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CHARACTER SHEAVES ON DISCONNECTED GROUPS, VII

G. LUSZTIG

ABSTRACT. We define and study convolution of parabolic character sheaves.
As an application, we attach to any parabolic character sheaf the orbit of a
tame local system on the maximal torus under a subgroup of the Weyl group.

INTRODUCTION

Throughout this paper, G denotes a fixed, not necessarily connected, reductive
algebraic group over an algebraically closed field k. This paper is a part of a series
[C9] which attempts to develop a theory of character sheaves on G.

The usual convolution of class functions on a connected reductive group over
a finite field makes sense also for complexes in D(GY) and then it preserves (see
[Gi]) in the derived sense the class of character sheaves on G°. In §32 we define,
more generally, a natural convolution operation for parabolic character sheaves (see
32.21(a)). A key role in our study of convolution is played by Theorem 32.6 which
describes explicitly the convolution of two basic complexes of the form K’j:g in
terms of multiplication in some Hecke algebra. Using this we define a map which to
each parabolic character sheaf associates an orbit of a subgroup of the Weyl group
on the set of isomorphism classes of “tame” local systems of rank 1 on the torus T
(see 32.25(Db)); in fact, we define a refinement of this map in 32.25(a). The main
result of §33 is Proposition 33.3 (a generalization of |[L3, III,14.2(b)]). It asserts
that (under a cleanness assumption), the cohomology sheaves of a character sheaf
restricted to an open subset of the support of a different character sheaf are disjoint
from the local system given by the second character sheaf on that open subset. (This
plays a key role in the argument in Lemma 35.21.) In §34 we study the algebra
H, of 31.2 (or rather an extension HZ of it) in the spirit of our earlier study
[L12] of a usual Iwahori-Hecke algebra by means of the asymptotic Hecke algebra.
This allows us to construct representations of H? starting from representations of
HDP1 the specialization of HP at v = 1. In 34.19 we define some invariants b
of a character sheaf A which depend also on an irreducible representation E, of
HD:1 These generalize the invariants c4 g of [L3, III, 12.10]. From the definition,

%) is a rational function in the indeterminate v and one of our goals is to show
that b} , is in fact a constant. This goal is achieved in §35 under a cleanness
assumption and a quasi-rationality assumption on E,. (See Theorem 35.22 which
is a generalization of [L3], III, 14.9].) In §35 we prove an orthogonality formula
(Proposition 35.15) for the characteristic functions of complexes of the form K 35
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210 G. LUSZTIG

(over a finite field) in the spirit of [L3l 13.5, III]. A variant of this formula (see
Corollary 32.23) can be obtained in an entirely different way as an application of
the results on convolution in §32. As an application we associate a sign +1 to
any character sheaf on a connected component of G (see 35.17), under a cleanness
assumption. This generalizes [L3] 111, 13.10].

Erratum to Part V. In 25.6 replace R} = R* N R by R = R* N R;.

Erratum to Part V1. In 28.19 replace £' = (D™ ")*L by £’ = (D™ ")*L. In 31.4
replace tp by D.

CONTENTS

32. Convolution.
33. Disjointness.
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35. Functions on GOF /U.

32. CONVOLUTION

32.1. In this section we define and study the convolution of parabolic character
sheaves.

32.2. Let A be a connected component of G. Let J C I. Let s = (s1, 82,...,58,),

s’ = (s}, 55,...,5.,) be two sequences in I. Let a,a’ € W. Let

!/

! ! ! ! /i !
W = (51,82,...,5r,G,8],89,...,8.,a"), [W]=8182...50a5785...5.a.

Let £ € s(T) be such that [w]A € W%, Let
T = {Z S [1,7’ 781...8i—-18;Si—1...81 € Wg},
1./

T ={jel,r'd " s, ...85,,887,1...5.0 €ea(We)},

Zy ya ={(Bo,B1,..., By, By, B},..., Bl B,aUy g, ); B; € B(i € [0, 7)),
Bj € B(j €[0,7']),B € B,x € A,pos(B;_1,B;) € {si,1}(i € T),
pos(Bi-1, Bi) = si(i € [1,r] = T),pos(Bj_y, Bj) € {s},1}(j € T'),
pos(Bj_,, B}) = s(j € [1,7'] = T'), pos(B,, B)) = a,pos(B,.,, B) = d,
rByx~! = B}.

Then Z§; A (see 28.8) is naturally an open subset of Zjj ; . By 28.8, L gives rise

to a local system £ on 2 A

(a) £ extends uniquely to a local system L on Z§ g A
Indeed, let a = t1ta...ty,a’ = tith ...t , be reduced expressions for a,a’ in W
and let

t = (81,82, Spytiyta, e tm, 81,80, o sttt Lt ).
We identify in an obvious way Zy'; o with an open subset of Z§ ; \ (see 28.9)
contained in Ugc gz, Z;JJA (notation of 28.9) and we use the fact that £, regarded

as a local system on ZQ‘)’:’J,A = Z&J,A extends to a local system on Uy, Zéf],A;
see 28.10. This extension is unique up to isomorphism since Zj'; \ is open dense
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in the smooth irreducible variety Zj'; » (which is itself open dense in the smooth
irreducible variety Z§ ; A ).

32.3. For any a = (ag,G1,...,0r4s) € Wrtr'+1 et
ZavJaA {(BO’Bh“'7BrvB{)aBia---aB;’aB7l‘UJ,Bo) EZKJ,A;

pOS(Bk; B;'/) = ak(k S [O7T])a pOS(BT7 B:"-H"'—k) = Clk(k? € [T7T T T,])}.
Define mw,a : Zy )'A = Za by

(B07 Bl; e 7B7'a B(/)7 Bia e ,B/T/, B7$UJ Bo) = (QJ,B()) QEA(J),B?xUJ,Bo)

(notation of 28.7). Now Zy"', is empty unless

(i) Aptyr/ = Q,

(ii) ax € {ar—1,skar—1} for k € [1,r],

(iii) ax € {ar—1,a1-18, 4,11 1) for k€ [r+ 1,7 +7'].
Indeed, let (By, B1,...,B,,B),B,...,B.,B,zU;pg,) € Z%VJaA Clearly, (i) holds.
Let k € [1 r]. From pos(By, Bx—1) € {1,sk}, pos(Bk—1,B,.) = ax—1, we deduce
pos(By, B..)) € {ax—1, sxar—1} and (ii) holds. Let k € [r + 1,7+ r']. From

Pos(Br, By 1) = ar—1,P08(Byy 1k, By ) € {1 sh i i}
we deduce pos(By, B, ,/_;) € {ak-1,ak-15,4,, 11} and (iii) holds.
Let La be the restriction of the local system £ from Zj'; A to Z@ J.a- We have
a partition Zy ; A = UaZy /' With a € W7+ subject to (i),(ii), (iii). We set

Na = [{k € [1,r],ar > spar}| + {k € [r+ 1, v +7'],ar > ars) o1}
Ta={icT;a;1 = a; < s},
7;/ ={je T Optp!—j = Qg —j41 < ar+r/,j+1s;}.
Lemma 32.4. Assume that a satisfies 32.3(i),(ii), (iii).
(a) Zy77  is non-empty if and only if i € [1,7],a;1 = a; < sija; = i€ T,
and j € [L,1'],a—jyrir = a—jirqrir < a—jiiqprips; = jET.
() If (Bo, Bi, ..., Br, By, By, ..., Bl B,aUsp,) € ZY2,, then B,y = B; for
any i € T and Bj_; = Bj for any j € T.
(c) Let OZ;'JaA be the subset of ZX:;A defined by the following conditions: for
i € [1,7] we have Bi—1 = B; if and only if i € Ta; for j € [1,7'] we have B}_, = B;
if and only if j € T]. If Z%VJaA # (), then it is smooth, irreducible and Z@ NG
open dense in Z(Z)
(d) If ar, = ap—1 for some k € [1,r] with k ¢ T or for some k € [r + 1,7 +1']
withr+1v" +1—k & T, then Ty a1La = 0.
(e) If ag # ag—1 for any k € [1,7] with k ¢ T and for any k € [r+ 1,7 +1'] with
r+r'+1—k¢T', then apa’ A € W ; moreover, Z;’:]aA is an iterated affine space
bundle over Zq()a;’g) with fibres of dimension N and Ty a1la = K(ao’a ; L[[ Nal].

We prove (d),(e) by induction on r+7'. If r+7" = 0, then w = (ag,a’),a = {ap}
and

Zy 7 A = Zy g a = {(Bo, By, B,aUysp,); Bo € B, By € B, B € B, € A,
pos(By, By) = ag, pos(By, B) = a’,xBox~ ' = B}.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



212 G. LUSZTIG

Hence 7y, alla = KJA Now assume that 7+’ > 1. Assume first that ' > 1. Let

’ ’ ro
w = (317 825y Sy Apgr/—1,Spr 1, Spr 2y -+ -5 51, @ )a
’ ’ ’ I

[W'] = 8182 .. SrQrirr =18y 180 _o...810 ,

1
a = (ao,al, vy Qpy Qg1 - - .,a,«+,«/_1),

Y = {(Bo,Bi,..., By, BL. By,...., Bl B.aUy 5. ); B; € Bi € [0,7]),

Bj e B(je[1,7"]),B € B,z e A,pos(Bi—1,B;) € {s;,1}(1 € T),

pOS(Bi laB') = ( [1 T] - T)vaS(B; 1)B;') € {S;-, 1}(] €e7T'n [2,7,/]),
pos(Bj_y, B}) = s5(j € [2,7'] = T"), pos(B, By.) = ar(k € [0,7]),

pos(By, Bl i) = ai(k € [r,r + 1" —1]), pos(B,,, B) = a’,2Box~' = B'}.

Define 7Y Y = Zja, Z(DJA—>Yby

Y. (Bo,Br,...,B;, B}, B, ..., Bl B,aUy;p,) — (Q1,80: Qea(s),5:2U1,B,),
f(Bo,By,...,B,, By, B,....,B..B,aUysp,)
+— (Bo, B1,...,Br, B}, B}, ..., Bl 2U;B,).
The fibre of f at (Bo,Bi,...,B,,B},B,...,Bl.,2U;p,) € Y may be identified
with
{B}, € B;pos(B{, By) € {s},1}if 1 € T',pos(By, B}) = s} if 1 ¢ T,
pos(By, B}) = ayyr }.
If ar4pr8) = apgpr—1, then [W]A = [W]A € W2 and the sets analogous to 7, 7" (for
w’ instead of w) are 7,7’ N[2,7']. Moreover, ZQ) ja =Y and [ is an isomorphism
if Arirr < ar+ 8y and an affine line bundle if a4, > arq8). In both cases,
La = f*(Lar). Hence
fiLa = Lo, Twala=Tw anfila = Tw anLar if Grirr < apyprsh,

fiLa = Lo [[-1]], 7w.atla = Twr a1 fila = Tw anLar [~ 1] if @rirr > apyrrsh;

the desired result follows from the induction hypothesis.

If apipr—1 = Gpipr < apysy and 1 ¢ 77, then Z;’;A =0. f aryr—1 = Qroyy >

ary 8y and 1 ¢ 77, then f is a k*-bundle and fi£, = 0 (this can be deduced from
28.11) hence Ty a1La = 1) fila = 0.

Assume now that a, 4, —1 = ay4,» and 1 € 7'. Then [w']A € W and the sets
analogous to 7,7’ (for w' instead of w) are 7,7’ N [2,7']. Moreover, Z;’i]’aA/ =Y;
also, f is an isomorphism if a4, < a@r4,8) and an affine line bundle if a,y,» >
aryr8). In both cases, Lo = f*(La). Hence

f! a — »Ca/; '/Tw,a!»ca = '/Tw’,a’!f!Za = Ww/,a/!ga’ if Apprr < arJrr/S,l;
f!Ea = Ea’ [[_]—]]7 Ww,a!Ea = '/Tw’,a’!f!Za = Ww’,a’!ga’ [[_1]] if Qg > arJrT’Sll;

the desired result follows from the induction hypothesis.
Assume next that ' = 0. Then r > 1. Let

" __ / m o_ ’
W = (817527" <5 8r—1,0r-1,0 )a [W ] = 5182...8r-10r-10G,

a,/ = (Cl(), Ay, ... 7a7"—1)7

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CHARACTER SHEAVES ON DISCONNECTED GROUPS, VII 213

Y = {(BO,Bl, .. -7Br—1;B(/);B7$UJ,BO);Bi S B(i S [0,7“ — 1])736 € B,
B e B,z € A,pos(Bi_1,B;) € {s;, 1}(: € TN [1,7r —1]),
pos(Bi—1,B;) = si(i € [1,r — 1] — T ), pos(Bg, B}) = ar(k € [0,7 — 1]),
pos(B}, B) = a’,xByz~' = B}.

Define 7¥1 : Yy — Zja, f1 :ZX;A — Y] by

7™ : (By, Bi,...,Br_1, B}, B,xUj p,) (Q1,Bo» Qen(1),B,TU1By),
f1:(Bo,B1,...,By, By, B,xUy;p,) — (Bo,Bi,...,Br—1,B,B,2U; ,)-
The fibre of f1 at (Bo, B1,...,Br_1, B}, B,zU;B,) € Y1 may be identified with
{B, € B;pos(B,_1,By) € {sp,1} if r € T,pos(By_1,B,) = s, if r ¢ T,
pos(B,, B}) = a,}.
If s;ar = ap—1, then [W/]A = [Ww]A € W2 %n(}/ the set analogous to 7 (for w”
instead of w) is 7 N [1,r — 1]. Moreover, Zj A = Y7 and f; is an isomorphism

if a, < sra, and an affine line bundle if a, > s,a,. In both cases, Lo = f;(Lar).
Hence

fl!za = Za“;ﬂ-w,a!za = 7Tw“,a“!fl!‘c_a = 7Tw”,a”!‘c_a“ if ar < SyQr,
fl!za = Za“ [[_1]]7 7Tw,a!£_a = 7Tw“,a“!fl!‘c_a = 7Tw”,a”!‘c_a“ [[_1]] if Ay > SrQy;
the desired result follows from the induction hypothesis.

If a1 = ar < spa, and 7 ¢ T, then Zg"j’A =0. f a,_1 = a, > s,a, and

r ¢ T, then f; is a k*-bundle and f11£, = 0 (this can be deduced from 28.11)
hence Ww’agza = 7r!Y1 firla =0.

Assume now that a,_1 = a, and r € 7. Then [w’]A € W} and the set
analogous to 7 (for w” instead of w) is 7 N[1,r — 1]. Moreover, ZX:L’Z/ = Y7; also,
f1 is an isomorphism if a, < s.a, and an affine line bundle if a, > s.a,. In both
cases, La = f{(Lar). Hence

fuza = Ea//,ﬂ'w,ayza = Ww//’a//!fuga = Ww//’a//ggau if ar < SprQp,

fl!Za = Ea” [[_]—]]7 Ww,a!Ea = WW”,a”!fl!Ea = Ww”,a”!ga“ [[_1]] if ar > SpQr;
the desired result follows from the induction hypothesis. This completes the proof of

(d),(e). The previous inductive proof also yields (a),(b),(c). The lemma is proved.

32.5. Let J C 1. Let D, D’, A be three connected components of G with A = D’D.
We write ¢, ¢ instead of ep,epr : W — W. We have a diagram

b1 >ba
ZJ’D X Ze(J),D’ «— ZO —_— Z‘]’A

where
Zo ={(Q,Q",Q",9Uq,gd'Uq); Q € P1,Q" € Pe(y), Q" € Pere( )
geD,g €D, gQy ' =Q,gQ¢ ' =Q"},
b1 (Q,Q,Q",9Uq,9'Uq) = (Q,Q',9Uq), (Q",Q",4'Ug)),
b2(Q,Q",Q", 9Uq,g'Uq) = (Q.Q". ¢'9Uq).
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214 G. LUSZTIG

Define a functor (convolution) D(Z5p) X D(Z(yy,p') — D(Z5a) by
KK v K+ K' = bybt (KK K').
/

Let s = (s1,82,...,8),8 = (8], 85,...,5.,) be two sequences in I and let £, L €

5(T) be such that sys5...5.D € WS, sish...s., D' € W%,. Then K’j:g €D(Zsp),

K’ES(/Z,[)::D, € D(Z.(y),p’) are defined (see 28.12); hence K’j:g * K’ES(/Z,[)::D, €D(Zjn) is

defined.
Let n € Ni be such that £ € s,,L’ € 5,. Let A € 5, (resp. X € 5,,) be the
isomorphism class of £ (resp. L').
Theorem 32.6. (a) If K’j:g * KES(IZIE);D, #0, then yN' = DX for some y € W ().
(b)A Let A be a simple perverse sheaf on Zja. If A 4 f(jg * I_(es(f)p,, then
A€ Z5 .
(c) Assume that k,Fy, G, F are as in 31.7(b), that A € ZAJ’A and that ¢4 -
H,[A] — Ais as in 31.7. Then

KRG K2 ) = (0 = 1) Tagtim Ok
0,/ ’
x Y WHvICs [DIT, [DTCS [D'][D]T ).

yEW,
' DN =)

(Notation of 31.5, 31.6. We regard L, L' as pure of weight 0 and then K’j:g, K’ES(/Z,[)::D,
and their convolution naturally as mized complezes.)
The proof is given in 32.7-32.19.
32.7. With notation of 28.7, let
V ={(Bo, B1,...,B., B}, B}, .. .,B,'/ﬂ/,gUJ’BO,g,UE(JLB(/));Bi € B(i € [0,7]),
BjeB(je0,7]),ge D, g’ € D',gBog™" = B,,g'Byg’ ™" = B},
pos(Bi—1, Bi) € {1,s;}(i € [L,7]), pos(Bj_y, Bj) € {1,53}(j € [1,7]),
pos(B, By) € W ()}
Let £ be the constructible sheaf on Za JD in 28.10 and let £’ be the analogous
constructible sheaf on ZS:E( 1.0 The inverse image of £X £’ under the imbedding
[V — ZQS),J,D X ZS:E(J),D/’
(Bo,B1,...,Br, By, By, ..., B, 9UsB,, 9'Ucs),B))
— ((Bo, B1,...,Br,gUsB,), (By, By, .., B, g'Ues),By))
is a constructible sheaf on V denoted again by £ X £'. Define p: V — Z; A by
(Bo,B1,...,Br, By, By, ..., B, gUs By, 9'Ucts),B;) = (Qu,By, Qe'e(J),B;,JJUJ,BO)

where = = g'g € A; this is meaningful since ¢'Uc(s),5,9 = 9'Uec(),8,9 = 9'9U1.B,-
We have a commutative diagram in which the left square is cartesian
f

7S 7s’ 14
Zb.5.0 X Zp.e(1),D Vv ZA

| ol

b1 ZO ba

23D X Ze(y, D! Z1A
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where
h: ((307 Bla e 7BrngJ,Bo); (B(,); Biv ey Bvln/ager(J),B(’)))
= ((Q1,B0 Qe B, 9U 1,80, (Qe(), By Qere( 1), 87, 9'Ue(). )

hO : (B07 Bl7 cee 7B7'7 B{)a Bi7 SRR B;’agUJ,BmglUE(J),Bé)
= ((Qu,B0: Qe Brs Qere(), 81, 9U1,B0): 9 Ue(), B,)-
Using this commutative diagram and the definitions we have

K55+ K3 = m(ERL).

Let
T={i€[l,r];s182...8;...8281 € W},
T ={jell,rs....s518851...5, € (We)h

(Thus, T = Js, T' = Js with the notation of 28.9.) Let
V' = {(BO, Bi,...,B,, B(/), Bi, RN Bvln/,gUJ,Bmg/Ue(J),B()); B; € B(Z € [0,7“]),
B;eB(je0,7]),9€ D, g € D',gBog~' = B,,g'Byg' "' = By,
pos(B;—1,B;) € {1,8;}(i € T),pos(Bi—1,B;) = s;(i € [1,7] = T),
pos(B;_1,B)) € {1,s;}(j € T'),pos(Bj_,,Bj) = s5(j € [1,7"] = T),
pOS(BTvB(/)) € We(J)}v

an open subset of V_ Le_t p' V' — Zja be the restri_ctim_l of p: V — Zja. From
28.10 we see that (LX L')|y+ is a local system and (£ X L")y -y = 0. Hence

p(V.LRL) = pl(LHL).
For any
(a) a= (a07a17"'7a7"+7"') EWT+T, XWE(J)7
let
Va, = {(BO; B17 SERE) B?"a B(,)7 Bia ) Bvlﬂ’agUJ,Boag,Ue(J),B()) € V,7
pos(By, By.) = ai(k € [0,7]), pos(Br, By ._;) = ax(k € [r,r +7'])}.

Let ph : V. — Zja be the restriction of p' : V' — Z;a. Then V' = U,V is a
partition of V'’ with V locally closed in V' for all a.

Lemma 32.8. Let a as in 32.7(a) be such that (D™ ')*L % (a;}r,)*ﬁ’, Then
Pa(LR L") = 0.

Define R, p: R — Zja, m: V] — R by
R = {(By, By, .. .,BT,B(),Bi7 .. -,B:nf,xUJ,BO)§Bi € B(i € [0,r]),
Bj € B(j €[0,7']),z € A, pos(B,, By) = Qg rr, pOs(Bl, xBox ™) = e’(a;_&r,)},
p:(Bo,Bi,...,Br, By, By, ..., B, 2U;B,) — (Qu.B, 2Q 1By 2Us B, ),

T (BO;Bh .- -7B7"7B(/)7Bia .- '7Bvlﬂ’agUJ,Boag,Ue(J),B())
(a) +— (Bo, B1,...,By, B}, B1,...,Bl., g gUs B, );

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



216 G. LUSZTIG

this is meaningful since g'Uc(s), 519 = 9'Uc(s),8,9 = 9'9U B, and
pos(By,,9'gBog™'g'") = € (pos(g' ™' By.g', gBog™"))
¢ (pos(By, By)) = € (a,},.).

