. Clearly, p; '(R) = p; '(¢') = G° x Ups x & and p; '(Rer) = p; ' (c") =
GO X Upr x c.

Let F’ be the local system on R’ whose inverse image under p; : G x Ups x ¢/ —
R’ equals the inverse image of F/ under ps : G° x Upr x ¢’ — c'.

Since p1, p2 are principal bundles with connected group it follows that the inverse
image of IC(R, F') under p; : G x Ups x & — R equals the inverse image of
IC(e,F') under py : GO x Upr x € — €. It follows that

(¢) (WK)y|xe =1C(R, F')[dim ¢’ — dj] (extended by zero outside R).
(Using p3 this is reduced to (b).)

For any subvariety 7' of X; we denote by 7" : T — Y the restriction of

P’ XY =Y toT.
Proposition 9.4. In the setup of 9.3, let d = 1(dimc — dimc'),n=v—v —d.
The following five numbers coincide:
(i) dim Homg (o', p);
(ii) the multiplicity of F in the local system L1 = H2*2(b{' (Y[ K)p)les
(it) the multiplicity of F in the local system Lo = H*"(rY{' IC(R, F'))le;
(iv) the multiplicity of F in the local system
£ = K (i TOR,F)e = 1 (bl F)es

(v) the multiplicity of F' in the local system H2¥ (fi,F) where f : ¢/UpNec — ¢
is the restriction of pr1 : L'Upr — L.

The proof will be given in 9.5-9.7.

9.5. From Lemma 8.3(g) we see that, for p € Irr E, the multiplicity of F in the
local system (H?(¢1K)z)|c is 1 if p = p and is 0 otherwise. Hence from 9.2(d) it
follows that the numbers (i),(ii) in 9.4 are equal. )
We show that £; = L3. By 9.3(c) we may replace IC(R,F') in Ly by
() | [ dime’ + g,

so that L2 = H*(rp{' (Y{K)p|R)|c. (We have 2n = 2d+dim ¢’ —dj.) It is enough
to show that (x,—m)¥)"((¢/K)y|x,~r)|lc = 0. Assume this is not true. Then there
exist (g,2P’) € X; — R such that g € ¢ and (g,zP’) € supp(¢|K),. Since g

is unipotent, this contradicts 9.3(a). We see that the numbers (ii),(iii) in 9.4 are
equal.

9.6. We show that L5 = L3. For any g € ¢ we consider the natural exact sequence

H2 (" Y g) N (R~ R'), (W K)y) S H2(W" " (g) N R, (YK),)
— H2' (" g) N R, (Y K)y) — HZ (" g) N (R=R), (Y1 K),).

It is enough to show that the the middle map is an isomorphism. It is enough to
show that H24(¢" "1 (g)N(R—R'), (¢{K),/) = 0 and that £ = 0. By 9.3(c) we may
replace (Y| K)y|xe by IC(R,F')[dimc’ — dy]. We see that it is enough to show
that
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(a) H>"(¢"'(g)N(R— R'),IC(R,F')) =0 and that
(b) HZ'"L(@"~(g) N (R— R'), IC(R, F")) & H2"(4"~1(g) N R/, IC(R, 7)) is
Z€ero.

From Proposition 4.2(b) we have

(c) dim(¢" "' (g) N Rev) < v — v — (dime — dime”)
for any L’-conjugacy class ¢” in ¢’.

If the cohomology group in (a) is non-zero, then, using the partition

(d) ¥ Hg) N (R = R') =Uerpe (¥""H(g) N Rer)
we see that H2"(¢"~1(g) N Rer, IC(R, F')) # 0 for some ¢” # c¢’. Hence there
exist 4,7 such that 2n = i+ j and H(¢"~"(g) N Rev, H/(IC(R,F"))) # 0. Tt
follows that i < 2dim Rev. The local system H7(IC(R,F'))|r,, is # 0 so that
R C supp’Hj(IC’(R,]:"’)) and dim Rer < dim R — j. It follows that i + j <
2dim Rev +dim R — dim Rer = dim R+ dim Rer < 2n (we use (c)) in contradiction
with ¢ + j = 2n. This proves (a).

To prove (b) we may assume that k is an algebraic closure of a finite field F,
that G has a fixed F ;-structure with Frobenius map F': G — G, that P, P, L, L', S
(hence X1,4¢") are defined over Fy, that any ¢” as above is defined over F, that
F(g) = g and that we have an isomorphism F*F’' — F’ which makes F’ into a

local system of pure weight 0. Then we have natural (Frobenius) endomorphisms
of

21 (9) 0 (R~ R, IO(R, '),
HZ(" " (9) N R IC(R, F1)) = HE'(4" ™ (9) N R, F)
compatible with £. To show that £ = 0, it is enough to show that
(e) H2"(¢/"~(g) N R',F') is pure of weight 2n;
(f) H 1(y""Yg)n (R - R),IC(R,F’)) is mixed of weight < 2n — 1.
Now (e) is clear since dim(¢)”~1(g) N R’) < n (see (c)). We prove (f). Using the
partition (d) we see that it is enough to prove that
H* 1”1 (g) N Rer, IC(R, F')) is mixed of weight < 2n — 1 for any ¢” # c’.

Using the hypercohomology spectral sequence we see that it is enough to prove:
if 4, j are such that 2n — 1 =i + j, then H(¢"~1(g) N Rer, HI (IC(R, F')))
is mixed of weight < 2n — 1 for any ¢”.
By Gabber’s theorem [BBD, 5.3.2], the local system H’(IC(R,F’)) is mixed of
weight < j. Using Deligne’s theorem [BBD)|, 5.1.14(i)], we deduce that

H (4" (9) N R, H(IC(R, F")))

is mixed of weight < i+ j = 2n — 1. This proves (b). We have shown that Lo = Ls.
It follows that the numbers (iii),(iv) in Proposition 9.4 are equal.

9.7. Consider the diagram V L % 11, ¢ where

V' ={(g9,2P') €cx G°/P;x7 gz € Up:/} =" L(c) N R,

V = P'\(c' x G)
with P’ acting by p’ : (y,z) — (x(p")yn(®’)" ', zp’~1), 7 is pr1 : L'Up — L/,
fa(g,xP") = P'-orbit of (n(z~'gx), ), fi(g,2P") = g.

1
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The GC-actions on V by ¢’ : (y,2) — (y
(999", g’xP") and on c by ¢’ : g — g'gg'~
are transitive on V and c.

Then all fibres of fi; have dimension < n and all fibres of f; have dimension
< d'; see 4.2(a),(b). We set N =n +dimc = d + dimV. We apply 8.4(a) with
& = F and with & the local system on V whose inverse image under ¢’ x G° — V
is 7/ ® Q;. We see that the numbers (iv),(v) in Proposition 9.4 are equal. This
completes the proof of Proposition 9.4.

gx), on V' by ¢ : (g,2P’) —

1 are compatible with fi, fo and

9.8. In the setup of 9.3, we now drop the assumption that

(a) ®p(c,F) is the G-orbit of (L, ¢, §)
and replace it by the assumption that the multiplicity in Proposition 9.4(v) is non-
zero. We show that in this case (a) automatically holds.

Our assumption implies that fiF in Proposition 9.4(v) is non-zero. In particular,
c'Up Nc # ) hence 'YUp Nc # ). We have 'YUp, C Y hence Y Nc # 0
and ¢ C Y. Then the arguments in 9.5-9.7 still show that the multiplicities in
Proposition 9.4(ii),(iii),(iv),(v) are equal and in particular, they are all non-zero. It
follows that the multiplicity of JF in the local system H2¢(¢{' (Y] K))|c = H* (1 K)|c
is non-zero. We now use the equivalence of (i) and (iii) in Lemma 8.3; our assertion
follows.

10. PREPARATORY RESULTS

The following result is a generalization of known results from the connected case
to the disconnected case. Thus, (a)—(c) generalizes [L2), 2.9], (d) generalizes [HS]
Prop.3] and (e) generalizes [[.2, 9.3].

Lemma 10.1. Let P be a parabolic of G° with Levi L. Let g € L = NgL N NgP.
Let (g) be the G°-conjugacy class of g. Let {g)1, be the L-conjugacy class of g. Let
F={vgv ;v € Up}. Let V. =Zz(9)°/(Za(g)° N P). Then:

a) F is an irreducible component of (g)NgUp of dimension %(dim(g)—dim(g)r);

(e) if P # G° and g is unipotent then (v — 3 dim(g)) — (vp — 3 dim{g)z) =
dim Zyr,. (g) > 0.

We prove (a). From the semidirect product decomposition P = LUp we obtain
a semidirect product decomposition Zp(g) = Z1.(9)Zu,(g). Hence

dim Zp(g) = dim Zz(g) + dim Zy,. (g).

Exactly the same argument shows that, if P’ is the unique parabolic of G° with
Levi L such that PN P’ = L, then dim Zp/(g) = dim Z(g) + dim Zy,, (g). (By the
uniqueness of P’ we have g € NgP’.) Consider the map

Zp(9)° x Zp(9)° = Za(9)®, (91, 92) — g12-

The pairs (g1, 92), (91, g5) are mapped to the same element in Zg(g)? if and only if
g = 9190, 9% = g5 "9} where go € Zp(9)° N Zp/(g)°. Note also that

Z1(9)° € Zp(9)° N Zp:(9)° C Zi(g).
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It follows that
dim Zg(g)° = dim Zp(g)° + dim Zp:(g)° — dim(Zp(9)° N Zp/(9)°) +5, (6 > 0)
hence
dim Z2(g) = dim Zp(g)° + dim Zp/(g)° — dim Z;(g)° + 6
() = dim Zy,. (9) + dim Zy,,, (g9) + dim Z.(9)° + 6.
Introducing here dim Zy,.(g) = dim Up — dim F' and the analogous equality

dim Zy,, (¢9) = dim Ups — dim F’

1

where F/ = {v/gv' 710" € Up/}, we obtain

dim Z&(g) = dim Up + dim Ups + dim Z(9)° — dim F' — dim F’ + 6
hence
(2) dim F + dim F’ = dim(g) — dim(g), + 0.

Now F is contained in (g) NgUp and is closed in gUp (it is an orbit of a unipotent
group action on an affine variety). By 4.2(a), any irreducible component of (g)NgUp
has dimension < $(dim(g) — dim(g)z). Hence dim F < %(dim(g) — dim(g).) and
similarly dim F" < 3(dim(g) — dim(g)z). Comparing with (g) we see that § = 0
and that F' (resp. F”) is an irreducible component of (g) NgUp (resp. of (g)NgUp-)
of dimension % (dim(g) — dim(g)r).

We prove (b). From the proof of (a) we see that dim Zg(g) = dim Zp(g) +
dim Zy,, (g) hence dim V' = dim Zy,, (g). On the other hand, we have

(v~ 5 dimig)) — vy, ~ 3 dim{g).)

(8) = 5(dimZa(g) — dim Z1(9)) = 5(dim Zu, () + dim Zo,, (g)).

(We have used (f) and the equality 6 = 0.) Hence to prove (b) it is enough to prove
the equality

(h) dim Zy, (g) = dim Zy,, (g9)-

This follows from the equality dim F' = dim F” in the proof of (a) and from the
equality dimUp = dim Up-.

