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A SIMPLE COMBINATORIAL PROOF OF A
GENERALIZATION OF A RESULT OF POLO

FABRIZIO CASELLI

ABSTRACT. We provide a simple combinatorial proof of, and generalize, a
theorem of Polo which asserts that for any polynomial P € N[g] such that
P(0) =1 there exist two permutations v and v in a suitable symmetric group
such that P is equal to the Kazhdan-Lusztig polynomial P} .

1. INTRODUCTION

In [6] Kazhdan and Lusztig defined a family of polynomials with integer coeffi-
cients in order to construct a class of representations of the Hecke algebra associated
to any Coxeter group W. These polynomials are indexed by pairs of elements of
W and have become known as the Kazhdan-Lusztig polynomials of W. For an
introduction to these polynomials see [5, Chapter 7]. Kazhdan-Lusztig polynomi-
als always have constant term equal to 1 and it was conjectured in [6] that the
coefficients of these polynomials are non-negative. This has been proved if W is a
(possibly affine) Weyl group in [7], but is still open for arbitrary Coxeter groups.

In [10] Polo associated to each polynomial P with non-negative integer coeffi-
cients and constant term equal to 1 a pair of permutations (u,v) in a suitable sym-
metric group such that the Kazhdan-Lusztig polynomial indexed by (u,v) equals
P. The proof of this result uses the interpretation of the Kazhdan-Lusztig polyno-
mials in terms of intersection cohomology of Schubert varieties, considering certain
resolutions of singularities of Bott-Samelson type.

The main goal of this paper is to give a simple combinatorial proof of a general-
ization of this result. This is achieved by extending the methods introduced in [3]
and pushed further in [4]. More precisely, we consider a class of Kazhdan-Lusztig
polynomials, which includes those considered in [I0)]. This class of Kazhdan-Lusztig
polynomials is indexed by pairs of permutations (u,v) where v is an arbitrary al-
most unimodal permutation (see §3) and we establish a linear recursion for them.
These recursion relations allow us to compute these polynomials explicitly.

The paper is organized as follows. In the next section we collect some notation,
definitions and results that are needed in the sequel. Section Blis devoted to the
proof of the main result (Theorem [B.G).
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2. NOTATION AND PRELIMINARIES

In this section we collect some definitions and results that are used in the proofs
of this work.
We let N := {0,1,2,3,...} be the set of non-negative integers. For n,m € N,

we let [n,m] == {n,n+1,...,m} (so [n,m] =0 if n > m), and [n] := [1,n]. For a
sequence i1,12,...,4, and j € [n], we denote by i1,...,%;,...,i, the subsequence
i1,...5%5—1,%j41,-- -, in, Obtained by suppressing the entry ¢;.

Given a set T we let &(T') be the set of all bijections of T. To simplify the
notation we denote by &(n) instead of &([n]) the symmetric group on n elements.
If 0 € S(n), then we write ¢ = 0102 ... 0, to mean that o(i) = o; for i € [n], and
call this the one-line notation of o, while we denote by s; the (simple) transposition
(i,1+1). Given 0,7 € &(T), we let o7 := 0 o 7, i.e., we compose permutations as
functions, from right to left.

Given o € &(n), the descent set of o is

Des(o) :=={d€[n—1]: 04 > 0441},
and the length of o is defined by the number of inversions
(o) :=inv(o) == #{(a,b) € [n] x [n]: a <b,oq > 0p}.

For example, if o = 63524 1, then Des(o) = {1, 3,5} and £(0) = 12. If u,v € &(n)
we also denote £(u,v) := £(v) — £(u).

Throughout this work we view &(n) as a poset ordered by the strong Bruhat
order. We are not going to define this order in the usual way (see [5l, §5.9] for its
definition), but we shall use the following characterization of it (see, e.g., [1, §3.2]
or [9, Proposition 2.1.11]). For ¢ € &(n) and 1 < h < k < n, let o™* be the h-th
entry in the increasing rearrangement of o(1),...,o(k). Then, for u,v € &(n), we
have u < v if and only if u* < v"F forall 1 <h <k <n-—1.