Since pl, = pr, it suffices to show that m(LX L") = 0. Hence it suffices to show that,
for any £ = (Bo, By, ..., By, B}, By, ..., B, 2U;B,) € R, we have Hé(n Y(¢), LR
L") = 0 for all e. We may assume that 77 1(¢) # (). We may identify

&) ={9UsBy:9 € D,gBog™ "' = B,,xzg” ' Bygz~"' = B/}

in an obvious way. We may assume that B, = B*, B, = G, B* ar_”, (notation of
28.5). Write B; = h;B*h; ! B' = h’B h’_1 with hz,h; € G hy = 1,h{ = G-
Let

w = pos(Bo, B1)pos(B1, Bz) ...pos(B,_1, B,) € W,
w’ = pos(BY, B})pos(B}, BS) ...pos(B.._,B.) € W.

Let T,U* be as in 28.5. Let d € NpB* N NpT,d' € Np/B* N Np/T. Then T (a
maximal torus of B, NBY) acts freely on 7, 1 (£) by left multiplication and it suffices
to show that for any T-orbit 6 in 7 1(¢), we have HE(9, LK L) = 0 for all e. Let

90U B, € 0. It suffices to show that the inverse image of LX £’ under t — tgoU s, B,
(a local system in s(7')) is 2 Q;. Using 28.10 and the definitions in 28.5, 28.8, we
see that this inverse image is just b*(L£) ® ¢*(L’) where L, L’ are regarded as local
systems on T and b: T — T,c:T — T are given by

b(t) =d ' tngng. .. n,«no(naltno)

c(t) = d " Mi'ninb . nlnga Lt ap g,

where n; E NgoT(i € [1,7]), n; € NgoT(j € [1,7']) are given by hi'h; €
U*n;U*, h j flh;- € U*n;-U*, and ng € NpB* N NpT, nj € NpB* N Np/T are
given by goho € U*no, h.,~lgy @i, € Unjy. Since d ' ning...nmg € T,
d' i~ ln’an n.mg € T, ng € dT', we see using 28.1(a) that b*L = Ad(dil)*ﬁ,
L = Ad(a HT ) L'. Tt then suffices to show that Ad(d~')*£L®Ad(a,. HT VL % Q.
This follows from our assumption. The lemma is proved.

32.9. Until the end of Lemma 32.12 we assume that a (as in 32.7(a)) is such that
(a) (D)L= (0], )L
We set @ = a,y,0' =€ (a,. 7"+7" /). We show that

5182 ...5:a8185...5.a/A € Wi,

Since s152...5,.D € W%, it suffices to show that Dilas’lsé .s',D'a”'D € We.

7"’— =
Since §ys5...s,,D' € Wg, = W%, it suffices to show that a*(D YL = L. This
holds by our assumption. Let

! ! ! /
W = (51,82, --,5r,8,57,55...,8.,,4").

Then ZéVJaA (see 32.3) is well defined in terms of 7,7 as in 32.7 (or equivalently
as in 32.2). As in 32.3, £ gives rise to a local system L, on Z@ TA
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32.10. We preserve the setup of 32.9. Let V)’ be the set of all
(Bo, B1,..., B, B(/), Bi, cee Bvln/, (U, N UB(/))g, zUj.B,)

where (B, B1,...,B., B, B}, ...,B.,xBoz~ ', 2U; p,) € Zy';a and g € D satis-
fies g7'B.g = By, g 'B}g = x7'B!,x. (The last equation is meaningful. It suffices
to show that if u € Uy p,, then ug ' Bjgu™! = g~ Bjg, that is, gug~! € NgBj,.
We have gugfl € UED(J)’gBOg—l = U€D(J)7Br = Uq;(J),Bé C UB(’) - NgB(/)) Define

n:Va = Zy oA ki Ve — VY by

n: (Bo, By, .. .,BT,B(I),BL .. .,B:ﬂ,, (U, N UBé)g,xUJ,BO)
+ (Bo, B1,...,Br, By, By, ..., BL,xBox*,2U;s B,),
k: (Bo, B, .. .,BT,B(),BL .. .,B,’/,./,gUJ’BO,g,UE(JLB(/))
+ (Bo, B, ..., By, By, By,..., By, (Us, NUpy)g,9'9UB,);

 is well defined, by the argument following Lemma 32.8(a). Let fa = nk : V)] —

Zy - Clearly,
(a) K is an affine space bundle with fibres of dimension l(wg(J)g).

Now T acts on V]’ by
t: (Bo,Bi,.. .,BT,B(I), i, .. .,B;/, (U, N Ugé)g,xU]’Bo)
= (BOaBlv .. '7BTﬂB(l)7 1; .. '7B7l"/ﬂ (UBr N UBé)ytgvaJ,Bo)

where y; € (B, N By)/(Up, NUpy) is defined by the condition that its image in
B,/Up, is the image of t under T = B,./Up,. Then

(b) 1 is a principal T-bundle.
Let & = (Bo, B, .., By, By, By, B, B,aUy p,) € Zy 7o Then 1~ (§) may be
identified with

{(Us, NUp;)g;9 € D;g~'B,g = Bo,g~ 'Byg = "' Bl.x}.

We show only that n~!(¢) = T. It suffices to show that n=1(¢) # 0. For this
it suffices to show that pos(B}, B,) = e(pos(z~!Bl.x, By)) or that pos(B}, B,) =
eex' (pos(BL, B)) or that a~! = €' ~!(a’) which is clear.

32.11. We preserve the setup of 32.9. Let w be the product of the sequence
$1,82,...,5, in which the factors s; with ¢ € 7, are replaced by 1. Let w’ be
the product of the sequence s{,s5,...,s,, in which the factors s; with j € 7
are replaced by 1, (7a,7] as in 32.3). Let B*,U*,T be as in 28.5. Let d €
NpB*N NpT,d € NpB*N Np,/T. We have a commutative diagram

ov! h oy pxr

Y

0yw,a fe fr
Zy,5a 4 T

Here
Vi={(Bo,Bi.....Br, B}, Bi,.... B, gU;B,,9'Uc(s),,) € Vs
Bi_1 = Bi(i € T),pos(Bi—1, B;) = si(i € [1,r] = Ta), B}, = Bj(j € T)),
pOS(B;'—lvBé‘) = 5;(2 € [1,7“,] - 7;,)}7
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V' = {(ho,h1,... he B, By, B g, g') € (GO)™H T2 x D x D'
hiyhi € B*(i € Ta), hi ! hi € B*3;B*(i € [L,r] — To), h_, 'k} € B*(j € T]),

) jfl
Wiy T € BY$BY(j € (L] = T)) by gho = d, b g = d
h,'hl. € B*apB*(k € (0,7 — 1)), hy 'hl iy, € B*axB*(k € [r,r + 1" — 1)),

hr_lh(/) = Q}a

Z ={(ho,h1,... he, B, B, .. Bl x) € (GO) 742 % D' D;
hi'\hi € B*(i € o), hi hi € B*3;B*(i € [1,r] — To), h,_, "'h; € B*(j € T})),

s 15 —1
!

'y e B, B*(j € [1,7'] = T)), by, ' b} € B*a B*(k € [0,r — 1]),
hythl .y € B*apB*(k € [r,r +7' —1]),h; *hy = @,
hl,~tzhy € B*d'a'd ~'B*},

fl(h07h17-- -7h7"ah65 115' "7h;’7g7gl) = (h’OB*h(;la' .. 7h7"B*hr_17

! pxpl —1 / ERN A /
hoB o™ty by B U gty 6 Uep () g Behy 1)

f2(h07h17 s 7h7'a hé)a hlla s 7h'lr’agag/)
= (d " ning . npd, d T T ndnd o0l d)

with ng, n, € NgoT given by hi ' h; € Un;U*(i € [L,7]), b, 'h, € UnfU*(j €

[1,7]), f3 is the restriction of f: V] — ZX:;A; see 32.10,

f4(h07h17"'7h7'5h65 115"'7hflr’5.g)g/):(h07h17"'7h7"5h65 Ila"'vh;”7glg)7
f5(t,t) =d tad "t ~ta tdtd raw'd'ta d = Ad(d " a)(Ad(d M e d) (4)E),
fﬁ(ho,hl,...,hr,hg,hll,...,h;n/,x)
= (hoB*hy", ..., heB*h B hy ™t .., ;,B*h;,*l,xUMOB*hal),

f7(h07h17"'7h7“ﬂh6a /la"wh;"/ax)
= (d'd)"'dad "' ra i ngng L npan!ind .. nl,md'd,
where n;, n; are as in the definition of f2, m € NgoT is given by h!,~lzhod='d'~1 €
UsmU*.
Lemma 32.12. We preserve the setup of 32.11. Let °Lq = Ea|°£$”j‘A'
(a) We have f5(°La) = (LR L )|oy,.
(b) We have fiLla = (LKL )|y,.
From the definitions we have
fe(OLa) = 7L, [I(LRL)|ovy) = f3(LHA(@)*Ad(d )" L).
Since f{ is a smooth morphism with connected fibres, it suffices to show that
Fif5COLa) = [{((LRL)ovy), or that fif§(°La) = f3(LBL'), or that fif7L =
f3(LR L), or that f5f2L = f5(LXL'). It suffices to show that fFfLf =LK L.
Define ff : T x T — T by fi(t,t) = tt. Setting E = Ad(d~'a) : T — T,
E' = Ad(d'~"i'~'a"'d) : T — T, we have f5 = Ef:(E’ x 1) hence

fiL=(E x 1) fi*E*L = (E' x 1)"(E* LR E*L) = (EE')*L K E*L.
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From our assumption we have £ =2 E*L. Moreover, £ = Ad(d'~'w'~1)*L =
(E'E)*L'. Hence E*L = (E'E)*E*L = (EE'E)*L = E*(EE')*L. Since E* is
faithful, it follows that (EE')*L£ = L. Thus, f&£ = LK L. This proves (a).

We prove (b). We may assume that V/ # (. From (a) we see that fiLa,
(LK L)|y; are two local systems on V, with the same restriction to the subset “V.
It then suffices to show that V. is smooth, irreducible and °V is open dense in
V.. By 32.10(a),(b), fa is a fibration with connected smooth fibres and °V/ is the
inverse image under fa of Zg'i]aA Hence it suffices to show that ZX?A is smooth,
irreducible and °Z3"

lemma is proved.

Zy JA is open dense in Z@ 7a- This follows from 32.4(c). The

32.13. Let S be the set of all a = (ag,a1,...,a,4.) € Wt x W, (. such that
) ay € {ak—1, Skak— 1} for k € [1,7],

(a

(b) ake{ak 1, Gk 1sr+r+1 ot for ke [r+1,r+1r'],
(c) (D7) L= (a ) L

(d)iell,rl,ai-1=0a;, = €T,
(e)jel,r,ajirir = ajy1qryr = jET.

Lemma 32.14. Ifaec (W't x W) =S, then pl (LR L) =0

If a does not satisfy 32.13(a) or 32.13(b), then V, = () and the result is trivial.
If a does not satisfy 32.13(c), the desired result follows from Lemma 32.8. Assume
now that a satisfies 32.13(a)—(c) but it does not satisfy 32.13(d) or (e). Using p, =
Tw.afa and Lemma 32.12(b), we see that it suffices to show that my a far(f:La) = 0
or that Ty at (La ® fa1Qi) = 0. It suffices to show that 7Tw7a!(£_a @ H(faQi)) =0
for any e. By 32.10 we have f, = nx and x1Q; = Q;[[—c]] where ¢ = l(wg(J)a,«+,«/).
Hence faQ; = mQi[[—c]]. Let r = dimT. Since 7 is a principal T-bundle (see
32.10), the local system H¢(nQ;) admits a filtration whose associated graded is a
direct sum of (,.7 ) copies of Qi(r —€). Since Ty aila = 0 (see 32.4(d)), we see
that Ty at (La ® HE(faQ:)) = 0 for any e. The lemma is proved.

32.15. We now make a short digression. Let X be an algebraic variety over k. Let
C € D(X) and let {Cy;n € Z} be a sequence of objects in D(X) such that C,, =0
for all but finitely many n. We shall write

C={CynelZ}

if the following condition is satisfied: there exists a sequence {C/;n € Z} of objects
in D( ) such that C/, = 0 for n < 0, C!, = C for n > 0 and distinguished triangles
(Cl_1,Cr.Cy) for n € Z.

If X,C,C, are as above, C = {C,;n € Z} and X» EEN GELN X4 are morphisms
of algebraic varieties, we see from definitions that

fuC <= {fuCy;n € 7},
C<{f5CuneZ}.

Assume now that C' € D(X) and that {C%; u € U} are objects of D(X) indexed by
a finite set /. We shall write

C={Cuuel}
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if the following condition is satisfied: there exists a bijection & < [0,m] such
that, setting C,, = C" if w « n € [0,m] and C,, = 0 for n ¢ [0,m], we have
C={CpneZl}

For example, if C' € D(X), we have C' < {PH"C[—n];n € Z}; in this case we
can take C), = P7<,(C) (truncation, as in [BBD]).

Similarly, if C € D(X), we have C < {H"(C)[-n];n € Z}.

As another example, assume that we are given a partition X = U,y X" with U
finite, where X are locally closed subvarieties of X such that for some bijection
U < [0,m], the union X/ = X, UX,_1U---UXj is open in X for any n € [0, m]
(we set X, = X" for u < n € [0,m]). For any u € U let j, : X* — X be the
inclusion and let C,, = j1j5C. We have C < {Cy;u € U}. Indeed, setting C,, = C,,
if u > n €0,m] and C,, =0 for n ¢ [0,m], we have C = {Cy;n € Z}. (We can
take C}, = 0 for n < 0, C}, = C for n > m, C}, = j,,j,*C for n € [0, m], where
jrn =X, — X is the inclusion.)

32.16. Assume that a € S. As in the proof of Lemma 32.14 we have Pl (LKL =
Tw,al(La ® farQi) and falQi = mQu[[—c]]. Moreover, nQ; < {H*(mQu)[—¢]; e € Z}
and for any e we have H(nQy) = {C5;1 < ¢ < (,. )} where C¢ = Qi(r —e). It
follows that

) P LB L) & {m(Ba & H Q) el [l € € Z},
(b) Tw,al(La @ HE(mQu)[—e][[~c]] = {C"ei1 < e’ < (er— e>}
where

(a015l(a;_&7‘1))7’c

C'e = mwa(La)(r = e)[—el[[=d] = K (r = e)[=¢][[= ][~ Na]]
(see 32.4(e)). By 32.4(e) we have
(c) aoe'(a, . )A € W

From (a),(b) we see that, if A is a simple perverse sheaf on Z; A such that A -
(a0’ (@}, )L

P (LR L"), then A KA

32.17. From the partition V' = U,V we get, as in 32.15,
(a) p(LBIL) = pl(LBIL) = {p(LHL');a € S}

(by Lemma 32.14 we can omit the a ¢ S). Thus, if A is a simple perverse sheaf on
Zj p such that A - p(LKRL'), then for some a € S we have A 4 pl,(LKL') hence, by

(a0,€'(a, )L

32.16, A - KA ,so that A € ZAﬁA. We also see that S # (); in particular,

(Qil)*é =~ y*L' for some a € Wy (see 32.13(c)). Since K’j:g * K:(/:JE):D, =
p (LR L") (see 32.7) we see that Theorem 32.6(b) holds. We also see that 32.6(a)

holds since, under the assumption of 32.6(a), we can find an A as above.
32.18. In this and the next subsection we place ourselves in the setup of 32.6(c).

Then V, V', V. are defined over F, and we can regard p|(£L X £') and pl,(L X L)
(for any a) as mixed complexes on Zja. Using 32.17(a), 32.16(a),(b) (or rather
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their variant in the mixed category) and 31.7(c),(e) we see that, with the notation
of 31.6, we have

Xo (p(LRL)) = xiH(pa(LR L))

acS

_ _1Ve, 2Na+2l(w? jya,. o0 )—2r+2e r Ay g-(a0s€ (ar-&rl))VC
= T Ty PRI REIL v )
€ 71/ L
= (07— 1) Y e e A )
acS
(a) _ (1)2 _ 1)1‘ ZU2N872l(w8(_,)ar+rz)vdimG—l(w?wg)c (TaoTe'(a 17 ]-A)\[A])
a€S

32.19. Let h — h” be the antiautomorphism of the algebra H,, defined by T —
T,-1 for u € W, 15 — 1, for A € 5,,. We have (C’f\)b =C5 .
(8, 8r—1,---,81). The following identity in the algebra H,, (see 31. 2) is a spemal
case of one in 31.11:

(a) T,C5, =) v* 00T, 1y
y/
here y € W, \; € s, the sum is taken over all sequences y' = (y(,y1,...,9./) in
W such that
Y = Y0,

y:e{y: 1, Yi—18i} for i € [1,0'],
6[1,7’]:1/1 l—yz:>s;€Wz S)\l;
moreover, §'(y') = |{i € [1,7];y;_, s} < Yi_1 |- Similarly, we have

5
(b) C:T...3231)\2Ty = ZU2 (y)l)\QTyo;
y
here Ay € s,,, the sum is taken over all sequences y = (yo,¥1,-..,yr) in W such
that
Y="Yr,

Yi € {yi—1,siyi—1} for i € [1,7],

(S []-ar]vyifl =Y; = S; € Wsi,l.usl)\z;
moreover, 6(y) = |{i € [1,7]; s;y; < y;}|. This can be deduced from (a) using the
involution A + h°.

Combining (a),(b) we obtain (for A1, A2 € 5,,) the identity

TyC/S\1 = Z Ca )1>\2Ty01>\1§
vy’

C:T...SQSl)\Q
the sum is taken over the pairs y = (yo,y1,---,%), ¥ = ¥, ¥4, ---,y.) of se-
quences in W such that

Y= Y0, Yy = Yr,

Yi € {yi—1,s:yi—1} for i € [1,7],

y; € {y;—lay;—lsg} for i € [1,7“/],

i€l r,yi—1 =y = sz €W, 1 s1h)

ie[Lr'yiy=y; = s;€ Wy, . Y
We have s,...s5981A = DX. Take A\ = Q N, Ay = X Take y € W) such that

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



222 G. LUSZTIG

yN = DX. We replace (y,y’) by a = (ag,a1,...,ar4+,) where ax, = yy, for k € [0, 7],
ar =Y _y, for k€ [r,r +1']. Then 6(y) + 0'(y") = Na. We obtain

!’
CSQ)\TyCSQ/)\/ = E ’UzNa].)\Tao].Q/)\/;
a

the sum is over all a = (ag,a1,...,a4,) € Wrtr' x W such that

Y = Qpyrry

a; € {ai_l, siai_l} for i € [1,7‘],

Aryr—i € {ar+7"/—i+1; a7"+7"/—i+15;} for i € [1,7“/],

1€ [1,7’],0,1‘,1 =a; — S§; € Wsiilmsl)\,

i € [L,7], @rprr—i1 = Qpyrr—i = S; € Ws;_*_l.A.s/T,D’)\“
Equivalently,
(c) CoT,Con = Y. N1\ T,1py.

a€S;a, /=y

For each a in the sum we have age’(y~1)AX = X (see 32.16(a)); combining this with
yN = DX we see that apD'\ = ), hence 1\T,,1prxr = Tug1p/a. We introduce this
in (c), then multiply both sides of (c) on the right by

(’02 _ 1)rvdim G*l(w?wg)v*m(y)Te/(yﬂ)1é,\ [A]

and sum over y. We obtain
(2 — ProdimGtlwrwy) Ny AW T, 08, T, [A]
YEW (7);yN'=DA
. (0.0 -
— (’U2 _ 1)rvd1mG l(wiwYy) Z,UZNa 2U(ay.y TaoTe/(a:ir,)lé)\[A]'
acS

We apply ¢ (see 31.7) to both sides and use 32.18(a). We obtain
Xi (P (LR L)

— (’U2 _ 1)rvdim G—l(w?’w[})é‘A( Z U2l(wE(J>y)CSQ)\TyCSQ/')\/Te(y—l)[A])-
yEW ()
yN'=DX\
We substitute y = €(y’),y’ € Wy, that is, T, = [D]T,/[D]'. Since Xf(f(jg *
K5 ) = x}Hp(L X L)), Theorem 32.6(c) follows. This completes the proof of

e(J),D’
Theorem 32.6.

32.20. Let D°*(Z;p) (resp. D*(Z;p) with £ € 5(T)) be the subcategory of
D(Zj,p) whose objects are those K € D(Z;p) such that for any j, any simple

subquotient of PH? K is in ZA]’D (resp. in ZfD) We have the following result.

Corollary 32.21. (a) If K € D(Z;p),K' € D*(Zyy.), then K x K' €
D (Z ).
(b) If L € s(T), K € DX(Zyp), K' € D(Ze(5). ), then K x K' € DE(Zy 7).

We prove (a). We may assume that K € ZLLD,KI € ZAE(JLD/. We can find
s,s’, L, L asin 32.5 and u, v’ € Z such that K[u] is a direct summand of f(;g and

K'lu'] is a direct summand of I_(:EZJL)_/D,. Then K * K'[u + «/] is a direct summand
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of K’;g * Kes(’j][):,D, which, by 32.6(b), is in D*(Z;a). Hence K * K'[u + /] is in
D*(Zja). This proves (a). The same argument proves (b).