We prove (¢). Let H = Zg(g) and let T = (Z;, N H). Then T is a torus
contained in H° hence Zyo(T) is connected. By 1.10(a) we have L = Zgo(T).
It follows that L N HY = Zyo(T) is connected hence L N H® C Zp(g)’. The
group Zg(g)° N P contains Zp(g)° as a subgroup of finite index. Let go be a fixed
element of Zg(g)° N P. From the proof of (a) we have § = 0 hence the set A of
all products g1g2 with g1 € Zp(9)°,92 € Zp/(g)° is constructible dense in Zg(g)°.
Hence goA is again constructible dense in Zg(g)° so that it must meet A. Thus
909192 = g1 95 for some g1, 91 € Zp(9)®, 92,95 € Zp:(g)°. Set Go = g1~ gogi. Then
Go € Zp(9)NZp(g)NHO hence go € LNHY C Z1(9)* € Zp(g)°. Thus, ¢} "*gog1 C
Zp(g)°. Since g1,9; € Zp(g)® it follows that go € Zp(g)°. Since go € Zc(9)° N P
was arbitrary we see that Zg(9)° N P C Zp(g)° hence Zg(g)° N P = Zp(g)°. This
proves (c).

We prove (d). Let T be a maximal torus of Z1,(¢g)°. By the first line in 1.4, the
(projective) variety of Borel subgroups of G° that are normalized by ¢ is non-empty.
Now T acts by conjugation on this variety. Since T is a torus, this action must have

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



100 G. LUSZTIG

a fixed point. Thus there exists a Borel B of G° such that g € NgB,T C B. Since
(ZL.N Zg(9))° C T, we have Zgo(T) C Zgo((Zr. N Za(g))°) = L (the last equality
follows from 1.10). From Zgo(T) C L we see that T is also a maximal torus of
Zc(9)°. Hence T is a maximal torus of Zp(g)°. Let R be a connected component
of Zp(g). If z € R, then x normalizes Zp(g)° hence 2Tz~! is a maximal torus
of Zp(g)? hence 2Tz~ = xoTay " for some zg € Zg(g9)°. Then z;'z € R and
o 12 normalizes T. Since T is a torus in the connected solvable group B, any
element of B that normalizes T" must centralize T". Thus z; Yo € Zgo(T) C L. We
see that any connected component of Zg(g) meets L. From the semidirect prod-
uct decomposition B = (B N L)Up we obtain a semidirect product decomposition
Z5(9) = Zpnr(9)Zus(g). Tt follows that Zp(9)° = Zpnr(9)° Zu, (9)°.

Let y € Zy,.(g). Since the connected component of Zp(g) containing y meets
L we have y'y = y" for some y’ € Zp(g)° and y” € L hence y’ € Zpnr(g). We
can write y' = yiy, where v} € Zpnr(9)°, ¥4 € Zu,(9)°. Hence yiyhy = v
and yhy = vy} 'y” € UpNL = {1}. Thus y = y4~! € Zy,(9)°. We see that
Zuw(9) C Zu,(9)° hence Zy,(9) = Zu,(g)°. This proves (d).

We prove (e). By assumption we have dim Up > 0. If k has characteristic p > 1,
then Ad(g) : Up — Up has order a power of p. We can find a finite subgroup U’
of Up of order p™ where n > 0 such that Ad(g)(U’) = U’ (for example we can
take U’ to be the group of rational points of Up over a suitable finite field). Since
the cardinal of any orbit of Ad(g) : U’ — U’ is 1 or a multiple of p it follows that
the number of fixed points of Ad(g) : U’ — U’ is divisible by p. Being # 0, it
is > 1. Thus Zy,(g) has at least 2 elements. Being connected (see (d)) it must
have dimension > 0. Assume now that k has characteristic 0. Let U’ be the centre
of Up. Then dimU’ > 0 and under an isomorphism U’ = k™, Ad(g) : U’ — U’
becomes a unipotent automorphism of k™, n > 0 hence it has a fixed point set of
dimension > 0. Thus the inequality in (e) holds. The equality in (e) follows from
(g) and (h).

The following result is a generalization of [L2], 2.8] to the disconnected case.

Proposition 10.2. Let (C,€&) be a cuspidal pair for G with € # 0. Let g € C.
Then Zc(9)°/(Zao N Za(g))° is a unipotent group.

Let T be a maximal torus of Zg(g)°?. Let L = Zgo(T). We can find x €
Hom(k*, GY) such that x(k*) C T and Zgo(x(k*)) = L. Let P = P, (a parabolic
of G° with Levi L, see 1.16). Now g normalizes P since it centralizes x(k*). Sim-
ilarly, g normalizes L. We shall use notation in Lemma 10.1. In particular, F' is
defined. Clearly, F' C C and &|F is a non-zero, Up-equivariant local system (for the
conjugation action of Up). Since this action is transitive and the isotropy group
of g is Zy,(g) which is connected by Lemma 10.1(d), we see that |p = Q" for
some m > 0. Hence H2°(F,€) # 0 where e = dim F = $(dim(g) — dim(g)). (See
Lemma 10.1(a).) Now there are only finitely many G°-conjugacy classes c1,. .., c;
that meet gUp and are contained in C' (the semisimple part of an element in c;
must be in the G°-conjugacy class of gs). These conjugacy classes have the same
dimension, and one of them is (g). Hence, by Lemma 4.2(a), we have

dim(c; NgUp) < %(dim(g) —dim{g)y) =e.

Hence dim(C N gUp) < e. Since F is a closed irreducible subvariety of C N gUp
of dimension e it follows that H2¢(C N gUp) contains a subspace isomorphic to
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HZ2¢(F,€) # 0 hence H*(C' N gUp) # 0. Since (C,€) is a cuspidal pair, it follows

that P = G° hence L = GY. Since L = Zgo(T), it follows that T C Zgo hence

T C (Zgo N Za(g))°. It follows that Zg(9)°/(Zg0 N Za(g))°? is a unipotent group.
The following result extends to the disconnected case results in [LS1], [L2), §7].

Lemma 10.3. Let P be a parabolic of G° with Levi L and let ¢ be a unipotent

L-conjugacy class in NoL N NgP. Let 1) : X* — Y be as in 8.1.
(a) Let c be the unique unipotent G°-conjugacy class in G such that ¢<Up N c
is dense in <Up. Then c is the unique unipotent G°-conjugacy class in G
which is open dense in Y*.

(b) GO acts transitively on p~1(c).

(¢) P acts transitively on ¢<Up N c.

(d) We have ctUpNc=cUpNec.

(e) Let g € ¢<Up Nc. Define g € NoL N NgP by gUp = gUp. The natural
map v : Zp(9)/Z2%(9) — Zao(9)/Zc(g)° is injective and the natural map
V' Zp(9)/Z5(9) — Z1(5)/Z1(5)° is surjective.

We prove (a). As Y is the union of the G’-conjugates of ¢Up which is contained
in the closure of ¢, we see that Y“ is contained in the closure of ¢. Since ¢Up C Y¥
and cUpNc # (), we see that Y* contains some point of ¢ hence it contains c¢. Thus
the closure of ¢ is equal to Y. Hence c is open dense in Y*. The uniqueness of
such ¢ follows from the irreducibility of Y (see 8.1(a)).

We prove (b). Clearly, ¥ : X¥ — Y¥ is surjective and by 8.1(a), X*, Y% are
irreducible of the same dimension. Hence all fibres of v : 1y ~1(c) — c are finite.
Now 1 maps any G°-orbit in ¥~1(c) onto ¢ since G is transitive on c; hence any
GY-orbit on 1 ~!(c) must have dimension equal to dim ¢ = dim Y = dim X* hence
it is dense in X“. It follows that any two G°-orbits on v~ !(c) must have non-empty
intersection, so that there is only one orbit on 1 ~!(c) and (b) is proved.

We prove (c). Let g, g’ be two elements of c<Up Nc. Then ¢’ = 2~ 1gx for some
r € G°. Since ¢’ € ¢Up, it follows that (g,zP) € ¥~*(c). By (b), (g,2P) must
be in the same G%-orbit as (g, P) € ¥~!(c). Hence there exists y € G° such that
ylgy =g, yP = 2P. Then y = 22,2 € P and g = z ‘2~ 'gzz = 27 '¢’z. Thus
g,g’ are conjugate under z € P and (c) is proved.

We prove (d). Let g € ¢UpNc,g € cUpNec. By (¢), gis P-conjugate to ¢'.
Since ¢Up N c is stable under P-conjugacy, it follows that g € ¢Up N c. Thus,
¢Up Nc C cUpNec. The reverse inclusion is obvious and (d) is proved.

We prove (e). Since dim~!(c) = dim ¢, the isotropy group of g in G° has the
same dimension as the isotropy group of (g, P) in G°. Thus Zgo(g) has the same
dimension as its subgroup Zp(g). It follows that Zg(g)° = Zp(g)°. Hence 7 is
injective. We show that +/ is surjective. By (a), gUp N ¢ is open in gUp. Being
non-empty, it is dense in gUp. Hence gUp N ¢ is irreducible. From (c) we see that
Z1,(g)Up acts transitively by conjugation on gUp Ne. Since gUpNc is irreducible it
follows that Z7,(g)°Up must also act transitively on gUpNc. Hence for any element
z € Z1(g) there exist z; € Z1(g),v € Up such that zgz~! = zlvgv*12f1 so that
v 'z 2 € Zp(g). Under v/, the coset of v~'2 'z is mapped to the coset of 2~ 'z
which is the same as the coset of z. Thus, 7/ is surjective. The lemma is proved.

11. THE STRUCTURE OF THE ALGEBRA E

11.1. In this section we generalize results in [L2, §9] to the disconnected case.
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Let D be a connected component of G. Let (L,c,f) € Mp. Let 6 be the
connected component of N L that contains ¢. Let S = 9Z%¢. Define £ € S(S) by
£ =Q X} Let Y be the closure of Yz g in D. Let & = IC(Y,m&) € D(Y) be
as in 5.6. Let Wg be as in 3.13. Define E in terms of L,S,E,G as in 7.10. Let c
be the unipotent G°-conjugacy class in D which is open dense in Y* (see Lemma
10.3). Let ¢ be the (unipotent) G°-conjugacy class in D such that ¢ C €.

Some parts of this section (with text marked as #...8) involve the choice of a
parabolic P of G° such that (P,L,¢,f) € Mp.

#let ¢: X — Y be asin 3.14. Let Xg,€ be as in 5.6. Let K € D(X) be as in
5.7. Recall that 8 = ¢ K canonically.®

Lemma 11.2. (a) We have H*8[¢ # 0 where d = v — vy, — 1(dimé — dimc).

(b) We have HRlc # 0 and 0 = v — v, — $(dimc — dim).
(c) If L # G°, then ¢ # ¢.
(d) If L # G°, then dimE > 2.

We prove (a). Let e > 0 be the rank of £.

AUsing the equivalence of (ii),(iii) in Lemma 8.3 we see that it is enough to show
that H24(¢~1(9) N Xs,&) # 0 where g € ¢. Note that dim(¢~!(9) N Xg) < d by
4.2(b). The irreducible variety V = Z&(g)/(Za(g)°NP) is contained in ¢~ (g)N X
by i : x — (g,2P) and has dimension d (see Lemma 10.1(b)). Hence it is enough
to show that &|y = Qle Consider the commutative diagram

Z0(g) —— Xg —L— ¢

TR
Vv o — Xy

where Xg = {(¢/,z) € G x G%a gz € SUp}, i(x) = (g,2), j(z) = x(Z%(g) N P),
a(g',x) = (¢',xP), f(¢',r) = c-component of z~'gx € Z9cUp. By definition we
have a’*€ = f*f. Since fi maps Z%(g) to a point, the local system 7* f*£ = j*i*&
on Zg(g) is isomorphic to Qf Since j is a principal bundle with connected group
Z2(g) N P (see Lemma 10.1(c)) it follows that i*& = Q¢. This proves (a).