For u,v € &(n) we also write v < v to mean that u < v and £(u,v) = 1.

The Kazhdan-Lusztig polynomials are polynomials with integer coefficients in-
dexed by the set of all pairs (u, v) of permutations, and we denote them by PY(q).
We refer the reader to [B, Chapter 7] or to the original paper of Kazhdan and
Lusztig [6] for an introduction to this family of polynomials. It is well known that
P?(q) equals 1 if either u = v or u<tv and vanishes if and only if u £ v. The degree
of a Kazhdan-Lusztig polynomial P, where u < v, is known to be smaller than or
equal to 1(£(u,v) — 1) and the coefficient of qz(“v)=1) (in the case where £(u,v)
is odd) is denoted by u(u,v); in particular, we have p(u,v) = 1 whenever u < v.
We also set p(u,v) := 0 if £(u,v) is even.

In the computation of Kazhdan-Lusztig polynomials we will make use of the
following well-known relation that they satisfy (see, e.g., [6] (2.2.c)]).

Theorem 2.1 (Kazhdan-Lusztig). Let u,v € &(n), u < v and d € Des(v). Then

_ . s £(2v)
P(q) = q" P (q) + ¢°Pr*(q) — > g 2 u(z,vsa)PL(q),
{z<wvsq:d€Des(z)}

where ¢ =1 if d € Des(u) and ¢ = 0 otherwise.

The following result is a useful property of Kazhdan-Lusztig polynomials that
will be used repeatedly in the sequel (and that can be easily deduced from Theo-
rem Z71]) and we record it as a proposition for future reference (see [6, §2]).
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Proposition 2.2. Let u,v € &(n), v < v, and d € Des(v). Then
Pl(q9) = PJs,(2)-

Remark 2.3. Proposition implies directly that if z,w € &(n), z < w, are such
that p(z,w) # 0 and £(z,w) > 1, then Des(z) 2 Des(w).

If J is a set of simple reflections we denote by W the parabolic subgroup gen-
erated by J. For w € &(n) we denote by w” the element of minimal length in the

W j-coset Wyw, and we let w; € W be defined by w = wyw’.

Lemma 2.4. Let J be a set of simple reflections of &(n) and u,v € &(n) be such
that v/ = v’. Then

Pi(q) = P (a)-

Lemma P4 was first proved by Brenti in [2] Theorem 4.4] as an application of
an involved combinatorial interpretation of the coefficients of a related family of
polynomials, called the R-polynomials. Later, Polo sketched in [0, Lemma 2.6] a
straightforward proof of a generalization of this result, that holds for any Coxeter
group, as a simple application of the definition of Kazhdan-Lusztig polynomials in
terms of Hecke algebras.

For w € &(n) we denote by W the permutation of &(n — 1) obtained from w by
suppressing the value n from its one-line notation. Similarly, we denote by w the
permutation of G(n— 1) obtained from w by suppressing the value 1 and re-scaling.
For example, if w = 35214, then w = 3214 and w = 2413. The following proposition
is a special case of Lemmal[24] and a simple recursive proof of it can also be found
in [4, Proposition 2.9].

Proposition 2.5. Let u,v € &(n) be such that u='(n) =v='(n). Then

P,/(q) = Py (q)-
On the other hand, if u=1(1) = v=1(1), then

Py(q) = Py(q).
Remark 2.6. Note that if v=!(n) = i, then £(v) = £(¥) + n —i. It follows that,
if u < v satisfy «=1(n) = v=!(n), then we have £(u,v) = £(%,v) and hence, by
Proposition ZH, p(u,v) = p(a,v).

