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DUALITY FOR ADMISSIBLE LOCALLY
ANALYTIC REPRESENTATIONS

PETER SCHNEIDER AND JEREMY TEITELBAUM

ABSTRACT. We study the problem of constructing a contragredient functor on
the category of admissible locally analytic representations of p-adic analytic
group G. A naive contragredient does not exist. As a best approximation, we
construct an involutive “duality” functor from the bounded derived category
of modules over the distribution algebra of G with coadmissible cohomology
to itself. on the subcategory corresponding to complexes of smooth represen-
tations, this functor induces the usual smooth contragredient (with a degree
shift). Although we construct our functor in general we obtain its involutivity,
for technical reasons, only in the case of locally Qp-analytic groups.

0. INTRODUCTION

In this paper we continue our development of the theory of locally analytic rep-
resentations of a p-adic locally analytic group G. In our earlier work [STI1| 2]
we constructed a certain abelian subcategory of the category of modules over the
locally analytic distribution algebra D(G, K), where K is a complete discretely val-
ued extension of Q,. This subcategory of coadmissible modules is contravariantly
equivalent to the category of admissible locally analytic representations by means
of the functor sending a representation V' to its strong dual V. The smooth admis-
sible representations correspond to those coadmissible D(G, K)-modules which are
annihilated by the Lie algebra g of G. Here, we study the problem of constructing
a contragredient functor on the category of admissible locally analytic represen-
tations. In fact, a naive contragredient does not exist. As a best approximation,
we construct an involutive “duality” functor from the bounded derived category of
D(G, K )-modules with coadmissible cohomology to itself. On the subcategory cor-
responding to complexes of smooth representations, this functor induces the usual
smooth contragredient (with a degree shift). Although we construct our functor in
general we obtain its involutivity, for technical reasons, only in the case of locally
Qp-analytic groups.

The duality functor we construct in this paper is an extension to coadmissible
modules over D(G, K) of the global duality M — RHom 4 (M, A) for an Auslander
regular ring A. Although D(G, K) itself is not Auslander regular, it “almost” is.
More precisely, it is a free module over the distribution algebra D(H, K) where
H is a compact open subgroup of G. In turn, D(H, K) is, in the terminology of
[ST2|, a Fréchet-Stein algebra, meaning that it is a projective limit of a family of
noetherian Banach algebras D,.(H, K) with flat transition maps. In Section 8 of
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[ST2] we showed that, if the base field is Q,, these Banach algebras are Auslander
regular rings with global dimension bounded by the dimension of H. Further, we
showed that, for a coadmissible module M, the modules Extp y x) (M, D(H, K))
are coadmissible. The general theory of coadmissible modules makes it possible to
pass back and forth between D(H, K)-modules and modules over the Auslander
regular Banach algebras D, (H,K). In addition, a kind of “Shapiro’s Lemma”
makes it possible to pass back and forth between D(G, K) and D(H, K).

The abelian category of coadmissible modules is filtered by a generalized notion
of grade or codimension. Although the duality functor on all coadmissible modules
is expressed in terms of a derived category, on the abelian subquotient categories
corresponding to the grade filtration, the duality functor is computed as a particular
Ext-group.

We now briefly outline the paper. We begin by discussing the smooth contra-
gredient in the setting of coadmissible modules. Such representations correspond
to modules over the ring D> (G, K) of locally constant distributions, which is the
quotient of D(G, K) by the ideal generated by the Lie algebra g. We then study
the dualizing modules D (G) and Dk (G) for smooth and general locally analytic
representations respectively. These turn out to be the duals of the compactly sup-
ported smooth or locally analytic functions on G. Up to a twist which we suppress
here for simplicity, the duality functors on smooth and locally analytic representa-
tions are given by RHom4 (., D) where A is D*°(G, K) or D(G, K) and D is D (G)
or Dk (G), though in the smooth case, this is unnecessarily complicated since in
fact D (G) is an injective module. In Section 3 we compare the duality functors
in the two categories. We use the (trivial) deRham cohomology of the Lie group
G to compute (again, suppressing some twists) RHomp g x)(D>(G, K), Dk (G))
and from this calculation we obtain the result that the duality on the locally ana-
lytic representations induces the usual smooth duality, with a degree shift, on the
smooth representations. In Section 4, we establish the involutive nature of the dual-
ity functor on the bounded derived category of D(G, K )-modules with coadmissible
cohomology. Section 5 recalls how this duality respects the subquotient categories
of coadmissible modules of fixed codimension. In the final section of the paper we
compute the duality functor for principal series representations. We show that a
principal series representation induced from a parabolic subgroup P has a single
nonvanishing Ext-group in degree equal to the dimension of the subgroup P which
is isomorphic to another principal series. It is interesting to compare this with the
similar result one obtains in the case of Verma modules ([Keml).

Acknowledgments. We thank Matthew Emerton for his suggestions regarding
the compatibility of the duality discussed in [ST2] and smooth duality. The first
author thanks the University of Illinois at Chicago and the Clay Mathematics In-
stitute for financial support. The second author was supported by NSF grant
DMS-0245410.

1. THE PROBLEM

Let Q, € L C K C C, be complete intermediate fields such that L/Q), is finite
and K is discretely valued. Throughout, let G be a locally L-analytic group of
dimension d and let g denote its Lie algebra.

We let D(G, K), resp. D*(G, K), be the K-algebra of K-valued locally ana-
lytic, resp. locally constant, distributions on G. The group G embeds into D(G, K)
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as well as into D*°(G, K) via the Dirac distributions g + d,. The universal en-
veloping algebra Uk (g) := U(g) ®, K is naturally a subalgebra of D(G, K). One
has D*®(G, K) = D(G, K)/Ic(g) where I¢(g) denotes the closed two-sided ideal of
D(G, K) generated by g.

Remark 1.1. (i) The group G generates a dense subspace of D(G, K);
(ii) the ideal I¢(g) is generated by g as a left ideal in D(G, K);
(iii) D(G, K) @y (g L = D®(G, K);

(iv) if g is semisimple, then the ideal I(g) is idempotent.

Proof. (i) [STT), Lemma 3.1]

(ii) The identity d4rd,-1 = ad(g)(x) for any g € G' and ¢ € g together with (i)
imply that I (g) is the closure of the left ideal generated by g. On the other hand,
the left ideal D(G, K)g certainly is finitely generated. If G is compact, it therefore
is closed by [ST2, Cor. 3.4.iv and Lemma 3.6.]. The general case is reduced to
the compact case by choosing a compact open subgroup H C G and observing the
locally convex direct sum decompositions

D(G,K)= P 6,D(H,K) and D(G,K)g= €P 6,D(H K)g.
geG/H geG/H

(iii) This follows from (ii).
(iv) This also follows from (ii) since, by [Dix} Remark 2.8.8], the ideal generated
by g in U(g) is idempotent. O

We let Repy(G), resp. Rep% (G) denote the category of locally analytic G-
representations on barrelled locally convex Hausdorff K-vector spaces, resp. on
K-vector spaces of compact type, with continuous linear G-maps as morphisms (cf.
[STTl, §3]). We recall:

— On each G-representation in Rep,(G) the G-action extends uniquely to a
separately continuous action of the algebra D(G, K).

— The category Rep%(G) is closed with respect to the passage to closed G-
invariant subspaces and their corresponding quotients.

Dually, we consider the abelian category Mg of all (unital left) D(G, K)-modules
(in the algebraic sense), as well as the category /\/ltgp of all separately continu-
ous D(G, K)-modules on nuclear Fréchet spaces with continuous D(G, K)-modules
maps as morphisms. By functoriality, passing to the continuous dual is a natural
functor

Repr(G) — Mg
V — V.

It was proved in [ST1), Cor. 3.3] that the functor

() Rep%(G) — MEP
V — Vy

of passing to the strong dual even is an anti-equivalence of categories. (We silently
use here, as at many other places in the paper, the map g — ¢! on G to identify
left and right D(G, K)-modules.)

The objects in Rep% (G) and in Mgp already as topological vector spaces are of
a quite different nature. This means that the usual construction of a contragredient
of a group representation does not preserve the category Rep% (G). The question
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we want to address in this paper is whether there, nevertheless, is a natural invol-
utory functor on Rep% (G) which deserves to be considered as a replacement for
the usual contragredient. In fact, we will restrict our attention to the full subcate-
gory Rep% (G) of admissible G-representations in Rep% (G) as constructed in [ST2]
§6]. We recall that in [ST2|, first a full abelian subcategory Ci (which is entirely
algebraic in nature) of M, the category of coadmissible D(G, K )-modules, is con-
structed. It then is shown (Lemma 6.1) that Cg embeds naturally and fully into
the topological category Mt(?p . Finally, Rep¥% (G) is defined to be the preimage of
C¢ under the anti-equivalence ().

For the sake of completeness we also recall from [ST2| Prop. 6.4] that:

— Rep% (@) is an abelian category; the kernel and image of a morphism in
Rep% (G) are the algebraic kernel and image with the subspace topology.