We prove (b). Let g € ¢ N c¢Up. To prove the first assertion of (b) it is enough
to show that HO(¢~1(g) N Xgs,&) # 0. We have (g, P) € ¢~!(c). Since g € cUp,
we have (g, P) € Xg. Since G° acts transitively on ¢~1(c) (see Lemma 10.3) we
see that the G-orbit of (g, P), that is, ¢~!(c) is contained in Xg. In particular,
#71(g) C Xg. To show that H(¢~1(g) N Xs,€) # 0 it is enough to show that
»"1(g) is a finite set. Since G° acts transitively on ¢~!(c), we have a bijection
¢ 1(g9) 2 Zgo(g)/Zp(g). By the proof of Lemma 10.3(e), the groups Zgo(g), Zp(g)
have the same identity component. Hence Zgo(g)/Zp(g) is finite. This proves the
first assertion of (b).

From Lemma 10.3 we see that dimc = dimY*. By 8.1(a) we have dimY* =
2v — 2vr, + dimc. Hence the equality in (b) holds.

We prove (c). By Lemma 10.1(e) we have v — v, — i(dimé — dimc¢) > 0.
Combining this with the equality in (b) we see that dim ¢ < dim c. Hence ¢ # ¢.

We prove (d). Using (a),(b) and Lemma 8.3 we see that there exist irreducible
GP-equivariant local systems F! on ¢ and F2 on ¢ and p',p? € Irr E such that
(&, F1) = ~v(p'), (c, F?) = v(p?) (with v as in Proposition 8.2). Since & # c (see
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(c)) we have v(p') # v(p?). Since 7 is injective, we have p* # p?. Thus Irr E has
at least two elements. Hence dimE > 2.&

Lemma 11.3. The conjugation action of Ws on 522/132% is faithful.

Let n € GO be such that nLn~! = L,nSn~! = S and nan~! € P22« for any
x € 929, We must show that n € L. Let £ = Hom(k*,°Z?), a free abelian group of
finite rank and let 71 : £ — £ be the endomorphism induced by Ad(n) : °Z9 — 429,
This endomorphism has finite order since Wg is a finite group. By our assumption,
the endomorphism 7 : ‘522 — 532,35 — nan~tr~! satisfies 72(z) = 1 for all .
Hence (7 — 1)? = 0. Since 7 has finite order it follows that 7 = 1 hence 7(z) = =,
that is, nan~! = x for all 2 € 929, We see that n € Zgo(°2?) = L (see 1.10(a)).

The lemma is proved.

11.4. Pick u € § such that u is unipotent, quasi-semisimple in NgL. Pick a Borel
B of L and a maximal torus T of B; such that uBiu~ ' = By, uTu" ' =T.

ALet B = B1Up, a Borel of G° contained in P. According to 1.8, Ad(u) preserves
some épinglage of G¥ attached to (B, T).#

Using 1.7(b), we see that Z%L(U)O =929 ch(u)o = D22 hence

(@) 2%, o/ 2500 = "Z2/P 22,

We will use the terminology “D-parabolic” instead of ”parabolic normalized by
some element of D”.

Lemma 11.5. & Assume that L # G° and that there is no D-parabolic P’ of G°
such that P C P', P' # G°, P' # P.

(a) We have Ws = Wg and |Ws| = dimE = 2.

(b) Let Q be a parabolic of G° with Levi L such that Q is normalized by some
(or equivalently, any) g € 6. Then either @ = P or Q = Q, the unique
parabolic of GO with Levi L, opposed to P.

(c) Let Q" = nPn~! where n € NgoL represents the non-trivial element of

Ws. Then Q' = Q.

We prove (a). Using 7.10 and Lemma 11.2(d) we have 2 < dim E = [Wg| < [Wg].
It is enough to show that [Ws| < 2. Let u be as in 11.4. Then Zp(u)? is a maximal
parabolic of Zg(g)?. (From 1.7(c) we see that Zp(u)? is a proper parabolic of
Zg(u)? with Levi Z(u)?. If it is not maximal, then from 1.7(c) we see that there
exists a parabolic P’ of G° such that P’ # G°, P c P, P’ # P and uP'u™! = P/,
contradicting our assumption.) It follows that Z%L( u)O/ ch ()0 is 1-dimensional.

Using this and 11.4(a) we obtain

(d) dim(°Z29/P2%) =1.
Since the automorphism group of a 1-dimensional torus has order 2 and Wg acts
faithfully on the torus in (c), by Lemma 11.3, it follows that [WWg| < 2. This proves

().
We prove (b). We have g = P,y gy where X' = Hom(°29/P 2% k*) and

g, denotes a weight space of the adjoint action of 522/DZ?;. If p is the trivial
character, we have g, = Lie L (see 1.10(a)). We show that

(e) there exists x € Hom(k*,G°) such that x(k*) C °Z9 and P, = Q (see
1.16).
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(A variant of 1.17(a).) First we can find ¥’ € Hom(k*, G°) such that x/(k*) C 29
and Py = . We can find n > 1 such that g" is in the identity component of
NgQ N NgL, that is, g" € L. Define f : 29 — Z9 by f(2) = gzg~!. We have
f* = 1. Define x; : k* — G° by x;(a) = fi(x(a)) for j € [0,n — 1]. Define
x € Hom(k*,G%) by x(a) = xo(a)xi(a)...xn—1(a). Then f(x(a)) = x(a) hence
x(a) € Zg(g) for all a € k*. We see that y(k*) C °Z9. Since x;(a) = ¢’X'(a)g 7,
we have Py, = ¢'Pyg™7 = ¢?Qg~7 = Q. Hence the k*-action a — Ad(x;(a))
has > 0 weights on Lie @ and < 0 weights on g/Lie Q). Since these actions (for
j=0,1,...,n — 1) commute with each other, it follows that the k*-action a —
Ad(x(a)) = Ad(xo(a))Ad(x1(a))...Ad(xn-1(a)) has > 0 weights on Lie ) and
< 0 weights on g/Lie Q. Hence P, = @ and (e) is proved.

Let x be as in (e). Then y induces a homomorphism of 1-dimensional tori
k* — 929 /PZ0 which must be either constant or surjective; it is not constant
since x(k*) acts non-trivially on g, hence it is surjective. It follows that any weight
space of Ad(x(k*)) on g coincides with one of the weight spaces g,,. In particular,
Lie @ =P uexr Oy where X " is the subset of X which under an isomorphism Z —
X’ corresponds to {0,1,2,...} or to {0,—1,—2,...}. We see that there are only
two possibilities for Q. This proves (b).

Applying (b) to Q@ = Q’, we see that Q' must be either P or Q. Since Q' # P
we must have Q' = Q. The lemma is proved.#

11.6. &The D-parabolics of G° that contain strictly P and are minimal with this
property, form a finite set {P.;r € Z}. For each r € Z let L, be the unique Levi of
P, such that L C L,; let c” be the unipotent L,-conjugacy class in NgL, such that
¢" NcUpny, is open dense in ¢<Upnr, (see Lemma 10.3); let ¢” be the (unipotent)
L,-conjugacy class in N¢ L, such that ¢ C ¢". By Lemma 11.5(a) applied to NgL,
instead of G, we see that {n € Ny, L;nSn~! = S}/L has order 2; let s, be the
unique non-trivial element of this group.#

Proposition 11.7. Let Ngod = {x € G 26271 =6}, a subgroup of NgoL.
(a) The inclusions We C Ws C Ngod/L are equalities.
(b) ®Ngod/L is a Coxeter group with simple reflections {s,;r € T}.8
(c) The set of parabolics of GO which have Levi L and are normalized by § is a
single Ngod-orbit.

ASince s, € We (by Lemma 11.5 for NgL, instead of G), the subgroup of
Ngod/L generated by {s,;r € I} is contained in We. Thus, (a) is a consequence
of (b). We prove (b).

Let u, By, B,T be as in 11.4. Let {P%i € I} be the parabolic subgroups of G
that contain B and are minimal with this property. Let W = NgoT/T. For i € I
let s* be the unique non-trivial element in the image of the inclusion Np:T/T — W.
Then W is a Coxeter group with simple reflections {s;i € I'}. Let F: W — W be
the automorphism induced by Ad(u) : NgoT — NgoT. There is a unique bijection
F : 1 — I such that F(s') = s"(® for i € I or equivalently, uP'u~" = P For
any subset J of I let P’ be the subgroup of G° generated by {P%i € J} and let
W; be the subgroup of W generated by {s’;i € J}. Let w; be the longest element
of Wj. The condition that P/ is a D-parabolic is equivalent to the condition that
F(J) = J. Define H C I by P = PH; we have F(H) = H. We may identify 7
with the set of F-orbits on I — H so that P. = PHY" for any r € Z. We may
identify canonically NgoL/L with Ny (Wg)/Wg and Ngod/L with the fixed point

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CHARACTER SHEAVES ON DISCONNECTED GROUPS, II 105

set (Nw(Wg)/Wg)f of F: Nyy(Wg)/Wg — Nw(Wg)/Wg. Now s, is a non-
trivial element in the fixed point set of F on Ny, . (Wg)/Wpg. Applying Lemma
11.5(b) to Ng L, instead of G we see that s, is the Wg-coset of wgy, (which must
in our case normalize Wi). We can now apply [L6l 5.9(i)]; we see that (b) holds.
(Note that [L6l 5.9] has an additional assumption, namely that for any F-stable
subset J of I that contains H, the longest element of W; normalizes Wy . However
in the proof of [L6, 5.9(i)] that assumption is only used for J = H Ur, r as above.)

We prove (c). If By, By are Borels in G°, let pos(Bj, Ba) be the unique element
of W such that, for some g € G°, we have gB1g~' = B,gBog~' = nBn~! where
n € NgoT is a representative of pos(By, Ba). If Q,Q’ are parabolics in G°, let
pos(Py, P;) be the unique element of W which has minimal length among the
elements pos(Bi, Bz) where Bj is a Borel of @ and Bs is a Borel of @'. For
any J C I let P be the set of parabolics in G° that are G°-conjugate to P’. For a
subset J C I, F(J) = J and an F-orbit a in I — J we set v(J,a) = wyuawy € WE.

Let P’ be parabolic of GO with Levi L such that P’ is normalized by §. Define
H CIby P € Pyg.. We have FH' = H'. Let B' = B1Up/, a Borel of P’. Clearly,
we have uBu~! = B,uB'u™! = B’. Let w = pos(B,B’). We have F(w) = w.
Since P, P' have a common Levi, we have w{s’;i € H'}w™! = {s%;i € H}.