32.22. If E is a mixed Q;-vector space (that is, a Q;-vector space which, when
regarded as a complex over a point, is a mixed complex) we set

Zdlm vl € A

where E; is the pure subquotient of Welght j of E. We preserve the setup in 32.5.
Assume that D’ = D! hence A = G°. Let S be as in 32.13.
Define an A-linear map ® : H,, — H, by § +— ap(C}H,\(C3,,) with ap as in
31.4. For any y € W) such that y\" = DA we have
@(Tyl)\/) = Z UQNalg)\TE(ao)l)\/.

a€S;a,. 4, =y

(See 32.19(c).) Define an A-linear map ©7 : H,, — H,, by ©7(T,1y,) = Twly,
ifwe Wy, A\ €5, O (Tyly,) = 0ifw € W =W,y A\ € 5, Replacing J
by €(J) we obtain an A-linear map ©<Y) : H,, — H,. Define ® : H, — H, by
/(¢ = 0d(¢"). Since H, is a free A-module and &' is A-linear, tr(®', H,,) € A
is well defined. From the definitions we have

/ — 2Na __ 2N,
yn ) = =
(a) tr(®', H,) E v E v
a€S;a,. »=¢(ao) a€Sy

where S = {a € S; a0 = € (ar4+)}-
Define an A-linear map ®” : H, — H, by £ — @J(Cij_lap(ﬁ)C’f\_l) where
S = (8r,...,52,51), 8 = (s].,...,8,51). Let 0 : Z;p — Zcs),p be as in 28.19.

r’

Then K55 @ 0°K5 ), € D(Zyp) is well defined. Let
w(G%) = (v? = 1)" Z v
weW

The following result is an application of (the proof of) Theorem 32.6.
Corollary 32.23. Assume that k,F,, G, F are as in 31.7(b). Then

Z(_l)ZXU (Hg(ZJ,D7 JD ® 8* ) D— 1) = 'UQZ(U}'])/,[/(GO)T,I'(¢/, Hn)

z

(a) =D (GO (", Hy).

Let 3 = {(Q,Q",2Ug) € Zyn;Q = Q',x € Ug}, let v : 3 — Z;a be the
inclusior} and let p : 3 — point be the obvious map. From the definitions, for any
AeD(Zyp), A € D(Z(y),p) we have
(b) H?(point, pi*(Ax A")) = H:(Z;.p, A® 0" (4"))
for any z € Z. In particular,

HE(Z,p, K55 @ 0°K2F ) = HE (point, pu*p(L B L)).
Applying pie* to 32.17(a) gives
() P p(LRL) = {pu* pp (LR L');a € S}
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Let a € S. Applying pit* to 32.16(a), 32.16(b) gives
(d) pp (LR L) = {K ;e € Z},

(e) Koo {K'S1<¢ < <2rr_e>}

, ’ -1 , ,E
where K,, K's, € D(point) and K'¢, = pu K oa* "+

(notation of 32.16). Let
Xa = {(Bo, B,) € B x B;pos(By, B}) = ag, pos(B}, Bo) = e'(af_&w)}

(r — e)[—e][[=¢ = Nal]

and let w : X, — point be the obvious map. From the definitions we see that
(a0.€'(a,},)),L

P Ky T = wQ. If ag # €(ayy), then X, = (), hence w,Q; = 0; if
ag = €'(ar4r), that is; a € Sp, then
(f) H*? (point,w!Ql) = EB’LUEW;2I(’LU):ZQl(_Z - l(aO))

Using (c),(d),(e),(f) (or rather their variant in the mixed category) we see that
> (=1)*x(H* (point, pi* pi (L B L))

z

_ Z (_1)6U2Na+2l(wE(J>ar+rz)—2r+2€( r ) Z 2 (w)+21(a0)
2r —e

acSy,ecZ weW
_ Uzl(wf})(v2 T Z p2Uw) Z p2Na — UQZ(WS)M(GO)tr(fb’,Hn).
weEW aESy
It remains to show that tr(®’, H,) = tr(®”, H,). Define A-linear maps ¥’ 0" ) :
H, — H, by

V(&) = ChAECHN, U(€) = CF16CK 1, AT ly,) = 1, Ty

One checks that
QU =0"Q,ap0’ = 0Dap,ap0/Q = Qap0’, &' = 0 Vap¥’,
P = @J\I/” .
Hence @' = aD@JQ_lll/”Q =0 tap®/T"Q and
tr(®', H,) = tr(Q 'ap©/9"Q, H,) = tr(ap©’ V" H,)
=tr(079"ap, H,) = tr(®”, H,,),
as required. The corollary is proved.

For X € §(T) we set Wy = W, where £ € §(T) is in the isomorphism class A;
this agrees with the definition in 31.2 when A € 5,,.

Corollary 32.24. Let A € Z;p,L,L" € s(T). Let X (resp. N') be the isomor-

phism class of L (resp. L"). Lets = (s1,82,...,8:), s = (s{,s4,..., T) be

sequences in I such that s182...5, D\ = X, s{sh...s,.DN = \', A - KJD and
AH I_(‘S]j/b)‘”. Then there exist b € Wy, ag € Wy such that

(a) ao(N") =\, s182...8.D = apsysy ... s, Dbag*.

Let A" = 0,(D(A)) with 9 as in 28.19. Then A" 4 K° ’(J) . Where s’ =
(s1,85,...,5,) is given by s, = s, _, and D' = D~ L E’ (D"Y*(L") (see
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28.17, 28.19); hence A x A’ € D(Z;a) is well defined with A = D'D = G°. By
32.23(b) we have

HY (point, pu* (A x A')) = H)(Z;p,A® 8*(A")) = H)(Z;p, A® D(A)).
The last vector space is one-dimensional; see [L3] II, 7.4]. It follows that
HY(point, piu* (A x A")) # 0.

Now some shift of A* A’ is a direct summand of K7 8L D * KS (LJ) o =p (LKL (see

Theorem 32.6). Hence HZ (point, pic* (p(LRL')) # O for some z € Z. Using this and
Corollary 32.23(c) we see that there exists a € S such that H?(point, pi.*pl, (£ X
L") # 0 for some z € Z. Using this and 32.23(d) we see that there exists e € Z
such that HZ(point, K.) # 0 for some z, e € Z. Using this and 32.23(e) we see that
there exists ¢/ € Z such that HZ(point, K/,¢) # 0 for some z,¢’ € Z. As in 32.23
we see that we must have a € Sy. Thus, there exists a sequence ag, a,...,ay 4, in
W+ such that

ay € {ak—1,sxar—1} for k € [1,r],

ar € {ar—1,ar-1(s}_,) for k € [r+1,r + '],

ag € Wy, ag(AN") =\, aryrr = €(ag),

i € [1,7],ai—1 = a; = $182...8;...5251 € W,

JeLr']ajpr—1 = aj1r = s{.. 87 18]sT . s € Wy
Fori € [1,r] weset t; = s182...8;...8281ifa;—1 = a; and t; = 1if a;—1 ¢ a;. Then
t; € Wy and
§182...8; = tislsg .. .si_lai_lafl
It follows that s182...8. = t,t,_1...t1a0a; . Similarly, for j € [1,7'] we set
t” = sisy.. sj 3’2’3’1’ if aj4r—1 = aj4, and t” = 1if aj4r—1 # aj4r. Then
t;’ € W, and 5’1'5’2' s =1]ssy...8]_ la]+r 1@+ It follows that s{s5 ... s!, =

ot a Y a . Setting

T=tptp_q...t1, 7" =t 5t

we have 7 € Wy, 77 € Wy, s182...8, = Tapa, ', s{sy...s" = "ate(ap).

Let b = (ag'7Tag)™”~'. Then b’ € Wy and s185...5.D = a b’s’l'sg .8, Dag*.
We set b = (s{sy...s,D)"'W's)sy...s",D. Since 5'1'5’2' .8, DX = X" we have

b € W . Moreover, s183...5.D = aos’l’sg s’T',Qbao . The lemma is proved.

32.25. Given (w, A), (w’,\') in W* x (T) we say that (w,\) <; (w’, X') if there
exist @ € Wy, b € Wy such that w = aw'ba=',\ = a()'). We then have
w' = a lw(ab ta 1 )a where a=! € Wy, a7 t(\) = N, ab™la™! € W, = Wy;
hence (w',\) =<; (w,A). If, in addition, we have (w',\) =<, (w”,\"), that is,
w o= aw’ba N = a(A\") with a € Wy, N = EL(/\”) b € Wy, then w =
adw” (ba~'ba)a"'a~! where aa € Wy, A = aa(N'), ba~'ba € W Wy V) =
W, hence (w,\) =<y (w”,N’). We see that =<, is an equivalence relation on
W* x s(T).

We can now reformulate Corollary 32.24 as follows.

(a) To A € ZLLD we can associate an equivalence class €4 under <y so that
the following holds. If L € s(T), X\ is the isomorphism class of L and s =
(81,82,...,8¢) is a sequence in I such that sis2...s, DX = X and A 4 KJD, then
(s182...8:D,\) € €4.

In particular:
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(b) To A € Z;p we can associate a W j-orbit O 4 on s(T) so that the following
holds. If L € s(T), X is the isomorphism class of L and s = (s1,82,...,8,) IS a
sequence in I such that s182...8. DX =\ and A 4 I_(jjg, then A € O4.

32.26. Assume now that J = I. We write < instead of =<y. Thus, (w, \) < (w’, \)
if there exist a € W, b € W, such that w = aw’ba™!, A = a(X\). Let n € Nj.

Let A be a character sheaf on D. Let €4 be the equivalence class in W* x s(T)
under = defined by A (see 32.25(a)). Let ¢4 : H,[D] — A be as in 31.7. We show:

(a) If s = (s1,82,...,8;) is a sequence in I, X\ € 5, and (*(C%,[D]) # 0, then
(s182...8:D,\) € €4.
Indeed, choose £ € s(T) in the isomorphism class A. Our assumption implies
that s1s2...5.DX = A hence K’EL is defined. Moreover, our assumption implies
Zj(—v)jv’dimG(A : PHI(K%%)) # 0. In particular, A 4 K%°. Hence (a) follows
from 32.25(a).

We show:

(b) Let (x,\) € W x 5,, be such that (*(Tw1pa[D]) # 0. Then (D, \) € €.
We argue by induction on I(z). If x = 1 we have tT;1py = C%, where s is the
empty sequence and the result follows from (a). Assume now that I(x) > 1. From

our assumption we have xDX = A\. We can find a sequence s = (s1,82,...,8,) in I
with & = s182... 8., r = (). From the definitions we have
Chy = Z ¢y Ty lpx

yEWp»,zy<z

with ¢, € A,c1 = v". Hence

CA(CSQ)\[DD = Z CyCA(T:cy12>\ [D)).
yEWpy,zy<z

If¢A (Tle)\ [D]) # 0 for somey € Wpy, 2y < z, then, by the induction hypothesis,
we have (zyD,\) € €4; we have (zyD, ) =< (xD, ) so that (xD,\) € €4, as
required.

We may therefore assume that ¢4 (Ty,1pa[D]) = 0 for all y € Wpy such that
zy < x. Then we have (4(C%),[D]) = v"¢*(Tx1pa[D]). Hence ¢4(C,[D]) # 0.
Using (a) we see that (zD,\) € €4, as required. This proves (b). B

33. DISJOINTNESS

33.1. We fix an irreducible component D of G. For (L,S) € A with S C D and
€ € §(5) we define £ as in 5.6; we regard R as a complex on D, zero outside Y7, g
and we write (L, S,E) »g R.

Lemma 33.2. Let (L,S) € A,(L',S") € A with S ¢ D,S" C D. Let & €
8(5),& € S§(9"). Let (L, S, &) wg R, (L',S", &) wa K. Assume that € (resp.
&) is strongly cuspidal and clean (see 23.8) relative to NgL (resp. NgL'), that
L = G° hence Y s = S and that Y1, g+ # S. Then for any i, the local systems £,
H!R'|s have no common irreducible direct summand.

If L' = G, then, since & is clean, we have H'f&|s = 0. Assume now that
L' # G°. By 23.7 we have HI(G,R ® &) = 0 for all j. Since & = IC(S, &) and &
is clean, we have HJ(S,R® &) = 0 for all j; hence H!(S,€ ® &) =0 for all j. We
must show that the local system H!(€ @ (&|s)) on S has no direct summand Q;.
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Assume that H* (£ @ (8|s)) has a direct summand Q; and that iy is maximum
possible with this property. If @ = dim S’, we have H24(S, Ho (€ @ (R']s))) # 0.
Hence Eg‘”o # 0 in the standard spectral sequence

EpY = HE(S,HI(E @ (R]s)) = HIT(S,€ ® (#]s)).

By the proof of 23.5 we have H?(S,&1) = 0 for any & € S(S) which has no direct
summand Qy; in particular, taking & = H (€ ® (&'|s)) with i > iy we see that
EY? =0if ¢ > ig. Clearly, EY? = 0if p > 2a, hence E;*" = F;*" = ... = E200,
Since E3"™ + 0, it follows that H2*t(S,€ @ (&) # 0, a contradiction. The
lemma is proved.

Proposition 33.3. Let (L,S) € A,(L',S") € A with S C D,S" C D. Let & €
S(9),&" € S(S'). Let (L,S,E) wg &, (L',S',E') wg & . Assume that £ and &
(resp. &') are strongly cuspidal and clean relative to NgL (resp. NgL'). Let A
(resp. A’) be an admissible complex on D (see 6.7) which is a direct summand of &
(resp. of &). Assume that A% A’. LetY =Yy, 5. Let F be the local system Aly .
Then for any i, F is not a direct summand of H'(A")|y (which is a local system by
25.2).

Since YL/,S/ is a union of strata of D, we have either YOYLI,SI =0orY =Y o
orY C YL:751 — Y1/ . In the first case we have H(A’)]y = 0 and the result is
obvious. In the second case we have H*(A’)|y = 0 unless i = 0 and since A % A’, the
local system H°(A)|y is irreducible, non-isomorphic to F. Thus, we may assume
that Y C YL/,S/ — Y 5. It is enough to show that for any i, F is not a direct
summand of H*(&)|y (a local system, by 25.2). Let & be the connected component
of NgL such that S C 8. Let su = us € S* with s semisimple, v unipotent. Let &
be the connected component of Zg(s) such that u € 6. Since su is isolated in NgL,
we have ‘522 = ‘SZZL(S)o; we denote this torus by 7. Let R; be the subvariety of
S consisting of all elements of the form yzsuy~! with y € Z.(s),2 € 7. Since
Ry is an orbit of a connected group, it is smooth, irreducible. Let R} = Ry N S*
be an open dense subset of Ry (see 25.4, 25.6). Let m : m *(R}) — R; be the
restriction of 7 : YL,S — Y (asin 3.13). Let & be the local system on ffL,s defined
in 5.6; its restriction to 7' (R?) is denoted again by £. From the definitions, we
have R|g: = m1€. By the proof of 3.13(a) we have

™ N(R}) = Usren(r,s)/ci(g,*L);g9 € Ry}

where N(L,S) = {z € NgoL,2Sx~! = S}. Define ¢ : s~'R; — Ry by g — sg. We
see that €*R|py = @pren(r,s)/LE%|s—1rr where £ is the local system on sTIRy
obtained by taking the inverse image of £ under s™'R; — S, g +— zsgz~'. Now
s71Ry is an isolated stratum of Z(s) contained in the connected component B (it
is the stratum containing u). From 23.4 we see that £* and £ are strongly cuspidal

and clean with respect to Zg(s). By 16.12 we can find complexes &/(j € [1,m]) on

§ of the same type as & and an open subset U of ) containing all unipotents in )
such that

(a) € (R']su) = @;Ru,
where € : U — sl is g — sg. Note that R} N sl contains su hence is non-empty.
Since sl is open in 55, and R is an irreducible subset of 55, we see that Ry N sl
is an open dense subset of R;. Since R} is another open dense subset of R;, we see
that
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(b) Ry NsU = (Ry NsUU)N RT is open dense in Ry.
It suffices to show that the local systems H'(8&')|r:nsu, R rrnsu have no common
irreducible direct summand. Using (a) we see that it suffices to show that for any
j € Lmlz e N(L,S),

(c) the local systems Hi(ﬁ9)|3_13mu, Ef,lRI Ay have mno common irreducible di-
rect summand.
Since s~' Ry is an isolated stratum of Zg(s), H'(R))|s-1g, is a local system. Using
(b) we see that (c¢) would follow from the following statement:

(d) the local systems H'(R;)|s-1g,, E* have no common irreducible direct sum-
mand.
By 16.12(b) we may assume that there exists 2/ € GY such that 2/ ~'s2’ € S’ and
the following holds. Let L” = 2/L'a'~1, 8" = 2/S'a' !, L = L" N Zg(s)°,

S/ is a stratum of NgLj, contained in §, containing unipotent elements such that
Sy cs7ts”,

&} is the local system on Sj, inverse image of £ under Sj — ', g — 2/ 1sga’,
(Lo S0 €0) > Za(s) R}'
From 23.4 we see that &) is strongly cuspidal and clean with respect to Nz, (s) (L)
We see that (d) follows from Lemma 33.2 (applied to Zg(s),ﬁg-,g“’ instead of
G, &, &) provided we can show that

(e) Y15 (defined in terms of Za(s)) is not equal to s~ ' Ry.
Assume that Y7, s/ = s71R;. Since s7'R; is an isolated stratum of Zg(s), it
follows that L) = Zg(s)? and S§ = s~ Ry, hence Zg(s)? C L” and u € S)). Since
sS) C S”, we have su € §”. We can find a parabolic P’ of G° with Levi L’ such
that S’ C NgP' N NgL', hence S” C Ng(2'P'2’~1) N Ng(2'L'2'~1). We see that
su € Ng(2'P'2’=1) N Ng(2'L’2’~1). Using 2.1(c) with g = su,Q = 2’ P'2' =1, we
see that L(su) C 2/L’2’~! = L” where L(su) is defined as in 2.1. We can find a
parabolic P of G° with Levi L such that S C NgPNN¢gL, hence su € N¢oPNNgL.
Moreover, su is isolated in NgP N NgL. From 3.8(a) we see that L C L(su).
Combining with L(su) C L”, we see that L C L”. Since Y C Y g — Y1/ 5/, we
have Y C Y1/ /. Taking images under the map o : D — D//G° (see 7.1) we obtain
dimo(Y) < dimo(Yy: s/). Using 7.3(b) we can rewrite the last inequality in the
form dim(°Z9) < dim(* Z9,) where ¢’ is the connected component of NgL' that
contains S’. Equivalently,

(f) dim(°29) < dim(®" 29,,)
where 6” is the connected component of NgL” that contains S”. From L C L"” we
deduce Z1,» C Zy,. Intersecting both sides with Zg(su) and noting that su € 0, su €
8" we see that ®' Z;» C 9Z,. Taking identity components we have ‘SNZ%,, coz.
Using (f) we deduce ‘5”22,, = ‘522. Taking the centralizer of both sides in G° and
using 1.10(a) we obtain L = L”. Now S and S” are strata of NgL = NgL” which
contain a common point, su. Hence S = S”. Since (L,S) = (L"”,5”) we have
Yy s =Yrr gv, hence Y = Yr, s. This contradicts ¥ C YL/,SI — Y7 s and proves
(e).

The proposition is proved.

33.4. Let 7 be a finite collection of mutually non-isomorphic character sheaves on
D and let A € I. Let Y = Y s be the stratum of D such that supp(A) = Y.
Let Y = {(g,2L) € D x G°/L;z gz € S*} (see 3.13). Define m : ¥ — Y by
m1(g,2L) = g. By 25.2, for any A’ € 7 and any i € Z there exists a local system
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€ € 8(S) such that H(A")|y is a local system isomorphic to a direct summand of
7€ with € as in 5.6. Replacing € by the direct sum of the local systems & (for
various j,¢ as above) we see that we may assume that & is the same for all A’ i
We can find n’ € N such that € € §,/(5). Let ¢ be the connected component of
N¢L that contains S. Let g1 € S. Let H = {(z1,l1) € 522 X L;llzf'gllfl =g1}.
Let

V ={(g,x,2,1) €D xG°x 029 x Lia"lge = lz"/gll71 € S*}.