— Any map in Rep% (G) is strict and has closed image.

— The category Rep% (G) is closed with respect to the passage to closed G-
invariant subspaces.

An obvious condition which any solution of our problem should satisfy comes
about as follows. Let Rep% (G), resp. Repx’*(G) denote the category of smooth,
resp. of admissible-smooth, G-representations (over K) in the sense of Jacquet and
Langlands (cf. [Cas, §2.1]). Equipping a K-vector space with its finest locally
convex topology induces a fully faithful embedding

Rep32(G) — Repy (@) -

It was proved in [ST2] Thm. 6.6] that this embedding restricts to a fully faithful
embedding

Repc™*(G) — Repk (G)

whose image consists precisely of those admissible locally analytic G-representa-
tions which are annihilated by the Lie algebra g. In the smooth theory one has the
contragredient functor

RepF(G) — Repi(G)
V — V

where the so-called smooth dual V consists of all linear forms in the full linear
dual V* which are smooth, i.e., which are fixed by some open subgroup of G.
It restricts to an anti-involution on the subcategory Repy’®(G) (cf. [Cas, Prop.
2.1.10]). Surely, any construction which one might envisage on Rep% (G) should be
compatible with this one.

It is easy to see that the G-action on any smooth G-representation extends
naturally to a D*°(G, K)-module structure. Because of Remark 1.1(ii) we may
characterize Rep®(G) as the full subcategory of Rep} (G) of those representations
on which the D(G, K)-module structure factorizes through a D> (G, K)-module
structure. If M denotes the abelian category of (unital left) D*°(G, K )-modules,
then passing to the (full) linear dual is a natural functor

Repx (G) — MZ
V +— V*
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which makes the following diagram commutative:

Rep (G) —LV s M
finest l.c. top.J/ JC
ViV’

Repy (G) ———— Mg

We also may define the notion of a coadmissible D*°(G, K)-module. This is based
on the following observation.

Remark 1.2. For any compact open subgroup H C G we have:

(i) D*°(H, K) is a Fréchet-Stein algebra;

(ii) D*°(H, K) is coadmissible as a (left or right) D(H, K )-module;

(iii) a D*°(H, K)-module is coadmissible if and only if it is coadmissible as a
D(H, K)-module.

Proof. (1) Compare the proof of [ST2, Thm. 6.6.i].
(ii) This follows from [ST2| Lemma 3.6].
(iii) This then is a special case of [ST2, Lemma 3.8]. O

We now define a D> (G, K)-module to be coadmissible if it is so as a D> (H, K)-
module for any compact open subgroup H C G, and we let CZ denote the full
subcategory of coadmissible D>°(G, K)-modules in Mg . We have

Cgo =Ca N MOGO

as well as the commutative diagram

Repp®(G) ——C¥

|

Rep% (G) N

Finally, we describe the smooth contragredient on the dual module side. We in-
troduce the K-vector space C°(G, K) of all K-valued locally constant functions
with compact support on G and its linear dual D¥(G) = C(G, K)*. The left
and right translation actions of G on CS°(G, K) are smooth and therefore extend
to D*°(@G, K)-module structures on C°(G, K) and hence on DFE(G). We fix a
left invariant Haar measure pqqr € DY (G). This allows us to introduce, for any
compact open subgroup U C G, the function

v := vol,,.. (U)~! - char. function of U
in C*(G, K). One easily checks that
C*(G,K) — D>(G,K)
Y = Hp = KHaar (- )

is a left G-equivariant embedding. We also need the locally constant modulus
character §g : G — Q* C K* of G given by

5c(9) =[gUg ' 1 gUg ' NU]/[U : gUg ' NU]

where U is a fixed compact open subgroup of G. In the following we will let d¢g
also denote the one-dimensional K-vector space K viewed as a D*°(G, K )-bimodule
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with G acting trivially from the left and via the character dg from the right. Finally,
we need the functor

Mg — Repg(G)
M +— M :={me& M :Um = m for some open subgroup U C G} .

Lemma 1.3. For any module M in M we have the natural G-equivariant iso-

morphism
Mo = (CX(G,K) @K 66) @pe= (i) M
m — (ey®1)®@m fUm=m .
Proof. The inverse map is given by (¢ ® 1) @ m — p,m. O

Lemma 1.4. The following diagram is commutative:
Rep (G) —Y s M
V.—f/l lHome(G,K)(vD?{o(G)@)Ké*G)

Rep2(G) —L=Y" 5 MY

Proof. (Recall that Hom pee (g, k) (., DE (G) ®K &) is considered as a D*(G, K)-
module via the right multiplication on the target.) We need to establish a natural
isomorphism between Hompg ((V*)*™, K) and

Hompe (g, K (V*,DR(G) ®k %)

= Homg ((C°(G,K) ®k da) @pe=c,x) V" K) .
For this it certainly is sufficient to find a G-equivariant natural isomorphism
(V)" = (CX(G,K) @k dc) @p=(a,x) V"
before passing to the linear dual. But this is a special case of Lemma 1.3. O
Because the smooth contragredient is an anti-involution on Repz’*(G), it is

clear from Lemma 1.4 that the functor Hompe (g, i) (., DF (G) @k 0) restricts to
an anti-involution on C&.

2. DUALIZING MODULES

In this section we will introduce an object analogous to D (G) in the locally
analytic context. We define the locally convex K-vector space C¢"(G, K) of K-
valued locally analytic functions with compact support on GG by picking a compact
open subgroup H C G and by setting

CiMG K) = @ C(gH,K)
geG/H
with the locally convex direct sum topology on the right-hand side. By [Feal, 2.2.4]

this definition is independent of the choice of H. In fact, whenever G = | J;esU; is
a disjoint covering by compact open subsets U; we have

CeM(G. K) = PO (U K).

i€l
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The space C¢"(G, K) is barrelled ([NFAlL Ex. 3 after Cor. 6.16]) and the left and
right translation actions of G on it are locally analytic and hence extend to sep-
arately continuous D(G, K)-module structures. By functoriality we have corre-
sponding D(G, K)-module structures on the strong dual

Di(G) == C2 (G, K .

Remark 2.1. (i) In both actions each individual element in D(G, K) acts by a
continuous endomorphism on Dg (G).

(ii) If G is second countable, then G/H is countable for any compact open
subgroup H C G. Hence C%"(G, K) is of compact type by [ST1l, Prop. 1.2(ii)].
In this situation [ST1l Cor. 3.3] says that both D(G, K)-actions on Dk (G) are
separately continuous.

If H C G is any compact open subgroup, then, by [NFA| 9.10], we have
Di(G) = [[ DH.K).
geG/H
The projection map fg i : Dx(G) — D(H, K) onto the factor D(H, K) in this
decomposition is a canonical D(H, K)-bimodule homomorphism. Moreover, we
have
(%) m = (640G, 1 (0g-1m))gecc/n for any m € Dg(G).
Lemma 2.2. For any (left) D(G, K)-module X the map
Homp(a i) (X, Dk (G)) — Hompy ry(X, D(H, K))
F — EG,H oF
is bijective and right D(H, K)-equivariant.
Proof. By writing X as the cokernel of a map between free D(G, K)-modules it
suffices to consider the case X = D(G, K). Then the left-hand side is equal to
Dk (G) and the map becomes
DK(G) I HomD(H,K)(D(GvK)vD(HaK))
m — LA :=Lleg(Am) .
The injectivity of this map is immediate from (). For the surjectivity we note that
an element £ in the right-hand side is determined by its values £(dg, ) for go running
over a set of representatives for the cosets in H\ G. Define m := (6,L(d5-1))gec/H-

Then
'Cm((sgo) = gGyH((sgom) = 0gy0 _1'6(690) = 'C((sgo)

90" gg

and hence L,, = L. O

Proposition 2.3. For any bounded above complex X of D(G, K )-modules and any
compact open subgroup H C G we have a natural D(H, K)-equivariant isomorphism

Extp i) (X, D (G)) = Extp i) (X7, D(H, K)) .

Proof. Since D(G, K) is free over D(H, K), both sides can be computed using a
projective resolution of X as a complex of D(G, K)-modules. The assertion then
is a consequence of the previous lemma. O

For the algebra D>°(G, K) we have the following much stronger fact.
Proposition 2.4. The left D*°(G, K)-module DY (G) is injective.
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Proof. Fixing a compact open subgroup H C G we obtain, in a way completely
analogous to the proof of Proposition 2.3, that

Extpe(c,x) (Y, PR (G)) = Exthoo k) (Y, D™ (H, K))

for any D*°(G, K)-module Y. This reduces us to proving that D*°(H, K) is a
self-injective ring. But D> (H, K) is the projective limit

D*(H, K) = lim K[H/N]
N

of the algebraic group rings K[H/N] where N runs over the open normal subgroups
of H. It easily follows that D*>°(H, K) is a direct product of finite dimensional
simple K-algebras and as such is self-injective by [Lam| Chap. I, Cor. (3.11B)]. O

The fact that such a vanishing result is not available over D(G, K) forces us
to work on the level of derived categories. As usual we let DY(A), for any abelian
category A, denote its bounded derived category (which here is understood to be the
derived category of all complexes in A with only finitely many nonzero cohomology
objects). Moreover, whenever 4y C A is a full abelian subcategory closed under
extensions we have the triangulated subcategory D% (A) of D’(A) consisting of
all those complexes whose cohomology objects lie in Ag. For technical reasons we
also will need the “bounded below” versions of these categories which, as usual, are
denoted by replacing the superscript “b” by “+”

It is a simple consequence of [ST2, Remark 3.2] that the abelian subcategories C&
in Mg and Cg in Mg are closed under extensions. Hence we have the triangulated
subcategories Dg%o (M) in D*(ME) and D} (M) in D*(Mg) available.