Applying [H, Lemma 5] to the Weyl group W¥ we see that there exist subsets
K; C1,je[l,m+ 1] and F-orbits a; in I — K}, j € [1,m] such that

F(K;)=K; K, =H',

VK, 0, {8"0 € Kj}v;(;aj ={s"i€ Kji1},

W = VK, ,am + -+ VKo,a2 VK1 ,a1 5

l(w) = Z;n=1 (vK;.a;);
where [ : W — N is the standard length function. It follows that w{s’;i €
Kijw™! = {si;i € Kpy1}. Hence K11 = H. There is a unique sequence of
Borels By, 41, By, - .., By such that

BnJrl = BvBl = B,a

pos(Bjt1, Bj) = vk, q; for j € [1,m].
Since T C B,T C B’ we have automatically T' C B, for j € [1I,m + 1]. Define a
sequence of parabolics P, 11, Py,..., P of G by

Bj C Pj,

P; € Pk, for j € [1,m+1].
Then P = P41, P, = P’. Since Vk, a; has minimal length in its W, ,, W, double
coset we have pos(Pjt1, Pj) = vk,.q,. Since vk, q,{s’;i € Kj}v;(]l,aj = {s%i €
K41}, we see that Pj11, P; have a common Levi. Since T' C Pj;1 N P;, the unique
Levi of P; that contains 7' is the same as the unique Levi of P;;, that contains T'.
Hence the unique Levi of P; that contains T is independent of j, j € [1,m+1] hence
it is equal to L. Thus L is a Levi of P; for any j. Since uBu~! = B,uB'u™! = B’
and vk, o, € WF for all j we see that uB,qu™, uByu™!, ..., uByu™" satisfies the
defining property of By, 41, By, . .., B hence uBju~! = B, for all j. Using this and
the equalities F(K;) = K, we deduce that uPju~! = P; for all j. For j € [1,m]
there is a unique Q; ;11 € Pk;uq, such that Q; 41 contains both P;, Pj1. Then
uQjj+1u" ' = Q1. Let Lj ;i1 be the unique Levi of @; ;11 that contains L.
Then uL;j+1u™' = Ljj+1. Thus, u € NgLjjiv1 N NegQjj+1 and § C NgLj jy1 N
NgQjj+1- Now R=P;NL;j 1, R = Pjy1 N Lj 41 are parabolics of Lj ;1 with
Levi L. We have uRu™! = R,uR'u~" = R'. By Lemma 11.5 applied to NgL; j+1N
N¢Qj,j+1 instead of G we see that R’ = ijgj_1 with g; € NLJ.,J.HL,gjchj_1 =
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0. Hence Pji; = ngjgjfl. We have g; € Ngod. Let ¢ = gngn—1...91. Then
gP1g™! = P,41 that is, gP’'g~! = P,g € Ngod. This proves (c). The proposition
is proved.d

Remarks. From the proposition we see that the map Mp — Mp, (P, L, ¢, ) —
(L, ¢, §) induces a bijection on the sets of G%-orbits.

AMoreover, from (c) we see that the set of simple reflections in (b) is independent
of the choice of P, up to conjugacy in Ngod/L.#

Lemma 11.8. (a) The local system H°R|. is irreducible. Hence there is a unique
p € It E such that H°R|c = H°&,|c.
(b) We have dim p = 1.

AFor r € 7 let E” be the algebra defined like E (for Ng L, instead of G). We have
naturally E" C E and dimE"” = 2 (see Lemma 11.5(a)). We have E" = E; @ E;,
(notation of 7.10). Let D, be the unique connected component of NgL, that is
contained in D. Using Lemma 11.2 for Ng L, instead of G we see that @Bi (L,c,f)
consists of two elements; one is of the form (c",?), the other of the form (&",7).
They correspond (as in 8.9 for N L, instead of G) to p.., p,- (respectively) in Irr E".
We have Irr E" = {p,, p, }.

By Lemma 11.2(b), we have H'&. # 0. Hence we can find p € Irr E such that
HOR,|. # 0.

If Homg-(p,, p) # 0, then from the equivalence of (i),(iv) in Proposition 9.4 we
see that H2"(r ¢} F') # 0 hence n > 0 where 2n = 2v — 27, — dimc + dimé,..
However, from

1 1
O=v—vp— §(dimc—dimc), O0=vp, —vg — E(dimcr —dimec)

(see Lemma 11.2(b) for G and NgL,) and dimé” < dimc” (as in the proof of
Lemma 11.2(c)) we see that n < 0. This contradiction shows that Homgr (5, p) =
0. It follows that p|g- is a direct sum of copies of p,. Hence if b, is a basis element
of E, then b, acts on p as a scalar times the identity. Since E,,E,s = E,,, for
w,w € Weg = Wg and {s,,r € T} generates Wg, we see that any element of E acts
on p as a scalar times the identity. Since p is irreducible, it must be one-dimensional
and p|gr = p, for any r. This last property determines uniquely p. The lemma is
proved.®

Proposition 11.9. There is a unique isomorphism of algebras E = Qi[We] which
maps E,, onto Quuw for any w € We and makes p in Lemma 11.8 correspond to the
unit representation of We.

In each E,, we choose as basis element b,, the unique element which acts as the
identity on the E-module p. It is clear that by,bys = by and (by,) provides the
required isomorphism.

11.10. Using Proposition 11.9 we can reformulate the results in 8.9 as a bijection
(a) Np = |_| Irr Ngod/L
(L,e.f)

where (L,c,f) runs over a set of representatives for the G°-orbits on Mp and
Irr Ngod /L is the set of (isomorphism classes of) irreducible representations of the
finite #Coxeterd group Ngod/L. This is called the generalized Springer correspon-
dence.
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Let u € D be a unipotent quasi-semisimple element; let B be a Borel of G°
and let T be a maximal torus of B such that u € NgT N NgB. Let ¢ be the
T-conjugacy class of u and let f = Q;. Let & be the connected component of NgT'
that contains ¢. Restricting the bijection (a) to the summand corresponding to
(T, ¢,Q;) we obtain a bijection between Irr Ngod/T and a certain subset of Np;
this last bijection was established originally in [Spr] assuming that G = G° and that
k has sufficiently large characteristic, then in [L2] assuming only that G = G° and,
for possibly disconnected G, in the preprint [So] which I received after submitting
this paper for publication and which uses the intersection cohomology method of
ILS].

In the special case where G = G° = D the bijection (a) was established in [L2].

12. CLASSIFICATION OF OBJECTS IN N9

12.1. Let D be a connected component of G that contains some unipotent elements.
We would like to classify the objects in N'3. We will make a number of reductions.
Replacing G by the subgroup generated by D (with the same identity component
as ) we see that A2 does not change; hence we may assume that
(a) G/GY is cyclic with generator defined by D.
Then G/GY is a unipotent group.

12.2. In the remainder of this section we assume that 12.1(a) holds. Let 7 : G —
Gss = G/Z2, be the obvious map. Let D' = 7(D) (a connected component of
Gss).- We have D = 7= 1(D’). Let ¢’ be a unipotent GY,-conjugacy class in D’. Let
c={g € n ('), g unipotent}. We show that
(a) c is a single unipotent G°-conjugacy class in D;
(b) for g € c, the homomorphism Zgo(g) — Zgo_(n(g)) induced by 7 is surjec-
tive and its kernel is connected; hence the resulting homomorphism

Ze0(9)/Zco(9)° = Zgo (7(9))/ Zco (m(g))°

is an isomorphism.

If g € 7= 1(c’), then g, € c. Thus c is non-empty. Let g, ¢’ € c. Since 7(g),7(g’) are
GY,-conjugate, we see that there exists z € Zgo such that ¢/, zg are G%-conjugate.
Using 1.3(a) we can write z = xztgz~'g~! with t,2 € Z2,,tg = gt. Then zg =
xtgr—! is G -conjugate to tg hence ¢’,tg are G°-conjugate. In particular, tg is
unipotent. Since tg = gt with ¢ semisimple, g unipotent, we see that ¢ = 1 hence
g,9" are G%-conjugate. This proves (a).

We prove (b). Let y € GY be such that yg = zgy for some z € Zgo. Using
again 1.3(a) we can write z = atgz~'g~! with ¢,z € Z%0,tg = gt. Then ygy~' =
zg = wtgx~! is unipotent hence tg is unipotent. As in the proof of (a) we deduce
that t = 1. Hence ygy~! = xgx~!. Setting ¢/ = 2~ 'y we have y' € Zgo(g) and
y =1y € Z&oZgo(g). This shows surjectivity. The kernel of Zgo(g) — Zgo (w(g))
is Zgo N Za(g). This group is connected by [BlL 9.6] applied to the unipotent
automorphism Ad(g) of the torus Z2,. This proves (b).

From (a),(b), we see that we have a bijection Np» — Np given by (c/, F’) —
(¢, F) where c is as above and F is the inverse image of ' under ¢ — ¢’ (restriction
of ).

A standard argument (similar to one in the proof of Lemma 6.4) shows that this
bijection restricts to a bijection NP, — NB.
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12.3. Assume that G is such that G° is semisimple. We can find a reductive
group G with GO semisimple, simply connected, and a surjective homomorphism
of algebraic groups 7 : G — G such that Kerr C Zzo0. Then GO = 771(GY) and
D = 77 (D) is a connected component of G. Let (¢, F) € Np. Let ¢ = {g €
7~ 1(c); g unipotent}. We show that

(a) € is a single unipotent GO-conjugacy class in D.

(b) if g € €, then the obvious homomorphism Zzo(g) — Zgo(w(g)) is surjective.
If g € 7 1(c), then g, € 7~ !(c). Thus, ¢ # 0. Let g,¢’ € & We can find = € G°
such that ¢’ = zgz~1z for some z € Kerr. Since Ad(g~!) is an automorphism
of Kerm of order relatively prime to |Kerw|, any element of Kerr is of the form
Ad(g‘l)(zl)zflzg where 21,29 € Kerm and Ad(g~!)z2 = z3. In particular, z =
g’lzlnglzg with z1, 29 as above. Then gz = zlnglzg. Since gz = x7 g’z is
unipotent, we see that z1g2z7 12, is unipotent. Now zs is semisimple and it commutes
with 2192, ! which is unipotent. By the uniqueness of Jordan decomposition we
have zo = 1 and gz = zlngl =z '¢g’x. Since z2z; € GO we see that 9,9 are
GO-conjugate. This proves (a).

We prove (b). Let z € G be such that xg = gxz for some z € kerm. It is enough
to show that xz; commutes with g for some z; € ker . We write z = gflzlnglzg
as above. As in the proof of (a) (with ¢’ = g) we see that gz = zlngl =z lgz.
Hence zz; commutes with g, as required.

From (a),(b) it follows that any object (c,F) € Np gives rise to an object
(é,}: ) € N where ¢ is as above and F is the inverse image of F under the map
¢ — c induced by 7. (The local system F is irreducible by (b).) From (b) we see
also that the resulting map Np — Np is injective.

We show that

(c) for (¢, F) € Np we have (c,F) € NY if and only if (¢, F) € ./\/']%.

Assume first that (¢, F) € N3. Let P’ be a proper parabolic of G and let ¢ €
¢ N NgP'. Let d’ be the P’ /Up/-conjugacy class of the image of g in NzP'/Up:.
Then P := 7(P’) is a proper parabolic of G and 7(g) € ¢ N NgP. Let d be the
P/Up-conjugacy class of the image of n(g) in NgP/Up. By assumption we have
Hdme—dimd(c A 7(g)Up, F) = 0. Now the morphism 7 : €N gUpr — cN7w(g)Up
induced by 7 is an isomorphism. (We show only that it is a bijection. Let u € Up
be such that 7(g)u € ¢. We can find a unique «' € Ups such that 7(u') = u. Then
gu’ € 7 !(c) and gu’ is unipotent, since g normalizes P’, hence gu’ € ¢. Since
m(gu’) = w(g)u we see that g is surjective. The injectivity follows from the fact
that gUp: — m(g)Up is an isomorphism.) Also, dimc¢ = dim € and dimd’ = dimd.
It follows that Hdime—dimd (& g7y, F) = 0 so that (¢, F) € Nj%. The proof of
the reverse implication follows essentially the same argument, in the reverse.