Now V is irreducible; it is isomorphic to the product of G with an open dense
subset of ‘532 x L. We have a commutative diagram with cartesian squares

vt s
ool e
y &y v gz b .39

where

S’ is the space of H -orbits on 929 x L for the free H-action by right translation,

Z ={(g,) € D x G% z~tgx € S*},

Y' is the space of (L x H®)-orbits on V for the free L x Haction (I, (21,11)) :
(g,2,2,0) — (g,xlal,zzfl,lollfl),

Z' is the space of H-orbits on V for the free H -action (z1,01)) : (9,2, 2,1) —
(g, @, 227 1T,

a(g,z) = (g,2L),b(g9,2) = x~'gz, a’ is the obvious map, b'(g,x,z,1) — (2,1),
7T2(gv Z,z, l) = (ga (EL), 7T3(gv z,z, l) = (ga (E), ﬂ—jl(zla ll) = ll_lz{l/gllL ~
Now Y’ is irreducible since V is irreducible; Y is irreducible since it equals m(Y”).
Since £ € S,/(S), the local system ;& on S’ is (°Z? x L)-equivariant (for the
action by left translation). Since this action is transitive with connected isotropy
groups, we see that ;& 2 QY for some integer e > 1. Hence m3b*€ = b* ;€ = QF.
By definition, a*€ = b*£. Hence a’*7r*5 = 7r3a*£ = b€ = QF. Since a is
a principal L-bundle, it follows that 73 = Qf Now g := mim : Y/ — Y is
a composition of two (finite) principal coverings (7 is a principal H/H-covering
since 74 is a principal H/H -covering; m; is a principal covering by 3.13(a)), hence
it is a not necessarily principal, finite unramified covering. Let N = |m; ' (y)|
for some/any y € Y. Let Y be the set of all pairs (y, f) where y € Y and
f:{1,2,...,N} — w5 (y) is a bijection. Then Y” is an algebraic variety and
7 Y =Y, (y, f) — y is a principal covering whose group is the symmetric group
Sx. Moreover, 7)) factors as Y 5 Y’ 2% Y where 7(y, f) = f(1). Let ¥ be
a connected component of Y”. Then 75 : ¥ — Y (restriction of 7) is a finite
unramified covering. Let 7 : ¥ — Y be the restriction of 7). Then 7 is a (finite)
prlnc1pal bundle whose group is the group r conmstmg of all elements of &y which
map Y into itself. Moreover, w factors as vy Ly —> Y where 71 = w179 is a finite
unramified covering. Since 7728 > Ql7 we have 7€ = Ql. Hence any irreducible
direct summand of the local system € is a direct summand of Q. Now let &
be an irreducible local system on Y which is a direct summand of ﬂl!g . We can
find an irreducible direct summand &5 of € such that &1 is a direct summand of
m11&. Then & is a direct summand of m,Q;, hence 711, is a direct summand of
mumQ = mQq. Since & is a direct summand of 71,&, it follows that
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(a) & is a direct summand of mQ.
Let C be the category whose objects are local systems on Y which are direct sums
of irreducible direct summands of mQ;. Let Cr be the category of Q;[I']-modules of
finite dimension over Q;. We have an equivalence of categories Cr — C: it attaches
to an object M of Cr the local system [M] = (M* @ mQ;)' in C; here mQ; is
regarded naturally as a local system with I'-action, M* is the dual of M and the
superscript denotes I-invariants. Using (a) and the definition of £, we see that,
for any A’ € Z,i € Z, we have H'(A')|y € C. Hence H'(A')|y = [Ma ;] for some
My ; € Cr, well defined up to isomorphism. Let e = dimY. Then M4 _. is an
irreducible object of Cr.

In the remainder of this section we assume that:

(b) D is clean in the sense that, for any parabolic subgroup P of G° such that
NpP # 0, any cuspidal character sheaf of NpP/Up is 0 on the complement of
some isolated stratum of NpP/Up.

We show:
(c)if A eI,icZ and A # A, then Mas; contains no direct summand isomor-
phic to M4, _e.

This follows from Proposition 33.3 which is applicable in view of (b), the admissibil-
ity of character sheaves (30.6), the strong cuspidality of cuspidal character sheaves
(31.15) and the fact that ®(A) is a character sheaf (28.18).

In the remainder of this section we assume that k is an algebraic closure of a
finite field F, and that G has a fixed F,-rational structure whose Frobenius map
F induces the identity map on G/G°. Replacing F, by a finite extension, we may
assume that F(Y) = Y, that Y and 7 : ¥ — Y are defined over F,, that the
Frobenius map F : Y — Y satisfies F(yy) = ~F(g) for all vy € T',§ € Y, that
F*A’ = A’ for all A’ € Z and that for any v € T" and any integer m > 1 there exists
Gy.m € Y such that F™ (4 ) = Y0y.m. (We then set g m = 7(Jy.m)-)

Let M € Cr. The stalk of [M] at y € Y is the vector space

[M]y = {f: 77 (y) = M*; f(§) = v(f(7'9)) for all y € T, € Y}

Let m > 1. For any R € Aute. (M™*) there is a unique isomorphism of local systems

R : F™*[M] = [M] such that for any y € Y, R induces on stalks the linear map
Ry : [M]pm(, — [M], which to a function f : 7~ 1(F™(y)) — M* associates
the function f’ : m#=(y) — M* given by f'(§) = R(f(F~™(3))). Clearly, any
isomorphism F™*[M] = [M] is of the form R for a unique R as above.

For v € I we have an isomorphism

(d) [M]y,,.. - M*,f = f(Gy,m)-
If R is as above, then R,  maps [M],  into itself (since F(yy,m) = ¥,m) and
it corresponds under (d) to the automorphism v~ 'R = Ry~!: M* — M*. Hence

(©) (R, .. [M)y. ) = tr(y~\R, M) = ta(' Ry, M).
33.5. Let V be an algebraic variety defined over Fy with Frobeniusmap F': V — V.
Let K € D(V) and let ¢ : F*K = K be an isomorphism. For any integer m > 1
we denote by ¢(™) : F"*K = K the composition

(F™= 1o Fre2y>
~ 27 (

Pk YK

(Fm)*K mel)*K (

~

33.6. For each A’ € 7 we choose an isomorphism k4 : F*A" — A’. Let &/, :
F*D(A) = D(A) be the isomorphism such that for any y € Y the isomorphism
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H D (A)py) — H “D(A)y (that is, H¢(A)pq) — H ¢(A)y,) induced by x, is
g™ P~¢ times the transpose inverse of the isomorphism H™¢(A) ) — H ¢(A4),
induced by k4.

Proposition 33.7. Let A’ € Z. For any integer m > 1 we have

(a) g~ AP Tty X a7 ) (Yrm) X (4) ety 00 (Yy,m) = G
yel’

~

Under an isomorphism H(A’)|ly = [Ma;], the isomorphism F*™H'(A") =
H?(A’) induced by KE:?) : F*m A’ =5 A’ corresponds to an isomorphism F*™[M 4 4]
= [Mas;] which must be of the form R for some R = R 4 € Aute, (Mz,ﬂ-);
hence

tr(k, HI(A)y, ) = tr(* R ariy, Mars).
Next we have
(s " HTD(A)),y, ) = ¢ PO ((R5) T HT(A),, )

_ q(dimD—e)mtr(tRflAyie,y—l’MA’ie).

m,

Hence the left-hand side of (a) equals
) DTS (R Mo (R, L M),

i ~yeTl
that is,

Z(_l)i+e|F|_1tr((tRm,A’,i ® tRm,A,—e) Z(’Y b2 '7_1)7 MA’,i b2 MA,—e)-
i ~yerl’
Assume first that A’ #£ A. To show that (b) is zero it is enough to show that for
any 4, > p(7® 1) acts as 0 on Mas; ® Ma,_.. This follows from the fact that
the I-invariant part of the I'-module M4/ ; ® M} _, is zero (see 33.4(c)).
Assume next that A’ = A. Then we have M4/ ; = 0 unless i = —e. We must
show that

|]‘_‘|71 Z tr(tRva’*e’% MA,fe)tr(tR;:A7_e'Yil, MA’,e) =1.
yerl

Since M4 . is an irreducible I'-module, tRm’ A,—e acts as on it as a scalar, hence
the desired equality follows from the Schur orthogonality relations for irreducible
characters of T.

34. THE STRUCTURE OF HP

34.1. We give (a variant of) some definitions in [L13, 1]. Let R be a commutative
ring with 1. Let 21 be an associative R-algebra with 1 with a given finite basis
B as an R-module. We assume that 1 is compatible with B in the following
sense: 1 = ), 1\ where 1\ € B are distinct, 1\1x = 0x,»1x and any b € B
satisfies 1xb1y, = b for some (uniquely determined) A\, \. For b,’ € B we have
bb' =3 ien rgjz),b” where 7"2:;), € R. We say that b’ < bif b’ € Ngerperx K where
F is the collection of all subsets K of B such that Zble x Rb1 is a two-sided ideal
of A; we say that b ~ b’ if ¥’ < b and b < V. This is an equivalence relation on B
and the equivalence classes are the two-sided cells. (Replacing two-sided ideals by
left ideals in the definition of < and of two-sided cells we obtain the notion of left
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cells. The left cells form a partition of B finer than that given by two-sided cells.)
We say that b’ < bif b’ <band b/ £ b. For any b € B let A<y = Dpeppy <o RD.

Assume now that R = A = Z[v,v"!]. Let b € B. We can find an integer m > 0
such that v*mré’:;}, € Z[v™!] for any ¥',b” in the two-sided cell of b. The smallest
such m is denoted by a(b). We say that B satisfies P if a(b) = a(b’) whenever
b,b" are in the same two-sided cell. Assume that B satisfies P;. For b € B we set
b=v"®p e Let A~ = Y B Z[v=']b C A. Then A~ is an associative Z[v~']-
algebra for the multiplication b * b/ = Zb,/EB;b,,Nbv’“(b)rgj;,l;” ifb~b, bxb =0
if bt b, Let A% =2~ /v~'A~ and let t;, = b+ v~ '2A~ € A®. Then A is a ring
with Z-basis {ty;b € B} and with multiplication defined by tyty = ), cp ’yf)’:,;/tbu
where 'yé’:l;, € Z is given by v_“(b)rl’;:;/ = 'yé’:l;, mod v~ 1 Z[v™1] if b,b/, 1" are in the
same two-sided cell and 'yg:;), = 0, otherwise. We say that B satisfies P, if 2*° has
a unit element compatible with the basis {ty;b € B}. We say that B satisfies Ps if
for any by, ba, b3, by € B such that by ~ by we have

b
Z Tbﬁl ,ba (U)r[34753 (’U’) = Z 7“514,5(1))7'22,1)3 (’U’)

BEB;B~b2 BEB;B~b2

where v’ is an indeterminate independent of v. In this case, assuming also that
by ~ bg ~ by, we pick the coefficient of v/ab2) — ¢/a(bs) in hoth sides and we obtain

B by B B
(a) D = D Thes Vb
BEB;B~b2 BEB;B~b2
Assume that B satisfies Py, P>, P3. The unit element of 2(°° is of the form Zbep ty
where D C B. We say that D is the set of distinguished elements of B.
Let A% = A® A>*. We define an A-linear map ® : % — A% by

D(b) = > 0, th,
b1 ED,b2€B;b1~bs
for b € B. Then ® is an A4-algebra homomorphism taking 1 to 1. If we identify
A, A% as A-modules via b < 13, the obvious left A%-module structure on A%
becomes the left A5P-module structure on A given by &, xb' =3, .5 ’y;,’:,;/b” . For
xz €A, b€ B we have
(b) b = ®(x) *b mod Ay

Indeed, we may assume that € B. Using (a), we have

O(x) xb= Z erbltbQ xb= Z rifbl'yb%bb”

b1E€D,ba€B;b1~ba b1E€D,b2,b"" €B;b1~b2

= Z rifbﬂ},’%bb” = Z Ti,b; 71?11 b0
b1E€D,b2,b" € B;by ~brob'’ b1 €D, ,b" € Biby~beob!!
= Z Tgl,lb’ygl,bb” = Z Tg:’bb" =xb mod Ay,
b1 E€D,b' € B;by ~bob!! b€ Bsbob!’
as required.

Let K be a field and let A — K be a homomorphism of rings with 1. Let
A = K4 A, AR = K @z A°, Ax p = K @4 A=y (b € B). Then & induces a
K-algebra homomorphism ®x : Ax — AF. We show:

(c) If Ak is a semisimple algebra, then Pk is an (algebra) isomorphism.

Since Ak, A% have the same (finite) dimension, it suffices to show that g is
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injective. The A%-module structure on 2 extends to an A% -module structure on
Ak denoted again by *. From (b) we deduce that b = Px(x) * b mod Ak <y
for any x € Uk ,b € B. In particular, if + € Ker®g,b € B, then zb € Ak .
Applying this repeatedly, we see that for any m > 1, any x1,z2,...,Z, in Ker®g
and any b € B, x12>...1T,,b is a K-linear combination of elements b’ € B such
that o' = by, < by—1 < -+ < bgp = b (with b; € B). If m is large enough, no such
b’ exists. Thus for large enough m we have z1xs...z,,b = 0 for all b € B, hence
T1%2 ... T, = 0. We see that Ker® g is a nilpotent two-sided ideal of 2. Hence it
is 0. Thus @ is injective and (c) is proved.

34.2. Let D be a connected component of G°. Let WP be the subgroup of W* C
Aut(T) generated by W and by D. Now W is a normal subgroup of W and
WP /W is a finite cyclic group.

We fix n € Ni. Let A\ € 5,,. We write Ry instead of R, (see 28.3) where A is
the isomorphism class of £ € s,. Then Ry is a root system and R} = Ry N Rt is
a set of positive roots for Ry. Let I be the unique set of simple roots for Ry such
that Iy C R;\r. Recall that W, the subgroup of W generated by {s,;a € Ry}
is the Weyl group of the root system Ry. Let Iy = {so;a € II,} € W,. Then
(W, 1) is a Coxeter group. Let WP = {w € WP w\ = A}. Let QF = {w €
WPiw(R) = R}, (Here WP acts on R by w : a — wa, (wa)(t) = a(w™'t)
for t € T.) Then W, is a normal subgroup of WP, QF is a subgroup of W¥
and WY is the semidirect product of Wy and Q¥. Define | : WP — N by
l(w) = {a € R™;w(a) € R™}|. This extends the length function W — N.
Define I, : WP — N by lh\(w) = [{a € R{;w(a) € R™}|. Then QF = {w €
W2\ (w) = 0}, Iy = {w € Wy; I, (w) = 1}. The standard partial order <) of
the Coxeter group W is extended to a partial order <) on W¥ as follows: if
wy,w) € QR we, wh € W, we say that wiws <) wiw} if w; = w] and wse <) wh.

Let H /{3 be the A-algebra defined by the generators Tu)j‘(w € W? ) and relations

(a) TAT) =T, if w,w' € WL, Iy (ww') = Iy (w) + Ix(w'),

(b) (T))? =T} + (v —v DT for o € Ty,
Then {T);w € WP} is an A-basis of HP. Let Hy be the A-submodule of HY
with A-basis {T);w € W,}. This is an A-subalgebra of HP. Let : HP —

HYP be the unique ring homomorphism such that v™T) = v=™(TA_,)~! for all

w € WP, m € Z. From the definitions, for any w € WL we have Tqﬁ — Tj} €
Zyewf;ygxw’y?ﬁw AT,. By an argument similar to one in [[12] 5.2] we see that

for any w € WZ there is a unique element ¢, € HY such that @ = ¢} and

o —T) e 2 yeWPiyruw v Z YT Also, {c);w € WL} is an A-basis of HP
and {c);w € W, } is an A-basis of H (as in [KIJ)).

Lemma 34.3. The A-algebra HY with its basis (Cf\u)wewf satisfies Py, Py, P3 in
94.1.

The analogous statement where H )\D , W/\D are replaced by Hy, W holds by [L12|
§15]. The proof of the lemma is entirely similar; alternatively, it can be reduced to
the case of H) using the identities

A A A A A A D

(@) Caws = T2, Covgs Covprs = Cay L, fOr wi € QY wa € Wy,
PA A A D D

(b) T, Ty = T35,y for wy € QY wh € QY.
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The function a : {¢});w € WP} — N (see 34.1) is determined by the analogous
function a : {¢};w € W)} — N (defined in terms of Hy) by a(c), ,,) = a(ch,w,) =
a(cy,) for wi € QF wy € W, The two-sided cells of {c};w € WP} are the sets
of the form quj‘l cT~U’>,1 where w1, w] run through Q? and c is a two-sided cell of
{c);w € W, }. We show:

(¢) If ¢)(w € WP) is a distinguished basis element of HY (see 34.1), then

w € Wy and w? = 1.

By [L12] any left cell of W contains a unique distinguished basis element. By the
same argument, any left cell of W/\D contains a unique distinguished basis element.
Let T be the left cell of W/\D that contains c),. (See 3.1.) Write w = wywy with
wy € QP wy € Wy. From (a) we have ¢} = Tj}lcf‘uz,cf‘uz = Tiflcw*- Hence
¢y, € I We see that, if I is the left cell of W that contains c;,_, then IV C T'.
Let cf‘u3 be the unique distinguished basis element of W that is contained in I".
Then cf‘u3 is also a distinguished basis element of Wf contained in I' hence, by
uniqueness, we have ¢}, = c;,. We see that w = ws € Wy. The fact that w? = 1
also follows from [[L12].

34.4. Let HP be the A-algebra with 1 defined by the generators T, (w € WP),
1x(A € 5,,) and the relations

1,1y =1, for A €5, 1,1y =0 for A 7é N in 5,5

TwTo = T for w,w’ € WP with Hww') = l(w) + 1(w'),

Twl)\ = 1w)j“w forwe WP X e S,

TSQ =T+ @w—-v1 ZA;%WA T,1y for s €1,

T = ZA 1.
We identify H, (see 31.2) with the subalgebra of HP generated by Tw(w € W),
1x(\ € 5,,) by Ty — ' T (w € W), 15 — 1x(A € 5,,). There is a unique ring
homomorphism™: HP — HP such that T, = TJ}I for allw € WP ymIy, = v~ ™1,
for all A and all m € Z. It has square 1. Its restriction to H, is the involution
~: H, — H, described in 31.3. From the definitions, for any w € WP ) €5 we
have T,y1) — Tl € Eyewp;ygwy#w
[L12] 5.2] we see that for any w € WP X € 5, , there is a unique element Cw, € HDP
such that ¢, x = cy,x and ¢y \ — Tply € ZyewD;y?ﬁw v*IZ[U’l]Tyl)\. We have
cwx € LuxHP1,. Also, {cwr;w € WP X €5, } is an A-basis of HP.

ATyl A- By an argument similar to one in

Proposition 34.5. The A-algebra HP with its basis (Cw ) (w ) ewPxs, Satisfies
Pl, PQ, P3 m 341

The proof is given in 34.10.

34.6. In the setup of 34.2, the A-algebra 1y HP1, (a subalgebra of H?) has a unit
element 1, an A-basis {T,,15;w € W} and an A-basis {c, r;w € WP},
Lemma 34.7. The A-algebra 1\HP 1\ with its basis {c, ;w € WP} satisfies
Pl,PQ,Pg m 341

Define 9, : Hf — 1\HP1, by TU)J‘ — Twly (an isomorphism of .4-modules).
Using Lemma 34.3, we see that it suffices to show that 1, is an isomorphism of

A-algebras carrying ¢} to ¢, » for any w € W, We use the notation in 34.2. We
show:
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(a) Letw € WP a €Tl\,0 = s, € I. Then TwTo1y = Twab\—l—é(v—v_l)f’wl,\

(in HP ) with § € {0,1}. If, in addition, w € WP, then § = 0 if [x(wo) > 1) (w)
and § = 1, otherwise.
The proof has some common features with one in [MS| 3.3.5]. We have o =
s182...s, with s; € Ir = [(0). By [L3| I, 5.3], there exists j € [1,r] such that
Sp...Sj418j8j41...5r € Wy and s, ...8;+18:8i41...8 ¢ Wy fori € [1,7r]—{j}; by
L3l I, 5.6], we have 0 = 8y ...5j+15;S41-..Sr. Hence $182...8j-18j41...8, = L.
From the relations of HY we have

/ —1\
TU}SlSQ...Sj-lTSJ‘1S‘j+1...srk = Tw8182...3‘7‘1$‘7‘+1...87‘k +0 (U —v )T’l,USlSQ...SJ‘_l 1Sj+1...sr)\

where ¢’ = 0 if [(ws1s2...5;) > l(ws1s2...5j—1) and 6’ = 1 otherwise,

Twslsz.usi,l Tsi 1si+1...s7v)\ - Twslsz...si ]‘5i+1~~~57~)\

for i e [1,r] — {4},

!

wslsg...s‘j_lsj_u...s,;_lTs,;1si+1...srk = Twslsg...s‘j_lsj+1...s,; 137’,+1~~~Sr)\

for i € [j + 1,7]. From these identities we see that

T’wTal)\ = wa‘;lfw <. Tsrlz\ = T’LUSlSQ...Sj-lTSjT‘?j.*_l .- -fsrl)\

= Twsysgs; Tsgun - T, In + 0" (0 = 0" ) Tsrsys;  Topor - Ts, 1n

7

~

/ -1
wslsz...5j5j+1.us,,.]-)\ + ) (U —v )Twslsz...5j,15j+1...sr]-)\

= ng].)\ + 5/(1) - Uﬁl)Twl)\.

Assume now that w € Wf. We show that § = §’. The condition that § = 0
is equivalent to the condition that w(a) € R}. The condition that &' = 0 is
equivalent to the condition that wsisz...s;—1(a;) € R* where a; € R7T is defined
by sj = 54,. Since o = s153...5;_1(a;), this completes the proof of (a).

We show:

(b) Let w € WP w' € QP. Then TwTo 1y = T 1y € HDP.
We write w’ = s182...s, with s; € Ir = [(w'). Using [L3, I, 5.3], we see that
Sp...8i418iSi41-..5. & W for all i € [1,7]. From the relations of HY we have

Twslsg...s,;_lfs,; 1s7¢+1...srk = Twslsg...s,; 1s,;+1...sr)\

for i € [1,7]. Using these identities we see that ToTwly = TyTs, Ty, ... Ty
TwslSZ,,,srl)\ and (b) follows.

We show that 9 is an algebra homomorphism. We must check that (T,1y)% =
In+ (v— v_l)T~01>\ for s € I. This is a special case of (a) (take w = ). We must
also check that (Twl,\)(fwfl,\) = Ty if w,w' € WP I (ww') = 1x(w) + Ly (w').
If w,w’ € Wy, this is proved by induction on I)(w’), the induction step being
provided by (a). The general case can be reduced to this special case using (b). We
see that 9, is an A-algebra isomorphism. We show that

1, =

T

Ix(h) = I\(h) for h € HP.