Since D (G) @k 0§ is a D*®°(G, K)-bimodule the functor

RHom e q10)(+ DR (G) @xc 85) : D'(ME) — D (M)

is well defined. Of course, by Proposition 2.4 (note that a twist preserves injectiv-
ity), it is simply given by Hompee (g, i) (., DE(G) @K 0¢;). The functors .* and ~ of
passing to the full linear and the smooth dual, respectively, are exact on smooth
representations and therefore pass directly to derived categories where we denote
them by the same symbols. As a consequence of Lemma 1.4 we then have the
commutative diagram

(2.5) D*(Repf (G)) —— D" (M)
fl lRHome(G,K><.,D;°<G>®Kaa>

D*(Repg (G)) —— D*(MF)

Correspondingly, for a certain twist Di (G)® g d¢ of the D(G, K )-bimodule D (G),
to be defined in the next section, we have the functor

RHompg,k)(- Pk (G) ®k dg) : D'(Mg) — DT (Mq).

In the next section we will establish the relation between these two RHom-functors.
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3. LIE ALGEBRA COHOMOLOGY

We first recall the standard complexes which compute Lie algebra (co)homology
for an arbitrary g-module X (over K) (cf. |[CE, Chap. XIII, §8]). Let A g denote,
as usual, the exterior algebra over g. The Lie algebra cohomology H*(g, X) is the
cohomology of the (bounded) complex which in degree ¢ is

q
C(g; X) 1= Homy (/\ g, X)
and whose differential is given by

dC(}fO, cee 7?(]) 5:Z(—l)SHJAC([?mFt]aFla e 7@) e 7@) e 7?(])
s<t

+ Z(—1)8+1;Sc(;1, A N
S

Correspondingly the Lie algebra homology H. (g, X) is the homology of the complex
which in degree ¢ is

q
Cy(g; X) := /\g ®rp X

and whose differential is given by

A1 A AEg®@) =Y () et At A ABA L ABA . A ®T
s<t

+Z(—1)5+1;1A...A@A...qu®x3x.
S

The starting point of our investigation is the following basic fact.

Proposition 3.1. With respect to the natural either left or right g-module structure
on D(G, K) we have

Hq(g,D(G,K» _ {é)OO(G,K) ifq=0,

if ¢ >0
and
e pei@) = ¥4 Sy

Proof. By symmetry it suffices to consider the left g-module structure. Further-
more, for any compact open subgroup H C G we have the g-invariant decompo-
sitions D(G, K) = @ e ¢ D(H, K)dg and D (G) = [[ e e DH, K)dg. Since
Lie algebra homology commutes with arbitrary direct sums and direct products,
we may in fact assume that G is compact. We consider now the deRham complex

0 — C"(G,K) = A°(G,K) -5 AYG, K) % ... -5 AYG K) — 0

of K-valued global locally analytic differential forms on the locally analytic manifold
G. By the usual Poincaré lemma it is an exact resolution of the space C*(G, K)
of locally constant functions on G. Since the tangent bundle TG = g x G on G is
trivial we have A%(G, K) = Hom(A?g, C*"(G, K)). This identifies (up to a sign)
the deRham complex with the cohomological standard complex for the g-module
C"(G, K) (cf. [BW], VIL1.1]) and proves that H(g,C*"*(G,K)) = C*(G, K) and
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Hi(g,C*"(G,K)) = 0 for ¢ > 0. But because of the reflexivity of the vector space
of compact type C"(G, K) we can go one step further and have

q q
AY(G, K) = Hom(/\ 9,C*"(G, K)) = Hom©"'(\ s ® D(G, K), K)

where Hom$2™" on the right-hand side refers to the continuous linear forms. Hence

the deRham complex in fact is the continuous dual of the homological standard
complex for the g-module D(G, K). This homological standard complex is a com-
plex of finitely generated free right D(G, K)-modules. Its differentials therefore are
continuous and strict maps ([ST2] see paragraph between Lemma 3.6 and Prop.
3.7]). Using the Hahn-Banach theorem we now see that the continuous dual of
H.(g,D(G, K)) is the cohomology H*(g, C*"(G, K)) of the deRham complex which
we computed already. (I

By Remark 1.1(iii) we have
D(GaK) ®UK(9) K= Doo(GvK) :
It follows that the diagram of functors

HomD(G,K)(DOO(GvK)v')

e ME
forgetJ/ lforget
Hom (K,.)
Mod(Ux (g)) S Vecrk

is commutative where Mod(Ugk (g)) denotes the category of (unital left) Uk (g)-
modules and Vecy the category of K-vector spaces. If we choose a projective reso-
lution P. of K in Mod(Ux (g)), then Proposition 3.1 implies that D(G, K') @y, (q) P.
is a projective resolution of D*°(G, K) in M. Now choosing also an injective res-
olution I" of an X in M we obtain the following sequence of identities

RHomy, () (K, forget(X)) ~ Homy, () (P., forget(X))

~ HOInD(GJ()(D(G, K) QUk (g) P.,X)
~ forget(HomD(G’K)(Doo(G,K),I'))
~ forget(RHomp k) (D*(G, K), X))

in the derived category of Vecy. Hence we have

ExtqD(GK)(D‘X’(G, K),X)= Ext?]K(g)

for any g > 0 (we suppress the forgetful functors in the notation) and, in particular,
ExtqD(GK)(DOO(G, K),X)=H%g,X) =0 for ¢ > d. Therefore the corresponding
total right derived functors form a commutative diagram on the level of bounded
derived categories:

(K, X) = H(g, X)

RHomp (g, k) (D (G,K),.)

DY(Mg) DY(M)
forgetl Jforget

b RHomUK(g)(K7~) b
D°(Mod(Uk(g))) D’ (Veck)

On the other hand, since the functor Homp g x)(D*(G, K),.) : Mg — Mg
preserves injective objects, we obviously have the adjointness relations

HOHlDb(MG)(Y',X') = Home(M%o)(Y', RI{OIHD(G’K)(Z)OQ(G’7 K),X))
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and
RHOHID(G’K) (Y', X)

+ . o0 .
( ) = RHOIIIDac(G,K)(Y ,RHOII]D(GJ()(D (G,K),X ))

in D?(Vecy) and, in particular,
Extpq,x) (Y s X') = Exthe g,k (Y, RHomp g i) (D™ (G, K), X))

for any Y~ in D*(M@) and any X in D*(Mq).

Unfortunately it does not seem to be the case that RHompq, k) (D> (G, K),.)
“restricts” to a functor from D®(Cg) into D*(CE).

But there is a little bit more which can be said about this functor. A particular
finitely generated free resolution of K in Mod(Uk(g)) is given by the homological
standard complex

0

d 1
Uk(e) o1 No->... -5 Uklg) @1 \o->Uklg) @0 o — K

for Uk (g) as a right g-module. Base extending this complex to D(G, K), by Propo-
sition 3.1, is exact and therefore provides the finitely generated free “standard”
resolution
d ) 0
(%) DG, K)o, Ng—=...—= D(G,K)®, [\ g — D*(G,K)
of D*(G, K) in M¢g. We recall that the differential 0 is given by
OART A A) =) (D)"TA@ [re,u] Ari A AT AL AR AL AL
s<t

Y DTN @ AL AGR AL AL
S

We claim that the resolution () carries a natural commuting right D(G, K)-module
structure which on D*°(G, K) is the obvious one. The group G C D(G, K) obvi-
ously acts on D(G,K) ® A\ g from the right by

A®@11 A ALg)dy = Ay @ad(g™ ) (x1) A ... Aad(g™ ") (xg) -
One easily checks that the differentials 0 respect this G-action.

Lemma 3.2. The above G-action on (x) extends uniquely to a separately continuous
D(G, K)-module structure.