It is easy to see that the kernel of the obvious homomorphism

Z0(9)/Z0(9)" — Zeo(n(9))/Zeo (n(9))°

is a homomorphic image of ker w. It follows that the image of Np — Np consists
of all pairs (¢/, F’) € N such that the natural action of ker 7 on each fibre of F
is trivial.

Thus the objects in N are in natural bijection with the objects in Nj% with
trivial action of ker .
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12.4. Next we assume that G is such that G is semisimple, simply connected. We
can write uniquely G° as a product G° = G; x G2 X ... x G}, where each G; is a
closed connected normal subgroup of G different from {1} and minimal with these
properties. Fori € [1,k],1let G, = G/(G1x...XGi—1 XGip1%...XGy). Then G, is a
reductive group with G;° = G; and the image of D in G} is a connected component
D; of G);. Also we have an obvious homomorphism G — G| x G5 x ... x G},
which is an imbedding of algebraic groups by which we identify G with a closed
subgroup of G} x G4 x ... x G}, with the same identity component; then D becomes
Dy x Dy X ...x Dj. From the definitions it is clear that we have a natural bijection

./\[D1 XNDz X .. XNDk —N—>,/\/DI
((Cl,}—l),(Cg,fg),...,(ck,}—k)) d (Cl X Cy X ... X Ck,fl @.7'.2 &&f}c)
and this restricts to a bijection
ND, X NP, X ... x NP, = Np.

12.5. Next we assume that G is such that G is semisimple, simply connected,
# {1} and that G has no closed connected normal subgroups other than GY and
{1}. (If G° = {1}, then Np = N} consists of a single object (D, Qy).) We have
G° = Hy x Hy x ... x H,,_, where H; are connected, simply connected, almost
simple, closed subgroups of GV. Let v € D be a unipotent quasi-semisimple element.
We can assume that H; = y*Hoy~® for i € [1,m — 1] and y"Hoy™™ = Hy. Let
G’ be the subgroup of G' generated by Hy and 4™. Since v has finite order, G’ is
closed, G'° = Hy and D’ = v™H is a connected component of G’. Consider the
diagram
D&EGxD %D
where a(g,7™h) = y™h,b(g,7Y™h) = gyhg~! (with h € Hy). Now G® x Hy acts on
G° x D' by
(y,uo) : (hoht ... hm—1,7"h)

N (yhoualhl'y_m+1u5I’ym_lhg'y_m”ugl’ym_Q o

P17y tug Ly, uoy™hug ), (hi € Hy),
on D' by (y,ug) : Y™h — ugy™huy* and on D by (y,uo) : d — ydy~'; moreover, a
and b are GO x Hy equivariant. Note also that a is a principal GY-bundle and b is
a principal Hy-bundle. Hence a, b induce bijections

1
set of Hy-conjugacy classes in D' “— set of G° x H%orbits in G° x D',

-1
(a)  set of G%-conjugacy classes in D 2 set of GO x H%orbits in G° x D'
Moreover, if h € Hgp, then a, b induce isomorphisms
(b) Zgo(y™h) <= (stabilizer of (1,7h) in G° x Hy) = Zgo(vh).
We show that
(c) an Hy-conjugacy class in D' is unipotent if and only if the G°-conjugacy
class in D corresponding to it by (a) is unipotent.

It is enough to show that for h € Hy we have yh unipotent if and only if v"*h
is unipotent. This is trivial if m = 1. Assume now that m > 2. Then the
characteristic of k is > 1 and m is a power of it. It is enough to show that the
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conditions ('yh)mk = 1 for some £ > 0 and ('ymh)mk = 1 for some k£ > 0 are
equivalent. For k > 0 we have

(V)™ = (Yhy ) (P o (7 Ry

=z (yory ) (VPaey ) (" ey

where 2 = (Yhy 1) (" hy~m1) L (4™ mmHL pymm me1  Gince

1

z € Hi,yaopy ' € HyyV?apy 2 € Hoy oo,y tayy ™™ € Hy,

the condition that (yh)™" =1 is equivalent to the condition that

T = 177xk’7_1 = ]-a o ,’Ym_lfﬂk’)’_mﬂ = ]-a

that is to the condition that z; = 1. On the other hand, we have ('ymh)mk =

ym L1y~ F L and this is 1 if and only if 251 = 1. This proves (c).

From (a),(b),(c) we see that there is a natural bijection Np < Nps in which
(¢, F) € Np corresponds to (c’, F') € Np, when b~!(c) = a~1(c’) and the inverse
image of F under b : b=!(c) — ¢ coincides with the inverse image of F’ under
a:al(c) —c.

(d) Ifc,c’ are as above, then the principal Hy-bundle b: G° x ¢’ — ¢ restricts
to an isomorphism b : HiHy ... Hy_1 x ¢! = c.
We show only that b’ is bijective. This follows from the fact that HyHs ... H,,_1x D’
meets each Ho-orbit on G° x D’ in exactly one point.
We show that
(e) for (¢, F),(c',F') related as above, we have (¢, F) € NP if and only if
(c',F') e NY,.
Assume first that (¢/,F’) € NP,. Let P be a proper parabolic of G° and let
g € cN NgP. We must show that (c, F) satisfies the criterion 8.7(ii) with respect
to P,g. Replacing P,g by a G°-conjugate we may assume that g = vh where
h € Hy,v"h € ¢’. We have P = PyP, ... P,,_1 where P; is a parabolic of H; for
each i. Since P is normalized by g we see that

'yhPOh_lry_l = P177P17_1 =D,... 77Pm—27_1 = m—17'YPm—1'Y_1 =P

Thus,
P=Py(y ™M Py™ Y ...(y'Pyy) and ~™h € Ng'Py.

particular, since P # G°, we must have Py # Hy. Using (d) we can identify
cN~yhUp with

{(z,y™n') € HiHy...Hp, 1 x c/;aoyh/x~" € yhUp}
hence with
{(x1,22,... &1, y™h') € HL X Hy X ... X Hpy—1 x 5
1Ty .. T W e gt € yhUp)
and also with
{(x1,22,. . . Tm_1, YR u1,u2, ... Um—1)
€EH X Hyx...x Hp 1 X xUp, xUp, x...xUp,_,;

1

/. —1_— —1
T1x2 ... T YR 2] 2y o € YAUp Ul - . Up—1 )
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The last condition can be rewritten as
1

v lzyh € hUpy, v LagyaTt = up, vy asyay !
= Usg,... ,'yflxm,l'yx,_nlfz = Um—2, x;{l = Um—1
orT as
Typ—1 = u,;{l, Typ—g = u;l172'y_1u;1171'y, R
T = ufl'y_lugl'y R T L
() vy 2y Ry T € WU,
We have

Yurly € v UpY™, v Pugy?

€ ’yimUPO’yma ceey Pyierl

-
u, Y™t ey T Up Y™

and v~ "™ Up,y™h = hUp, hence the last condition in (f) is equivalent to b’ € hUp,.
Hence in our variety we can drop the variables x1,xs, ..., z,, and we obtain

{(Y"W ur,uz,y ..y tum—1) € X Up, x Up, X ... x Up,_,;h' € hUp, }.

Clearly the first projection makes this last variety an affine space bundle over ¢’ N
~™h'Up,. We see that ¢ N vh'Up is an affine space bundle over ¢’ N y™h'Up, with
fibres of dimension (m — 1) dim Up,.

Let d be the P/Up-conjugacy class of the image of vh in NgP/Up. Let d’ be
the Py/Up,-conjugacy class of the image of v"h in N Py/Up,.

From (d) we see that dimc = dimc’ + (m — 1)dim Hy. Similarly, dimd =
dimd’ + (m — 1) dim(FPy/Up,). Hence

dimc — dimd = dim¢’ — dimd’ + 2(m — 1) dim Up, .

We now see that
Hglim C_dimd(c N 'yhUp, ]_—-) _ Hglim ¢’—dimd’+2(m—1)dim Up, (C N 'yhUp, ]_-)
_ Hélimc'fdimd'(cl N ,ythPO’f/).

But the last cohomology space is 0 since (¢’, ') € N9,. Hence the first cohomology
group is 0. Thus, (¢, F) € N}.

Conversely, assume that (¢, F) € NB. Let Py be a proper parabolic of Hy
and let h € Hy be such that v™h € ¢’ N Ng:Py. We have vh € ¢. Now P =
Po(y~mH Pyym=1) ... (v~ 1 Pyy) is a proper parabolic of G such that yh € NgP;
the earlier argument can be applied in the reverse and gives H;“mC’—dimd/(c’ N
ymhUp,, F') = 0 (d’ as above.) Thus, (c’, F') € N2,.

12.6. Next we assume that G is such that GO is semisimple, simply connected,
almost simple. Let A be the set of unipotent elements in Z5. Let G’ = G/A and
let  : G — G’ be the obvious homomorphism. Since A NGC = {1}, the restriction
of m to G is injective; it is in fact an isomorphism G = G’Y. We show that
(a) Zgr C G'°.

Assume that a € G is such that aba='b~! € A for all b € G. It is enough to show
that the image a’ of a in G’ is in G’°. For b € G° we have aba=1b~1 € ANG® = {1}
hence a € Zg(GP). Let v be a unipotent quasi-semisimple element in D. Then
a = v*ag where ag € G,k € N. Tt follows that Ad(y*) : G° — G° is an inner
automorphism. Since Ad(7*) : G° — G° preserves an épinglage of G it follows
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that v¥ € Zg(G). Hence ag € Z¢(G°) and ag € Zgo. Since v* commutes with all
elements in G° and with v, we have v¥ € Z5. Since v* is unipotent, we see that
v* € A. Thus, a € AG®. Hence a’ € G’°. This proves (a).

Let D' = w(D), a connected component of G’. Then w restricts to an iso-
morphism D =5 D’. Let ¢’ be a unipotent G’®-conjugacy class in D’. Let
c= DNz (c). Then c is a single unipotent G°-conjugacy class in D. For g € c,
the obvious homomorphism Zgo(g) — Zgro(m(g)) is an isomorphism. Hence there is
a natural bijection Np: < Np in which (¢/, ") € Np/ corresponds to (c, F) € Np
when ¢ = DN~ 1(c’) and F is the inverse image of 7/ under 7 : ¢ — ¢’. It is clear
that this bijection restricts to a bijection N3, < NF.