Assume first that i = T2 where w € QY. Then h = (Ti}‘_l)’l = T. Hence

On(h) = Tply =T, 15 =T, 1y = 0A(T),) = 9 (h),
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as required. Assume next that h = T(j where o € I. Then
Ia(h) = (T H) = (T} + (v ' = 0)T7)
= Tgl)\ + (’Ufl — ’U)Tl].)\ = T;ll)\ = Tgl)\ = 19)\(h),

as required.

We see that for w € W¥ we have 9,(c) = 9(c)). Hence 9, (c)) satisfies the
defining properties of ¢, 5 so that ¥5(c))) = ¢y, The lemma is proved.

Using now Lemma 34.3(c) we see that

() If cwr(w € WP is a distinguished basis element of I\HEP 1\ (see 34.1), then
w e Wy and w? = 1.

34.8. Let g/, be a set of representatives for the WP-orbits in s,,. For A € 5,, define
A€ g by A% € WP (the WP-orbit of ). Let

I'={(\1,)2) €5, x5,; WP = WD)\, 1.

Let ED be the set of all formal sums z = E(/\l,)\z)EF T\, Where zy, », € 1>\9H£1>\g-
Then EP is naturally an A-module and an associative A-algebra where the product
zy of z,y € EP is given by (zy), n, = D xewpx, Ta, iVan,- Lhis algebra has a
unit element, namely the element 1 such that 1x, x, = 0x;.0,1x, for (A, A2) € T
Define a ring involution : EP — ED by x — T where Zy, \, = Tx, 2,- (Note that
T HP — HP maps 1,0H”1,9 onto itself.)

Let C = {(A\1,A2,w) € 5, x 5, x WP;wA\? = A} = A}, For (A1, \a,w) € C
define zM A2 € ED by

kl,kg,’w _ ind
TN = 000 a0), (0 xe) Twlag-

Then {z*1:22:%; (A1, A2, w) € C} is an A-basis of H/. From the definitions, for
(A1, A2, w) € C we have
x}\l,)\z,w _ x)\17)\27w c Z Ax)\17)\2vy.
YEW Py <w,y#w,yA)=A{

By an argument similar to one in [L12, 5.2] we see that for any (A1, Ao, w) € C
there is a unique element ¢***2* € ED such that cA:A2:w = cAA2:w apd

C)\l,)\Q,w o xz\l,kg,w c § : v‘lz[v_l]x’\l”\2’y.
YEWD yAI=AY y#w
Also, {eM22:%;: (A, Ay, w) € C} is an A-basis of EP.

Lemma 34.9. The A-algebra EP with its basis {227 (A, \a, w) € C} satisfies
Pl,PQ,Pg m 341

For A\ € g/, let Ny = [WP)\| and let My, (1. HP1,) be the algebra of Ny x Ny
matrices with entries in 1 )\HnD 1. From the definitions we have a decomposition

E)) = @xes, My, (11H,’1))

compatible with the algebra structures and with the natural bases. Using this,
the lemma is reduced to the similar statement for 1 AH,],/J 1) where it is known by
Lemma 34.7.

The function a : {c*?2%; (A, Ay, w) € C} (see 34.1) is given by a(c* %) =
a(cy 20) where a(c,, yo) is defined as in 34.1 in terms of 1)\c1)HnD Lxo. The two-sided
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cells of {c*122:%; (A1, A, w) € C} are the sets of the form {c***2:%} where A1, A
run through WP\ (with A € g/, fixed) and w running through a subset X of WP
such that {c, \;w € X} is a two-sided cell of {cy,x;w € WL (see Lemma 34.7).
Using 34.7(c) we obtain:
(a) If 2% (where (A1, \a,w) € C) is a distinguished basis element of EL,
then A\ = Ag,w € W/\(l),w2 =1.

34.10. We prove Proposition 34.5. It is enough to construct an algebra isomor-
phism HP = ED which carries the basis (¢, 1) onto the basis (cM:A2:).

For each A € s,, we choose a sequence sy = (s1, S2,. .., s.) where, fori € [1,7], s;
is either in I or is a power of D and \° = s185...8,A # 59...8. XA # -+ # 5, A # A
or, equivalently, A = s, 1. .55 s7 A0 # st L sT A £ s #£ sTIA0 £ A0 Let
[sx] = s182...5,.. We set

T :f91f92...fg EHD,Té\ =T ...fg;lfgfl EHnD.

I8 n Sr
We show:
(a) 1/\07')\7'§\ = 1/\0, 1)\T§\T)\ = 1)\.
We have
1)\07')\7';\ = 1)\ofglfg2 .. .fgrfg;l .. 'fq;lfgfl = TS1TS2 . Tsrl,\TS:1 . TS;1T;;1.

Since s\ # A, we can replace T~ST1>\Y~’S;1 by 15, and we obtain
(N R TC SR

Since s,_18,A # 5., we can replace T _ 1, \T,—1 by 1,,_ .1 and we obtain
Sr—1

(N0 SO S TR SRR T Y

r—2"-Sr—18r

Continuing in this way we find 15, . 5. ,s,» = 1xo. This proves the first identity in
(a). The second identity is proved in a similar way.
We have
(b) ﬁ = T,\l,\,m = 1)\T§\.
The first identity in (b) is equivalent to T;}l T;;l . .T~S}1 Iy=mlyortor, 1, =
7ala, which follows from (a). Similarly, the second identity in (b) follows from (a).
We define an A-linear map ¥ : HY — EP by

\I/(h))\h)Q = T)\ll)\lhl)QT;\z € 1/\(1)HnDl)\g.

We show that VU is a ring homomorphism. Let h,h’ € HP x = U(h),y = ¥(K'),
z=W(hh'), 2/ = U(h)T(h'). We have

(TR D = D W), 5V,

S\EWD)\l
— / / /o / /
= Y mLhLnmlh T, = Y m kgL,
AEWD N AEWD N,

where the last equality comes from (a). Since 1), hl5 = 0 if Aes, — WP, we
see that

(T(R)T(R)a, 20 =T Ik D L 10,74, = 7o, 1a, WA 10,75, = W(RA),, 2,
X€s,
Thus W(h)W(h') = U(hh'), as required.
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We show that_
(c) W(h) = W¥(h) for h € HP.
We have

(\I’(h)))\l,/\Q =T7a 1y hl/\QTg\za (\II(E)))\17)\2 = Tx\llx\lﬁl)@T;\Q'

It suffices to show that 7y, 15, = 7, Ly,, 1A, 73, = 15,73, This follows from (b).
We show that
(d) U(T,ly) = g@AN sl for 4y e WP A € 5,
Indeed, (\I!(Twl)\)))\h)\2 = T)ql)\lfwl)\l)\zﬂ\z. This is 0 unless Ao = A\, A\ = wA. If
A2 = A, A1 = w, we see as in the proof of (a) that

T)\ll)\lfwl)\l,\QTg\z = Tw,\Twl,\Tg\ = T[SWA]w[SA]*l 1)\0.
This proves (d).
(d) shows that ¥ is induced by a map
To: WP x5 — O, (w,\) — (W, A\ [swr]w[sx] ™).

This is a bijection with inverse (A1, Ao, w) +— ([sx,] " w[sx,], A2). It follows that ¥
is an isomorphism.
Let w € WP X €s,. Since U~ is compatible with~, we have

\ijl(cw)\,)\,[swx]w[s,\]*l) — \Ijil(CW)‘:)‘v[SwA]w[sk]_l).

From (d) we see that

NN R SIS > v Z T, 1.
yEWD yrA=wX;y#£w

Since these properties characterize ¢, x, we see that ‘I'_l(c“”\’&[swﬂw[s%]fl) = Cy
that is, U(cy,z) = AN [sualwlsa] T Thus, ¥ restricts to a bijection between the
basis (cy,») of HP and the basis (c**2%) of EP | induced by the bijection ¥y :
WP x5, = C. Proposition 34.5 is proved.

We show:

(e) If cor(w € WP X €5,) is a distinguished basis element of HP | then w €
Wy, w? =1.
Note that, with the notation above, @A [Swalwlsi] isa distinguished basis element
of EP; hence, by 34.9(a), we have wA = X and [s,a]w[sy]™! € W o has square 1.
Thus, [sxJw[sx] ™' € Wy has square 1. It follows that w € Wig,j-1y0 = W} has
square 1. This proves (e).

34.11. The algebra H,?O defined as in 34.4 with D replaced by G° is the same as
H,; we identify it in an obvious way with a subalgebra of HP (see 34.4). The
A-basis of H, = Hffo analogous to the A-basis {c, \;w € WP X € 5.} of HP
is the subset of the last basis given by {cy x;w € W, A € 5, }. The analogue of
Proposition 34.5 holds: the A-algebra H,, with its basis (cw,x)(w,\)ewxs, satisfies
Pl,PQ,Pg in 34.1.

34.12. Let K be a field of characteristic 0 and let A — K be a homomorphism of
rings with 1 which carries v € A to vg € K*. We show:

(a) If A €5, and 3w, vgl*(w) # 0, then the K-algebra H e = K @4 HY is
semisimple.
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Let M be an H>\D7K—m0du1e of finite dimension over K and let M’ be an H)\D7K—
submodule of M. It is enough to show that there exists an H /e -submodule of M
complementary to M’. It is well known that under our assumption, the K-algebra
Hy g = K® H) is semisimple. Hence there exists an H g-submodule of M com-
plementary to M’, that is, there exists an H g-linear map f : M — M’ such that
f(z) =x forallz € M'. Define f : M — M’ by f(z) = |QP| > zeqp T, f(Tox).
For w € W,z € M we have

Q01 f(Twa) = Y Tos f(TTwr) = Y Toor f(Toer Tow)

zeQP zeQf

= Z Tzflfzwzflf(fzx) = Z T’LUTZ*If(TZx) = |Q?|wa~(l‘)

zeQP zeQP

(The third equality holds since f is Hy g-linear.) We see that f is Hy g-linear.
Since f(fyx) = Tyf(a:) forzre M,y e Q?, we see that fis H>\D7K—linear. Ifxe M,
we have T,x € M’ for z € QF; hence f(z) = |QP|! Zzeﬂf T, Tox =z It
follows that the ker( f) is an H )\D’ -submodule of M complementary to A’. This
proves (a).

Let 31 be the subfield of Q; generated by the roots of 1.
For any k € U*, A €5, let

HPR =@ HP) HY =4 ®4 H,, H\P" =404 HP,

where il is regarded as an A-algebra via the ring homomorphism A — v — K.
Let
HPY =) @4 HP, H® = U(v) @4 H,

where U(v) (field of rational functions in v with coefficients in i) is regarded as
an A-algebra via the ring homomorphism A — $(v),v — v. Now ® : HP —
A @z HP>° (where HP:>° = (HP)> is defined as in 34.1 in terms of the basis
(cw.) in 34.4) induces algebra homomorphisms ®* : HP* — ([ @z HP> for
k€ U* and @Y : HPY — $U(v) @z HDP°.

Similarly, ® : H,, — A ®z H:° (defined as in 34.1 in terms of the basis (cy,»)
in 34.11) induces algebra homomorphisms H/ — {4 ®z H° for x € 4* and H} —
U(v) ®z H*, denoted again by ®%,®. From the definitions we see that HS°
may be identified with the subgroup of (H)> spanned by the basis elements of
(H7)> indexed by {(w,\);w € W, X €s5,} and ®: H, — A®z H;° becomes the
restriction of ® : HP? — A ®z HP>°. We show:

(b) If K € U3 ew kAW £ 0, then HP* is a semisimple U-algebra and
®F : HP+* — ${lwy HP> is an algebra isomorphism. Moreover, HY is a semisimple
HU-algebra and " : H — U ®z H° is an algebra isomorphism.

(c) HPw is a split semisimple $(v)-algebra and ®¥ : HPY — $U(v) @z HDP>
is an algebra isomorphism. Moreover, HY is a split semisimple U(v)-algebra and
OV : HY — U(v) ®z H® is an algebra isomorphism.

We prove (b). The following statement is easily verified:

If X €5, then Y cw p2hw =Q) ew 22 (W) for some Q € Z[v?].

We see that, if k is as in (b) and A € 5,,, then Y weWs x2A(w) £ 0; hence, by (a),

Hf’” is a semisimple algebra. By the arguments in 34.7-34.10, HP* is a direct sum
of matrix rings over rings of the form Hf’”. Hence HP* is a semisimple algebra.
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Using 34.1(c) we see that ®* : HP* — {{ ®z HP*> is an algebra isomorphism.
It remains to show that HP* is split over . Since ®" is an isomorphism, it is
enough to show that 4 ®z H> is split over 4l. Since ®! is an isomorphism, it is
enough to show that HP:1 is split over 4. As above, HP'! is a direct sum of matrix
rings over rings of the form HAD’l. Since H)\D’1 is the group algebra of a finite group
with coefficients in 4, it is split over 4 by Brauer’s theorem. This proves the first
sentence in (b). The second sentence in (b) is obtained from the first by replacing
D by G°.

Now the proof of (c¢) is just like that of (b) except for the splitness assertion.
By (b), 4 ®z HP»*° is a split semisimple U-algebra, hence U(v) @z HLP> is a split
semisimple $(v)-algebra. Since ®V is an isomorphism, it follows that HP" is split
over $(v). Similarly, H? is split over Y(v). This proves (c).

34.13. Define an A-linear map 7 : H, — A by T(Twl)\) =0y, forallw e W, X e
5,,. Define a bilinear form (,) : H, x H, — A by (z,2’) = 7(zz'). We show that
(a) (Twlx, Twly) = 5w*1,w’5/\,w’)\’

for w,w’ € W, A\, X € s,. (This shows that (,) is symmetric; indeed, we have
Sw—1w Onuw' N = Our—1 4,05 wx.) To prove (a) it suffices to show that, for w,w’ €
W, € s, we have T(TwTw/l)\) = Oyw,1. We argue by induction on I(w). If
I(w) = 0, then TwTw = Tow and the result is clear. Assume now that l(w) > 1.
We can find s € T such that [(w) = [(ws) + 1. Then 7(Ty T 15) = 7(TowsTs T 15).
If i(sw") = [(w') + 1, then, by the induction hypothesis,

T(Twsfsfw’l)\) - T(Twsfsw/l)\) - 6wssw’,1 = 5ww/,17
as required. Assume now that I(sw’) = l(w') — 1. We have
T(TwsTsTw/l)\) - T(TwsTsTsTsw’l)\)

= T(Twsfsw/l)\) —+ (’U — ’Ufl) Z T(Twsfsl)\/fsw/l)\).
ANisEW

If s ¢ Wy, this equals (by the induction hypothesis) dyssw’,1 = Oww,1, as re-
quired; if s € Wy, this equals (by the induction hypothesis)

5wssw/,1 + (’U - Uﬁl)T(TwsTw’l)\) - 5ww/,1 + (U - Uﬁl)éwsw’,L

It remains to note that wsw’ # 1 whenever [(w) = l(ws) + 1, I(sw’) = I(w') — 1.
This proves (a).

34.14. Let € be a finite dimensional semisimple split (associative) algebra with 1
over a field K. Let {Fy,;u € U} be a set or representatives for the isomorphism
classes of simple €-modules. Let a : € — € be an algebra automorphism. For
u € U, ¢ : e — a(c)e defines a €-module structure on the K-vector space FE,
which is isomorphic to Ey for a unique u € Y. Then uw — @ is a permutation of
U. Let U* = {u € U;u = a}. For u € U we can find a K-linear isomorphism
a, : B, — E, such that a,(ce) = a(c)a,e for all ¢ € €,e € E,. Note that a, is
uniquely determined up to multiplication by an element in K*. We show:

(a) If ¢,c’ € €, then the trace of the K-linear map € — €, ¢ — ca(ey)c equals
> weus tr(cay, By )tr(a ', Ey).
Under the algebra isomorphism

(b) € = @ueyEndk (E,), c— [e— ce,e € E,],
the linear map € — € in (a) corresponds to an endomorphism of @,ecy/Endg (E,,)
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which permutes the summands according to u — % and whose restriction to a
summand with v = @ is Endg (E,) — Endk(E,), f — ca,fa;'c’. From this (a)
follows easily. (Compare 20.3(b).)

We show:

() If y : € — K is K-linear and y(cc') = y(c'a(e)) for all ¢, € €, then there

exist by, € K(u € U*) such that y(c) = D, cysa butr(cay, Ey) for all ¢ € €.
Let €, be the inverse image of the summand Endk (F,) under (b). Then € = &, ¢,
and a(€,) = € foru € U. Let y, : €, — K be the restriction of y to €,. Let ¢ € €,
where u # u. Let ¢/ € €, be the projection of 1 € € onto €,,. We have a(c) € €5,
hence 'a(c) = 0. Also, ¢/ = ¢ € €,. Thus, y,(c) = yu(cc’) = yled') = y(da(c)) =
0. We see that y, = 0. We are reduced to the case where U = U® consists of a
single element u and € = Endg(E,). We can find h € €, invertible, such that
a(c) = hch™! for all ¢ € €. We can assume that a,e = he for all e € E,. We have
y(ccd) = y(c'heh™1) for all ¢,¢’ € €. Define § : € — K by jj(c) = y(ch™!). We
have y(cc’h™1) = y('h~theh™!) = y(c'ch™1), hence §(cc’) = g(c'c) for all y,y’ € €.
Thus there exists b € K such that g(c) = btr(c, Ey). Then y(c) = btr(ch : B, —
E,) = btr(ca, : E, — E,). This proves (c).

Assume now that we are given a K-linear map z : € — K such that (¢,¢/) =
z(ed') = z(c'c) is a nondegenerate (symmetric) K-bilinear form € x € — K. Let
(¢i)ier be a K-basis of €. Define a K-basis (¢});er of € by (¢;, c;) = ;5.

For v € U and ¢ € € invertible, ), tr(cic, E,)c e is in the center of €; if
u' € U,u' # u, this sum acts on E,/ as 0 and on E, as f, times the identity, where
fu € K* is independent of (¢;),(c}),c. (We apply [L12, 19.2] to the dual bases
(cic), (¢™¢}): we have (cic,c™'¢}) = (ci,cc™'¢f) = (ci,¢) = 8ij.) We see that for
u,u’ € U we have

(d) Z tr(cic, Bu)tr(c ¢}, By) = Sy fu dim E,,.

il
Now assume that u,u’ € U*. We can pick ¢ € € invertible such that c acts on E,
as a,, and on E,/ as a,/. From (d) we deduce

(e) Z tr(c; by, Eu)tr(a;,lc;, Ey) =6y fudimE,.
icl

34.15. We write a : H,, — H, instead of ap : H, — H, (see 31.4); this is the
algebra automorphism given by h — TQhTQ—l (product in HP) for h € H,,. The
same formula defines an algebra automorphism of H; or H? denoted again by a.
From the definitions we see that a : H, — H, takes cy x t0 ¢cp(w),pr for w €
W, A €s,. Hence it induces a ring automorphism H;° — H>° denoted again by a.
It also induces algebra automorphisms H,); — H}},x € U* and H — H} denoted
again by a. Now ®* : H — {®z H>° for k € 4* and ®V : HY — (v) ®z H° (see
34.11) are compatible with a.

Let {Ey;u € U} be a set of representatives for the isomorphism classes of simple
modules for H} (a split semisimple Y-algebra, by 31.12(b).) Define U — U, u — @
as in 34.14, replacing (¢, a) by (H},a). Let U* = {u € U;u = u}.

Let u € U. Clearly, if E, extends to an HP''-module, then u € U®. Conversely,
we show that, if u € U?, then E, extends to an HP>!-module. Since H}, HP:! are
split over 4, it is enough to prove the analogous statement in which E,, H}, HP:!
are replaced by W' @y F,,, ' @y H! W @y HP1 and 4’ is an algebraic closure of il.
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Since u € U*, we can find a {l'-linear isomorphism X : Y’ Q¢ E, — W ®y F, such
that X (ce) = a(c)X(e) for all ¢ € W @y H},e € W ®y E,. Let k be the order of
D : T — T. By Schur’s lemma, X” is a scalar times identity. Now ' contains a
k-th root of this scalar. Dividing X by this root we see that we may assume that
X*¥ = 1. We can now define a {' ®y HP'-module structure on the vector space
' @y B, which extends the {' @y H!-module structure and in which TQ acts as
X.

For any u € U® we choose an H*!-module structure on E, extending the H-
module structure.

Let u € U. We regard E,, as a (simple) 4 @z H°-module E° via ! : H} =
Uz HX. (If u € U* we also regard E, as a U ®z HP*°-module EX via ®! :
HDPY = $l @y HP>°. This extends the 4 ®z HS°-module structure.)

Now U[v,v71] @y E is naturally a U[v,v~!] ®z H°-module and also an H,,-
module via the homomorphism H,, 2, A®g H C Uw,v7 '] @z H®. This H,-
module is denoted by E,(v). (If u € U®, then Uv,v™ ! ®y EX° is naturally a
Uv, v @z HP-**-module and also an HP-module via the homomorphism H? 2,
A®zHP> c Ujv,v7 @z HP>°. This extends the H,,-module structure on E,(v).)

Let EY = $l(v) ®y E,(v). From 34.12(c) we see that {EY;u € U} is a set of
representatives for the isomorphism classes of simple H?-modules. (If v € U4*, then
the H?-*-module structure on EY coming from the H”-module structure on E, (v)
extends the HY-module structure.)

For k as in 34.12(b) let EX be the vector space ES° regarded as an H/-module
via ®% @ HY = U ®z HP. From 34.12(b) we see that {E%;u € U} is a set of
representatives for the isomorphism classes of simple H-modules. Now E} can
also be obtained from the H,-module E,(v) under the specialization 4[v, v~ —
i, v — k. Moreover, we have E. = E,, as H!-modules. (If u € U®, we also regard
E> as an HP"-module via ®° : HP* = {{ ®z HP->°. This extends the H!-
module structure. This can be also obtained from the H”-module E, (v) under the
specialization U[v,v™1] — U, v +— k. Moreover, E. = E, as HP'-modules.)