Proof. See the Appendix. The equivariance of the differentials follows by continuity.
O

The usual argument with double complexes now shows that, for any bounded
complex X' of D(G, K)-modules, we indeed have

RHomD(G,K)(DOO(GaK)aX') ~ HomD(G,K)(D(GaK) ® /\Q,X)

in D*(M¢). This will enable us to reinterpret this functor in a completely different
way. We write Ag := /\d g ®r K, considered as a one-dimensional locally analytic
G-representation. In particular, Ag is a one-dimensional D(G, K)-module given
by an algebra homomorphism which, by abuse of notation, we also write Ag :
D(G,K) — K. In the most interesting case where G is open in the group of
K-valued points of a connected reductive K-group this homomorphism Ag in fact
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is trivial. But there is no point in restricting to this case in the following. As will
be shown in the Appendix, the tensor product Ag ® k X with any other D(G, K)-
module X is defined as a D(G, K)-module. Since Ag is one-dimensional, a more
explicit way to describe the tensor product Ag ®x X is to say that it is the pull
back of the D(G, K)-module X via the algebra automorphism

aa, : D(G,K) — D(G,K)
A — aas(N)W) = AAgy) .

By our above standard resolution the D> (G, K)-module Ext%(G’K)(DOO(G,K),
A ®k X) is the cokernel of the map

Homp k) (D(G, K) @1 A ' 8, A¢ @ X)

|»

Homp (g 1) (D(G, K) @1, \* 9. Ag ®x X)
For the target we have the natural isomorphism

x = Homp g i) (D(G, K) ®r Ag. A @K X)
z — A®I—AN0®x)].

It is in fact an isomorphism of D(G, K)-modules where the left D(G, K)-module
structure on the right-hand side is induced by the right D(G, K)-module structure
on D(G,K) ®p, /\d g; this is easily checked by using the above explicit description
of the tensor product modules. To compute the cokernel we fix an L-basis 11, ...,tq
of g, and observe right away the elementary identity

Ziq(—l)”j[;i,;j]/\;1/\...Af;/\.../\f;/\.../\;d
=Y (—1)str(ad(zs))rr A AT AL AL

If we write an element f € Homp k) (D(G, K) ®r A7 e Ag 9k X) =

Hom, (A" 'g,Ac @k X) as f(.) =11 A... Atg @ fx(.), then it is straightfor-
ward from the above identity that

Dfer A Ara) =t A Ara® Y (D) e fx@ A AT A Ata) -

In other words, under the above identification of the target with X, the image 0* f
becomes the element Y (—1)™r, fx(x1 A... AT A...Arq) in X. Since the values
of fx can be chosen arbitrarily, this means that the cokernel identifies naturally
with X/gX = X/D(G, K)gX = D*(G, K) ®p(a,x) X. Hence we have established
a natural isomorphism of D*°(G, K )-modules

(1) Exthq 1) (D™(G, K), A¢ @k X) = D*(G, K) @pc,x) X -
We repeat that

(2) Ext?

D(G,K)(DOO(GaK)aAG®KX)=O for ¢ > d .
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Let V be any K-vector space and consider D(G, K)®x V as aleft D(G, K)-module
in the obvious way. Since

forget(Bxt g0 (D*(G, K), Ag @ D(G, K) & V)
=H*(g,A¢ ®x D(G,K) @k V)
= Hq-«(9, D(G,K) @k V) = Ha—+(9, D(G, K)) @ V
=0

for * # d, where the second, resp. third, identity comes from [CEl XIII, Ex. 15],
resp. from Proposition 3.1, we have

(3)  Ext!

D) PG, K),Aq @k D(G,K)®k V) =0 forq#d.

Finally, we observe that any D(G, K)-module has a resolution by free D(G, K)-
modules of the form D(G, K)®k V (use inductively the natural surjection D(G, K)
®xrg X — X). In this situation, with (1)—(3), general homological algebra ([Har]
L.7.4]) tells us that Extpg ) (D*(G,K),.) is the left derived functor of

Ext), g 1) (D®(G, K), A¢ @k .) = D*(G, K) ®p(ck) - This establishes the fol-
lowing fact.

Proposition 3.3. There is a natural isomorphism of D*(G, K)-modules
Ext}a. ) (D™(G, K), Ag ®©k X) = Tor) ™) (D* (G, K), X)
for any D(G, K)-module X .

For our purpose of understanding duality the following special case of these
considerations is the most interesting. We introduce the one-dimensional tensor
product

g == Ag ®K 0G

viewed as a D(G, K)-bimodule with D(G, K) acting trivially from the right and
through the product character Ag - 0 from the left.

Remark 3.4. By |[B=GAL, Chap. III, §3.16, Cor. to Prop. 55] we have ¢ = |Ag|L
where |.|;, denotes the normalized absolute value of the field L.

Proposition 3.5. RHomp k)(D*(G, K), Dk (G) @k 0g) is naturally quasi-
isomorphic to D3 (G) @k 0§ concentrated in degree d.

Proof. Since g acts trivially on d¢,, a computation analogous to the one between
formulae (2) and (3) and based on the second part of Proposition 3.1 shows that

EthD(G,K) (D>*(G,K),Aq¢ ®k Dk (G) ®k d5) =0  forq#d,

i.e., that the complex in question is concentrated in degree d. Its cohomology in
degree d, by formula (1), is naturally isomorphic to D*(G, K) ®p(a, i) (P (G) @k
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d&). Using Remark 1.1 we obtain
D>(G, K) ®p(c.x) (Px(G) ©x 0g)

= (Pr(G) @k 0)/8(Px(G) @k 6¢)
= (Pk(G) ®k 0g)/(6Pk (G) @k 6¢)
= (Px(G)/ePk (G)) ©x 0g

=D (G) ®k 8¢
with the last identity coming from Proposition 3.1. (]
Corollary 3.6. The following diagram is commutative:
DM(ME) —— D"(Mq)
RHome(G,K)(.,D;{C(G)o@Kég[d])J JRHomD(GVK)(.,'DK(G)(@KDG)
D*(Mg) —— D*(Mg)
Proof. This follows from Proposition 3.5 and the special case

RHomp G )Y, Pk (G) @K 0¢)
= RHompe (g, k)(Y", RHomp g i) (D> (G, K), Dk (G) @K 0¢))

of our earlier adjointness relation (+) provided we show that the latter holds true
actually in DT (Mg). For this we consider the D(G, K) — D*(G, K)-bimodule
D*>(G, K) as a module over the ring D(G, K) ® x D*>®(G, K) and fix a resolution
F.— D>*(G,K) by free D(G, K) ®x D*>(G, K)-modules. The point is that this
remains a free resolution if only considered as (left) D(G, K)-modules or (right)
D*>(G, K)-modules, respectively. If, in addition, we choose a projective resolution
P =Y in M, then the right-hand side of the above identity is computed by
the complex of D(G, K)-modules

Hompo (g, 1) (P, Homp g k) (F., Dk (G) @k 0g)) -
But this complex is equal to the complex
Homp g, k) (F. ®p(a,x) P, Pr(G) ®K 0a) -

Since F. @ pee(a,x) P — D>(G, K) ®pee(a,x) Y =Y is a free resolution of Y~
in Mg, the second Hom-complex computes the left-hand side of our identity. [

Corollary 3.7. The following diagram is commutative:
D (Rep3(G)) —— DY (M)
7[d]l lRHomD(G,K)(wDK(G)@KDG)

D*(Rep% (G)) —— DT (M¢)

Proof. Combine (2.5) and Corollary 3.6. O
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Appendix. The “comultiplication” on D(G, K).

In fact, there is no true comultiplication on D(G, K) as will become clear
presently. In particular, for two (left) D(G, K)-modules X; and Xs, the tensor
product X7 @ x X2 does not carry in general a natural D(G, K)-module structure.
But we do have the following. Let L C K be two extension fields of Q, such that
L/Q, is finite and K is spherically complete, and let M and N be two paracompact

locally L-analytic manifolds. Furthermore let, as usual, the symbols (@) ® and
@ K

(@) ® stand for the (completed) inductive and projective, respectively, tensor

o Ko

product of two locally convex K-vector spaces (cf. [NFAL §17]).
Lemma A.1. If N is compact, then we have
C""(M x N,K)=C*"(M,C"(N,K)) .

Proof. This is an exercise, which we leave to the reader, in the construction of the
locally convex vector spaces C%"(.,.) based on the observation (cf. [Feal, 2.1.2]) of
a corresponding fact for Banach space valued power series. O

Proposition A.2. Suppose that M is compact, and that V is a K-vector space of
compact type; we then have
C™(M,K) ® V =C"(M,V) .