There are some special cases where the Kazhdan-Lusztig polynomials can be

computed explicitly. Let 1 <ej <ey < - <e <mand f. < fro1 <--- < f1 be

the remaining elements in [2,n — 1], so that » = n — 2 — 4. The following theorem
is the main result of [10] and will be generalized in §3

Theorem 2.7 (Polo). Letes,...,e;, f1,..., fr be as above. Then
.- €4 f ---fr— 1 fr i—j—1
Pef:f.ue,-e,lzifi...f,,.,i frn (@) =1+ Z qeaTIm

{] €j >f7'}

Theorem 27 implies the arbitrariness of Kazhdan-Lusztig polynomials. In fact,
let P(q) € N[g] be such that P(0) = 1. Then P(q) = 1+ 22:1 q* for some
1<a1<as<---<aqa; Ifwesetej=a;+j+1, forjeli]andn=aqa; +i+2, we
have, by Theorem [2.7],

perez--ein fiofr—11 f‘r(q) _ P(q)

ler...ei—re;fi...fr—1 frm
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3. MAIN RESULT

Let v € &(n). We say that v is unimodal if there exists an index i € [n] such
that Des(v) = [i,n — 1]. For example, v = 35786421 is a unimodal permutation in
S(8).

The following result is a special case of [8] (see also [Il Theorem 8.1.1] and [9]
Theorem 3.7.5]). However, its proof is so simple, and in the spirit of this work, that
we have included it for completeness.

Lemma 3.1. Let u,v € &(n), v be a unimodal permutation and u < v. Then

Pl(g) = 1.
Proof. We proceed by induction on n, the statement being trivial for n = 1. Sup-
pose Des(v) = [i,n — 1] and hence v=!(n) = i. Then, since u < v, we have

u~t(n) > 1. So, by repeated use of Proposition2:2] we may assume that u=1(n) = 1.
Hence, by Proposition 25, PY(q) = PZ(q) and the claim follows by our induction
hypothesis, since v is also a unimodal permutation. O

We say that an element v € &(n), n > 2, is almost unimodal if the permutation
v € 6(n — 1) obtained from v by deleting 1 and re-scaling is unimodal.

When we also need to stress the fact that 1 appears in a given position in the
one-line notation of v, we say that v is (1 — j)-almost unimodal if it is almost
unimodal and v=1(1) = j .

For example, the permutation 2576143 is a (1 — 5)-almost unimodal permuta-
tion.

Note that a permutation v € &(n) is unimodal if and only if it is either (1 —
1)-almost unimodal or (1 — n)-almost unimodal. With this terminology, Polo’s
theorem (Theorem [Z7)) is concerned with Kazhdan-Lusztig polynomials P, where
visa (1 — n — 1)-almost unimodal permutation, and the main goal of this paper
is to generalize this result to polynomials P, where v is a generic almost unimodal
permutation.

Lemma 3.2. Let j € [n— 1] and z,w € &(n), z < w, £(z,w) > 1, be such that w
is (1 — j)-almost unimodal and j € Des(z). Then u(z, w) = 0.

Proof. We proceed by induction on n, the result being clear for n = 2. So suppose
n >3 and let i :== w~t(n).

If j <4 — 1, then, by Remark 2:3] we may assume that [i,n — 1] C Des(z) and
the condition 2z < w forces 271(n) = w=(n) = i. Then, by Remark [2.6] we have
(z,w) = £(Z,w) and p(z,w) = u(z,w), and the claim follows from our induction
hypothesis since w is still (1 — j)-almost unimodal and j € Des(z).

If j =i —1, then, by Remark [2:33]and the hypothesis j € Des(z), we may assume
that [i — 1,m — 1] C Des(z). But this is incompatible with z < w since w™!(n) =i
and the result again follows.