From the definitions we see that the map U — U,u — @ defined as in 34.14,
replacing (€, a) by (Hf,a) (k as in 34.12(b)) or by (HY,a) is the same as the map
u +— 4 defined in terms of (H.,a). We show:

(a) Let w € W, X € s5,,u € U. Then tr(T~w1>\,Ez) € Uv,v71] and, for k
as in 34.12(b), tr(Tylx, EX) € 8l is obtained from this element of U[v,v™'] by
the specialization U[v, v~ — v — k. If, in addition, v € U* and j € Z,
then tr(T, 13T, EY) € U[v,v™'] and, for k as in 34.12(b), tr(TwlAT]%,E;j) € il is
obtained from this element of Ulv,v=1] by the specialization Uv, vt — U, v — k.
This follows immediately from the fact that ®(Ty,15) (resp. @(Twl)j%)) is an
A-linear combination of the standard basis elements of H>° (resp. HP:>.)

Combining 34.13(a), 34.14(d) we see that, for u,u’ € U and for k as in 34.12(b)
we have

> tw(Tuls, B tr(16Ty-1, BY) = Sy o dim B,
wEW,\Es,,

(b) > te(Twls, EDtr(13 Ty, B) = 6 £ dim B,
wEW,\Es,,
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where fU € U(v) — {0}, f¥ € U—{0}. Using (a) we see that f € U[v,v~!] and fF is
obtained from fY by the specialization {[v,v~!] — 4, v — k. Combining 34.13(a),
34.14(e) we see that, for u,u’ € U*, we have

(C) Z tI‘(Twl,\TQ, EZ)tI‘(Tél 1)\wa1 R EZ,) = 5u,u’ f;} dim F,.
weW, \€Es,,

34.16. Let x — 2* be the automorphism of the field $ which sends any root of 1
to its inverse. We extend this to an automorphism of the field $(v) (denoted by
€ +— &%) which carries v to itself. For 2/ € i we say that 2’ > 0 if the image of
2’ under any imbedding of { into the complex numbers is a real number > 0. For
example, for x € 4 — {0} we have z2*® > 0. For ¢ € U(v) we say that &' > 0 if &
can be expanded in a power series £ = agv™ +av" ! +... where ag, a1, a9, € U
and ag > 0.

Lemma 34.17. Let u € U*,w € WP X €s5,. We have
(a) tI‘(].)\Tw—l,Ez) = tl"(Tw].)\,Ez)Q.

The antiautomorphism h — h” of H,, (see 32.19) extends to an antiautomorphism
h — B’ of HP given by Ty +— Toy—1 for w' € VV:D, 1y — 1y for N € 5,. Define
a ring involution h + h® of HP by Zw})\ aw \Twly — Zw’)\ agy)\(wa\)b where
ay,x € Y(v). Assume that there exists a pairing (,) : EY x EY — $(v) such that
(,) is linear in the second variable, semi-linear (with respect to & +— &*) in the first
variable, is non-degenerate, satisfies (e, e’) = (¢/,e)® for e,e’ € EY and

(b) (he, e’y = (e, h°¢") for e,¢’ € EY,h € HP™.
If (e;), (¢}) are bases of E such that (e;,e’;) = d;;, then
tr(h, E)) = Z(ej, he}) = Z(hoej, e}y = tr(h®, E3)*.
J J
Taking here h = 1,T,,-1 we see that (a) would follow. It remains to prove the
existence of (,) as above.
We can find a pairing (,)’ : EYx E — {(v) which is linear in the second variable,

semi-linear (with respect to & — £*) in the first variable, satisfies (e, e’)’ = (¢/,e)/®
for e,e’ € EY and (e,e) > 0 for e € EY — {0}. (For example, we choose a basis (e;)

of By and we set (Y aje;, ), ase;) = ja?a;- where a;,a; € (v).) We define
a new pairing (,) : EY x EY — ${(v) by
<6,6/> = Z <Twll,\/e,fw11,\/e/>/.
w' eWP Nes,

Note that (,)’ is linear in the second variable, semi-linear (with respect to & — &%)
in the first variable, satisfies (e,e’) = (¢/,e)’® for e,e’ € EY and (e,e) > 0 for
e € EY —{0}. In particular, (,) is non-degenerate. We show that (b) holds. It is
enough to show this when A runs through a set of generators of the algebra HP,
that is, for h =1, or h = TQ or h = T~g(s € I). Assume first that h = 1y, A € g,,.
We must show that

E <Tw/1,\/1,\e,Tw/1)\/e'>/ = E <Tw/1,\/e,Tw/1,\/1,\e'>/.
w' eWP Nes, w' eWP Nes,
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Both sides are equal to ) cwo <T~w/1,\e7 Tw/b\e’y. Assume next that h = TQ. We
must show that

Z <Tw/1)\/TQe,Tw/1,\/€/>,: Z <Tw/1>\/e,f’w/1)\/7~b71e'>/

w' ew?P w' ew?P
N €sn A/eén

that iS, szewD <Tw/Q12—1)\/6, Tw/ 1)\/€,>/ = ZyEWD <Ty1)\//6, TyQ—l 12)\//e’>’, which
Nesn ~ N'esn
is clear. Finally, assume that h = T, s € I. We must show that

§ <Tw’1A’T€eva’1)\’el>/ = § <Tw/1,\/6,Tw11,\/T96/>I.
w €EWDP N eEs, w EWP N Es,

Both sides are equal to

Z <Tw/sls)\’ev Tw’l)\/ely + (’U - v_l) Z <Tw’]—)\/e; Tw/l)\/e/y'

w' eWP w' eW?
Nesn (w's)=l(w")—1
N €sn,s€EW

This proves (b). The lemma is proved.

34.18. Using Lemma 34.17(a) we can rewrite 34.15(c) for u, v € U* as follows:

(a) Z tI‘(Twlg,\TQ, EZ)tI‘(Twlg,\TQ, EZ/)‘ = 6u,u/f5 dim F,.
weW,\€s,,

Specializing this under U[v,v~1] — U, v — K, we obtain

(b) Z tI‘(Tw].Q)\TQ, Es)tr(fwlg)\fg, EZ/‘)‘ = 6u,u’fs dim Eu
weW,\€s,,

34.19. Let A be a character sheaf on D. Define an A-linear map (A : H, —
A by h — ¢A(h[D]) where ¢4 : H,[D] — A is as in 31.7. From 31.8 we see
that ((hh') = ((h'a(h)) for h,h' € H,. Applying 34.14(c) to the linear map
U(v) ®4 Hy, — $4(v) obtained from ¢ by extension of scalars, we see that there exist
elements b} ,, € U(v)(u € U?) such that

(a) (HTwlpaD) = > b4 wtr(TwlpaTp, B,
u' eUus

for w € W,\ € 5,. We multiply both sides of (a) by tr(T,y1pxTp, EY)*® (with
u € U*) and sum over all w, \. Using 34.18(a), we obtain

1 - - .
(b) ban = T qm By > CMTulpalD)er(TwlpaTp, EL)*
u w weW,\€Es,,
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Using 28.17(a),(b) and the notation there, we see that ® (P HI (K$*)) = ij(I_(Bé),

hence
;ﬂ b (4).utt(ChaTh, By) = (O (Ch, D)
. D (v G (A) P HI(REE)
=D _(w)u ImE(A D HI(KE))
=D (op o O(A P HI(REE)) = (A (Chy [D)
(c) = D b tr(ChyTp, ).

uceU®

Lemma 34.20. Let u € U*. Assume that E, is quasi-rational in the following
sense: there exists a function n : WP x 5. — {roots of 1 in U}, (w, \) — nyu.x
such that 1 is constant on any equivalence class for < in WP x s, (see 32.26) and
tr(T~w1,\,Eu) € NwaZ for all (w,\) € WP xs,. Then tr(T~w1,\,E5) € Nw A for
all (w,\) € WP x5 .

From the definitions and 34.7-34.10 we see that, for w € WP X € 5, the basis
elements c,, , of HY (see Proposition 34.5) satisfy

( ) Cw,\ € Twy:lA + Zyew,\ iwy<w ATwyl)\
Forw € WP X €5, , 2 € W, we have To\T, € Do TEW, ATy 1 (in HP). This
follows by writing x as product = 0103...0m,0m € In,m = [\(z) and using
repeatedly Lemma 34.7(a). Using this and (a) we see that

(b) Cuw, ATy € po TEW AT 15
Now let ¢,y be a distinguished basis element of HP (see 34.1). By 34.10(e) we
have w’ € Wy, hence ¢, 5 szev\u 1\T.. Hence from (b) we deduce

(©) curcuwr x € Xprew, ATwar1x-
From (a) we deduce by inversion:

(d) Twlx € 3 ew, wy<w ACwy -
Using this for wa’ instead of x and using also (c¢) we deduce

Cuw, ACuw’ X\ € § -Acw:c“,/\

x" €W

Hence, if ® : HP? — A®z HP> is as in 34.12, then
(e) ®(cw,n) € D prew, Alwara
where ¢, is the basis element of H>° corresponding to ¢, » € HY (see 34.1).
Let ¢, 1.1 be the image of ¢, ) in HP'L. Let @ : Q@4 HY — Q ®z HP> be
the homomorphism obtained from ® under the specialization A — Q, v — 1. This
is an isomorphism of algebras since ®' (see 34.12) is an isomorphism. From (e) we
see that for any (y,\) € WP x s, ® restricts to a Q-linear map
(f) ZIEW,\ Qcyx,k;l - erwx Qt’!ﬂfv)\'
The vector spaces in () form direct sum decompositions of Q®4 HP Q@7 HP->°,
hence (f) must be an isomorphism. We deduce that ®~" carries Y cw, Qtya
onto Y v, Qcyz,r1. We see that ¢, \ acts on the U @z HP->-module E° as a
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Q-linear combination of the operators ¢y, x;1 : By — Ey where x € W, hence also
as a Q-linear combination of the operators Tyml z: By — E,. (From (a) specialized
for v = 1 we see that cy \ € erWA nyml)\.) It follows that tr(ty x, E2°) € 17y,2Q.
Using (e) we see that ¢, » acts on E; as an A-linear combination of the operators
1 ®ty,. on 4(v) @y B where x € W. The same holds for T}, (instead of ¢, ),
by (d). It follows that tr(T,1x, E) € 1, AQ[v,v™1].

Since the algebra 4 ®z HP:> is of finite dimension (say m), with 1, and its
structure constants with respect to the basis (¢,,) are integers, we see that any
basis element ¢, ) satisfies an equation of the form ty's + Cﬁ;’f;l 4 Fem=0
where ¢1, ¢, . . ., ¢ are integers. It follows that tr(t, », E5°) is an algebraic integer
(necessarily in $1). Since the definition of ® involves only coefficients in A, it follows
that the coefficients of tr(cy ., EY) € U[v,v7!] are algebraic integers in 4. The
same holds then for the coefficients of tr(T,1x, EY). An element of 7, Q[v,v ]
whose coefficients are algebraic integers in { is necessarily in 7, x»A. We see that
tr(Ty,1x, EY) € ny2A, as required.

Lemma 34.21. Let u, FE,,n be as in Lemma 34.20. Let A be a character sheaf on
D. Let €4 C WP x5, be the equivalence class under < attached to A in 32.25(a)
(with J = 1). Let ng, a root of 1, be the (constant) value of n on €4. We have

b €10 Q(v).
From 34.18(a) we have
fo=(dmE,)" > tr(Twplx, BY)tr(LTupls, EL)*

wEW,AEs,,

By 34.20, for any w € W, )\ € s, we have tr(Typlx, EY) = Nwp,xQw,x where
Quw,x € A; hence tr(Twplx, Ep)tr(Twpla, EZ)* = an,/\Qw,)\n;IQ’)\Qw,/\- Thus,
(a) fr=@mE)" Y QL eQu,v.
weW,\€Es,,
Using 32.26(b) we rewrite 34.19 as follows
1

v A T AY. )
= T.1 Dtr(T,ply, E
A= T dim By E CH(TplpA[DN)tr(Teply, Ey)

€W, )\Es,,

(zD,N)EEA
For each z, \ in the sum, we have (4 (T, 1px[D]) € A (by definition) and
tI‘(Txgl,\,EE)* € ’170_1./4

(by Lemma 34.20). Using this and (a), we see that b} , € 5 " Q(v).

35. FuncTioNs oN GOF /U

35.1. In this section we assume that k is an algebraic closure of a finite field F, of
characteristic p and that G has a fixed F-rational structure whose Frobenius map
induces the identity map on W and on G/G° and the map t — t? on T. For any
algebraic variety V over k with a given F,-structure we denote by F': V' — V the
corresponding Frobenius map. We fix an integer n > 1 that divides g — 1.
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35.2. In this section we fix an épinglage of G° compatible with the F,-structure.
Thus, we fix B*,T,U* as in 28.5 such that F(B*) = B*,F(T) = T and we fix
for each s € I an isomorphism a — &,(a) of k onto a subgroup of U* such that
tés(a)t ! = &(as(t)a) for all t € T, a € k and F(&s(a)) = & (a?) for all a € k; here
as € R and the corresponding coroot ¢y satisfy ¢ = s(t)cds(as(t)) for all t € T.
(Clearly, such an épinglage exists and any two such épinglages are conjugate under
the action of (G°/Z¢0)F.) We identify T = T as in 28.5. For s € I let 'U* be
the root subgroup of GY corresponding to the root a;!. Define y € 'UF — {1},
5 € NgoT by § = &(1)y&s(1); then § is a representative of s in (NgoT)F. For
s € TU{1} we define &, : k* — T as above if s € I and to be 1, if s = 1.

Following Tits, we can define uniquely for each w € W a representative w in
NgoT by the requirements:

(i) if s € I, then $ is as above;

(i) if w,w" € W and l(ww') = l(w) + I(w'), then (ww') = wu';

(i) 1 = 1.
We have F(w) =  for any w € W. Let TF = Hom(T",Q}). If £L € 5,1
(see 31.2), then £®@~1) = £: hence F*£ = £ and there is a unique isomorphism
70 : F*£ =5 L that induces the identity on the stalk at 1. Hence we can form the
characteristic function x . -, : TF - QZ‘ (a group homomorphism). Let A € S4-1
be the isomorphism class of £. We set 6% = xz -, € TF. Now \ — 67 is a bijection
5,1 —TF.

If € TF,a € R we write 6 for the composition F; & TF 2, Q;. For
a € R,b € W* we write ba for the coroot a — b(a(a)).

35.3. In this section we write U instead of U*F". Let { be as in 34.12. Let T be the
vector space of all functions G°F — {{ that are constant on U, U double cosets. Now
T has a basis {k,;v € (NgoT)'} where k, is 1 on UvU and is 0 on G°F — UvU.
We regard T as an associative i-algebra in which the product of hy, ho is given by

(h1ha)(g) = U7 > hi(g1)h2(g2)-
91,92€G%F ;g1 92=¢g
This algebra has 1 = k1. As in [Y], we have
ksks = qks,(—1) + Z kska,(a)s
a€Fy
kukv’ = km/’;

where s € I and v, v’ represent w, w’ in W such that {(ww') = l(w) + I(w"). For
any A € §, 1 we set

=TT otk € T
teTF

Then 151y = dx a1y for A, N € s Let v/—1 be a fixed element of U* whose
square is —1; we set /1 = 1. For s € I we set

To=ki > \/03Gs(-1) e T.

AEs

Sg-1

q—1-
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More generally, for w € W we set

Tw= ) 11 \/Or(a(=1))kyly € %

A€s,_ 1 a€ERT , w—la€ER™

From the definitions we see that T, Ty = Ty for w,w’ € W with [(ww') =
l(w) +(w") and Tyy1x = 12Ty We have

T.T, = ZeFag Nkeksly

= QZ‘—‘)F (&s(=1))ka,(—1)1x +Z‘91A:(075(—1)) Z ksks,(a)1x
A A

aeF(’;
—q—i—Zf)Fas ) > Op(cs(a))ksln
aEF*
+(g—1) Z O3 (ds(—1))ksly = g+ (¢ — 1) Z /O (s (—1)) ksl
Gpoz;—l Gpoz;—l

Thus,

TT.=q+ (-1 ) Tl

Aes, q;0pas=1

35.4. We fix a square root /p of p in . For any e € Z we set /p® = (/p)°. In
particular, \/q € i is defined. Then H‘/_1 is defined as in 34.12. From 35.3 we see
that the elements T,,, 15 of ¥ define a U-algebra homomorphism H, ¢;/: 1 — % (We
use the fact that if A € 5, ; and s € I, then ¢, = 1 if and only if s € W.) This

is an isomorphism: from the definitions we see that {T,,1x;w € W, A €5, ,} is a
Y-basis of T; we then use 31.2(a).

35.5. Let P be the vector space of all functions f : G°F — 4 such that f(zu) =
f(x) for all x € G, u € U. For g € GF, ¢ € (NgB* N NgT)¥ such that

gG® = ¢'G° we define a linear map pyq : B — P by (pg,q f)() = f(g7 zg).
Then go : f — pgy,1f makes P into a G®F-module.
Any element ¢ € ¥ defines a linear map P — P:

frcfef)@)=Ul Y c@)fz).
x’'€GOF

Clearly, ¢ — [f + cf] is an isomorphism ¥ — Endgor () and a left T-module
structure on P. For v € (NgoT)F, ) € $,-1,f € P we have

(b f)(@) = U7 Y flaa),

z’'eUvU

(L)) =1TF7E > ox(t)
teTF
In the remainder of this section we fix a connected component D of G and an
element d € (NpB* N NpT)¥. Let s € TU{1},A €5, |, f €P. Forz € GF w
have:

(@)  (Tipaf)@) =02 @ (=BT Y 0RO f(ax't).

2/ €EUSULETF
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Now let s = (s1, 52, .-,5:) be a sequence in ITU{1},A\ €5, 4,
Tslphx =T, Ts, - . Ts,1px = Ts, 1sy. 5,02 T's5 1555, D0 - - - T, 1D
Applying (a) 7 times gives (for f € P,z € G°F, g € DF):
(Ts1papg,af)(x) = apxrs| B |7

x Z 0525 PA (1) 0525 P () 0B (t,) f (9 egrtigata - . . grtrd)

@) x> ORM(sr..sat1)(sy ... s3ta) .. (8)) (g mgrtigats .. . grtrd)

91,925--,9r
1,t2,0
gi€Us; U
teTt
where
ADA,F,s

= \/H%A(sr... (cusy (— \/9 .53 (s, (— \/9 (ds, (=

Let J C I and let @ € P; be such that F(Q) = Q. Define a linear map pr,

P — B by (prof)(z) = f(2) if r € GF,2Q p-27" = Q and (prg f)(z) = f(x) if
x e GOF, Qg px~ " # Q. We compute the trace of the linear map

(b) Tslpapg.aprg : P — P

using the 4-basis of P consisting of the characteristic functions of the various right
U-cosets in GF'. Using (a’) and the definitions we see that this trace equals

DX, F,s _
(c) B FI0T > OM(d " (sp ... s2t1)(5r ... S5t2) ... (t,)d).

917927 s
25
gi€US$; Ut eTF zEDF;
g’1x91t1g2t2---grtrde;cU;
zQJ,BHL’_liQ

35.6. Let £, \, 70 : F*L = L be as in 35.2. Let s = (s1, 82,...,5,) be a sequence
in TU {1} such that sis2...5,.DXA = A. In 28.7 we have defined a local system
L on ZSJ,D in terms of d and a representative for s182...5, in NgoT. We now
take as a representative for s1so...s, the element $1$5...5, with §; as in 35.2.
We reformulate the definition of £ as follows (see also the proof of 28.10). Define
v: 2" — Z§ ; p by the formula 28.10(a). Define 1 : 2’ — T by

(ho, hl, ceey hr, g) = d_l(élég . Sr)_lnlng ..o
with n; € NgoT given by hi__llhi € U*n;U* and ng € NgB* N NgT' given by
htgho € U*ng. Then L is the local system on Zj ; p such that ~v*L = *L. Note
that v, are naturally defined over F,. Let 7 : F*1)*£ — ¢* L be the isomorphism
induced by 79. There is a well-defined isomorphism 7 : F*£ = L such that 7

induces via vy the isomorphism 7.
Let ms : Z§ ; p — Zj,p be as in 28.12(a) and let K = K5 D =nal € D(Z;.p).

Now 7 is naturally defined over F,. Hence 7 : F *£ =5 £ induces an isomorphism
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w:F*K = K and k. : Zf}jD — Qy is defined. Let ¢ = (Q,Q’,gUg) € ZED (we
can take g € D). Using the definitions and the Grothendieck trace formula we
have

Vkwl©) = S0 Hm  ©.0) = S (i)
g nems L(EF

where En is the stalk of £ at 5. Now ~ induces a map Z’sF — Zy 5 DF all of whose
fibres have cardinal |B*F["+!|U] 5.. It follows that

Xkw(@) = Y @@L = Y tr(ro, Log)-
ﬁEZISF ’F]EZ’SF
sy (7)=¢ sy (7)=¢

|B*F|r+1|U£B*

Let
E={(ho,h1,...,hy) € (GF) T h by € B*3;B*(i € [1,7]),
h;tgho € NgB*,hoQs5-hy" = Q}.