Proof. Apply [Feal 2.4.3] to the bilinear map C**(M,K) x V. — C*(M,V) to
see that the map is continuous and has dense image. If we show that C*(M,V)
induces the projective tensor topology on C**(M, K) @k V, then by completeness
we have a topological isomorphism. By the integration theorem ([STT, Thm. 2.2]),
we have a linear isomorphism C*"(M,V) — L(D(M,K),V). At the same time,

using the fact that V is the strong dual of a Fréchet space, we see by the discussion
before Prop. 20.13 of [NFA] that we have

C"(M,K) @ V—=D(M,K) ® V- L,(D(M,K),V) .
K, K,

Therefore, the map C*"*(M, K) ® V — C(M, V) is bijective, as well as contin-

uous. To complete the proof, Wé wish to apply the open mapping theorem and
for this ([NFA| 8.8]) it suffices to show that C**(M,K) ® V is a direct limit of
K,

Banach spaces; we in fact show that it is of compact type. Indeed, D(M, K) and

V, being reflexive Fréchet spaces, are nuclear ([NFAL 20.7]) and therefore ([NFA|

19.11 and 20.4, 20.13, 20.14]) D(M, K) ® V} is again nuclear and reflexive, and
K

, T

(D(M, K) & Vi), = D(M,K)j & V = C™(M,K) & V.

As the strong dual of a nuclear Fréchet space, C*"*(M, K) ® V is of compact type
K,
by [ST1, Thm. 1.3]. (For a different proof compare [Emel Prop. 2.1.28].) O

Proposition A.3. D(M x N,K)= D(M,K) ® D(N,K).
K,
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Proof. We first assume that M and N are compact. Recall that the Fréchet space
D(M, K) is the strong dual of the reflexive space of compact type C*"(M, K) (cf.
[STT), §2]). Combining A.1 and A.2 we have

C(M x N,K) = C™(M, K) ;é C"(N,K) .

Using reflexivity in addition we therefore obtain
D(M x N,K)=C"(M x N,K),
=[C"(M,K) @ C*(N,K)],

~ DO K);, & DN, Ky,

By [NFAL 20.13 and 20.14] the last term is equal to
(ID(M,K) & DN K)lj) = DO, K) & DN, K)

Since for Fréchet spaces inductive and projective tensor product topology coincide
(INFA] 17.6]) our assertion

D(M x N,K) = D(M,K) ® D(N,K)
K,

follows in the compact case.
In the general case the assumption on paracompactness implies (|Schl, Kap. II,

Satz 8.6]) that there are decompositions M = |J,e;M; and N = [J;esN; into
disjoint unions of open compact submanifolds M; and Nj, respectively. Since the
completed inductive tensor product commutes with arbitrary locally convex direct
sums by an obvious nonarchimedean version of [Grd, Chap. I, §3.1, Prop. 14.1] we
may deduce the general case now as follows:

D(M x N,K) =P EP D(M; x N;, K)
iel jeJ
—ED (M, K) @ D(Nj, K|

@D M;, K) gL[Qj}D(NJ K

=D(M,K) ® D(N,K) .
K,
O
As a consequence we see that for G := M = N the diagonal map G — G x G

induces a continuous map

D(G,K) —

W DG x G, K) = D(G,K) ® D(G,K) .
It has all the usual properties of a comultiplication; this can be checked on Dirac
distributions (where it is obvious) since they generate dense subspaces as recalled
in Remark 1.1(i).

Now let X and Y be two (left) D(G, K)-modules. Then X @k Y is a (left)
D(G,K) ®k D(G, K)-module in the obvious way. We suppose that:

—dimgY < oo, and

— the D(G, K)-action on Y is continuous.
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Then the annihilator ideal ann(Y) C D(G,K) of Y is closed and of finite K-
codimension. Moreover, X @ Y in fact is a D(G, K) ®x D(G, K)/ann(Y)-module.
Via the map

DG, K) & D(G,K)I??FD(G,K) 2 D(G,K)?D(G,K)/ann(y)
| O
D(G,K)®k D(G,K)/ann(Y)

the tensor product X ®k Y acquires a natural “diagonal” (left) D(G, K)-module
structure.

If X carries a locally convex complete Hausdorff topology with respect to which
the D(G, K)-action is separately continuous, then the diagonal action of D(G, K)
omX®Y=X®Y=X®®gY is the unique separately continuous action which

K, K,r

extends the obvious diagonal action of the group G.

Remark A.4. In [ST1] we had to refer to the unpublished Diploma thesis of Féaux
de Lacroix for the fact that the convolution product on D(G, K) is well defined and
separately continuous. But Proposition A.3 above implies in fact a more precise
result. The convolution product is induced by the multiplication map G x G — G
via

D(G,K) x D(G,K) — D(G,K) ® D(G,K) = D(G x G, K) ™ D(G,K) .
K,

s

4. AUSLANDER DUALITY—DERIVED CATEGORIES

As a consequence of Corollary 3.7 we have the commutative diagram:
DP(Rep3e* (@) = Dty (Ma)
7[d]l J/RHomD(GYK)(.,DK(G)(@KDG)
D! (Rep3“ (@) = D* (M)

In this section we do always assume that L = Q,. We will see that then we can
replace, as a relatively straightforward consequence of the results in [ST2| §8], the
lower right corner in the above diagram by DZG Ma).

For technical reasons we need to fix a compact open subgroup H C G, and we
let D.(H,K), for r € p@ with 1/p < r < 1, be a projective system of noetherian
K-Banach algebras which exhibits D(H, K) as a Fréchet-Stein algebra (cf. [ST2]
§5]). In the following we will make constant use of the fact, without pointing it out
each time again, that the ring extensions D(H,K) — D, (H, K) are flat ([ST2]
Remark 3.2]). This means that the base extension functor D,.(H, K) ®pm,k) - is
exact and hence passes directly to the derived categories. As a piece of additional
notation we need the bounded derived category Dé’c o(Dr(H, K)) of all complexes of
(left) D,(H, K)-modules whose cohomology modules are all finitely generated and
vanish in all but finitely many degrees.

Proposition 4.1. (i) For any complex X' in D_(Mg) the D(G, K)-modules
Extpq ) (X, Dr(G)) are coadmissible and vanish in all but finitely many degrees.
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(ii) for any r the diagram

RHompa, k) (-, Pk (G))

D¢, (Ma) Dés(Ma)
forgetJ/ forget
RHomp (i) (., D(H,K))
D¢, (M) D¢, (M)
D,.(H,K)@D(H,K)J/ D-(H.K)®p a1, )

RHomp,.(H,K) (-.Dr(H,K))

D4, (D, (H, K)) D% (D.(H, K))

is commutative (up to natural isomorphism).

Proof. (i) Suppose first that X' is a single coadmissible D(G, K)-module X con-
centrated in degree zero. By Proposition 2.3 we have a D(H, K )-equivariant iso-
morphism

Exthg, 1) (X, DK (GQ)) = Exth gy i) (X, D(H, K)) .
According to [ST2, Lemma 8.4 and Thm. 8.9] the right-hand side is coadmissible
as a D(H, K)-module and vanishes for * > d. In addition, it satisfies

D, (H, K) ®pw,x) Extp i) (X, D(H, K))
= Extp, g,k (Dr(H, K) @pu,x) X, Dy (H, K)) .

Keeping in mind the fact that Cg is an abelian subcategory of Mg, closed under
extensions, the case of a general X" in Dgc (Mg) follows now by a straightforward
use of the hypercohomology spectral sequence

E5" = Exthg ) (h"(X7), D (@) = E*** = Ext}le, ) (X, D (@) -

It also shows that the formula

) Dr(H, K) ®pm, i) Extlh s, (X, D(H, K))
> Ext}, g0 (Dr(H, K) @ s,y X', Dy (H, K))

holds in general.

(ii) We first note that the first and second, resp. the third, horizontal arrow
is well defined by assertion (i), resp. by [ST2| Thm. 8.9]. The upper square is
commutative up to a natural isomorphism by Lemma 2.2 (and the fact, already
observed in the proof of Proposition 2.3, that any projective D(G, K )-module is
projective over D(H, K) as well). The lower square is commutative by the formula
(x) above. g

The twist functor . g 0 : Mg — M is an auto-equivalence which respects
the subcategory Cg (cf. [Emel, Prop. 6.1.5]).

Corollary 4.2. The following diagram is commutative:
D¥(Repis (@) = D¢, (Me)
T[d]J J/RHOmD(GyK)(.,'DK(G)(@KaG)

D!(Rep*®(G)) —— Db (Mg)
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Proof. What remains to be shown, because of Corollary 3.7, is that for any X" in
D¢ (Mg) the D(G, K)-modules Ext}, g (X', Dk (G) ®k 0¢) are coadmissible
and vanish in all but finitely many degrees. But we may write X' =Y ®x 0¢ for
some other complex Y in D} -(Mg) and then have the natural isomorphism

Exthqr) (X, Dr(G) @K 0a) = Exthg x) (Y, Dr(GQ)) .

Since the action of D(G, K) on d¢ from the right is trivial this isomorphism in par-
ticular is D(G, K )-equivariant. The claim therefore is a consequence of Proposition
4.1(i). O

The left perpendicular arrow in the diagram of Corollary 4.2 is an anti-involution.
What about the right perpendicular arrow?
Proposition 4.3. The natural transformation
X' RHomp ¢ k) (RHomp ¢ k) (X', Dk (G)), Dk (G))
on Db _(Mg) is an isomorphism.
Proof. Step 1: The natural transformation
Y =5 RHomp, (g i) (RHomp (41 1)(Y", D, (H, K)), D,(H, K))

on Ds’cg(D,,(H, K)) is an isomorphism.