12.7. The results in 12.1-12.6 reduce the problem of classifying the objects in N9
to the special case where G is such that G is semisimple, almost simple, that
Ze C G° and that D is a generator of G/G°. In the remainder of this section
we assume that we are in this special case. We shall also assume that G # G°.
(If G = G, the classification of objects in MY is known from [L2].) Hence k has
characteristic p > 1. (We could also assume that G is simply connected but we
will not do so. In fact we show below that in this case the classification of N
is independent of isogeny.) By an argument in the proof of 12.6 we see that any
unipotent quasi-semisimple element u € G such that Ad(u) : G° — GY is an inner
automorphism must be in Zg hence is 1. Hence the cyclic group G/G is isomorphic
to a subgroup of the group of automorphisms of the Dynkin graph of G°. Hence it
has order p. There are four possibilities:

(i) GO is of type Ap_1,m > 3,p = 2;

(i) G is of type D,,,m > 4,p = 2;

(iii) GY is of type Dy,p = 3;

(iv) GO of type Eg,p = 2.
In each case we have

(a) PZgo = {1}.
Let G = G/Zgo and let m : G — G’ be the obvious map. Let D' = w(D), a
connected component of G'. We show that

(b) if ¢ is a unipotent G'°-conjugacy class in D' then 7~1(c) is a unipotent

G-conjugacy class in D;
(c) if # € 7 1(c), then the obvious map Zgo(x) — Zgwo(n(z) is an isomor-
phism.

Let x,y € 7~ !(c). There exists g € G° such that grg~! = yz where z € Z50. To
prove (b), it is enough to show that yz is G°-conjugate to y. Now 2’ +— y~1z/yz'~!
is an endomorphism of the finite abelian group Zgo with kernel © Z5o which is {1}.

1

Hence

(d) this endomorphism is an isomorphism
and we can write z = y~12'yz’~! for some 2’ € Zgo. Then yz = 2'yz’~! and (b) is
proved.

The surjectivity (resp. injectivity) of the map in (c) follows from (d) (resp. (a)).

From (b),(c) we see that (c,F) — (7 1(c),7*F) is a bijection between Np
(defined in terms of G') and Np (defined in terms of G). It is clear that this
bijection restricts to a bijection between N3, and N3.

12.8. In this subsection we assume that k is an algebraic closure of a finite field F,,
of characteristic p, that G has a fixed F,-structure with Frobenius map F': G — G
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and that FD = D. Let N’ be the number of unipotent G*'-conjugacy classes in
DF. In case 12.7(i) and (ii), the author has shown (see [Sp|, I, 4.5, 4.6]) that N’
can be explicitly computed. More precisely, in case 12.7(i) we have

N’ = p(m), the number of partitions of m.

Using the classification of unipotent representations of a unitary group over a finite
field in terms of cuspidal ones (as in the proof of [L7, 9.2]) we deduce

(a) N’ = > p2(k)

k>0,5>0;% (s2+s)+2k=m

where pa(k) is the number of irreducible representations of a Weyl group of type
By, (we set po = 1).
In case 12.7(ii), taking G = O, (k), we see that
(b) the number of unipotent G¥ -conjugacy classes in G is equal to the number
of irreducible representations of GF whose restriction to (G°)¥ is a sum of
unipotent representations,
(c) the number of unipotent (G°)¥ -conjugacy classes in (G°)¥ is equal to the
number of unipotent representations of (G°)¥.

Using (b) for an F such that G is split over F,, we obtain
N+ My/2+ Ms = R1/2 + 2Ro.

where N’ is the number of unipotent Os,,(F4)-conjugacy classes in O, (Fq) —
SO (Fgq) (with Ogp, (Fy) is split),

My (resp. My) is the number of unipotent SOq,(F,)-conjugacy classes in
the split group SOa, (F,) which are not fixed (resp. fixed) by conjugation with
some/any g € Oz (Fy) — SO (Fy),

R; (resp. Rs) is the number of unipotent representations of the split group
SOz (F4) which do not extend (resp. do extend) to Ogp, (Fy).

Using (c) for an F such that G is split over F,, we obtain

My + My = Ry + Ra.
Using (b) for an F such that G° is non-split over F, we obtain
M=R

where M is the number of unipotent SOq,, (F)-conjugacy classes in the non-split
group SOs., (F,),
R is the number of unipotent representations of the non-split group SOz, (Fy).
Using M1 = Ry, My = M we see that N’ = R. Now R can be computed from
the classification of unipotent representations of the non-split SOg,, (F,) in terms
of cuspidal ones, we deduce (as in (a)); this gives the following formula for N':

() N'=R= > pa(k).

k>0,5>0,s odd ;s2+k=m

A similar method can be used to compute N’ in the cases 12.7(iii),(iv) with F
such that GO is split over F,. Alternatively, these numbers can be obtained from
[M2],[M2]; they are

(e) N’ =7 if G is as in 12.7(iii) (with G° adjoint, split),

(f) N' =28 if G is as in 12.7(iv) (with G adjoint, split).
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Next we note that N’ is equal to the number of unipotent (G°)¥-conjugacy classes
in D, since any element g € D is centralized by some element in D¥" (for example
by ¢ itself). It follows that |[Np| = N’. Thus, the method above yields |Np| (recall
from 12.7 that |Np| is the same for G as for G/Zg0).

Theorem 12.9. (a) In case 12.7(i), INY| is 1 if m € {3,6,10,...} and is O
otherwise.

(b) In case 12.7(ii), IND| is 1 if m € {32,5%,7%,...} and is O otherwise.

(c) In cases 12.7(iii) and 12.7(w), IND| is 1.

Assume that we have a (possibly incomplete) list of triples (L%, ¢!, §);cx in
G°\Mp with L’ # L. For each i € X, the fibre of the map ®p : Np —
G\ Mp (see 8.9) at (L?, ¢, {) is indexed by the irreducible representations of an
explicit Coxeter group (see Proposition 11.9) hence its cardinal f; is known. Then
VDI < IND| — Y ;cx fi- Here the right-hand side is explicitly known since [Np|
is known from 12.8. If [Np| — >.. ¢ fi = 0, then it follows that [N} = 0. If
IND| = >,cx fi = 1, then it follows that our list is complete (any additional mem-
ber of that list would contribute at least 2 to |Ap| since the corresponding Coxeter
group (see 11.9) is non-trivial); it follows that in this case [Np| = 1. This method
works in each case. We give in each case the list (L?, ¢, *).

In case 12.7(i) with G° = PGL,,(k), we take L’ to be the image of (k*)? x
GL(s245)/2 under GLy,(k) — PGLy, (k) (here m = 1(s? 4+ s) + 2k, k > 0) and
(¢!, §%) is uniquely determined by L (we use an inductive hypothesis for Li/Z9,).
The required formula for [N is equivalent to

(d) Np| = > pa(k)

k>0,5>0;1 (s2+5)+2k=m

which is known from 12.8.

In case 12.7(ii) with G® = SOa,,, we take L to be (k*)?* x SO,z (here m =
52 +k, s odd, k > 0) and (¢, §*) is uniquely determined by L? (we use an inductive
hypothesis for L?/Z?,). The required formula for |N3| is equivalent to

(e) Np| = > p2(k)

k>0,5>0,s odd ;s2+k=m

which is known from 12.8.

In case 12.7(iii), we take L® to be a maximal torus of G and (¢, f*) is uniquely
determined by L’. The required formula for N3] is equivalent to [Np| = 1+ 6
which is known from 12.8. Here 6 is the number of irreducible representations of a
Weyl group of type Gs.

In case 12.7(iv), we take L’ to be such that L¢/Z?, has type A5 or L is a maximal
torus of G%; (¢!, §') is uniquely determined by L! (we use (a) which is already
proved). The required formula for N3 is equivalent to [Np| = 1+ 2+ 25 which is
known from 12.8. Here 2 (resp. 25) is the number of irreducible representations of
a Weyl group of type A; (resp. Fy). The theorem is proved.

13. SYMBOLS

13.1. Symbols are combinatorial objects used in [L7] to parametrize unipotent
representations of classical groups over a finite field and in [L2] to describe the
generalized Springer correspondence for classical groups in characteristic # 2. In
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ILS2] it has been observed that symbols can also be used to describe the generalized
Springer correspondence for (connected) classical groups in characteristic 2. Since
the combinatorics of unipotent classes in disconnected classical groups in charac-
teristic 2 is very similar to that in the connected case, it can be expected that in
this case, again the generalized Springer correspondence can be described in terms
of symbols.

13.2. Let p,s € Ny,n € Z. For any d € Z let pXZ,d be the set of all ordered
pairs (4; B) of finite sequences of natural numbers A : aj,as,...,a,, and B :
b1,ba, ..., by (for some m,m’) that are subject to the following conditions:

a; —aj—1 > pfor 1 <i<m;

bi—bi_lzpfor1<i§m';

b; >sforalll <i<m/;

m—m' = d;

Sai+ > bi=n+pm+m)(m+m' —2)/4+ s(m+m')/2if d is even;

Sai+ > bi=n+pm+m' —1)2/4+ s(m+m' —1)/2 if d is odd.

(In [IS2, §1] the notation X% is used for the present ”X;; ; where p =1 + s.)

Let PX} ; be the set of equivalence classes on prL’ 4 for the equivalence relation
generated by

(G/l, a2, ...,0m; bl) b2) cee 7bm’)
~ (O,Cll +P7a2+/)7---aam+/)§57bl +p7b2+/)7---abm’ +p)

For example, OX& 4 is in obvious bijection with the set of pairs of partitions «, 8
with >~ a; + > 8; = n; hence we have a bijection
(a) 0X) 4 It W,

where W, is a Coxeter group of type B,,. (By convention, Wy = {1} and Irr W,, = 0)
for n < 0.) Let

Npsa = pd>/4— sd/2 for d even,
Npsd=p(d—1)(d+1)/4—s(d—1)/2 for d odd.

. . O 0
We have a bijection "X, _, 4

— P X, 4 given by
(C1,C2, .oy Cm;CyyChyeiyCh)
= (c1,ca+pyeesem+ (m—1)p;c) +5,ch+85+p,...,C + 5+ (m' —1)p).
Combined with the bijection (a) we obtain a bijection
(b) PXhaer Wy o

Now let E be 2Z or 2Z + 1 (if s > 0) and let E = 2N + 1 (if s = 0). Let
PXn g =Uscp X, 4 From (b) we obtain a bijection

(c) '”XfL,E — |_| Irr Wi, .4

deE
Assume that p > 1. If (4; B) € prL7E, then A, B may be considered as subsets of N.
Consider two elements of X} p; we can represent them in the form (A;B), (A; BY)
where |A| + |B| = |A'| + |B’| (by our assumption on F). We say that these two
elements are similarif AUB = A’UB’, ANB = A'NB’. This defines an equivalence
relation (similarity) on X .
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Assume that p > s. Let (4;B) € pf(fl’d. Let S = (AUB)—-(ANB). A
non-empty subset I of S is said to be an interval if I = {¢1 < c2 < -+ < ¢} with
cg—cp < p,c3g—cy < py...,cp — cx—1 < p and I is maximal with this property.
Clearly, the intervals form a partition of S. An interval is said to be proper if it
does not contain any number in [0, s — 1].

Let C be a similarity class in prl’E where p > s. Let V be the Fa-vector space
with basis indexed by the proper intervals in S = (AU B) — (AN B) where (A; B)
represents an element in C. If s > 0 let Vo = V{; if s = 0 let V¢ be the quotient
of V/ by the subspace spanned by the sum of all basis elements of V3. Note that
Ve is independent of the choice of (A4; B). As in |[L2] 11.5], [LS2] 1.4] we see that
there is a canonical bijection C < V¢. (In particular, C has a natural structure of
F>-vector space.) Putting together the bijections above we obtain a bijection

(d) 'Xng Ve
C

where C runs over the set of similarity classes in 7X} .