Then {7} € Z'8F; 74v(77) = &€} may be identified with = x (gUg). Hence

XK.w(&) = |BF|7 1 > Xew(0(ho b, hy)
(ho,h1se.yhr) EE

with 6 : = — T given by (ho,h1,...,h) — d 1 ($152...8.) " tning .. .nyng (ni,no
as above). For any (ho, h1,...,h,) € Z we define g; € Us;U, t; € TF (i € [1,7]) by
h;_llhi = g;t;. We also set hg = x. Then = becomes

{(xaglag% S 7gr;t1;t27 S 7t7");x € GOFvgi € Usant’L € TF,
gz = xgit1gats . . . grt,tdu for some t € TF u e U;:cQJ,B*x_l =Q}
and ¢ : 2 — T becomes

(xaglnga v 7grvt17t27 oo 7tr) = d71($1$2 cee Sr)ild81t1$2t2 e értrtd
= d_l(sr e 82t1)(5r e Sgtg) e (Srtr_l)(trt)d.

We make the change of variable ¢,.t — t,.,t — t. Then t no longer appears explicitly;
it only introduces a factor |TF|. We see that

XK ,w(€)
"] A1
= W Z Hp(d (STSQtl)(Sr53t2)(tr)d)
| | 91,92;---,9r,
15t2,..tr,

9i€Us;Ut;€TF xeDF,
g_1zg1t192t2~~grr~t7vd€zU
2Qg prz 1 =Q

This is the same (up to the factor apx rs) as the expression 35.5(c). Using the
equality between 35.5(c) and the trace of 35.5(b), we see that

(a) Xkw(Q,9Q9™ ", gUqQ) = ap) ptr(Tslpapg.apre, B)-
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35.7. In the setup of 35.6, let Js C J° C [1,7] be as in 28.9. For any J C Js let s7
be as in 28.9. We have sy = s. Define vy : 2’87 — Zj7, 1 by the formula 28.10(a).
Define 97 : Z'37 — T as in 28.10 (with § as in 35.2). Let £ be the local system
on Z;fLD such that 75 Ly = ¢% L. Let 77 : F*¢%5 L = 1/11"7£~be the ~isomorphism
induced by 9. There is a well-defined isomorphism 77 : F*L 7 ~—N—> L7 such that
7 induces via 77 the isomorphism 7#7. Note that for 7 = 0, L7,77,77 reduce
to £, 7,7 of 35.6.

Let Zj ; p be as in 28.9. This is a smooth irreducible variety, naturally defined
over F, and ZQS)’@J’D is open dense}n ZQS)J’D. Hence £ = IC(ZQS)J’D, Ly) is defined and
the isomorphism 7% : F*£y = L of local systems on Z;w ', p extends canonically to
an isomorphism 7 : F*£ = L (of constructible sheaves, see 28.10). Restricting this
isomorphism to the subset ZQS){] pofZ; ;p (with J C Js) we obtain an isomorphism

~

T F &7 = €9 where £7 = E|Z;J . From 28.10 we see that £7 is a local
,J,D
system isomorphic to L.

Lemma 35.8. The isomorphisms 747,77 correspond to each other under some/any
isomorphism of local systems €7 =5 L on ZSJJ Iy

The proof is a refinement of that of Lemma 28.10. Note that Z’5? is an open dense
subvariety of the smooth irreducible variety Z® (as in 28.10). Hence IC (Z S, L) is
defined and the isomorphism 77 : F “hy L = Yy L of local systems on Z'*0 extends
canonically to an isomorphism

L FYIC(Z°,45L) & IC(Z°, 43 L)

which may be identified with the isomorphism induced by 7% through the fibration
Z* — Z§ ;  (see 28.10(a)) whose fibres are smooth and connected. Let &7 =
I1C(Z3, YyL)|z=s and let T F*€7 = €7 be the isomorphism induced by 74 by
restriction. It suffices to prove the following statement:

The isomorphisms 77 77 correspond to each other under some/any isomor-
phism of local systems £7 = VL.
Let £' = (D ')*L € s(T) = s(T). Let 7} : F*£" = L' be the unique isomorphism
which induces the identity map on the stalk of £ at 1. Let 'Z%,'Z57 be as in
28.10. Define "7 : 'Z%7 — T as in 28.10 (with $ as in 35.2). Then 17 is compat-
ible with the natural F-structures on 'Z57,T; hence 7} : F*£' = L’ induces an
isomorphism of local systems ‘77 : F*'% L = "% L. Let

't FRIC( Z8, Y L) < IC('Z3, YL
be the isomorphism induced by '7? : F'ypl! = "p L. Let
&7 = IC('Z5, "y L)) zo

and let /747 : F*'£7 /€7 be the isomorphism induced by ‘7% by restriction. As
in the proof of 28.10, it suffices to prove the following statement:

(a) The isomorphisms '7%7 '77 correspond to each other under some/any iso-
morphism of local systems 'E7 = "% L.
Assume that (a) is known in the case where | 7| = 1. We now consider a general

J C Js. We prove (a) by induction on |J|. If J = ), (a) is obvious. Assume that
J # 0. Let j € J be the largest number in J. Let J' = J — {j}. Let 'Z%7" be the
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variety analogous to ' Z® when s is replaced by s (this is the same as the closure
of 'Z8s" in'Z®). Let

" FRIC( 2% W L) S IC(' 2% L)

be the isomorphism induced by 7 F* "%, L0 — "%, L and let "I be its
restriction to /Z%7. By the induction hypothesis, the isomorphisms ‘747" /77"
correspond to each other under some/any isomorphism of local systems /&7 an
"%, L. Tt follows that the isomorphisms ” 747 1187 correspond to each other under
some/any isomorphism of local systems

I1C('Z%7 "5 L)1 755 = €7

By our assumption (applied to s instead of s), the isomophisms ”7%7 /77 corre-
spond to each other under some/any isomorphism of local systems

IC(/ZSJ/ , ,w}/‘C/N’ZSJ l} /w}‘c/.
It follows that the isomorphisms 7% 77 correspond to each other under some/any
isomorphism of local systems '£7 = "% L". Thus, (a) holds for J.

We now consider the remaining case, where J consists of a single element j.
Note that j € Js where Js is defined in terms of D, L or equivalently, in terms of
G°, L. The statement (a) involves only G°. Hence to prove it, we may assume
that G = G°. We write Z’, Z" instead of 'Z%0,'Z5(i} and we set Z = Z' U Z", a
subvariety of 'Z5. We write f’, f” instead of '1g,"1(;y. Let b= $j415j42... 5.

We have £ = k*£; where £ € Hom(T,k*) and £; € s(k*). Since L£/©a-1) ~
Q;, we may assume that E?(qfl) =~ Q. Hence there is a unique isomorphism
7 F*£; = £, which induces the identity on the stalk of £; at 1. Then 7}
F*£' = £ is induced by 71, via x*.

We continue the proof assuming that G has simply connected derived subgroup.
Let 3 be as in the proof of 28.10. As in that proof, we may assume that (B, K) =
0. Hence there exists a homomorphism of algebraic groups x : B*$;8* U B* —
k* such that x(t) = s(b='tb) for all t € T. Let f : Z — k* be as in 28.10.
If y; € B*3;B*, we have f(y1,...,y.) = &(f'(y1,...,yr)); if y; € B* we have

F, - yr) = k(" (y1,---,9r)). (See 28.10.) We show that
X(F(g)) = x(g9)? for all g € B*$;B* U B™.
We may assume that g € T. Then

X(F(9)) = w(b™ F(g)b) = w(F(b~"gb)) = £((b~'gb)?) = x(b~"gb)? = x(9)*,
as required. It follows that for any (yi1,...,y,) € Z we have

(b) f(F(yl)a7F(y7")):(f(y177y7“))q

Let F = f*(£1). We have canonically Fz = f*L', F|z» = f"*L£'. From (b) we
see that the isomorphism 7, : F*£; = £; induces via f * an isomorphism F*F =
F and this gives rise upon restriction to Z’,Z" to the isomorphisms '7%,’7{7}.
Since F is a local system on Z such that F|z = f"*L’, we have canonically F =
IC(Z, f"*L"). Hence (a) holds in our case.

We now drop the assumption that G has simply connected derived subgroup.
Let 7 : G — G be a surjective homomorphism of connected reductive groups
whose kernel is a central torus in G and such that G has simply connected derived
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subgroup. We may assume that G and 7 are defined over F,. Then 7 restricts to
a surjective homomorphism GF — GF. Since the set of épinglages of G, G are in
natural bijection, the épinglage of G fixed in 35.2 gives rise to an épinglage of G
(the associated Borel subgroup and maximal torus are B* = 7= 1(B*), T = =~ }(T)
and the analogue of & : k — U* is the obvious one). For s € I'let 5 € (Ng T)F be
associate to this épinglage of G in the same way as § was associated to the épinglage
of G. Weset 1=1¢ G. Define Z2,2',2",f : 2" —T,f": 2" — T in terms of
G,B*,T,35; in the same way as Z, Z', Z” ' Z' =T, f": Z" — T are defined in
terms of G, B*, T, 5;. Let L' € s(T ) be the inverse image of £ under 7 : T — T.
There is a unique isomorphism F*£' 2 £’ which induces the identity map on the
stalk of £/ at 1. This induces isomorphisms

/7A_Q) . F*f/*ﬁ/ _ f/*[:/ /A{j} . F*JE//*[:/ JE//*[:/
Now '#? induces an isomorphism F*IC(Z, f'*£') = I1C(Z, f'*£') and this restricts
to an isomorphism of local systems

Y P IC(Z, F LN g S IC(Z, fL) |
By an earlier part of the proof, the isomorphisms /7417}, ’f'{j} correspond to each

other under some/any isomorphism of local systems [ C( L Non = e
Now the ‘map Z — Z induced by m is a fibration with smooth connected fibres
and IC(Z f’*E’) is canonically the inverse image under this map of IC(Z, f'*L’).
Hence IC(Z f’*ﬁ’)|Z/, is the inverse image under 2 — Z" of IC(Z, f'*L')| 7.
Similarly, f”*£ is the inverse image under Z” — Z" of f"*L'. Also, '##i} 13{i}
are obtained from '7#47} /7{i} by inverse image under Z” — Z”. Therefore the
required statement about ‘7H7} 717} is a consequence of the analogous, already
known statement about 741} 717} (we use the faithfulness of the inverse image
functor under the fibration Z” — Z” with smooth connected fibres). The lemma
is proved.

35.9. We preserve the setup of 35.7. Let 75 : ZSJ’D — Zj,p be as in 28.12 and
let K = KJD = 7L € D(Z;p) (see 28.12, 35.7). Now 7 is naturally defined
over F,. Hence the isomorphism 7 : F*£ = £ in 35.7 induces an isomorphism
w:F*K — K and x4 ZiD — Q is defined.

Proposition 35.10. Let (Q,Q’, gUq) € ZED (we take g € D). Let Chr € Hy—1
be as in 31.5. We have

Xk o(Q Q' 9Uq) = ap) ptr(Chapg.apra: F)-
Consider the partition ZQS)”LD = uJCJOZQS)fJ,D (see 28.9). For each J C JY
S . . — -
let 77 : Zy7 , — Zjp be the restriction of ps, let K7 = 77‘7!(£|Z;77J,D) and let
wy : F*K; — Kz be the isomorphism induced by 7#. Using the additivity property
of characteristic functions, we see that xz o, = ZJCJO XK7wy- By 28.10, we have
Kz = 0 unless J C Js. By Lemma 35.8, if 7 C Js, XK, ,w, i just like xx ., in
35.6, with s replaced by s7. Hence 35.6(a) can be applied and it yields
XK 7wz (Qv Q,a gUQ) = a’éi\?F,thr(TSJ ]-Q)\Pg,de'Q, q:;)
We will verify below that

(a) AD),F,s = OGDX,F,sy for anijjs.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



254 G. LUSZTIG

We see that

Xico(@.9Q9™ " gUq) = ap ps Y tr(Ts,1papg.apro: )
JCTs

is as desired. (We have used the identity C3,, = > ;- Ts,1px which follows
easily from the definitions.)
We now verify (a). We may assume that J has a single element j € Js (the

general case can then be obtained by iteration). We have s7 = (s}, 5,...,s})
where s; = s; for i # j and s’ = 1. It suffices to show that, for any k € [1,7] we
have

DX < DX -
(b) VO (s sa1die, (<1)) = JORA (st ..., (—1).

If s, = 1, then s, = 1 and both sides are 1. If s € I and k > j, then s = s}, for
k' > k and (b) is obvious. If k = j, then (b) states that

VOR (51 .51, (<1)) = 1;

this follows from
(c) Q%A(sr . 8j4+105;(a)) = 1 for all a € F
which comes from j € J5. Assume now that s € I and k < j. Then for some
m € Z we have
Sj85—1--- Sk+1d5k = (8];1 . 8k+1d5k)dgj.

Applying s,.5,_1...5;41 to both sides gives
SpSpr—1.. -5k+1dsk = (srsr_l s e Sj4185-1 - - .5k+1dsk)(87«87«_1 .. .Sj+1dsj)m
Applying 9%/\ to both sides and using (c) gives

9%)‘(5,«5,«_1 e Sk, (@) = H%)‘(srsr_l e 84181 - - Sk+1Qs, (a))

for all @ € F;. We set a = —1 and we see that (b) holds for this k. This proves (a).
The proposition is proved.

35.11. Let £,L£’ € 5,,. Then £,L' € 5,-1. Let 79 : F*£L = L be as in 35.2; let
76 ¢ F*L' = L' be the analogous isomorphism. Let A\ € s, (resp. ) € s,) be
the isomorphism class of £ (resp. L’). We have A € 5, 1, \' € 5, ;. Let s =
(s1,82,...,8r), 8" = (s1,85,...,50) be sequences in I such that s152...5. DA = A,
shsh...sl,DN = ). Let K = I_(i’g,@ : F*K = K be as in 35.9. Let K’ = Kj/Dﬁ/

and let @ : F*K' = K’ be the analogue of @ (defined in terms of 7). Then
XR,o " Zf}jD — Qi Xgr o Zf;jD — Qq are defined. Let

E= Z Xi@(QalegUQ)XR’,@’(QlengQ)'
(Q,Q/,QUQ)EZiD

Using Proposition 35.10 for K and for K’, we see that

“aph psiph py D Y. tr(Chypgapro, Bt (Chy pg.aprg. B)-
QePY geDF
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Setting g = dgo where go € G°F" we have py q = pa.apg,.1. Hence

F _
= |UJ,B* 1“D}\ FsaDX Fs' Z tr(PrQCSQAPd,dPgo,hm)
QePr¥
goeGOF
x tr(proChr Pd,dPgo,1,B) = |GOF||U5?B* 1“51\ FsaD)\’ rett(XY, P @ P)

where

X =3 (prg@prg)(Chapaa) @ (Chrpaa) : PP — P& P,
QePF

Y =G0 ST (pgo ® pgot) 1 FRP - PP,
goEGOF

We have XY =Y X and Y is a projection of P ® 8 onto the subspace (P ® ‘B)GOF
of G%F-invariants for the G°F-action in which gg acts as pg,.1 ® pg,.1. Hence X

maps (P ® PG into itself and

— OF
E= |GOF||U}TB* laDi FsaD)\’ Fs’tr( (P m)G )-
The non-singular symmetric bilinear form
G):PxB-W ()= D [
zEGOF

gives rise to an isomorphism P @ P — End(P), f' @ [ — [f — (f, f')f"]. Under
this isomorphism, X corresponds to a linear map X’ : End(3) — End(‘B),

@ Z (pl"QCSQ’,\/Pd,d)QS(t(pl"QCSQAPd,d))
QePy

where  denotes taking transpose with respect to (,). We have (pg,.1f, pgo1f') =
(f, ) for all f,f' € B,g0 € G°F. Hence P ® P = End(‘P) restricts to an
isomorphism (f ® ‘B)GOF = Endgor () under which
OF oF
X:(FeP® — (PeP)”
corresponds to the restriction of X’ to Endgor (). It follows that
= |G F(|US g1 ap) pstpy e tT(X', Endgor ().

From the definitions we have

tpd,d = Pd-1,4d-1" B — B,
t(prQ) = prg for all Q € Py,

Y(ky) =k, : B — P for all v € NgoT.

In particular,
tké =kg1 = kékds(fl) B — P for all s € 1.

We also see that

t(l)\l) = 1/\;1 : m — m for all A\; € S4-1-
For s € I, \y € 5,_; we have

HToln,) = \ 03 (@ (=1)1yrkska, (1) = |/ 0F 1))03 (@ )1, ks

= 07 (cs(— )) Lo B =%
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hence ¢(C3,) = 03 (Gs(=1))C% 1+ P — P. It follows that
SAq

t(CSQ)\) = 5005152...5,,(2”71 = 500§rl
where § = (s, ..., $2,81) and
8o = (O™ (s, (1) (BF (srds,, (=1))) ... (R (1 - . 8265, (1)) = Gy ps-

We see that X'(¢) = do ZerJg prQCSQ/)\/p(Ld(bpdfl,d—lCi,lprQ for ¢ € End('P).

35.12. For w € W we set
tgw = ((eD(w))')*ldu')d*1 eTF.

We show that, for A\; € g we have

q—1>
(a) padTwln pa-1,a-1 = 03 (A tawd) Tepwylpr, + P — P

(We regard T,1,, as an element of Endgor 3 = ¥ = Hq‘/i; see 35.4, 35.5.) We first
show that for v € (NgoT)¥ we have

Pd,dk?updfl,dfl = kgpa— P —B.

Indeed, for f € B,z € G°F, we have

(Pd,dkupdfl,dflf)(x) = (kupdfl,dflf)(d_lxd)
=UI™" > (parar Hd  add) = U7 Y f(dd wda’d )

z'eUvU z'eUvU

=t > faa”) = (kavar @),

z”eUdvd—1U

as required. Using the equality

Twly, = 1T VO (@(=1))kaly,

ac€Rt, w—la€ER~

=T~ II VO (@(=1) Y 0 Dk,

acRt , w—lacR~ teTF
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we have

pd,dLwlx, pa—1,q-1

=77} H V07 (@(=1)) Z 03 (t) pa,akitpa—1,a-1

a€Rt w—la€R™ teTk

= |TF|™ 11 VO (6(=1) Y 03 (t)kapea
a€ERT w—la€R~ teTF

=|TF|7 H VO3 (a(-1)) Z O3 (t)kauwa— kara—
a€ERt, w—la€ER~ teTF

= 11 07 (D6(—1))k(ep (w)ykts , 1D,

a€ERT w—laeR~
=02 (tgh) 11 07 (6 (—1))K(ep (wyy LA

a’€Rt,ep(w)"1a’€R™
= 9?;‘1 (diltdﬂud)ilTED(w) 1QA1
and (a) is proved.
35.13. We write 9% : H, — H, instead of ©/ : H, — H,; see 32.22. Let
@iq : HY" — HY? be the linear map defined by ©; by extension of scalars.
Replacing n by ¢ — 1 we obtain a linear map O : H(;/_al — Hq‘/_al. We identify

q—1,q
Endgor3 =% = Hq‘/jl; see 35.4, 35.5. We show:
(a) ©; 1 4(0) = > proeprg P — P
QeP¥

for any ¢ € Endgor3. First we show that for v € (NGoT)F we have

(b) Z prok,prg =k, if v € Qi p; Z prok,prg =0if v ¢ Qp-.
QePy QePr

Let f € B,z € G°F. We have

(> prokuprof)@) = > (kprof)(@)

QEePY QeP’;
xQJ,B*$71=Q

=t Y (erehe) = Ul > flaa')

QeP’; QeP’;

xQJ,B*$71=Q§ xQJ,B*x71=Q?

z'eUvU 2 eUvUsa3' Qypra’ tz~'=Q

= U™ > fled)y=1Ul™ > faa),
z'eUvU; z'eUvUNQ ;5 p*

x/QJ,B*$I71=QJ,B*

and (b) follows.
It suffices to prove (a) for ¢ = T, 1\ where w € W,\ € 5, ;. We have

M prgTulaprg =177 [ /0ra(-1) Y 63 Y prokumre.

QePF alem teTF QePr
wla€R™
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By (b) this is zero, unless w € @ g~ that is, w € W; assuming that w € W, this

equals
| I1 VOR@E(=1) D 0n(Okar = Twlx;

a€RT w—laeR~ teTF

(a) is proved.

35.14. Let m be an integer > 1. Let Fym be the subfield of k consisting of ¢
elements. Then F™ : G — G is the Frobenius map for an Fy=-rational structure on
G. The épinglage in 35.2 relative to F, can be also regarded as an épinglage relative

~

to Fgm. In the setup of 35.11, define Tém) CFL S L) Freg 2 £ in
terms of 79, 7} as in 33.5. We have Xgp(m = 07m Xy m) = 7 where

O (£) = OX(EIFaT 4T A (1) = gN (¢l Hatta T

for all t € TF". Now @(™) : F™*K = K (see 33.5) has the same relation to Tém)
as @ : F*K =5 K (see 35.9) to 0. Let @™ : F™* K’ = K’ be the analogous
isomorphism defined in terms of Té(m). Then x g 5o : Zig — Q, X/ @ m)
Zf}jg — Q, are well defined.

We choose (as we may) mo € Ny such that (=1)™° =1 (in k*) and ¢"; =1 (in
T) for all w € W.

We show that if m € moZ, m > 1, then apy rm s = 1. It suffices to show that
Gpmc(—1) = 1 forany a € R. Since DX € 5,1 we have 02N (t) = ox (1t tam ),
Hence it suffices to show that &((—1)'Tet+4""") = 1 for any o € R or that
(—1)tFat-+a""" =1 (in k*). Since (—1)7 = —1 (in k*), it suffices to show that
(—1)™ = 1. This follows from our assumption on m and mg.

Similarly, we see that if m € mgZ, m > 1, then apx pm s = 1.