Since D,.(H, K) has finite global dimension, Y can be represented by a perfect
complex P, i.e., by a complex consisting of finitely generated projective D, (H, K)-
modules at most finitely many of which are nonzero (cf. [Ha2l I11.12.3]). The
assertion therefore is equivalent to the natural homomorphism of complexes

P L)Hom.DT(H,K) (HombT(H,K) (Pa DT(Hv K))v DT(Hv K))

being a quasi-isomorphism. But this is a well-known fact and can be seen by a
straightforward double complex argument.
Step 2: The natural transformation

X" RHomp gz, (RHom p 1 1) (X, D(H, K)), D(H, K))

on DZH (M) is an isomorphism.
We fix a projective resolution P — X" and an injective resolution D(H, K) —
I' in Mpy. We have to show that the natural homomorphism of complexes

P — Homp g o (Homp ) (P, D(H, K)),I')
is a quasi-isomorphism, i.e., that the maps
h*(P") — h*(Homp g ) (Homp g sy (P', D(H, K)),I'))

are isomorphisms. Since both sides are coadmissible, it suffices to show that the
maps

D.(H,K) ®p# i) h*(P) _ _
— D, (H,K) ®p(m,x) h*(Homp g gy (Homp g gy (P, D(H, K)), ')

are isomorphisms. The left-hand side obviously is equal to h*(D,(H, K) ® p(x, k)
P). To rewrite the right-hand side we fix an injective resolution

D.(H,K)@pm,x) I —J
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in the category of (left) D, (H, K)-modules. Applying formula (%) in the proof
of Proposition 4.1 to the complex Homp py (P, D(H, K)) which, in DZH (Mp),
represents RHomp g k) (X", D(H, K)), we have the natural isomorphism
D?"(H7 K) ®D(H,K) h* (HomD(H,K) (HomD(H,K) (P7 D(Ha K))a I))
— h*(Homp k) (Dr(H, K) ®pa i) Homp g ) (P, D(H, K)), J")) .

Using formula (x) once more we furthermore have the quasi-isomorphism

Dr(Ha K) ®D(H,K) Hom'D(H,K)(P'vD(Ha K))
_)HombT(H,K)(DT(Ha K) ®D(H,K) P.vDT(Ha K))

which induces (cf. [Bor} 1.10.5]) the quasi-isomorphism
Hom'Dr(H’K) (HomDy(H’K) (Dr,n (I{7 K) ®D(H,K) P., D/,'- (H, K)), J)
— Homp, (g 1) (Dr(H, K) @p(,x) Homp g gy (P, D(H, K)),J") .
Our above map therefore becomes a map

h*(D,(H,K) ®@pm,x) P)

—>h*(Hom'D(H7K)(Hom'D(H7K)(D,,(H, K)®pu,r) P, D(H,K)),J"))
which is easily checked to be the natural transformation for the complex
D, (H, K) ®p(m,K) P treated in Step 1 and hence is an isomorphism by that step.

Step 3: We fix a projective resolution P'—— X" as D(G, K)-modules (and a
fortiori as D(H, K)-modules) and injective resolutions Dy (G) — J* as D(G, K)-
modules and D(H, K) — I as D(H, K)-modules. On the one hand we then have,
by Lemma 2.2, the isomorphism of complexes

1: Homp,x)(P", Dk (G)) — Homp g ) (P, D(H, K))
F — eG,H olF.

On the other hand, the map ¢¢ m extends to a map

le

I

of complexes. The natural transformation of our assertion is, as a map of complexes,
given as

ZG,Hl

D(H,K) —~—

P — H HomD(G’K) (HOHID(G’K)(P_i, DK(G)), J—H)
A

where P maps in the obvious way into the factor Homp g, x)(Hompg ) (P,
Dk (Q)),J°) with i = —- of the right-hand side. A straightforward computation
shows that the diagram

P — H,L- HOIIID(GJ() (HOIDD(G,K)(Pfi, DK(G)), JJ”)

=J Jnéo.oll

P —1l HomD(H,K)(HomD(H,K)(P_iv D(H,K)),I')
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is commutative. By Step 2 the lower horizontal arrow is a quasi-isomorphism. Our
assertion therefore is established once we show that the right perpendicular arrow
is a quasi-isomorphism. But the latter arrow is the composite of the maps

Hi HomD(G’K)(HomD(G’K) (P_i, DK(G)), J—H)

fo. . .
LIt [, Homp g,y (Homp g i) (P~ Dk (G)), ')

and ) ,
[1; Homp(z k) (Homp(, iy (P~, Pk (G)), I'™)

[T.017 1 —i i
— I, Hompg, ) (Homp g k) (P~", D, 1)), I 1)

of which the latter even is an isomorphism of complexes. The former is a quasi-
isomorphism by Proposition 2.3 applied to the complex RHomp ¢, x) (X", Dk (G)),
resp. to a projective resolution of it (observe [Borl 1.10.5]). O

Corollary 4.4. The functor
RHomp g k)(., Pr(G) @K da) : Dgc Mg) — DgG (Mg)
is an anti-involution.

Proof. From Proposition 4.3 we know that the functor RHomp i) (., Px(G)) is
an anti-involution on Dgc (Mg). To deal with the twist by 0g we let 9g : G — K*
also denote the locally analytic character which describes the G-action on the left
D(G, K)-module d¢g. A straightforward explicit computation shows that the map

Hompa. i) (X, Dk (G)) @k 06— Hompa.x)(X, Dk (G) @k 0¢)

Fou — [z~ F(x)dg-.) ®ul

is, for any D(G, K)-module X, an isomorphism of (left) D(G, K)-modules. Using
a projective resolution P = X we now may compute

RHompq,x)(RHompg k) (X', D (G) ®Kk 0c), Dk (G) @k 0a)
= RHompg, k) (Homp g 1) (P, Dk (G) @K 06), Pk (G) @K 0G)
= RHomp g i) (Homp g ) (P, Dk (G)) ®k 06, Dk (G) ®K 0c)
= RHompg, i) (Homp g i) (P, Dk (G)), Dk (G))
= RHomp (g, i) (RHomp (g, i) (X", Dk (G)), Dk (G))

=X .

We do know now that the outer solid arrow rectangle in the diagram
D*(Rep(G)) — D"(Rep§ (G)) — D¢, (Ma)
|
T[—d]J | J/RHomD(G,K)(w,DK(G)@KaG)

\l/ ’
D*(Repy*(G)) — D (Repi(G)) — D¢, (M)
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is commutative with the perpendicular arrows being anti-involutions. It remains an
open question whether there is a natural perpendicular arrow in the middle which
makes each square commutative.

5. AUSLANDER DUALITY—ABELIAN CATEGORIES

We keep in this section the assumption that L = Q,. For any coadmissible
module X in Cg we define its grade or codimension by

Jp(e.r)(X) :=min{l > 0 : Exth ¢ x)(X, Dk (G)) # 0} .

As a consequence of Proposition 2.3 we have

Jpe,x)(X) = i r)(X)

for any compact open subgroup H C G. Hence the present notion of codimension
coincides with the one introduced in [ST2, p. 193]. From [ST2, Prop. 8.11] we then
know that X carries a natural dimension filtration

X=A"X)DAYX)D...DAM(X)=0

by D(G, K)-submodules having the following properties:

(i) Each Al(X) is a coadmissible D(G, K )-module;

(ii) a coadmissible D(G, K)-submodule X’ C X has codimension > [ if and only
if X/ C AZ(X );

(ili) jp(e,x)(X) =sup{l > 0: Al(X) = X};

(iv) all nonzero coadmissible D(G, K )-submodules of Al(X)/A*1(X) have codi-
mension [.

We define Cl, to be the full subcategory in Cg of all coadmissible modules of
codimension > [. By the above properties

Ce=C22CLD...0C" =0

is a filtration of the abelian category Cg by Serre subcategories. We therefore may
form the quotient abelian categories CL /CZGH. We remark that C& C C4 by [S12]
Cor. 8.13]. For the purposes of our study of duality we need the following property
which is implicit in the results in [ST2, §8].

Lemma 5.1. jpc,x)(Exthq (X, Dk (G))) > L.

Proof. Let H C G be a fixed compact open subgroup. By Proposition 2.3 it
suffices to show that jp k) (ExtlD(H’K)(X, D(H,K))) > I. With the notation of
§4 it furthermore suffices, by [ST2] Lemma 8.4], to see that

EXtiDT(H,K) (EthD,,.(H,K) (M,D,(H,K)),D,(H,K)) =0

for i < | and any finitely generated D, (H, K)-module M. But this is a formal
consequence of the Auslander regularity of D,.(H, K) ([ST2, Thm. 8.9]). O

It follows that the composed functor
Exth g, i) (- P (G)) : C; — C& — C&/CE!

is well defined and exact. Since it is zero on the Serre subcategory ClGH, it induces,
by thle+ 1universal property of quotient categories, an exact functor C, /Cgr1 —
cL/ca.
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Proposition 5.2. The functor
EthD(G,K)('aDK(G)> icé;/clc;rl - Clc:/cgrl
is an anti-involution.