If j > 4, then, by Remark 23] and the hypothesis j € Des(z), we may assume
that [i,n — 1] C Des(z) so z7!(n) = w™!(n) = i. Then, by Remark 26 we have
U(z,w) = £(Z,w) and p(z,w) = mu(z,w), and we conclude again by our induction
hypothesis since w is (1 — j — 1)-almost unimodal and j — 1 € Des(z). O

Let 1 <ep <ey < ---<e <n befixed and let f,. < f._1 < --- < f1 be the
remaining elements in [2,n — 1], so that r = n —i — 2. We also set fy := n. For
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j € [n] we let
er...ej_1lej...eifo... fr, if j <i41,

(3.1) Vj = er...e; 1L fo... fr, if j=d+1,
61...eifo...fj,ifglfj,ifl...fr, ifj>i+1.

Note that v; is a generic (1 — j)-almost unimodal permutation and that, for

J€n =1 vjt1s; = v;
Lemma 3.3. Let j > 1 and v be a (1 — j + 1)-almost unimodal permutation such
that j < v~1(n). Suppose that u < v is such that u(1) =1 and u(h +1) = v(h) for
helj—1], and let a :==u(j+1). Then
Pi(q) =1+ (j —kj(a) — g,
where, if we set v(0) := 0, k;(a) :=max{l € (0,5 —1] : v(l) < a}.
Proof. Without loss of generality we may assume that v = vj41 (see equation (BI))),
with 7 < i+ 1. It follows that
u=1ler...ej_1a%*---*,

where # - - - % stands for a suitable permutation of [n]\ {1,e1,...,€ej_1,a}.

We proceed by induction on j. If j = 1, then k;(a) = 0 and the result follows

by Proposition 2.2 used with d = 1, Proposition 2.5 and Lemma [B.1]
Now suppose that 7 > 1. It is easy to check that

(3.2) {z<vji1s; =v; : j € Des(z)} = 0.

If kj(a) = j — 1, then e;_; < a and hence, by Theorem 21 Lemma B2l used with
w = vj;, and ([B2), we have

Pyt(q) = qPyi(9)+ P (q)
vei_1lej...eifo..fr vej1 1 ejeifo.fr
= P @)+ P T ),

The first term in the right-hand side is zero since us; £ v;. So the result follows
by our induction hypothesis since u < v; by the so-called lifting lemma (see, e.g.,
[5, Lemma 7.4 (b)]), and k;j_1(ej—1) =j5 — 2.
Now let kj(a) < j — 1 and hence a < ej_;. We have us; < vs; = vj;, by the
lifting lemma (see, e.g., [5, Lemma 7.4 (a)]). We claim that we have also u < v;.
hk

In fact, in the notation of §2, we have v;"" = U;Lfl for all k # j and all h < k. The

claim follows since u < vj4q and u™J = v;-l’j for all h < j. So, by Theorem 2T]
Lemma 32 and (32), we have

Ppti(q) = Pui(a)+aPr(q)
= PO @ e P )

= 1+(y—-1-kj—1(a) —1)g+q,
by our induction hypothesis, and the proof is complete, since k;j_1(a) = k;(a). O
Now let u:=1e;j...e;f1... frn and denote, for 0 < h <a <7,
Uh,q = USi4+aSita—1 """ Si+h+1,

ie,upo=1er...eifi... fu—ifafn... ]/C; ... fem (for h > 1). For example, if e; = 3,
ex =5 and n =7, then (fo, f1, fa2, f3) = (7,6,4,2) and uq 2 = 1354627. Note that
up,p =u for all h < r and up,eSith = Uh—1,q-
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For simplicity of notation we let

Fy . PUith+ _ Pe1---e7:fof1---fh71 1 fhfhi\l e fr
ha ur (@) ler.eifiofar fa,fh...fa,...frn(

Remark 3.4. Note that, for 0 < ' < h < a < r, we have Pfj”“/“(q) = Fp . In

h,a

fact, since [i + h + 1,4 + a] C Des(v;4+p/4+1) we have, by Proposition 2.2,

Pif;rahlﬂ (Q) = P":'};;Tah;:—lh-l-l"'5i+a715i+a (q) = P;)thﬂ (q) = P;;LT};LI/H (q) = Fh/,h/'