We show that, if A € 5,,w € W and m € myZ, m > 1, then 02 (d™Hgmd) = 1.

Since A € s, ;, we have 00 (A g opd) = On(d Mg wd) T7T 7" Hence it

suffices to show that t;ZH"'Jrqm_l = 1. Since tg’w = tq,w, it suffices to show that
tqy = 1. This follows from our assumption on mg, m.

We replace F, in 35.1 by Fgmo which we rename as Fy;. The results above can
be reformulated as follows:

(a) If me€ Z,m > 1, then apx pms =1, apx pm s = 1.

(b) If A € s5,,w € W and m € Z,m > 1, then O (d~t4,d) = 1.

Proposition 35.15. Let a = ap : H,, — H,, be as in 34.15. Define ®" : H, — H,
by h +— @i(CSQ/)\,a(h)Cf\_l) (an A-linear map) and let p(GY) be as in 32.22. If
m € Z,m > 1, then

En = > X&.omm (@, Q' gUQ)X g o) (Q, Q', gUQ)
(Q.Q",9Uq)eZfy

is obtained by substituting v2 = ¢™ in v2l(w3)u(G0)tr(<I>”,Hn), which is a polyno-
mial in N[v?].

By the arguments in 35.11-35.13 applied with F" instead of F' we see that

-1 -1 / Var
aQA,F"L,Sa/Q)\/’F'nL’Sltr(Xm7 qu—l)

m

By = | GOF™

UJ,B*
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’ =~ e m
where X, (h) = O)n_1 ym(CHy & (h)C5-1) for h € HY' | and &, : HY.' ) —

H qz,?f’l is the linear map given by

Twls — 9?;‘m (d_ltd,wd)_lTED(w) 125\

for w e W, \ € §,m_1- Clearly, X (Tiy15) = 0 unless A €5, and, if this condition
is satisfied, then X (T, 15) is a linear combination of elements of the form 77,15,
with X € s,. It follows that

tr( XL, HYO™ ) = te(®, HYT™)

qm—1

where ®// (h) = ©;] (CSQ/)\,fo(h) $_1) and &, : HYT" — HYT" is the restriction
of £,. We now use 35.14(a),(b). The proposition follows, except for the assertion
“which is a polynomial in N[v?]”. That assertion follows from 32.22(a) and the
second equality in Corollary 32.23(a).

35.16. We now assume that J = I. Let Z, be a set of representatives for the
isomorphism classes of character sheaves contained in D~ for some L € s,. Then
7, is finite and we can find an integer m; > 1 such that F™*A =~ A for any A € Z,.
We replace F, in 35.14 by Fgm: which we rename as F;. We now have F*A = A
for any A € Z,,. For A € T, the Verdier dual ©(A) is isomorphic to an object
in Z,,. (See 28.18(a).) For each A € Z,, we choose isomorphisms k4 : F*A = A,
Kyt F*D(A) = D(A) so that the following holds: if O is an open dense F-stable
subset of supp(A) = supp(D(A4)) on which H™¢(A4),H ¢(D(A)) are local systems
(e = dim O), then for any y € O and any m > 1 such that F™(y) =y,

(i) ﬁm(e_dimD)/@Xﬂ) :H™¢(A)y — H°(A), is of finite order;

(i) \/Em(e_dim D)y, (m) H(D(A))y — H °(D(A)), is of finite order;

(iii) the isomorphism H D (A)py) — H “D(A), (that is, H *(A)py) —
H~¢(A),) induced by ', is 2™ P~¢ times the transpose inverse of the isomorphism
H¢(A)pey) — H ¢(A), induced by k4.

Note that #/, is uniquely determined by k4 and that (ii) follows from (i) and
(i)

Let £,£',s,s', K, K’ ,@,&" be as in 35.11. Since K, K’ are semisimple, we have
canonically (for 4,7 € Z):

(a) PHY(K) = ®aez, (A® Vais.c),
(b) PHY(K') = @arez, (D(A) @ Vi i g 1)
where Va is 2,V i1 o o are finite dimensional Q-vector spaces endowed with en-

domorphisms
VA Vause = Vauisc, Y Vio e oo = Vari g o
such that under (a) (resp. (b)) the map @®a(ka @ ¥a) (resp. Dar(ky @ Y4)))
corresponds to the isomorphism F*(PH(K)) = PH'(K) (resp. F*(PH' (K')) =
PH(K")) induced by @ (resp. @').
In the remainder of this section we assume that D is clean (see 33.4(b)).

Proposition 35.17. (a) With each A € Z,, one can associate sgn, € {1, —1} with

the following property: if A is a direct summand of ”Hi(KBL) where s, L are as in
85.11, then (—1)+4m& = gon .
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(b) With each A € T,, one can attach an element E4 € QZ‘ such that the following
hold: &4 is an algebraic number all of whose complex conjugates have absolute value
1; for any s, L as in 35.11 and any i € Z, ¥4 is equal to §A\/Ei7dimG times a
unipotent automorphism of Va ;s c; for any s', L' asin 85.11 and any i € Z, ¢y is
equal to flglﬁi_dimg times a unipotent automorphism of Vj ;o 11

From the definitions we see that, in the setup of 35.16, we have

tr(@, H)(PH(K))) = Y tr(ka, H)A)tr($a, Vais.c),
A€,

tr((D/, H‘Z] (pHi (K’))) = Z tr(lﬁ}lA/ 5 H‘!]J @(A/))tl"(l//A/, VA’,i’,S/,ﬁ/)’
A€y,
for all g € DF and all i, 5,4, j/. Taking alternating sums over 4, j or i’, j' and using

Xko(9) = (1)@, 1) (PH(K))),

i3

Xk o (9) =D (1) T te(@’ 1 (PHT (K))),
il,j/

we obtain

A€T, i
() Xk (9) = D Xoanw, (@) D (=1 (@, Vi w 2)-
A’€T, i!

Since K (resp. K') is pure of weight 0, we see that PH*(K) (resp. PH' (K')) is
pure of weight ¢ (resp. i'). By our choice of k4 (resp. 4) we see that (A4, x4) and
(D(A), k/y) are pure of weight dimG for A € Z,,. Using 35.16(a),(b), we deduce
that

(d) (Va,is,cota) is pure of weight i—dim G and (VIQ71-,7S/7£/, V'y) is pure of weight
i —dimG.
Using (¢) we have

G717 Xro@xre (@ = D 1G] Xawa(9)xo(an ., (9)
geDF AAET, geDF

(€) x> (=) tr(va, Vaisc)tr(W, Vi i g 1)

i

Using 24.18 (which is applicable by our cleanness assumption and by Corollary
31.15) we see that for any A, A’ € Z,, we have

|GOF |1 Z XA,k (Q)XQ(A/),K;‘,(Q) =044
geDF
Hence (e) becomes

G173 ks @xrre (@) = D (1) tr(va, Vais.e)tr (W, Vo o o)

geDF A€z,

)
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This remains true if F' is replaced by F™, where m > 1. Thus we have

|G0F7n 1 Z XR,D("")(g)XRlawl(m)(g)
geDF™

(f) = (=17 Y Y wWR Vais ot (Wh™ Ve o)
J

A€T, iii+i'=j

with @™, @'(™) as in 35.14. Using 35.15, we may rewrite the previous equality as

follows:
S (=17 ayy =T(g™)
f

J
where a;  are the eigenvalues of ¥4 ® ¥y on @i iritir=;Va,is,c ® Vi i o o and 11
is a polynomial with coefficients in N. By (d), each a; s is an algebraic number
all of whose complex conjugates have absolute value squared equal to ¢/ —24m& Tt
follows that, for fixed j, the set {a; ¢} is empty if j is odd and that each a;, 5 is equal
to ¢//2~4m Y if j is even. This implies that, for any A € T, Vaisc ® VAo o I8
0 if 4+ 4 is odd and, if ¢ + ¢’ is even, any eigenvalue of ¥4 on V4, s multiplied
by any eigenvalue of ¢ on V} ./ o, gives gUiti)/2=dimG Gince for A € 7, we
have V} ., o o+ # 0 for some s’, £’ as in 35.11, we see that the parity of ¢ such
that VA};,S’,[; # 0 for some s, L as in 35.11 is an invariant of A and that, for any
eigenvalue £ of ¥4 on Vy4 ;s ., the product f\/ﬁdimGﬂ‘ is also an invariant of A.
The proposition follows.

35.18. Asin 34.15, let {E,;u € U} be a set of representatives for the isomorphism
classes of simple modules for H!. Let m > 1. Using 35.17, we can rewrite 35.17(f)

as follows:
GO Xkwom (9)X & oo (9)
geDF™
(a) _ Z Z(_l)i+i/ dim Vy ; s ¢ dim VA,i/,s/’[j/qm(i_dim G)/qu(i’—dimG)/Q.
A€T, i,
By Proposition 35.15 (with J = I), the left-hand side of (a) is tr(®", Hy)|y— /gm-
We have
SO (o) G dim Vaie ) O (=) v ™ dim Vy oy )
A€T, i it
=te(®", Hy) = Y tr(Ch\ Tp, EDtr(Tp ' Ci1, EL)
ucU®
= Y w(ChyTp, Btr((C3-) T, By)*
ucU®
(0) =Y u(ChyTp, B)tr(Chy T, By)*.

ucU®

(The first equality in (b) comes from the fact that (a) holds for any integer m > 1.
Here tr(®”, H,), as in 35.15 with J = I, can be replaced by a sum of products of
traces, see 34.14(a). This gives the second equality in (b) where the notation of
34.15 is used. The third equality in (b) comes from Lemma 34.17 since TBIC§_1

is an A-linear combination of elements of the form T,,1y-1,w € WP. The fourth
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equality in (b) follows from the definitions using s, ...s251A"! = DA7L.) Using
the definitions and 34.19(a),(c), we obtain for A € Z,,,

Z(—v)iv* dmG fm Vy o0 = (Z(—v)iv* dmE Qim Vy;6.0)®

% )

(b) = (CH(CADN* = Y (04 )*r(ChA T, Ex)*,

uee
Z(_U)i/ — G dim Vi sor = CQ(A)(CSQ/,\' [D])

(c) Z bU ,tr CD,\'TDvE = Z bz,u’tr(cz)\/*lfg’ Ey)-
w U u €U

Introducing (b),(c) in (a) we obtain

ST 0ot (Chy T, EL)(D . (09 ,)*ex(ChaTp, EL)*)

AT, v eus ueU°
= > (ChyTp, BY)tr(Chy 1 Tp, E)*,
ueUu°

that is,
@ > (D b (bh,)* = Suw)tr(Ch 1 T, BL)te(CHyTp, BL)® = 0.
u,u’ EUS AEL,

Recall that here s is assumed to satisfy s5182...5, DX = . The A-submodule

of HP spanned by the elements ChH \Tp with s as above (and A fixed) is just

1>\HnTuD1)\; hence in (d) we may replace CSQ)\TQ by any element in 1yH,T,plx

and the equality remains true. Similarly, we may replace CJSD' )\,_1TQ by any element

in1 N_lHnTQ 1,/-1 and the equality remains true. Thus we have

(e) Z Z b Au 5u,u/)tI‘(Tx/1Q)\/71TQ, EZ/)tI‘(Txlg,\TQ, EZ)‘) =0
u,u’' €U AEL,

for any x,2’ € W such that

()a:D)\ A2’ DN L= N1
Now (e) remains true even if (f ) does not hold. (If, for example, zDX = A\ # ),
then for any u € U* we have

tI‘(T 1D,\TD,E ) = tr(l)\lT 1D,\TD,E ) = tI‘(T TD1,\1)\1,E ) =0,
hence the left-hand side of (e) is zero.) We now multiply both sides of (e) by
tI‘(TE/]_Q)\/fl TQ, E:izl )‘tr(fm ].Q)\TQ, E,Zl)

where u1, 4] € U® and sum the resulting equalities over all z, 2’ € W and \, X' € s,,.

We obtain
Z Z b u - 5u,u’>(z tr(Txlg)\TQ, Egl)tr(fx12AT27 EZ).)
w,u’ €U A€L, z,A
T T v T T v O\
X (Z tr(Txllg)\/—lTQ, Eu/)tr(Txllg)\/—lTQ, Eull) ) =0.
z' N
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Using 34.18(a) we deduce
Z ( Z b ( Z!,u)‘ = Ou,u ) 0w’ uf f:j’l dim By 6u,u, fo, dim By, =0,

u,u’ €U AEL,

that is,
Z bA ul Au1 - ul,u )f dlmE ful dlrnf?u1 = 0.
A€T,
Since ffi; dim B, fy, dim Ey, # 0, we deduce
(g) Z bA “1 Au1 = 6u1,u/1
A€L,

for any uy,u) € U°.

35.19. Let Ay € Z,,. Then supp(Ay) is the closure of a stratum Y = Yz g of D. Let
e = dimY. Replacing F; by a finite extension, we may assume that the following
holds:

(a) there exists a finite group T' and a sequence of maps T — Y ~ = Yoy,m
(m=1,2,3,...) such that for any m > 1 and any A € T,, we have

—(dim D—e)

q m|11|71 Z XA, wG™) (yw,m)Xg(Ao),nj%w (Yy,m) = 64,4

yer

(We apply Proposition 33.7 with Z = Z,,.)

35.20. We identify H,, with a subalgebra of H,_; by Twly — Tyly for w e W,
A €s,. (Wehaves, Cs, ; since n divides ¢ — 1.) Similarly, for any x € {4 we
identify H)® with a subalgebra of H,

Let {Eu; wel } be a set of representatives for the isomorphism classes of simple
modules for H;_l. We may assume that & C U, that for u € U we have E,, = E,,
as an H!-module with 1, acting asOfor A€s, | —s,, and for u € U—U, H! acts
on E, as zero. For u € U, the H /4 -module E\[ is deﬁned asin 34.15. If u € U, we
have again E&[ = E&[ as an H}f—module with 1, acting as 0 for A € S,1— . For
u e U we set V,, = Hom , yq (E~1‘/§, B) where P is regarded as an H(;/_l = ‘Z module

q—1
as in 35.4, 35.5. Since T = Endgor (B) (see 35.5), the G°F-module structure on P
makes V,, into an irreducible G°*-module and we have an isomorphism

V@, ~?/E@)Vu)—N—>‘}3,e®x»—>x(e),e€Eq‘/a,xevu.

Hence B = @, ;7B where B, = 19(1772/6 ® V4,). For u € U* and = € V,, we define
Ru: EY" — P by Ry.(e) = paa(z(Ty'e)). We show that
(2) Ruo(he) = hRy (e) for h e Y, e € EYY.
IfhEHfl,\ with A € 5,4
35.12(a)). Hence we may assume that h € HY?. Recall that paa(a (k) = hpaq:
— P (see 35.12(a) and 35.14(b)). Hence
Ruq(he) = paa(x(Tp' (he))) = paa(x((a™' ()T e))) = paala™ (h) (T e))
= hpa,a(x (TQ ¢)) = hR.(z)(e),

—5,,w € W, then both sides of (a) are zero (we use
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as required. We see that R, , € V;,. Thus, we haveamap R, : V,, = V,,,  — Ry 4.
From the definitions we have

ﬁ(f’ge ® Ry.q) = paad(e @ x) for e € Ef[,x e V,.
In particular, pgq : P — P maps P, into itself. On the other hand, it maps
Pu for u € U —U* into P for some v’ € U,u" # u. It also maps O, 7 1, Pu

into itself. Hence, if h € H,‘L/a and go € G°F, then hpd,apg,,1 acts as zero on
@uez),uﬁ(E&ﬁ ® V,,) and we have

tr(hpd,dpgmlv q:;) = Z tr(hTQﬂ Ef)tr(Rugo, Vu)
ueU

Now, from Proposition 35.10 (with J = I) we have xz 5(9) = tr(Chypg,a,B) for
any g € DF. (Recall that apy rs = 1; see 35.14(a).) Hence

(b) Xio(9) = > te(CH\Tp, BY)tr(Rud g, Vo).
ueU°

We have
i —dim G .
XK ,o(9 2: XAra(g }:(—vﬁyv@ §adimVy ;s ¢
A€,

(C) = Z XA ka g EA Z bA,utr(CSQ)\TQa E&/a)

A€, ueEU®

(The first equality follows from 35.17(b),(c). The second equality is obtained from
the identity

S (o) v dim Va s = 3 b4 br(Chy T, EL)
4 ueU"
(see 34.19), under the specialization v — /g. Note that the rational function b ,
does not have a pole at v = ,/g; indeed, in 34.19(b), we have QA(T~U,12>\[D]) € A,
tr(Tw1paTp, EY)* € U[v,v™] by 34.15(a), while f2],— g = f2/7 # 0 by 34.15(b).
Hence b%) , can be specialized for v = /g and yields a value bfu € 41.) From (b),(c)

we deduce
N tr(Ca T, BY ) (tr(Rud 19, Vi) = Y xawa(9)€abY%,) = 0.
ueUs A€T,

As in the paragraph preceding 35.18(e) we see that here we may replace CSQ)\TQ by
any element in 1 AHnTQ 15. Thus we have

@ > t(TolpaTp, BY ) (tr(Rud g, Vi) = D Xawea(9)€abY%) =0
ueUu® A€eT,

for any 2 € W such that 2D\ = X\; moreover, if zDX # X, then tr(T,1pxTp, E&/a) =
0 so that (d) holds again. We see that (d) holds for any z € W and any A € s,,.
We now multiply both sides of (d) by tr(Tx1pxTp, E&/I(j)‘ = 0 where u; € U and
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sum the resulting equalities over all z € W and A € 5,,. We obtain

ST (Tl paTp, BY)tr(Tol paTp, BY)*)

ueU* xz,\
X (1(Rud ™ g, Vi) = Y Xawalg)€abls) =0.
A€T,
Using 34.18(b) with x = /g = \/_* we deduce that
37 G ST dim By (tr(Rud 19, Vi) = Y Xawa (9)€abY2) =0,
u€Us A€T,

that is,

YO dim By, (tr(Ruyd 9, Vi) = 3 Xotwa (9)640Y%,) = 0.
A€,

Since fu1 dim E,,, # 0, we deduce
(e) tr(Ruld ga u1 Z XA, nA \/_ :0
A€T,

We show:

(f) Rud=1g : Vi, — Vi, has finite order.
For any t > 1 we have R (z) = pf; ;((Tp"€)), hence Rf = 1 for some ¢ > 1. For
go € G°F we have

Rugo(x)(e) = pa.apgy12(Tp'e) = pagsa—1 1pa.arTp e,
hence R, go = (dgod™')R,,. From this we deduce
(Rugo)' = (dgod™*)(d*god™?) ... (d'god ") R;
for t > 1. We have d* = 1 for some a > 1. Let
g1 = (dgod™")(d*god™?) ... (dgod™®).

We have g¥ = 1 for some b > 1. We have (R,go)* = ¢g’R% = R. Thus
(Rugo)®¢ = R%¢ = 1. Taking go = d~'g we see that (f) holds.

From (f) we see that tr(R,d lg,V,) is a cyclotomic integer. Introducing this in
(e) we see that

(8) Yo aez, XAralg )§Ab % 18 @ cyclotomic integer for any u € U%, g € DF.

Lemma 35.21. In the setup of 35.19, let u € U*. Assume that E, is quasi-rational
(see Lemma 34.20). Then by ., € nQv,v™"] where 1 is a root of 1.

Note that 35.20(g) remains true if F is replaced by Fgm where m > 1. Thus:
T
(a) > X (9)ERDN
A€L,

is a cyclotomic integer for any m > 1,9 € DF". We use the notation of 35.19.
Assume that g € Y. We multiply (a) by \/Em(e_dim D)X@(AO)},% o (g) which is
a cyclotomic integer by 35.16(ii). We obtain again a cyclotomic intoeger. Now take
9 = Yvy,m (see 35.19) and sum over all v € " (see 35.19). We see that

(b) \/&m(e_dimD) Z Z XAk (?J'Y,M)X’D(Ao), wly, (™) (Yy,m)EX br

vel A€T,
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is a cyclotomic integer for any m > 1. Using 35.19(a) we see that (b) equals
dim D— m ™
() V" P e by

which is therefore a cyclotomic integer for any m > 1. By 35.21 we have b} , =
nQ(v) where n € il is a root of 1 and Q(v) € Q(v). Let K be a subfield of Q; such
that K is a finite Galois extension of Q of degree a which contains n and £4,. Let
N : K — Q be the norm map. Since all complex conjugates of £4, have absolute
value 1 we see that N(£4,) = 1. We have also N(n) = £1. Hence applying N to
(¢) (with m = 2m’) we see that |[|*¢@™ (dmD=e)(gm")a is a cyclotomic integer.
This being also a rational number, is an ordinary integer. Let

R(v) = [T|"p*m D= (1) € Q(v).

We see that R(¢™) € Z for any integer m’ > 1. This forces R(v) € Q[u].
Thus, (vi™P=¢Q(v))* € Q[v]. It follows that v3™ P~eQ(v) € Q[v], hence Q(v) €
Q[v,v~!]. The lemma is proved.

Theorem 35.22. Assume that D is clean (see 33.4(b)). Let A € T,,. Let u € U*
be such that E, is quasi-rational (see Lemma 34.20). Then b € nQ for some 1,
a root of 1.

Using 35.18(g) with uy = u} = u we see that Y., b4 (0% ,)* = 1. Using
35.21 we write b , = naQa for A € 7,, where na isaroot of 1 and Qa € Q[v,v1].
Then ( Z‘,u)‘ = n;lQA so that D 47 Q% = 1. Since Q4 € Qv,v™1], this forces
each ) 4 to be a constant. The theorem is proved.
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