Proof. By Proposition 4.3 we have a natural isomorphism
X = h°(RHomp g, k) (RHomp g k) (X", Dk (G)), Dk (G))) .

The hypercohomology spectral sequence for the right-hand side therefore is of the
form
B3 = Exthg,x)(Ext (g 0 (X, D (@), Dk (G)) = E***

with F¢t? = X for a+b = 0 and E%t? = 0 otherwise. Let F"X denote the filtration
induced by this spectral sequence on its abutment X, i.e., F4X/FetlX = E2=a It
follows from Lemma 5.1 that all terms of this spectral sequence lie in Cé. Moreover,
we have ES" = 0 for a < —b. This implies

Ey "2Ey 2.2 Ey,"=EY“=F'X/F'T'X

for any a > 0 and with all these terms vanishing for a < [; in particular, F!X = X.
It therefore remains to show that the composed map

X — X/F"X — By~ = Ext g 50 (Ext 5 o) (X, Pk (@), Dk (G))
is an isomorphism in the quotient category CL/ CZGH. We have

a,—a __ a,—a a+i,—a—i+1
B = ker(E; — E; ).

But B! hence E{""%/E{ % for i > 2, and a fortiori Ey~*/E% ™" lie in
€& by Lemma 5.1. Tt follows that F'*'X and Ey~'/EL both lie in C4*. (We

remark that a slight refinement of this argument shows that the filtration F"X
actually coincides with the dimension filtration A'(X).) O

6. THE LOCALLY ANALYTIC PRINCIPAL SERIES

In this last section we want to illustrate the preceding theory by computing ex-
plicitly the duality functors for a series of genuinely locally analytic representations.
From now on G is the group of Q,-rational points of a connected reductive group
over Q, (in particular, L = Q,). We fix a parabolic subgroup P C G as well as
a locally analytic character x : P — K*. We will use the same letter for the
corresponding algebra homomorphism y : D(P, K) — K. The P-representation,
resp. the D(P, K)-module, given by x will be denoted by K. The locally analytic
principal series representation of G corresponding to x is given as

Indg(x) := vector space of all locally analytic functions f: G — K
such that f(gp) = x " '(p)f(g) for any g € G and p € P

with G acting by left translation. By [Feal 4.1.5] the orbit maps g — gf, for
f € Ind%(x), are locally analytic. In the following it will be technically important
to fix a maximal compact subgroup Gy C G with the property that G = Gy P.
We set Py := Go N P. Then ([Feal, 4.1.4]) restriction of functions induces a Go-
equivariant topological isomorphism

Ind%(x) = Ind%°(x)
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(with the right-hand side having the obvious meaning). The space Indgg’ (x) is
closed in C**(Gy, K) and hence is of compact type with its continuous dual being
a Hausdorfl quotient of D(Gq, K) ([STT, Prop. 1.2(i)]). Using [ST2, Lemma 3.6]
we conclude that Indgg (x) and Ind$%(x) are admissible Go- and G-representations,
respectively. We now compute the dual modules. The group Py is topologically
finitely generated; we fix a finite system {p; };es of such topological generators. The
exact sequence of admissible Gy-representations
0 — o (x) = C"(Go, K) — @, C"(Go, K)
Fo— ()= x o))

dualizes into the exact sequence of D(Gp, K )-modules

@, D(Go, k) — D(Go,K) — Ind$* (x); — 0

(Ai)i ¥ Do Xibp, — X i) N
Hence
Indgg (X);) = D(Go, K)/JPO

where Jp, denotes the left ideal of D(Gy, K) generated by {8,, — X~ (pi)d1 }ies. On
the other hand, a completely similar reasoning shows that the very same elements
generate the kernel of the algebra homomorphism x =1 : D(Py, K) — K as a left
ideal. It follows that

Indﬁf(x)' = D(Gy, K) QD(Py,K) KX—l .
Lemma 6.1. (i) The natural map
D(Go. K) @p(p,. i) D(P. K) = D(G, K)

is an isomorphism of D(Gy, K)-D(P, K)-bimodules;
(i) for any (left) D(P, K)-module X the natural map

D(Go,K) O D(Py,K) XiD(G,K) OD(P,K) X

is an isomorphism of D(Gy, K)-modules;
(iii) there is a natural isomorphism of D(Gg, K)-modules

Tor? "0 ")(D(Gy, K), X) = Tor?"F)(D(G, K), X)
for any (left) D(P, K)-module X ;

(iv) in the commutative diagram

D(Go, K) ®p(py ) Ky-1 —— nd§2 ()’

0

D(G,K) @p(p,x) Ky — Ind$(x)’
all four maps are isomorphisms.

Proof. (i) This is clear from the decompositions D(G, K) = @,cp,\ p D(Go, K)dp
and D(P,K) = @, p\ p D(Po, K)5,.
(ii) This is immediate from the first assertion.
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(iii) Since D(P, K) is free as a D(Fy, K )-module a projective resolution of X as
a D(P, K)-module can be used to compute both sides of the asserted isomorphism.
Hence the present assertion is a consequence of the previous one.

(iv) (Recall that the horizontal arrows are induced by dualizing the inclusions
Indgg (x) € C(Gy, K) and Ind$%(x) € C**(G, K), respectively, the right perpen-
dicular arrow is the dual of the restriction map, and the left perpendicular arrow is
induced by the inclusion D(Gy, K) C D(G, K).) We know already that the upper
horizontal and the right perpendicular arrows are isomorphisms. Hence it remains
to see, for example, that the left perpendicular arrow is bijective which is a special
case of (ii). O

Our goal is to compute the D(G, K)-modules
Exth ¢ x)(Ind (1), Dk (G)) = Exth g k) (D(G. K) @p(p,x) Ky-1, Dk (G)) -

Part of this computation can be done in greater generality for any (left) D(P, K)-
module X which satisfies the following condition:

As a D(Py, K)-module X has a resolution P. — X by

(FIN) , o
finitely generated projective D (P, K)-modules.

Any such X is coadmissible of course. We begin with a small technical digres-
sion into the results of [ST2] to consider compatibilities between D(Gq, K) and its
subalgebra D(Py, K).

Let G; be an open normal uniform subgroup of Gy. Given an ordered basis
hi,...,hq for G1 we have an explicit family of norms || - ||, (1/p < r < 1 and
r € p?) on the algebra D(G1, K) defining its Fréchet-Stein structure. The algebra
D(Gy, K) is a free, finite rank, left (or right) D(G1, K)-module with basis given by
the Dirac distributions for coset representatives of Go/G1, and in [ST2| Thm. 5.1]
we show that the norms || - ||, extend to D(Gy, K) simply by writing elements of
this algebra in a basis and taking the maximum of the norms of the coefficients.
The Banach algebras D,.(Gg, K), for r € p% and 1/p < r < 1, are the completions
of D(Gy, K) with respect to the norms || - ||,.

Naturally, all of the constructions described here may also be carried out for the
group FPy. The following result shows that they may be done “simultaneously” for
Py and Gy.

Proposition 6.2. One can choose the family of norms || - ||» on D(Go, K) so
that they define the Fréchet-Stein structure on both D(Go, K) and its subalgebra
D(Py, K), and so that, for each 1/p < r < 1 in p@, the completion D,.(Go, K) is
flat as a left as well as a right D,(Py, K)-module.

Proof. The result holds more generally for an arbitrary compact p-adic Lie group
H and a closed subgroup Q € H, and we will prove it in this situation. By
[DDMS, Ex. 4.14], we may find an open normal uniform subgroup H' of H such
that H' N Q = @’ is open normal uniform in . Furthermore, we may arrange
that (H')» N Q" = Q7. In this situation we find an ordered basis of topological
generators ai,...,aq for H' such that the first m := dim(Q) members are an
ordered basis for Q' (cf. [DDMS| Prop. 1.9(iii) and Lemma 3.4]). Therefore inside
the explicit realization of D(H', K) as a noncommutative power series ring in the
variables b; := a; — 1 for i = 1,...,d, as in [ST2 §4], the subalgebra D(Q’, K)
consists of those power series involving only the first m variables. The norms || - ||,
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for D(H', K) restrict to the corresponding ones for D(Q’, K). The statement and
proof of Thm. 4.5 of [ST2| shows that, on the level of graded rings, the map from
D, (Q',K) to D,.(H', K) is just the inclusion of a polynomial ring in m+ 1 variables
into one of d + 1 variables, which is clearly flat. The conditions of Prop. 1.2 of
[ST2] being satisfied, tells us that D, (Q’, K) — D,(H', K) is also flat, both on the
left and right.