Note that the canonical basis of V7 is totally ordered by the requirement that
the basis element corresponding to a proper interval I is < than the basis element
corresponding to a proper interval I’ if any number in [ is < than any number in
I.

We describe the partition of X, 5 in similarity classes in a number of cases. (In
each case, each horizontal line contains the elements in a similarity class.)

4 )

X 11,22+1~

1;0), (0;1)

A

B )
=N
ot &
~—~

)

)

o
—~
=

o
~—

o W — N
D

0 00 © Wk N -

=
B R R OO O SPO R R UL UL SN O R N W e

13.3. Let Vs, be the set of all pairs (A, ) where A is a sequence A\; < Ay < -+ <
Xok+1 in N with >, A; = 2n and 1 is a partition of [1,2k + 1] into one and two
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element subsets called blocks (where each two element block consists of consecutive
integers) such that

if {i} is a block, then A; is even;

if {i,i+ 1} is a block, then \; = \;11;

if {i} and {j,j + 1} are blocks, then A; # A;;
also, at most one of the \; is 0. (This last condition determines uniquely k.)

Given (A, T) € Va, as above we define a sequence ¢; < ¢g < --+ < oy by

ci = Ai/2+42(i — 1) if {i} is a block;

ci=WNi+1)/24+2(0—1), ¢ix1 = (Niy1 —1)/2+2i = ¢; + 1 if {i,i+ 1} is a block
with )\z = >\i+1 = Odd;

c; = (/\z + 2)/2 + 2(i — 1), Cit1 = ()\i-',-l - 2)/2 +2i = ¢; if {i,i + 1} is a block
with A\; = A\j41 = even.

Let Ay 4+ be the Fa-vector space generated by the set {s;} where i € [1,2k + 1]
is such that either {i} is a block or \; is odd; the relations are:

S; = Sj if )\i = )\j;

§i = S; lf)\] =N+ 1;

s; = s; if A\j, Aj are even and A\j = Ay + 2;

si=0if \; < 2.

13.4. Let V4, be the subset of Va, defined by the condition that A; > 0 for all 4.

Given (A, f) € V3, as above we define a sequence ¢j < ¢p < --- < cf . by
¢; = ¢; — 1 (where ¢; is as in 13.3.)

Let fl’)\?T be the Fa-vector space generated by the set {s;} where ¢ € [1,2k + 1]
is such that either {i} is a block or A; is odd; the relations are:

Si = Sj if )\i = /\j;

§i = S; lf)\] =N+ 1;

s; = s if A\j; Aj are even and A; = A\; + 2.

Let A'ML be the subspace of fl’)\* generated by the sums s; 4+ s; where 7 # j and
both s;, s; are defined.

13.5. Consider the set Vi, of all pairs (A, 1) where X is a sequence A1 < Ay <
<+ <A in N+1 with )7, A\; = N and { is a partition of [1, k] into one and two
element subsets called blocks (where each two element block consists of consecutive
integers) such that

if {i} is a block, then A; is odd;

if {i,i+ 1} is a block, then \; = \;41;

if {i} and {j,j + 1} are blocks, then A; # A;.
Given (A, ) € Vi as above we define a sequence ¢f < ¢cf <---<¢| by

el =\ —1)/2+2(i — 1) if {4} is a block;

cf =Xi/2+2(i—1), ¢/ = (Nig1—2)/242i = ¢; + 1 if {i,i+ 1} is a block with
Ai = A\iy1 = even;

=N +1)/2+20—-1), cit1 = (MNiy1 —3)/2+2i = ¢; if {i,i+ 1} is a block
with /\z = /\7;+1 = odd.

In other words, ¢/ are defined by the same formulas as the ¢; in 13.3 but with
A; replaced by (A; — 1).

Let AY ; be the Fa-vector space generated by the set {s;} where i € [1, k] is such
that either {i} is a block or ); is even; the relations are:

Si = Sj if )\i = /\j;

§i = S; lf)\] =N+ 1;
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s; = s; if A\j, Aj are odd and A\j = A; + 2;
si=0if Ay = 1.

13.6. Note that A,\j,fl’)\ﬁ, A')fj have canonical bases consisting of the images of
those s; that are non-zero. These bases are totally ordered by the requirement that
the basis element represented by some s; is < than the basis element represented
by some s; if i < j. We define maps

(a) L] 45— I %

(AN T)EVan CC*X2 5711

(b) L 40— I %
(A1EVs, CC*XD_ 1 on1

(c) |_| //\/71[*_) |_| Ve
(MHEVY, 11 CC*X} 9711

(@) L - U w
(APevsy, CCX) oz

where C runs over the set of similarity classes in the appropriate *X ~Np and *
denotes the dual Fa-vector space, as follows.

In (a) any (A, ) determines as in 13.3 a sequence ¢; < ¢3 < -+ < ¢op+1. Then
C is the similarity class of (c1,¢3,¢5, ..., Cakt1;C2,Cay ..., Cax) IN 4X721,2Z+1' There
is a unique Fy-vector space isomorphism AK,T = V¢ which preserves the canonical
bases and their natural total order; this defines the map (a).

In (b) any (A, 1) determines as in 13.4 a sequence ¢; < ¢p < --- < chpyy.
Then C is the similarity class of (c},c5, ¢k, ..., Chy 3¢, €, ..., Ch) in 4X272N+1.
There is a unique Fy-vector space isomorphism A//\T* = V4 which preserves the
canonical bases and their natural total order; by passage to a quotient, this induces
an isomorphism A} .* = V¢ and defines the map (b).

In (c¢) and (d) any (A, ) determines as in 13.5 a sequence ¢f < ¢f < .- <
¢y where k is odd in (c) and is even in (d). Then C is the similarity class of
(), sy 5¢h,cyy.. ) in 4X}L’E where F is 2Z + 1 in (c¢) and is 2Z in (d). There is
a unique Fs-vector space isomorphism Al)i#r* = V¢ which preserves the canonical
bases and their natural total order; this defines the maps (c),(d).

The maps (a),(b),(c),(d) are well-defined bijections. For (a) this is shown in
[LS2l, 2.2]; exactly the same proof applies for (b),(c),(d). (A partial result in this
direction can be found in [MS].)
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13.7. Combining the bijection 13.2(d) with the bijection (a),(b),(c) or (d) in 13.6,
we obtain bijections

* ~ 42
|_| AM—’ Xn,2Z+17

(A T)EVan
! % ~ 410
|_| AM - Xn71,2N+17
(ATEVS,
"nox ~ 41
|_| AT T Xn,2Z+17

(M EVS 41
"ok ~ o 4vy1
|_| AM - Xn,zz-

A 1evs,

13.8. Assume now that k has characteristic 2. Let G = Gy, be as in 12.7(i). If
G, D is one of

(Sp2n (k)a San (k)); (O2n (k); O2n (k) - SOQn (k))v
(a) (Gans1, Gong1 — G5, 1), (Gan, Gon — GS,,),

the generalized Springer correspondence can be viewed as a bijection

Np < |_| Irr Wi —a(a—1)

de2Z+1
Np < |_| Irr W,,_ 42,
d€2N+1
Np « |_| Irr Wian41)—s(s+1)/2)/2

s€N;s(s+1)/2 odd

= |_| Iran—(d2—1—%(d—1))’

de2Z+1
ND — |_| Irr W(Qn—s(s+1)/2)/2 = |_| Irr an(dzféd)’
s€EN;s(s+1)/2 even de2Z

respectively.

13.9. According to [Sp, I, 2.6, 2.9], for (G, D) as in 13.8(a), the set N is naturally
in bijection with

L A [ Ay L A% L A%

(A1) EVzn A 1evs, ADEVS, 11 A 1evs,

respectively. (In [Sp|, I, 2.11] the notation for unipotent classes is in terms of a
partition in which to certain parts of a fixed size one attaches an index 0. The
partition is the first coordinate in our (A, {); when the index 0 is attached to the
parts of size a, then the parts of size a form blocks of size 2 according to . For
example 12 @ 2 @ 43 (resp. 12 @ 2 @ 42) in [Sp] becomes our (11)(2)(44) (resp.
(11)(2)(4)(4)) where the brackets represent the partition f.)

Composing the bijections above with the bijection in 13.7 we see that Np is
naturally in bijection with

452 40 451 451
Xn,ZZ—i—l) Xn—1,2N+15 Xn,2Z+17 Xn,ZZ
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respectively. Combining this with the bijections 13.2(c) we obtain bijections

ND “— I—I IIT W’n*(d27d))
de2Z+1

ND -~ |_| Irr Wn—l—(d2—1)a
d€2N+1

Np < |_| Irr Wn—(d2717%(d71))a
d€2Z+1

Np |_| Irr an(cp,;d),
de2Z

respectively.

Proposition 13.10. The previous four bijections coincide with the respective bi-
jections given by the generalized Springer correspondence (see 13.8).

(This shows that the generalized Springer correspondence is explicitly com-
putable.) When (G, D) = (Span(k), Span(k)), this is shown in [LS2, 2.4] using
the restriction formula [L2| 8.3]. The proof in the other three cases is entirely sim-
ilar, once one has the analogue of the restriction formula for disconnected groups.
That analogue is given by Proposition 9.4. (In these last three cases, a special case
of the proposition, namely the part pertaining to pairs (c, F) € Np with F = Q;,
is proved in [MS].)

Corollary 13.11. (a) If G, D are as in 12.7 with G° of type A1 and (c,F) €

NP, then the partition corresponding to c ism = 3+7+11+... orm = 14+5+9+.. ..
(b) If G, D are as in 12.7 with G = Oa, (k) and (¢, F) € N, then the partition

corresponding to ¢ is 2n =2+ 6+ 104 ... (an odd number of parts).

14. SPIN GROUPS

14.1. In this section we assume that k has characteristic # 2 and that G = G° is
Spin,, (k),n > 3. We have a partition Ng = |—|x N where x runs over the characters
Ze — k* and N} consists of all (¢, F) € N such that the Zg-action on F (coming
from the G-equivariance of F) is via x on each fibre of F. Assume now that x is
such that its restriction to the kernel of the obvious isogeny Spin,, (k) — SO, (k) is
non-trivial. According to [L.2] §14], the generalized Springer correspondence for G
restricts to a bijection

Né — |_| II'I' W%(n7(2t27t))'
tedZ+n

Moreover, the map which to each (¢, F) € N associates the partition of n whose
parts are the sizes of the Jordan blocks of the image in SO, (k) of an element in ¢
is a bijection
NE = X,

where X, is the set of all partitions A = (A7 < Ao < --- < Ap,) of n (with \; € N+1)
such that

(a) for any even p, [{i|\; = p}| is even;

(b) for any odd p we have |{i|\; =p}| < 1.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CHARACTER SHEAVES ON DISCONNECTED GROUPS, II 121

Thus the generalized Springer correspondence restricted to N} may be regarded as
a bijection
(C) Xn — |_| Irr W% (n7(2t27t))'

tedZ+n

We would like to describe this bijection in a combinatorial way. In principle, the
results in [LS2, §4] provide such a description, which involves an inductive procedure
instead of a closed formula. In this section we provide a closed formula for (c).

14.2. Let A= (A <A < A3 <--- < \yp) € X,,. Fori € [1,m] we set

1—1

ti= _d(\)

j=1
where for any integer s we set
d(s) =0 if s is even, d(s) = (—1)(3_1)/2 if sis odd.