The following result is a linear recursion satisfied by the polynomials Fj, q.
Theorem 3.5. Let 2 < h<a<7r. Then
Fhna=Fn1a+qFn-1n—1—qFh—2n—2— (fn-2— frn-1—1)q
Proof. We want to deduce our statement using Theorem with v = viypt1,
u=upq and d = i+ h € Des(vi4p+1). By Lemma B2] used with w = v;4, the
sum appearing in Theorem 2.1] can be restricted in this case to the set
Z :={z<vipn: i+ h € Des(2)}.
The set Z is given by the permutations z obtained from v;, by swapping 1 either

with fn—2 or with any of the entries e; such that f,—1 < e; < fh—2. So, if we let
Cj =€1...€5-1 1€j+1 ce. 61"]('0 ce fh_gejfh_l ce. f?" we have
Z ={vith—1} U{G * fao1 <ej < fr2}.

Now note that ¢; is (1 — j)-almost unimodal and that all the other hypothesis of
Lemma B3] are satisfied with v = {; and v = up o (and j = j —1). Thus, it follows
that P§l . (q) = 1.

So we may conclude that

Fpa = PURssin(q) 4 qPlrsisn (q) = > " gPZ ()

z€Z
= Pttt (@) +aP (@) —aPh 7 (a) = #{7: fr1 <€ < fa—2}q.

Now Pyt . (q) = Fy—1,4 by definition, while Py, (q) = Fp—1,,—1 and P, (q)
= Fy_2h—2, by Remark B4l The claim follows since, clearly, #{j : fn—1 < ¢; <
fh2} =fo2—fo1—1 O

Theorem 3.6. Suppose that either h =a =0 or1 < h<a<r andlet fy :=n
and f_1:=n+1. Then

h
Fho=1+(fn-1—fat+h—1-a)qg+ Z(fhfk — fror1 — 1) ¢~
k=2
Proof. For h = a = 0 the claim is Fy o = 1 and this follows directly from Lemma[3.3]
For h = 1 we have to show that F}; , = 1+ (n — f, — a)g. By Lemma B3] we
have Fy o = 1+ (i — kiy1(fa))q, where, setting eg := 0, kiy1(fs) = max{l €
[0,4] : e < fu}, and we claim that these two expressions for Fj, agree. In
fact, since the entries in [n] which are smaller than or equal to f, are exactly
Let, o€y (fu)s Jro fr—1,- -+ fa, we have fo = 14 kip1(fa) +7 —a+ 1, and the
claim follows, recalling that n = r + ¢ + 2. So we may suppose h > 2 and proceed
by induction on h.
By Theorem [3.5] we have

Frna=Fn1a+qFn-1n—1—qFh—2n—2— (fh—2— fa-1—1)q
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So, using our induction hypothesis, we can compute all the coeflicients of F}, q
by looking at the right-hand side of this equation. Note that an easy inductive
argument shows that deg(Fh o) < h. So, for k € [0, h], we let ¢;, be the coefficient
of ¢* in Fq. It is clear that cg = 1. The coefficient of ¢ in F}, , is

et = (fa2e—faoth—-2—a)+1 -1~ (fp2—fo1—1)
= (fhr1—fat+th—1-a}
and so it agrees with our statement.
For k € [2,h — 1] the coefficient of ¢* in F},, is
ce = (fnk-1—fn-bk—1)+ (fot = frot+1—1) = (fn-t—1 — fn—k — 1)
= fo-k— frn-k+1— 1.
Finally, we have ¢, = fo — f1 — 1, and the proof is complete. O

If h = a, Theorem gets a much simpler form.

Corollary 3.7. For h=0,...,r we have

h
Fun =1+ (for— farr1 —1)q"
k=1
In particular,

r
Fr,T =1+ Z(fr—k - fr—k-{-l - 1) qk-
k=1

The second equality in Corollary [37 is an equivalent reformulation of Theo-
rem 7] that is, the result of Polo that we have referred to in the title of this
work.
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