Now following the proof of [ST2, Thm. 5.1], we extend the norms on D(H’, K)
to D(H, K) by choosing coset representatives for H' in H, writing

D(H,K)= P D(H' K)o,
heH/H'

as a free (left) D(H', K') module, and, for each r, taking the maximum of the || |-
norm of the components in this representation. If we further require that represen-
tatives in the image of the inclusion map Q/Q’ — H/H' be chosen from @, then the
restriction of [ ||, to D(Q, K) = @jeq/q D(Q', K)oy respects this direct sum. By
the flatness result in the uniform case, we know that D,.(Q, K)®p, (o', k) Dr(H', K)
is flat as a left D,.(Q, K)-module. However, a computation with coset representa-
tives shows that D,(H, K) is a finite direct sum of copies of D,(Q, K) ®p, (¢’ k)
D,.(H' K), and is therefore flat as a left D,.(Q, K)-module. The right flatness
follows in the same way. O

Lemma 6.3. Suppose that the (left) D(P, K)-module X satisfies (FIN); we then
have:

(i) TorP?PE)N(D(G, K), X) = TorPEE)(D(Go, K), X) = 0 for « > 0;

(ii) there is a natural isomorphism of (right) D(G, K)-modules

Exthq,x)(D(G, K) @pp i) X, Dr (G)) = Exthp ) (X, D (G))

Proof. (1) Because of Lemma 6.1(iii) we only need to show the vanishing of the
second Tor-groups. Using the projective resolution P. — X from (FIN) we have

Tor? P05 (D(Go, K), X) = h(D(Go, K) ®p(py i) P.) -

But D(Go, K) ®p(p,,x) P. is a complex of coadmissible D(Gy, K)-modules. So
its homology is coadmissible which means that its vanishing can be tested on the
corresponding coherent sheaves (cf. [ST2, Cor. 3.1]). By [ST2] Remark 3.2] we
have

D, (Go, K) ®p(Go,x) h«(D(Go, K) @p(py, i) P.) = ha(Dr(Go, K) @p(py, i) P.) -

Since both ring homomorphisms D(Py, K) — D, (Py, K) — D,(Gy, K) are flat,
the first one by [ST2, Remark 3.2] and the second one by Proposition 6.2, the
groups h.(D,(Go, K) @ p(p,,x) P.) vanish in degrees * > 0.

(ii) The assertion is obvious in degree * = 0. The general case follows from
this if we use a projective resolution Q. —~ X of D(P, K)-modules to compute the
right-hand side because D(G,K) @ p(p.x) Q.- — D(G,K) ®p(p,x) X then, by (i),
is a projective resolution which we may use to compute the left-hand side. ([
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Proposition 6.4. Suppose that the (left) D(P,K)-module X as well as all the
(right) D(P, K)-modules Extp,p i) (X, D (P)) satisfy (FIN); then there is a nat-
ural isomorphism of (right) D(G, K)-modules
Extpq,x)(D(G, K) ®pp ) X, Dk (G))
= Ext*D(P,K)(X, Dk (P)) QD(P,K) D(G,K) .
Proof. Since Dk (P) C Dk (G) we have, by functoriality, the homomorphism of
right D(G, K)-modules

Exthp ) (X, D (P)) @p(px) D(G,K) —  Extppg)(X, Dk (G))
e®@A — Extppg)(X,.-A)e) .

We claim that this map in fact is an isomorphism, which by Lemma 6.3(ii) suffices
for our assertion. For this we consider the diagram:

Extpp i) (X, Pr(P)) @p(p.x) D(G, K) ——— Extp(p i) (X, D (G))

Tg

EXt*D(P,K) (X, DK(P)) ®D(P0,K) D(GO, K) = Ext*(X,Ec;’GO)
Ext*(X,Zp,p0)®idlﬁ
Extppy, k) (X, D(Po, K)) @p(py, i) D(Go, K) —— Extpp, k) (X, D(Go, K))

The upper left perpendicular arrow is an isomorphism by the right module version of
Lemma 6.1(ii). The lower left and the right perpendicular arrows are isomorphisms
by Proposition 2.3, resp. an argument entirely analogous to the proof of Proposition
2.3. The commutativity of this diagram reduces to the commutativity of

D (P) —2— Dk (G)

Zpypol lZG,GO

D(Py, K) —X= D(Gy, K)

for any p € D(Go, K) which is obvious. Our claim therefore reduces to the lower
horizontal arrow in the first diagram being an isomorphism. Let P. -~ X be the
projective resolution from (FIN). We have to show that

h*(HOHlD(me)(P., D(P()7 K))) ®D(P0,K) l)(c;(()7 K)

J

h*(HomD(pO,K) (P, D(Go, K)))

is an isomorphism. Since each term in the complex P. is finitely generated projec-
tive, we have
Hompp,, i) (P., D(Go, K)) = Hompp, k) (P., D(Fo, K)) @ p(py, i) D(Go, K) .
This finally reduces our claim to the statement that the natural map
R (Y") ®@p(py,i) D(Go, K) — W™ (Y ®p(py, k) D(Go, K))

is an isomorphism for the complex Y := Hompp, x)(P., D(Py, K)). The complex
Y consists of finitely generated projective right D(Py, K)-modules. By Proposition
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4.1 it is bounded. Moreover, by assumption, its cohomology are (right) D(Py, K)-
modules which satisfy (FIN). Therefore, this statement is a formal consequence,
by a hypercohomology spectral sequence argument, of the right module version of
Lemma 6.3(i). O

Proposition 6.5. (i) Ext}, g k) (Indg(x)', Dk (G)) = 0 for * # dim(P);

(if) Extfr’) (ndS (v)', Dxc(6)) = Wnd§ (xop) ).

Proof. (We emphasize that in (ii) we consider both sides, as usual, as left D(G, K)-
modules.) First of all we have to verify that the D(P, K)-module X := K,
satisfies the assumptions of Proposition 6.4. Let D¢(Py, K) denote the convolution
algebra of K-valued continuous distributions (= measures) on the compact group
Py. Tt is the continuous dual of the Banach space of all K-valued continuous
functions on Py. Alternatively it can be constructed as follows. Let o denote the
ring of integers in K and form the completed group ring

ollPol] := lim o Py /N

where N runs over all open normal subgroups of Py. Then
DC(P(), K) =K ®o 0[[P0]] .

The ring o[[P]] is known to be noetherian by a straightforward generalization
of [Lazl V.2.2.4]; hence D°(Fy, K) is noetherian. The continuous homomorphism
x~t: Py — 0* C K* extends to an algebra homomorphism x~! : D¢(Py, K) —
K which allows us to view K, -1 as a (left) D°(Py, K)-module. Since D¢(F, K)
is noetherian, we find a resolution Q.;Kx—l by finitely generated projective
D¢(Py, K)-modules. In [ST2] Thm. 5.2] we have shown that the natural ring
homomorphism D¢(Py, K) — D(P,, K) is flat. For the sake of clarity we point
out that the statement of loc. cit. only says that the map D¢(FPy, K') — D(Fp, K)
is flat for any subfield K’ C K which is finite over Q,. But noticing that o[[Pp]] is a
linearly compact o-module the same proof actually gives this slightly more general
result needed here. (Warning: The ring denoted by K|[[F]] in loc. cit. in general
is dense in but not equal to D¢(Pp, K).) It follows that

P. .= D(Po, K) QDe(Py,K) Q. L)D(Po, K) QDe(Py,K) KX—l

is a resolution by finitely generated projective D (P, K)-modules. Since, as dis-
cussed at the beginning of this section, the kernel of x~! : D(Py, K) — K, resp.
of x~1: D¢(Py, K) — K, is the left ideal generated by the elements &, —x ' (p)d1,
for p € Py, in the respective ring we have

D(Po, K) ®DG(PO’K) KX—I = KX—I .
Hence P. — K, -1 is a resolution as required in (FIN). Furthermore, by the com-
putation in the proof of Corollary 4.4 we have right D(P, K )-module isomorphisms
Extpp ) (Ky-1, Dk (P)) = Extpp ) (K, Dk (P) @k Ky)
= Extpp k) (K, Dk (P) ®k 0p) ®Kk K(yop)-1 -

Applying Corollary 3.7 to the trivial (and hence smooth) P-representation we ob-
tain

K if x = dim(P),

EXt*D(P,K) (K7 DK(P) ®K DP) = {0 Otherwise’
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as right D(P, K)-modules. We see that

if % = dim(P),

* K -t
EXtD(P,K)(KX_17DK(P)) = {() Ocr) otherwise

as right D(P, K)-modules. In particular, these D(P, K)-modules satisfy (FIN) as
well. We therefore may apply Proposition 6.4 and, together with Lemma 6.1(iv),
we obtain

Exta.i0) (IdE(x)', Dk (@) 2 Extip(p ge) (K -1, Dk (P)) @ppi) DG, K)

as right D(G, K)-modules. Inserting into this the previous computation, convert-
ing right into left modules, and using Lemma 6.1(iv) once more establishes the
assertion. O
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