We modify the entries of A as follows and we mark the modified entries by an
indeterminate a or b as follows:
(1) if an entry e = \; satisfies e € 4Z+1, then e is replaced by (e —1) —t; with

mark a;
(2) if an entry e = \; satisfies e € 4Z + 3, then e is replaced by %(e —3) +t; with
mark b;
(3) if an entry e € 4Z appears exactly 2p > 0 times with A; = \jjq = -+ =
Ait2p—1 = e, we replace e, e, ..., e (2p terms) by
1 t 1 t L t L t 1 t 1 t
46 1,46-1—1,46 1,46-1—1,...,46 1,46-1—1

(2p terms, marked by a,b,a,b, ..., a,b);
(4) if an entry e € 4Z + 2 appears exactly 2p > 0 times with A\; = Ajy1 = -+
Ait2p—1 = e, we replace e, e, ..., e (2p terms) by

1 1 1 1 1 1
1(64-2)—'&1,1(6—2)4—'&1,Z(€+2)—t1,1(€—2)+t“,Z(€+2)—t“1(6—2)+t1

(2p terms, marked by a,b,a,b,...,a,b).

Lemma 14.3. (a) The modified entries (marked with a) form an increasing se-
quence « in N.
(b) The modified entries (marked with b) form an increasing sequence 3 in N.

r, X marked with a,

We prove (a). Consider two consecutive (modified) entries A}, A

coming from A;, A;. We show that A} < ..

If they both come from a group as in (3) or (4), then there is nothing to prove.

If A} comes from a group as in (3) (resp. (4)) and A comes from another group
as in (3) (resp. (4)), the result is clear.

If A} comes from a group as in (3) and A} comes from a group as in (4), we have
Ai/4 < (N\j +2)/4 since \; < Aj.

If X} comes from a group as in (4) and )\;- comes from a group as in (3), we have
(A +2)/4 < \j/4dsince \; < A; —2.

If A} comes from an entry as in (1) and \’; comes from a group as in (3), we have
(A —1)/4 < \;/4—1since \; < Aj — 3.
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If A} comes from an entry as in (1) and \; comes from a group as in (4), we have
()"i - 1)/4 S (AJ + 2)/4— 1 since /\z S )‘j — 1.

If A} comes from a group as in (3) and \}; comes from an entry as in (1), we have
Ai/4 < (A\j—1)/4since Ay < \j — 1.

If A} comes from a group as in (4) and A comes from an entry as in (1), we have
(A +2)/4 < (N\j —1)/4since \; < \; — 3.

If Xj, A come from entries as in (1) we have (\; —1)/4 < (A; —1)/4 — 1 since
A <A — 4

We now consider the first (modified) entry A; of type a, coming from ;. We
show that A\, > 0.

If it is of type (1), itis (\, —1)/4—(-1=-1—---=1)>(N\; —1)/4 > 0.

If it is of type (3), it is \;/4 — (-1 —1 —--~—1) > \;/4>0.

If it is of type (4), it is (N +2)/4—(-1—1—---=1) > X\;/4 > 0.

We prove (b). Consider two consecutive (modlﬁed) entries A}, \; marked with b,

coming from A;, A;. We show that \; < )\;.

If they both come from a group as in (3) or (4), then there is nothing to prove.

If A} comes from a group as in (3) (resp. (4)) and A} comes from another group
as in (3) (resp. (4)), the result is clear.

If A} comes from a group as in (3) and A} comes from a group as in (4), we have
Ai/4 < (Aj —2)/4 since \; < \j — 2.

If A} comes from a group as in (4) and A} comes from a group as in (3), we have
(A —2)/4 < Aj/4dsince A; < Aj.

If A} comes from an entry as in (2) and \; comes from a group as in (3), we have
()\i — 3)/4 < /\j/4 — 1 since /\z < )\j — 1.

If A} comes from an entry as in (2) and \’; comes from a group as in (4), we have
(A —3)/4 < (N\j—2)/4—1since \; < \j — 3.

If A} comes from a group as in (3) and \}; comes from an entry as in (2), we have
Ai/4 < (A\j —3)/4 since \; < \j — 3.

If A} comes from a group as in (4) and \; comes from an entry as in (2), we have
(A —2)/4 < (A\j —3)/4since \; < \; — 1.

If Aj, A} come from entries as in ( ), we have (A\; — 3)/4 < (\; —3)/4 — 1 since
A <A — 4.

We now consider the first (modified) entry A of type b, coming from A;. We
show that A, > 0.

If it is of type (2), itis (\; —3)/4+ (1 +14+---4+1)> (N\; —3)/4>0.
If it is of type (3), it is A;/4+ (1 +1+---4+1) > X;/4>0.
If it is of type (4), itis (A —2)/4+ (1 +14---+1) > (N —2)/4 > 0.

The lemma is proved.

Lemma 14.4. The sum S of the modified entries is (n — 2t% + t)/4 where t =

2o d(N).
We have

1 1 3
it i— A ed IH=7Hs A €4
E i + E A {i; \i € 4Z + 1} [{i; \i € 4Z + 3}|

i\ €27 i €2Z+1
+ E ti — E ti
GNEAZH3 i\ €AZ+1
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hence S = n/4 + k where

k==Y tid\)+ ) _(d(N) — 2d(X)?) /4
=Y d()d(N) — Z d(N)?/2 + Z d(A;)/4

Jj<i

=) dN)? /24 d(N) /A= 122+ t/4.
The lemma is proved.

14.5. To A we associate the ordered pair of partitions («, 8) (if t > 1) or (3, «a) (if
t < 0). This pair of partitions may be regarded as an element of Irr W, _o21¢)/4.
Since (n—2t2+t)/4 € Z we have t € 4Z+n. We have thus defined in a combinatorial
way a map

X, — |_| Irr W%(n,@p,t)).
te4Z+n
From the definitions we see that this coincides with the map defined in [LS2, §4]
by an inductive procedure. It therefore coincides with the generalized Springer
correspondence 14.1(c).

REFERENCES

[BBD] A. Beilinson, J. Bernstein and P. Deligne, Faisceauz pervers, Astérisque 100 (1981). MR
86g:32015

[B] A. Borel, Groupes linéaires algébriques, Ann. Math. 64 (1956), 20-62. MR 19:1195h

[BM] W. Borho and R. MacPherson, Représentations des groupes de Weyl et homologie
d’intersection pur les variétés nilpotentes, C. R. Acad. Sci. Paris 292 (1981), 707-710.
MR 182£:14002

[HS] D.F. Holt and N.Spaltenstein, Nilpotent orbits of exceptional Lie algebras over alge-
braically closed fields of bad characteristic, J. Austral. Math. Soc. 38 (1985), 330-350.
MR 86g:17007

H] R. Howlett, Normalizers of parabolic subgroups of reflection groups, J. London Math. Soc.
21 (1980), 62-80. MR [81g:20094

[L2] G. Lusztig, Intersection cohomology compleres on a reductive group, Invent. Math. 75
(1984), 205-272. MR [86d:20050

[L6]  G. Lusztig, Cozeter orbits and eigenspaces of Frobenius, Invent. Math. 38 (1976), 101-159.
MR 56:12138

[L7]  G. Lusztig, Irreducible representations of finite classical groups, Invent. Math. 43 (1977),
125-175. MR I57:3228

[L8]  G. Lusztig, Green polynomials and singularities of unipotent classes, Adv. Math. 42
(1981), 169-178. MR 183c:20059

[L3]  G. Lusztig, Character sheaves,I, Adv. Math. 56 (1985), 193-237; II,, vol. 57, 1985, pp. 226-
265; 111, vol. 57, 1985, pp. 266-315; IV, vol. 59, 1986, pp. 1-63; V, vol. 61, 1986, pp. 103-155.
MR 87b:20055; MR 87m:20118a; MR 87m:20118a; MR 87m:20118c

[L9]  G. Lusztig, Character sheaves on disconnected groups,I, Represent. Theory 7 (2003), 374-
403.

[LS1] G. Lusztig and N. Spaltenstein, Induced unipotent classes, J. London Math. Soc. 19 (1979),
41-52. MR [82g:20070

[LS2] G. Lusztig and N. Spaltenstein, On the generalized Springer correspondence for classical
groups, Advanced Studies in Pure Mathematics 6 (1985), 289-316. MR [87g:20072a

[M1] G. Malle, Generalized Deligne-Lusztig characters, J. Algebra 159 (1993), 64-97. MR
94i:20025

[M2] G. Malle, Green functions for groups of type E¢ and F4 in characteristic 2, Comm. in
Alg. 21 (1993), 747-798. MR 94¢:20077

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=86g:32015
http://www.ams.org/mathscinet-getitem?mr=19:1195h
http://www.ams.org/mathscinet-getitem?mr=82f:14002
http://www.ams.org/mathscinet-getitem?mr=86g:17007
http://www.ams.org/mathscinet-getitem?mr=81g:20094
http://www.ams.org/mathscinet-getitem?mr=86d:20050
http://www.ams.org/mathscinet-getitem?mr=56:12138
http://www.ams.org/mathscinet-getitem?mr=57:3228
http://www.ams.org/mathscinet-getitem?mr=83c:20059
http://www.ams.org/mathscinet-getitem?mr=87b:20055
http://www.ams.org/mathscinet-getitem?mr=87m:20118a
http://www.ams.org/mathscinet-getitem?mr=87m:20118a
http://www.ams.org/mathscinet-getitem?mr=87m:20118c
http://www.ams.org/mathscinet-getitem?mr=82g:20070
http://www.ams.org/mathscinet-getitem?mr=87g:20072a
http://www.ams.org/mathscinet-getitem?mr=94i:20025
http://www.ams.org/mathscinet-getitem?mr=94c:20077

124 G. LUSZTIG

[MS] G. Malle and K. Sorlin, Springer correspondence for disconnected groups, Math. Z. 246
(2004), 291-319.

[So] K. Sorlin, Springer correspondence in non-connected reductive groups, preprint.

[Sp] N. Spaltenstein, Classes unipotentes et sous-groupes de Borel, Lecture Notes in Mathe-
matics, vol. 946, Springer-Verlag, New York, 1982. MR 84a:14024

[Spr] T.A. Springer, Trigonometric sums, Green functions of finite groups and representations
of Weyl groups,, Invent. Math. 36 (1976), 173-207. MR [56:491

DEPARTMENT OF MATHEMATICS, MASSACHUSETTS INSTITUTE OF TECHNOLOGY, CAMBRIDGE,

MASSACHUSETTS 02139
E-mail address: gyuri@math.mit.edu

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=84a:14024
http://www.ams.org/mathscinet-getitem?mr=56:491

	Introduction 
	Contents
	7. Sheaves on the variety of quasi-semisimple classes
	7.1
	7.2
	7.4
	7.5
	7.7
	7.10
	7.12
	7.14
	7.15

	8. Study of local systems on unipotent conjugacy classes
	8.1
	8.4
	8.5
	8.7
	8.9

	9. A restriction theorem
	9.1
	9.2
	9.3
	9.5
	9.6
	9.7
	9.8

	10. Preparatory results
	11. The structure of the algebra E
	11.1
	11.4
	11.6
	11.10

	12. Classification of objects in ND0
	12.1
	12.2
	12.3
	12.4
	12.5
	12.6
	12.7
	12.8

	13. Symbols
	13.1
	13.2
	13.3
	13.4
	13.5
	13.6
	13.7
	13.8
	13.9

	14. Spin groups
	14.1
	14.2
	14.5

	References

